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Abstract:  This paper presents an analytical layer-element method used to analyze the displacement of a multi-layered trans-
versely isotropic elastic medium of arbitrary depth subjected to axisymmetric loading. Based on the basic constitutive equations
and the HU Hai-chang’s solutions for transversely isotropic elastic media, the state vectors of a multi-layered transversely iso-
tropic medium were deduced. From the state vectors, an analytical layer element for a single layer (i.e., a symmetric and exact
stiffness matrix) was acquired in the Hankel transformed domain, which not only simplified the calculation but also improved the
numerical efficiency and stability due to the absence of positive exponential functions. The global stiffness matrix was obtained by
assembling the interrelated layer elements based on the principle of the finite layer method. By solving the algebraic equations of
the global stiffness matrix which satisfy the boundary conditions, the solutions for multi-layered transversely isotropic media in
the Hankel transformed domain were obtained. The actual solutions of this problem in the physical domain were acquired by
inverting the Hankel transform. This paper presents numerical examples to verify the proposed solutions and investigate the
influence of the properties of the multi-layered medium on the load-displacement response.
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1 Introduction

Deformation of a material or medium subjected
to an applied load is an important practical subject. A
medium is often assumed to be a homogeneous, iso-
tropic material when deformation is calculated in
design. However, many materials in geotechnical
engineering are multi-layered and transversely iso-
tropic. For example, natural soil and rock are often
formed through a sedimentation process and have

different mechanical properties in different directions.

Therefore, it is more realistic and important to con-
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sider these anisotropic properties when stress and
displacement solutions for these materials are derived.
Compared to a uniform elastic material model, the use
of a multi-layered transversely isotropic model to
describe the deformation of a layered medium is more
reasonable. Many researchers have conducted nu-
merous studies on this topic. For example, Pan and
Chou (1976; 1979) derived static point-load Green’s
functions for a transversely isotropic full-space and a
half-space media. Liao and Wang (1998) and Wang
and Liao (1998; 1999) deduced closed-form solutions
for the displacements and stresses in a transversely
isotropic half-space medium subjected to various
buried loadings. Pan (1989a; 1989b; 1997) derived
Green’s functions for a multi-layered transversely
isotropic medium using vector functions and the
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propagator matrix method, and solved the deforma-
tion problem of a layered transversely isotropic elas-
tic half-space medium under static surface loading.
Yue (1995) and Yue et al. (2005) presented closed-
form solutions for transversely isotropic media under
concentrated forces and rectangular loadings. Chen
et al. (1998) deduced a transfer matrix solution for a
layered transversely isotropic medium subjected to
non-axisymmetric loading. Rahman and Newaz
(2000) studied the surface displacement of a trans-
versely isotropic half-space medium with a thin film
coating under static surface loading. Yu (2001) pre-
sented analytical solutions for problems associated
with a transversely isotropic half-space medium un-
der different static loadings. Utilizing the generalized
Stroh formalism and 2D Fourier transforms, Pan et al.
(2001) and Yuan et al. (2003) obtained 3D layered
Green’s functions for a medium with each layer being
generally anisotropic. Wang et al. (2003) presented
solutions for displacements and stresses in a vertically
point-loaded transversely isotropic half-space me-
dium with Young’s and shear moduli varying expo-
nentially with depth. Wang et al. (2006) investigated
displacements and stresses in an inhomogeneous
cross-anisotropic half-space medium under a uniform
vertical circular load. Ding et al. (2006) conducted a
comprehensive and systematic analysis of trans-
versely isotropic materials.

Recently, a new analytical layer-element method,
which is numerically stable, was proposed by Ai et al.
(2010) and Ai and Zeng (2011) to solve axisymmetric
and non-axisymmetric Biot’s consolidation problems
of layered soil. The analytical layer element does not
have positive exponential functions and is also
symmetric; therefore, it can be used to not only sim-
plify the calculation but also improve the numerical
efficiency and stability. One of the main objectives of
this paper was to extend the analytical layer-element
method to analyze a multi-layered transversely iso-
tropic elastic medium subjected to axisymmetric
loading. Another objective was to present an alterna-
tive formulation for the development of the analytical
and numerical techniques for a multi-layered trans-
versely isotropic elastic medium. Based on the HU
Hai-chang’s solutions (Hu, 1953), the state vectors of
multi-layered transversely isotropic elastic media
were deduced in this study. From the state vectors, the
analytical layer element of a single layer (i.e., a

symmetric and exact stiffness matrix) was first ac-
quired in the Hankel transformed domain. The global
stiffness matrix was then obtained by assembling the
interrelated layer elements based on the principle of
the finite layer method. Solving the algebraic equa-
tions of the global stiffness matrix by satisfying the
boundary conditions resulted in the solutions of a
multi-layered transversely isotropic elastic medium in
the Hankel transformed domain. The actual solutions
in the physical domain were acquired by taking the
inversion of the Hankel transform. A numerical ex-
ample available in the literature is presented to illu-
strate the correctness of the solutions obtained in this
study. This paper also discusses the influence of the
properties of the multi-layered medium on the
load-displacement response.

2 Basic equations

The constitutive equations of a transversely iso-
tropic medium can be expressed in terms of dis-
placements in a cylindrical coordinate system as

follows:
o (rnz)=c, et e C Z“g ) —Z, (1a)
o, (r,z)=c; a@t +c,3(1 ﬁug j —z, (1b)
ng(r,z):c44(%+izg) (1c)
7, (r.2) :Q{Zr + a;‘;j, (1d)

where u,, ug, and u, are the displacement components
in 7, 6, and z directions, respectively; o, and o, are the
normal stress components in » and z directions, re-
spectively; 7.9 and 7, are the shear stress components
in the planes z0 and zr, respectively; c; are elastic
coefficients, and c¢,, = An(1—nu,), ¢, = An(u, +nu,),
cis=Anpan(1+un), cy = A(1- 1), n=E,/E,,
A=E, /[(1+ @)1 - 1, —2ny,)], in which E., Ey, and
G, are Young’s modulus in the vertical direction,

Young’s modulus in the horizontal direction, and
shear modulus in planes normal to the plane of

c44=Gy,
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transverse isotropy, respectively, and gy, and u,, are
Poisson’s ratios characterizing the lateral strain re-
sponse in the plane of transverse isotropy to a stress
acting parallel and normally to the plane, respectively.

According to Hu (1953), on a transversely iso-
tropic medium the following expressions are available:

o’y
5 e s 2
u,(r,z) 5n (2a)
10 oy 10w o’y
) =a| ——r—+— —, (2b
u,(r,2) a[r Orr or r’ 692] 4 oz’ (2b)

where a=ci1/(c13tcas), y=cas/(c13tcas), and y is a
stress function satisfying the following equation:

__r_+Li liri_Fli =0 (3)
ror or sioz \ror or s oz ves

where s7 and s; are two roots of the following equ-

ation:

4 2 2\ .2 _
C13CsS _(044 T6Cy (013 + C44) )S Ty = 0. (4)

3 Analytical layer-element for a single ma-
terial layer

Taking the Hankel transform (i.e., the first order)
of Egs. (1d) and (2a) with respect to 7., and u,, re-
spectively, and the Hankel transform (i.e., the zero
order) of Egs. (1b) and (2b) with respect to o, and u,
respectively (Sneddon, 1972) yields:

_ oW
ur(g’z) - (32 >
_ _ 'y
L (&,2)=-ad’y + 78—;/2/,

ou, ®)
52 (é:’ Z) = 56131/_!}" + C33 _Z’

oz
_ ou, _
Tzr(gaz) = C44 (_’_ éuz j’

oz

where the superscript bar denotes a Hankel transform,
and ¢ is the parameter of the Hankel transform cor-
responding to 7.

Similarly, taking the Hankel transform (i.e., the
zero order) of Eq. (3) yields the following characte-
ristic equation:

[—52 +Si212j(—§2 +Si212j =0, (6)

where 4 denotes the characteristic value.
According to Eq. (6), there are two situations

with different s and s; values:

1. When s; #s3, J=+s5,&, +52&, and the stress

function y in the transformed domain can be ex-
pressed as

W(&E,2) = Ae™ + Be" + Ce ™ + De™*,  (7)

where A4, B, C, and D are four arbitrary constants.
Substituting Eq. (7) into Eq. (5) yields:

i (£,z)=E (=s,de”" +5,Be" —5,Ce™ +5,De™7),

(8a)
0(&,2)= & ((rs? —a)Ae ™ + (ys? —a)Be™
(8b)
+(7/S22 - a)Cefszﬁz + (}/Sj _ a)Deng‘z )’
0.(2) = 53 {Sl ((a - 7512)033 - ‘713)1467‘“52
5 ((0{ —7S12)c33 _013)Bex'§z
(8¢)

+5, ((0‘ - 7522 )33 — i3 ) Ce ™

-5, ((a —y83)ey; — € )Desléz } ,
7.(¢,2)
=&, {(512 (I-y)+ a) Ae™% + (512 (I-y)+ a) Be"**

+(s§(1—7)+a)ce—s25z +(S22(1_7/)+a)Deschz},

(8d)
Let
{U, = [#.(£,0),L(£,0), . (£,2), T.(&.2)] o
T =[-7,(£.0),-5.(£.0),7,(¢,2),5.(¢.2)]

where u, (£,0),u,(£,0),7,(£,0),and 5,(&,0) are the

values of u (&,z2), u,(¢,2), 7,(,2), and &,(&,2)
respectively, when z=0. Note that U; and 7 are the
state vectors composed of 4, B, C, and D; therefore,
they can be expressed as follows:
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— T T
U=MI[4,B,C,D] ,T,=N[4,B,C,D]", (10)
- Sy =5 S5
a a a a
1 1 2 2
M = 5,2& 5,2& -5,z s,z¢ |2 (1 la)
—s,e s,e —-s,e s,e
ae e ale“zg a,e™™  ae’
—613 - a3 - a4 - a4
—a a —a
5 5 6 6
N- , , . (11b)
—5,z& 5,28 —s,2& 5,2
ae ae a,e
—s5,2& 5,2& -5,2¢ 5,2¢
ae —ae' ae —age
where

a =ysi—a, a,=ys; —a, a, =((1—7/)s12 +a)§c44,
a4 :((1_7)322 +0‘)§C44’ s :<(a—ys12)c33 _C13>§S1’
and a, =((a —yszz)c33 —cn)§s2.

From Eq. (10), the following expression can be
obtained:

T,=NM'U, =KU,, (12)
where K is an exact and symmetric matrix of order
4x4, which establishes the relationship between the
displacements and the stresses of a single medium
layer in the transformed domain (Fig. 1).

0 7,(£.0) Z,(£,0) 7,(£.0) 5,(£.0)

A single layer

z

0(£.2) 0.(§.2) 7,(§.2) 8,(¢.2)

Fig. 1 Stresses and displacements in a single medium
layer with depth z

The matrix K has the characteristics of the ana-
lytical solution, so it is called the analytical layer
element. Appendix shows that all the elements of the
matrix have only negative exponential functions,
which improve the numerical efficiency and stability.

2. When sf :szz, s1=s,=s, J=%xs¢ (i.e., double
root), and the stress function y in the transformed
domain has the following expression:

w(&,2)=(A+Bz2)e”” +(C+Dz)e™*.  (13)
Substituting Eq. (13) into Eq. (5) yield:
u (&,z)= f(—sz +(1- sfz)B)e'Séz (14a)

+&(sEC+(1+5E2)D)e™,
7(&2)=((r5" — ) A+ (s + (s ~ )’z B)e

+((}/S2 N a)gzc + (27/S§ + (}/sz - a)§ZZ)D)eS5za
(14b)
0.($,2)

=¢ {((a —78)ey - Cls)SSEA
+(((3ys2 —a)cy, + e ) + ((a —ys7)ey, — ¢ )séz)B} e
+&7 {((a —r57)ey — ¢ )st

+(((3)/s2 —a)cy +Cl3)+((a —yst)es, _013)S§Z)D} e,
(14¢c)
7,(5,2)

=&, {[(sz(l ~p)ta) A
+((s*a=-pn+a)éz-2s01- 7))3}6:"52
+[(sa-n+a)ce
H(s =) +a)éz+ 250~ ;/))DJeS‘fz},

(14d)
Similarly, let
U, =[i1,(£,0),1.(£,0),w,(¢,2), u.(£,2)]
T, =[-7,(£,0),-5.(£,0),7, (£,2),5.(£,2)]
or
U,=M[4,B,C,D],
. (16)
T,=N[4,B,C,D] ,
-s& 1 s& 1
a —2ys a 2ys
M = 1 —sz& —sz& 1 sz& szé | (173)
—sée a,e s&e a,e
ale'“*& a4e'“§ aleszf ase“f



Ai et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2012 13(1):9-17 13

—as a; — 4 — 4
a. —da —da —da
8 9 8 9
N = —sz& —sz& sz& sz& |° (17b)
a.c a,,€ agce a,,©
—sz& —sz& sz& sz&
—agC a,,C age a,;;€

where a, =ys’ —a, a,=1-s2&, a, =1+séz,

a, =(ys’ —a)ez-2ys, a,=(ys’ —a)éz+2ys,
a, =&c,, (s2(1 -+ a), a, =2s(1-y)éc,,,

a, = ((ys2 —a)c,, + ¢ )fzs,

a, = ((37/s2 —a)c,, + ¢y )f,

a,=((1=7)s" +a)éz-25(1-p)) e,

a, =(((1-p)s* +a)&z+25(-p))écy,

a, = (((2}/52 +a,)cy; + ¢y ) —(ac,; + 013)sfz)§, and

a; = (((27/52 +a,)cy; + cl3)+ (ac;; + c13)s§z)§_

The following equation can be obtained:

T,=NM 'U,=KU,. (18)
Similarly, the elements of the matrix K in Eq. (18)
are provided in the Appendix.

4 Analytical layer-element solution for multi-
layered materials

Fig. 2 shows an elastic medium divided into n
layers according to the number of the natural layers
and the calculation points. Let the thickness of the ith
layer be h,=H—H;-, in which H; and H;, are the
depths from the surface to the bottom and top of the
ith layer, respectively. An axisymmetric loading
p(r, Hj) is applied at the depth H;. Obviously, j=0
means that the loading is applied on the surface of the
elastic medium.

It is assumed that the surface of the elastic me-
dium is free and the bottom of the elastic medium is
fixed, i.e.,

o.(r,00=7,(r,0)=0,
u(r,H )=u(r,H,)=0.

(19a)
(19b)

)/T’&

H[) \
Em, Ev1, i1, thm1, G, by

En, Eva, ttha, tin2, Guz, ha

QR
vyyy

H Evj, Ej, ttvj, ), Gujy by
/

Enn, Evn, tthn, tinn, Gun, hn

H,

Fig. 2 A multi-layered medium under a uniform vertical
circular loading

Applying Eq. (12) or (18) to each layer yields:

T=K"U, (20)
where K”=K(¢, h;) denotes the analytical layer ele-
ment of the ith layer.

The global stiffness matrix of the multi-layered
medium is assembled after considering the continuity
conditions of the interfaces between the adjacent
layers:

_f(éaHo) K(l) g(é,Ho)
0 0 U(EH)
: K® :
TEH) |= . UEH) |»
0 K :
: 0 U, H,,)
— K(n) _
rE.H,) (2n+2)x(2n+2 U.H,)
(21

where [-T(&,H,),0,..0,T(E,H ),0,...0,T(EH)T
is the external force vector in the transformed domain,
and [U(,H,), U H,),..,UEH)]" is the dis-
placement vector at the interfaces in the transformed

domain.
Combined with the boundary conditions in

Eq. (19), the unknown variables [U(&, H,), U(&, H,),

.., U(&,H)]" in the transformed domain can be ac-

quired by solving Eq. (21). The real solutions can be
obtained by taking the inversion of the Hankel
transform of these variables.
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5 Numerical results and discussion

To obtain the solutions in the actual domain, it is
necessary to take the inversion of the Hankel trans-
form of solutions derived in the preceding sections. In
this study, the technique suggested by Ai et al. (2002)
was adopted to achieve the inversion of the Hankel
transform, and then a computer program based on the
presented theory was developed to realize this
process.

5.1 Verification

The accuracy of the derived solutions from this
study was verified using data from a simple published
problem. This problem involves a transversely iso-
tropic elastic half-space medium subjected to a uni-
form vertical circular loading on the surface. The
calculated results based on the derived solutions in
this study are compared with those obtained by Wang
et al. (2006). The results from these two studies are in
good agreement (Fig. 3).

0.06
—— Proposed B Wang et al. (2006)
0.05
Mn=th=0.3, E=50 MPa,

0.04r E/E,=1.35, GJE,=0.23
Ry
3 0.03F

0.02 |

0.01F

z
000 1 1 1 1
0 1 2 3 4 5

Fig. 3 An elastic half-space medium under a uniform
vertical circular loading

5.2 Examples of multi-layered media

An example was considered in this study to
evaluate the displacement response of a multi-layered
medium under static loading. Fig. 4 shows the cal-
culated vertical displacements in a multi-layered
medium under uniform vertical circular loading based
on the exact solution from this study and the ap-
proximate solution. The approximate solution used
the average moduli of all the three layers including

Young’s moduli in vertical and horizontal directions
and the shear modulus. The ratio of the thickness to
the radius of the loading area was H,:H,:H;:a=3:4:3:1.
Young’s moduli of all three layers in vertical and
horizontal directions were: E,;=10 MPa, E;,;=40 MPa,
EV2:5 MPa, Eh2:15 MPa, EV3:30 MPa, Eh3:25 MPa,
and the average moduli in vertical direction and ho-
rizontal direction were E,=(E,+E,+E)/3 and

E,=(E, +E,,+E,,)/3, respectively. The shear mod-
ulus of each layer was Gy1=G,,=G,3=20 MPa and the
average shear modulus was G,=(G,+G,+G,)/3.

Poisson’s ratios of all layers in horizontal and vertical
directions were t,=uw=0.3 (i=1, 2, 3), and their av-
erage Poisson’s ratios in horizontal direction and

vertical direction were g, =(x,, 44, 44,;)/3 and

iy = (fhyy + My, + 4,5)/3, tespectively. The total

thickness of the three-layered medium was H=H,+
H,+Hj;. The surface of the medium was assumed to be
free while the bottom was fixed.

0.07
—4&@—Exactresults —{J—Approximate results
0.06 a_.a aga
4 14
[RXEER)] IXRTRT]
0.05< En1, Evty | tvnt, Gut, Ha
_— Ev* E, e
Enz, Evz, tn2| uh2, Gua, Ha I-l\/hh*v GV*YH;_"
0.04 Ens, Eva, Un3| tvhz, Gua, Ha
8 T7TTTTTHTT7 7777,
)
z
0.03 | z
0.02
0.01 |
0.00
0

Fig. 4 Vertical displacements in a three-layered medium
under a uniform vertical circular loading

Fig. 4 shows that the average approximate me-
thod was not very accurate as an exact solution to
calculate the displacement of the multi-layered me-
dium under a uniform vertical circular load.

To investigate the effect of the modulus ratio
(n=Ey/E,) in the horizontal to the vertical direction,
four conditions listed in Table 1 were investigated and
other parameters were kept the same as those used for
the results in Fig. 4. Fig. 5 shows that the calculated
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vertical displacement on the surface varied with the
condition, and that the properties of the surface layer
had more effect on the vertical displacement than
those of the other layers.

Table 1 Modulus ratios of the three-layered medium

Layer 1, Layer 2, Layer 3,

n=1.5 n=2.0 n=1.0
E, Ey, E, Ey, E, Ey,
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

Condition

1 20 30 20 40 10 10
2 20 30 30 60 10 10
3 30 45 20 40 20 20
4 30 45 20 40 10 10
0.08
Condition 1
—Jl—Condition 2
—— Condition 3
0.06 —4&—Condition 4 deley
R IR T T S
Eni, Evi, pnt | pnt, Gur, Hi
% 0.04 } Evz, Evz, b2 | n2, Gz, He
Ena, Eva, Uha | Huns, Gua, Ha
= 7777377777777
z
0.02
0.00

zla

Fig. 5 Vertical surface displacement at different
modulus ratios

To investigate the shear modulus effect, its value
was varied as listed in Table 2 for three conditions.
The elastic moduli of the three layers were selected as
follows: EV1:EV2:EV3:10 MPa, Ehl:EhZZEh?a:SO MPa,
and the other parameters were kept the same as those
used for Fig. 4. Fig. 6 shows that the shear modulus
effect happened within the depth of twice the radius
of the loading area.

Table 2 Shear moduli of the three-layered medium

Layer 1 Layer 2 Layer 3
Condition
G.(MPa) G, (MPa) G (MPa)
1 10 10 10
20 10 10
10 20 30

0.10
—4&— Condition 1 —ll— Condition 2 —&— Condition 3
0.08 a . a
T,
BT R X X A
Eni, En, whty Gut, H:
0.06 h1 1, Mht | Hvht 1, M1
3; Eta, Evz, thz | Hvh2, Guz, Hz
3 -
004k Ens, Evs, bhs | Hvna, Gua, Ha
: T J777X77777777
z
0.02
0.00
0 2 4 6 8 10

zla

Fig. 6 Vertical surface displacement at different shear
moduli

6 Conclusions

In this study, the stress functions were substi-
tuted into the basic equilibrium equations for a
transversely isotropic elastic medium. The analytical
layer element for a single layer was obtained by a
Hankel transform. After considering the continuity
conditions between adjacent layers and the boundary
conditions of the layered medium, a global stiffness
matrix was acquired by assembling the interrelated
layer elements. The unknown displacement variables
in the transformed domain were determined by solv-
ing the global stiffness matrix equation. The real
solutions were obtained by taking the inversion of the
Hankel transform of these variables. The analytical
layer element presented in this paper had no positive
exponential function and was symmetric; therefore, it
simplified the calculations and improved the numer-
ical efficiency and stability. A numerical example
available in the literature was used to verify the ac-
curacy of the derived solutions. The numerical anal-
ysis of the multi-layered transversely isotropic elastic
medium subjected to uniform vertical circular loading
showed that the elastic modulus and shear modulus of
the layers had an obvious effect on the vertical surface
displacement of the multi-layered medium.
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Appendix:
matrix)

Elements of K (a symmetric

1. When s #5; :

kyy = ae,, (st — s (A, A, A — A A,5,4,)/ B,

iy = (((4, = 4) +(4,4,-17) 4, + 44,4, )éc,, /B,
ks = —2aéc,, (st —s3)( A A, A5 — A, 4,5,4,)/ B,

by = 2a&c,,s,5,(st — s3)( A, A, ~1)(4, — 4)/B,

ky, =k

kyy = Ercy,s s, (st — 3N A A5, 4, — A, 4,5, 4,) B,

keyy = ks

by = 27EC,,8,8, (57— 52)(A, A5, 45 — A A5, 4,) /B,

feyy = kigs by = iy by =l by = ks

feyy = kogs gy = by by = kg gy = iy,
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where
A =e 4], A=+, 4 =1-eF,

A, =1-e7" A =ys] —a, A, =ys; —a,

A =e 4 =e

Ay =(y =Dyss; +5] (" +2a(1-2y)s7 )+ 4,
Ay =55, (aA12 +5] (a —2ay+2(y -1)ys: )),
A, =y =VDyss +a’ss, A,=2a+(1-2y)s:,
Ay = (A4, — A) +(4,4,—1)°,and
B=-2s5,5,A, A A, + A A (As3 + Als)).

2. When s =53 :

k, =2saéc,, (aAIO +327/(1_A14 +4A12SZ§))/B’
k,, = 5044(1414144 +4, _(Al2 _I)ZAS +A11)/B’
k13 = 4Alsa§(s27(A9A12 + As) - a(A8A12 + Ag))/B’

k, =44,(A’ -1)s’zaé’c,,/ B,

ky, = ki,

by, = =25y (%7 Ay + a1 - 4 +44'528)) [B,
ky, =k,

by =445 E (S V(A A + A) - (4,47 + 4)) B,
by = kg, ky =hyy, ki =kyys gy ==k

Ky = kg by = by by = ks Koy = iy,

where

A=e7, 4, =1+25"2°E, 4,=25"2°E 1,
A, =s'a+s'y-25’ay, A =a’ +s'y,

4, =228 +57y (2528 (y - 1) -1),

A, =a(A, ~2yA,), A =1+s2&, A =szE -1,
Ay =1-A' 44’528, A, =45 47 (4, + 4,), and

B=—(A +1-2424) A, - 25°ay (4 +1+ 242 4,).
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