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Abstract: The band structures of flexural waves in a phononic crystal thin plate with straight, bending or branching linear defects
are theoretically investigated using the supercell technique based on the improved plane wave expansion method. We show the
existence of an absolute band gap of the perfect phononic crystal and linear defect modes inside the gap caused by localization of
flexural waves at or near the defects. The displacement distributions show that flexural waves can transmit well along the straight
linear defect created by removing one row of cylinders from the perfect phononic crystals for almost all the frequencies falling in
the band gap, which indicates that this structure can act as a high efficiency waveguide. However, for bending or branching linear
defects, there exist both guided and localized modes, and therefore the phononic crystals could be served as waveguides or filters.
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1 Introduction

In the past few years, the propagation of elastic
waves in acoustic band gap materials, known as
phononic crystals, has attracted much attention. One
important feature of phononic crystals is the existence
of the absolute phononic band gaps, in which elastic
waves cannot propagate. This has encouraged many
researchers to study on the band gap characteristics of
perfect bulk phononic crystals (Tanaka and Tamura,
1998; Bria and Djafari-Rouhani, 2002; Wu T.T. et al.,
2004; Yan and Wang, 2006; Yan et al., 2008; Zhang et
al., 2010) and perfect phononic crystal plates (Sigalas
and Economou, 1994; Hsu and Wu, 2006; Yu et al.,
2006). Bulk waves propagating in the phononic crys-
tals with point defects or linear defects have been
further studied through extensive theoretical and ex-
perimental investigation. Existence of the localized
and guided modes inside the band gaps makes it pos-
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sible for the phononic crystals with point or linear
defects to serve as novel microcavities (Khelif et al.,
2003a; Wu F.G. et al., 2004; Zhong et al., 2005), high
efficiency waveguides (Sigalas, 1998; Kafesaki et al.,
2001; Khelif et al., 2004; Zhang et al., 2004; Yao et al.,
2007), frequency demultipliers (Khelif et al., 2003b;
Pennec et al., 2004; Benchabane et al., 2005), and
frequency couplers (Li and Liu, 2005; Sun and Wu,
2005), etc.

Some studies have also been conducted for
phononic crystal plates with defects. For example,
Charles et al. (2006) calculated the dispersion rela-
tions of guided waves in two different kinds of 2D
phononic crystal plates using the plane wave expan-
sion method. Sun and Wu (2007) studied the Lamb
wave propagation in a phononic crystal plate and
related linear defects using the finite-difference
time-domain (FDTD) method. Vasseur et al. (2007)
investigated the possible practical application of
linear defect modes based on a piezoelectric
phononic crystal plate freestanding or deposited on a
silicon substrate using the finite element method
(FEM). Also, using the FDTD method and the FEM,
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Pennec et al. (2008) investigated the band structures
of Lamb waves in a phononic crystal consisting of
cylindrical dots deposited on a thin plate, and the
propagation of Lamb waves in the linear defect was
also studied. It is worth mentioning that based on the
general 3D theory, Vasseur et al. (2008) have studied
the propagation of Lamb waves in a plate. In the
solid-solid systems, the calculations of the band
structures suffered from the convergence problem
because of the limited number of reciprocal vectors.
In the case of air-solid systems, they found that the
existence of absolute band gaps occur in the band
structures provided that the thickness of the plate is in
the order of the lattice parameter.

It is known that the flexural waves are mainly
concerned when the plate thickness is relatively
small (Sigalas and Economou, 1994; Yu et al., 2006).
As yet there is no literature devoted to the investiga-
tions of flexural waves in phononic crystal plates
with defects except that of the present authors (Yao et
al., 2009) who investigated the propagation of flex-
ural waves in a phononic crystal thin plate with a
point defect based on the classical plate theory.

Here, we extend our investigations to the case of
linear defects. The aim of this paper is to calculate the
dispersion relations for the phononic crystal thin
plate with straight, bending or branching linear de-
fects respectively, and to present the displacement
distributions associated with the linear defect modes.
The improved plane wave expansion method com-
bined with the supercell technique is employed for
the analysis. Obviously, the work presented in this
paper is subsequent to Yao et al. (2009).

2 Methods

The perfect phononic crystal thin plate shown in
Fig. 1a is composed of an infinite periodic square
array of cylinders (material A) embedded in a host
matrix (material B). A simple straight linear defect,
which is constructed by removing a period row of
cylinders along (1,0) direction from the perfect
structure, is depicted in Fig. 1b. A bending linear
defect could be constructed by removing cylinders in
(1,0)/(1,1) direction shown in Fig. 1c. Fig. 1d shows
the x-axis symmetrical branching linear defect along
(1,0)/(1,2)/(1,-1) direction. The thickness of the thin

plate, the lattice constant, and the radius of the in-
clusive cylinder are denoted by h, a, and ry, respec-
tively, which are shown in a unit cell (Fig. 1e).
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Fig. 1 Top views of the infinite phononic crystal thin
plate

(a) Perfect structure; (b) Straight linear defect; (c) Bend-
ing linear defect; (d) Branching linear defect; (e) Unit cell;
(f) The first Brilloun zone of the unit cell, and the triangle
AI'XM represents the first irreducible Brilloun zone

In terms of the (x,y,z)-coordinate system, where
x- and y-axes are in the plane of the plate as shown in
Fig. 1a, the equation governing the bending of a plate
with uniform thickness is (Sigalas and Economou,
1994; Yao et al., 2009)

o*w *w d*w 0? o*w
—a— = | Dt [+ 2|y ——

ot OX OX oy oxoy\ "~ oxoy (1)

2 2 2
L0 (Da w+ﬁa W],

ayZ ayZ aXZ

where w is the transverse displacement in the
z-direction; D=Eh%/(12(1-v?)) is the flexural rigidity
with E being the Young’s modulus and o the
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Poisson’s ratio; a=ph, f=Duv, and y=D(1-v). All of
these variables are periodic functions of the position
vector r=(x, y).

According to Bloch’s theorem, the displacement
field of harmonic waves in the phononic crystal thin
plate can be expressed as

w(r,t) =e'“Vw, (r), (2

where k=(ky,kz) is the Bloch wave vector and w the
angular frequency; w(r) is a periodic function with
the same spatial periodicity as the structure and can
be expanded in Fourier series as

W (r)=> e A, @)

where G;=2xn(n,/a, n,/a) is the 2D reciprocal lattice
vector with ny, ny=0, £1, 2, ..., #n, and A; is the

corresponding Fourier coefficient.

According to the conventional plane wave ex-
pansion method, all material parameters should be
directly expanded in Fourier series according to the
spatial periodicity. However, in the improved plane
wave expansion method, all the inversed material
parameters are expanded in Fourier series in order to
obtain a good convergence (Li, 1996; Cao et al.,
2004). For the present problem, we expand 1/a(r),
1/5(r), 1/D(r), and 1/y(r) in Fourier series of the fol-
lowing form (Yao et al., 2009):

H(r)=2 e H,, (4)

where H(r) can be one of 1/a(r), 1/(r), 1/D(r) or
1/y(r); Hg, is the corresponding Fourier coefficient.

To keep the neighboring linear defects far from each
other, a 9x9 supercell is chosen here to avoid the
interaction between the simulated linear defects, and
then we have the Fourier coefficient in Eq. (5.1) for
the straight linear defect, Eq. (5.2) for the bending
linear defect, and Eq. (5.3) for for the branching linear
defect, where G,=2n(n./9a, n,/9a) is the reciprocal
lattice vector with n;, n,=0, 1, #2, ..., #n,

f=nry/a®, Fy =2f,(G,|r)/(G,Ir,). J1(|G2| )

and f,=nr}/a®, Fe =2f,3,(G,|r,)/(G,|r,).

J1(|G2|rg) are the filling fraction, structure function,
and the first kind Bessel function of the first order
corresponding to the perfect cylinder and the defect
cylinder, respectively (where rq is the radius of the
defect cylinders, here r4=0).

Substitute Egs. (2)—(5) into Eq. (1), we have the
following eigen-value problem

wZZ[[all;Am = Z<k+Gl)i (k+G,); [UD] Ace,

+Z k4G, )! (k+Gy): [1/ Bl Ace,
+ZZ k+G,)

+Z (k+G,)
+Z (k+G,)

(k+Gl)y (k+Gy), (k*G;) [L/7 ], Ace,
 (k+Gy). [L/D], Ace
(k4G ) [/ AL A,

(6)

where G3=G;+G; and [H ]]: denotes the inverse of
the toeplitz matrix [H], with elements shown in

Egs. (5.1)-(5.3) for different kinds of the linear de-
fect. Truncating the series in Eq. (6) to finite sums
consisting of N terms, we can obtain NxN equations,
and Eq. (6) can then be rewritten in the matrix form

a)Z F’AK+Gl = QAk+G1 ' (7)

where P and Q are NxN matrixes,

P=lal.. ®
o-gie ket vo];
DICLY
+22 k+G,) (k+G1)y(k+Gz)x(k+G3)y [[1/;/]]; 9)

+z (k+G,)
+Z k+G,)

 (k+G ). [[1//3]];

; (k+Gy); [1/ D]

G,

1

k+G ) [[ /'B]]éz'

By solving Eq. (7) for the specific Bloch wave
vector k, the eigen-frequency w can be obtained
which yields the band structures.
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Noted that the classical plate theory used in this
study is applicable only for a thin plate and long

wavelengths, that is kh<1 and h/fa<1. Mindlin’s

plate theory could avoid this limitation, but it is more
complex mathematically (Hsu and Wu, 2006).

3 Results and discussion

We particular consider the phononic crystal thin
plate formed by a square array of Al,O3 cylinders
embedded in an epoxy matrix. The elastic properties
of each constitutive material used in the calculations
are the mass density p, the Young’s modulus E, and
the Poisson’s ratio v. For Al,Os, pa=3970 kg/m®,
Ea=402.7 GPa, and va=0.23; for epoxy, pg=1142
kg/m?, Eg=4.35 GPa, and vg=0.37. The thickness of
the plate is h=0.1a, and the transverse wave velocity
in epoxy is C=1160 m/s. The filling fraction is
f=nr,%/a?=0.283. In the calculations, 57x57 (n=28)
reciprocal vectors per supercell are used in the ex-
panding periodic functions and the convergence is
satisfactory. The band structures of the perfect pho-
nonic crystal thin plate are shown in part A, Fig. 2,
and one can see that there is a wide band gap ranging
from 3.32 to 4.45.

3.1 Straight linear defect

First, we consider the properties of the phononic
crystal thin plate containing a simple straight linear
defect constructed by removing one row of cylinders
along (1,0) direction shown in Fig. 1b. The band
structures with the filling fraction f=0.283 is shown
in part B, Fig. 2. Comparing part B with part A in
Fig. 2, it can be seen that no band gaps exist within
3.32 to 4.45 when the straight linear defect is intro-
duced. There are many defect bands, named guiding
modes, arising in the absolute band gap with a certain
degree of slope. This means that this kind of linear
defect can act as a straight waveguide for almost all
the flexural waves with frequencies falling in the
band gap.

The complete guiding of waves associated with
certain frequencies marked with “x” in part B, Fig. 2
can be visualized by depicting the displacement dis-
tributions in Fig. 3. Noted that the displacements at or
near the defects are much larger than those of other
points, which indicates that the propagation is mainly

Normalized frequency wa/C;
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The complete guiding of waves associated with certain frequencies
in part B, the flexural waves could propagate along the bending
path at certain frequencies in part C, and the displacement distri-
butions for frequencies at normal or flat bands in part D are marked

with “x”

Fig. 2 Band structures of phononic crystals
(a) Perfect periods; (b) Straight linear defect; (c) Bending

linear defect
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Fig. 3 Displacement distributions for the straight
linear defect in the 9x9 supercell at the middle point
of I'X corresponding to the defect mode
(a) wa/C= 3.5985; (b) wa/C=3.7739; () wa/C=4.0763
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confined to the straight channel. Further analysis
shows that the larger the slope of the defect band, the
better are the flexural waves guided. Similar behav-
iors have been observed in 2D infinite periodic sys-
tems (Li and Liu, 2005).

It is interesting to see from parts B-D in Fig. 2
that the defect bands are symmetric between 7'X and
I'M directions to a great extent, but the pass bands
outside the band gap are not symmetric. It could be
conjectured that the wave vector /M can be de-
composed into /X and XM, and when the linear de-
fects displayed in Fig. 1 are introduced, the waves in
the XM direction are so localized that they can hardly
propagate. Therefore, the wave propagation in the
I'™ direction is almost the same as those in the 7'X
direction for the defect modes.

3.2 Bending linear defect

Considering the bending linear defect, the dis-
persion curves are presented in part C, Fig. 2. We can
see that there exist normal and flat defect bands se-
parating the large band gap into several small ones.
Most of the flat bands are located around the middle
of the gap whilst normal bands are likely to appear at
lower frequencies inside the gap. In general, the flat
and normal bands correspond to the localized modes
and guided modes, respectively. This can be dem-
onstrated by the displacement distributions shown in
Fig. 4. Figs. 4a and 4b show that the flexural waves
could propagate along the bending path at certain
frequencies marked with “x” in part C, Fig. 2, but
obviously the guiding is not as efficient as that of the
straight linear one. This may be understood by
comparing the slopes of the dispersion curves in part
C with those in part B, Fig. 2. Fig. 4c displays that the
waves with frequencies in the flat bands are so lo-
calized that they cannot be transmitted through the
bending path.

3.3 Branching linear defect

The dispersion curves for the phononic crystal
thin plate with a branching linear defect are presented
in part D, Fig. 2. Comparing part D with part C in
Fig. 2, note that more defect bands appear in the band
gap, and that normal bands are found mainly in the
bottom of the gap which is similar to the case of the
bending defect. In particular, several flat bands ap-
pear in the region where guided modes exist for the

bending defect, indicating that some guided modes
for the bending configuration are converted into the
localized modes due to the introduction of the
branching defect.
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Fig. 4 Displacement distributions for the bending
linear defect in the 9x9 supercell at the middle point of
I'X corresponding to the defect mode

(a) wa/C=3.4619; (b) wa/C=3.5268; (c) wa/C=4.165

The displacement distributions for frequencies
at normal or flat bands marked with “x” in part D,
Fig. 2 are also illustrated in Fig. 5 which shows that
the displacement distributions at upper and lower
branches are symmetrical about the central horizontal
line because of their geometrical symmetry. The
flexural waves could propagate along the branching
defect in the normal defect modes whilst being lo-
calized at or near some part of the linear defect in the
flat defect modes.
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Fig. 5 Displacement distributions for the branching
linear defect in the 9x9 supercell at the middle point
of I'X corresponding to the defect mode

(a) walC=3.4232; (b) wa/C=3.541; (c) wa/C=4.1584

4 Conclusions

Using the improved plane wave expansion me-
thod combined with the supercell technique, we in-
vestigated theoretically the properties of flexural
waves propagating in phononic crystal thin plates
with three kinds of configurations of linear defects.
For the straight linear defect, the defect modes are all
guiding modes and almost all the flexural waves with
frequencies falling in the band gap of the perfect

phononic crystals can propagate along the defect path.

For the bending or branching linear defect, localized
modes appear and the localization around the defects
increases with the decreasing of the slopes of the

defect bands. The defect modes arising at lower
frequencies in the gap region tend to exhibit guiding
properties. The results show that the defect modes are
strongly dependent on the configurations of the linear
defect. Straight linear defects can act as a high effi-
ciency waveguide and the bending or branching de-
fects could serve as waveguides or filters because of
the existence of both guided and localized modes.
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