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Abstract:    This paper presents an analytical layer-element method used to analyze the displacement of a multi-layered trans-
versely isotropic elastic medium of arbitrary depth subjected to axisymmetric loading. Based on the basic constitutive equations 
and the HU Hai-chang’s solutions for transversely isotropic elastic media, the state vectors of a multi-layered transversely iso-
tropic medium were deduced. From the state vectors, an analytical layer element for a single layer (i.e., a symmetric and exact 
stiffness matrix) was acquired in the Hankel transformed domain, which not only simplified the calculation but also improved the 
numerical efficiency and stability due to the absence of positive exponential functions. The global stiffness matrix was obtained by 
assembling the interrelated layer elements based on the principle of the finite layer method. By solving the algebraic equations of 
the global stiffness matrix which satisfy the boundary conditions, the solutions for multi-layered transversely isotropic media in 
the Hankel transformed domain were obtained. The actual solutions of this problem in the physical domain were acquired by 
inverting the Hankel transform. This paper presents numerical examples to verify the proposed solutions and investigate the 
influence of the properties of the multi-layered medium on the load-displacement response. 
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1  Introduction 
 

Deformation of a material or medium subjected 
to an applied load is an important practical subject. A 
medium is often assumed to be a homogeneous, iso-
tropic material when deformation is calculated in 
design. However, many materials in geotechnical 
engineering are multi-layered and transversely iso-
tropic. For example, natural soil and rock are often 
formed through a sedimentation process and have 
different mechanical properties in different directions. 
Therefore, it is more realistic and important to con-

sider these anisotropic properties when stress and 
displacement solutions for these materials are derived. 
Compared to a uniform elastic material model, the use 
of a multi-layered transversely isotropic model to 
describe the deformation of a layered medium is more 
reasonable. Many researchers have conducted nu-
merous studies on this topic. For example, Pan and 
Chou (1976; 1979) derived static point-load Green’s 
functions for a transversely isotropic full-space and a 
half-space media. Liao and Wang (1998) and Wang 
and Liao (1998; 1999) deduced closed-form solutions 
for the displacements and stresses in a transversely 
isotropic half-space medium subjected to various 
buried loadings. Pan (1989a; 1989b; 1997) derived 
Green’s functions for a multi-layered transversely 
isotropic medium using vector functions and the 
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propagator matrix method, and solved the deforma-
tion problem of a layered transversely isotropic elas-
tic half-space medium under static surface loading. 
Yue (1995) and Yue et al. (2005) presented closed- 
form solutions for transversely isotropic media under 
concentrated forces and rectangular loadings. Chen 
et al. (1998) deduced a transfer matrix solution for a 
layered transversely isotropic medium subjected to 
non-axisymmetric loading. Rahman and Newaz 
(2000) studied the surface displacement of a trans-
versely isotropic half-space medium with a thin film 
coating under static surface loading. Yu (2001) pre-
sented analytical solutions for problems associated 
with a transversely isotropic half-space medium un-
der different static loadings. Utilizing the generalized 
Stroh formalism and 2D Fourier transforms, Pan et al. 
(2001) and Yuan et al. (2003) obtained 3D layered 
Green’s functions for a medium with each layer being 
generally anisotropic. Wang et al. (2003) presented 
solutions for displacements and stresses in a vertically 
point-loaded transversely isotropic half-space me-
dium with Young’s and shear moduli varying expo-
nentially with depth. Wang et al. (2006) investigated 
displacements and stresses in an inhomogeneous 
cross-anisotropic half-space medium under a uniform 
vertical circular load. Ding et al. (2006) conducted a 
comprehensive and systematic analysis of trans-
versely isotropic materials. 

Recently, a new analytical layer-element method, 
which is numerically stable, was proposed by Ai et al. 
(2010) and Ai and Zeng (2011) to solve axisymmetric 
and non-axisymmetric Biot’s consolidation problems 
of layered soil. The analytical layer element does not 
have positive exponential functions and is also 
symmetric; therefore, it can be used to not only sim-
plify the calculation but also improve the numerical 
efficiency and stability. One of the main objectives of 
this paper was to extend the analytical layer-element 
method to analyze a multi-layered transversely iso-
tropic elastic medium subjected to axisymmetric 
loading. Another objective was to present an alterna-
tive formulation for the development of the analytical 
and numerical techniques for a multi-layered trans-
versely isotropic elastic medium. Based on the HU 
Hai-chang’s solutions (Hu, 1953), the state vectors of 
multi-layered transversely isotropic elastic media 
were deduced in this study. From the state vectors, the 
analytical layer element of a single layer (i.e., a 

symmetric and exact stiffness matrix) was first ac-
quired in the Hankel transformed domain. The global 
stiffness matrix was then obtained by assembling the 
interrelated layer elements based on the principle of 
the finite layer method. Solving the algebraic equa-
tions of the global stiffness matrix by satisfying the 
boundary conditions resulted in the solutions of a 
multi-layered transversely isotropic elastic medium in 
the Hankel transformed domain. The actual solutions 
in the physical domain were acquired by taking the 
inversion of the Hankel transform. A numerical ex-
ample available in the literature is presented to illu-
strate the correctness of the solutions obtained in this 
study. This paper also discusses the influence of the 
properties of the multi-layered medium on the 
load-displacement response. 

 
 

2  Basic equations 
 
The constitutive equations of a transversely iso-

tropic medium can be expressed in terms of dis-
placements in a cylindrical coordinate system as  
follows: 
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where ur, uθ, and uz are the displacement components 
in r, θ, and z directions, respectively; σr and σz are the 
normal stress components in r and z directions, re-
spectively; τzθ and τzr are the shear stress components 
in the planes zθ and zr, respectively; cij are elastic 
coefficients, and 2 2

11 vh 12 h vh(1 ), ( ),c n n c n n         

c13=λnμvh(1+μh), 2
33 h(1 ),c     c44=Gv, n=Eh/Ev, 

2
v h h vh/[(1 )(1 2 )],E n        in which Ev, Eh, and 

Gv are Young’s modulus in the vertical direction, 
Young’s modulus in the horizontal direction, and 
shear modulus in planes normal to the plane of 
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transverse isotropy, respectively, and μh and μvh are 
Poisson’s ratios characterizing the lateral strain re-
sponse in the plane of transverse isotropy to a stress 
acting parallel and normally to the plane, respectively. 

According to Hu (1953), on a transversely iso-
tropic medium the following expressions are available: 
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where α=c11/(c13+c44), γ=c44/(c13+c44), and ψ is a 
stress function satisfying the following equation: 
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where 2
1s  and 2

2s  are two roots of the following equ-

ation:  
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3  Analytical layer-element for a single ma-
terial layer 

 
Taking the Hankel transform (i.e., the first order) 

of Eqs. (1d) and (2a) with respect to τzr and ur, re-
spectively, and the Hankel transform (i.e., the zero 
order) of Eqs. (1b) and (2b) with respect to σz and uz, 
respectively (Sneddon, 1972) yields: 
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where the superscript bar denotes a Hankel transform, 
and ξ is the parameter of the Hankel transform cor-
responding to r. 

Similarly, taking the Hankel transform (i.e., the 
zero order) of Eq. (3) yields the following characte-
ristic equation:  
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where λ denotes the characteristic value.  
According to Eq. (6), there are two situations 

with different 2
1s  and 2

2s  values: 

1. When 2 2
1 2 ,s s  λ=±s1ξ, ±s2ξ, and the stress 

function ψ in the transformed domain can be ex-
pressed as 
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where A, B, C, and D are four arbitrary constants.  
Substituting Eq. (7) into Eq. (5) yields: 
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where ( ,0), ( ,0), ( ,0), and ( ,0)r z zr zu u       are the 

values of ( , ), ( , ), ( , ), and ( , )r z zr zu z u z z z       

respectively, when z=0. Note that U1 and T1 are the 
state vectors composed of A, B, C, and D; therefore, 
they can be expressed as follows: 
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From Eq. (10), the following expression can be 
obtained: 
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where K is an exact and symmetric matrix of order 
4×4, which establishes the relationship between the 
displacements and the stresses of a single medium 
layer in the transformed domain (Fig. 1).  
 
 
 
 
 
 
 
 
 
 

 

The matrix K has the characteristics of the ana-
lytical solution, so it is called the analytical layer 
element. Appendix shows that all the elements of the 
matrix have only negative exponential functions, 
which improve the numerical efficiency and stability.  

2. When 2 2
1 2 ,s s  s1=s2=s, λ=±sξ (i.e., double 

root), and the stress function ψ in the transformed 
domain has the following expression: 
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Substituting Eq. (13) into Eq. (5) yield: 
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layer with depth z 
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The following equation can be obtained: 
 

1
2 2 2= = .T NM U KU                     (18) 

 
Similarly, the elements of the matrix K in Eq. (18) 

are provided in the Appendix. 
 
 

4  Analytical layer-element solution for multi- 
layered materials 
 

Fig. 2 shows an elastic medium divided into n 
layers according to the number of the natural layers 
and the calculation points. Let the thickness of the ith 
layer be hi=Hi−Hi−1, in which Hi and Hi−1 are the 
depths from the surface to the bottom and top of the 
ith layer, respectively. An axisymmetric loading 
p(r, Hj) is applied at the depth Hj. Obviously, j=0 
means that the loading is applied on the surface of the 
elastic medium. 

It is assumed that the surface of the elastic me-
dium is free and the bottom of the elastic medium is 
fixed, i.e., 

 
( ,0) ( ,0) 0,z zrr r                     (19a) 

( , ) ( , ) 0.r n z nu r H u r H                  (19b) 

 

 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
Applying Eq. (12) or (18) to each layer yields: 
 

( ) ,iT K U                          (20) 

 
where K(i)=K(ξ, hi) denotes the analytical layer ele-
ment of the ith layer. 

The global stiffness matrix of the multi-layered 
medium is assembled after considering the continuity 
conditions of the interfaces between the adjacent 
layers: 
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(21) 

 

where T

0[ ( , ), 0, ...0, ( , ), 0, ..., 0, ( , )]j nH H H  T T T  

is the external force vector in the transformed domain, 

and T

0 1[ ( , ), ( , ), ..., ( , )]nH H H  U U U  is the dis-

placement vector at the interfaces in the transformed 
domain. 

Combined with the boundary conditions in 
Eq. (19), the unknown variables 0 1[ ( , ), ( , ),H H U U  

T..., ( , )]nHU  in the transformed domain can be ac-

quired by solving Eq. (21). The real solutions can be 
obtained by taking the inversion of the Hankel 
transform of these variables. 

 

,

...
...

Fig. 2  A multi-layered medium under a uniform vertical 
circular loading 
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5  Numerical results and discussion 
 

To obtain the solutions in the actual domain, it is 
necessary to take the inversion of the Hankel trans-
form of solutions derived in the preceding sections. In 
this study, the technique suggested by Ai et al. (2002) 
was adopted to achieve the inversion of the Hankel 
transform, and then a computer program based on the 
presented theory was developed to realize this 
process. 

5.1  Verification 

The accuracy of the derived solutions from this 
study was verified using data from a simple published 
problem. This problem involves a transversely iso-
tropic elastic half-space medium subjected to a uni-
form vertical circular loading on the surface. The 
calculated results based on the derived solutions in 
this study are compared with those obtained by Wang 
et al. (2006). The results from these two studies are in 
good agreement (Fig. 3). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

5.2  Examples of multi-layered media 

An example was considered in this study to 
evaluate the displacement response of a multi-layered 
medium under static loading. Fig. 4 shows the cal-
culated vertical displacements in a multi-layered 
medium under uniform vertical circular loading based 
on the exact solution from this study and the ap-
proximate solution. The approximate solution used 
the average moduli of all the three layers including 

Young’s moduli in vertical and horizontal directions 
and the shear modulus. The ratio of the thickness to 
the radius of the loading area was H1:H2:H3:a=3:4:3:1. 
Young’s moduli of all three layers in vertical and 
horizontal directions were: Ev1=10 MPa, Eh1=40 MPa, 
Ev2=5 MPa, Eh2=15 MPa, Ev3=30 MPa, Eh3=25 MPa, 
and the average moduli in vertical direction and ho-

rizontal direction were *
v v1 v2 v3=( + + )/3E E E E  and 

*
h h1 h2 h3=( + + )/3,E E E E  respectively. The shear mod-

ulus of each layer was Gv1=Gv2=Gv3=20 MPa and the 

average shear modulus was *
v v1 v2 v3=( + + )/3.G G G G  

Poisson’s ratios of all layers in horizontal and vertical 
directions were μhi=μvhi=0.3 (i=1, 2, 3), and their av-
erage Poisson’s ratios in horizontal direction and 

vertical direction were *
h h1 h2 h3=( + + )/3     and 

*
vh vh1 vh2 vh3( ) / 3,       respectively. The total 

thickness of the three-layered medium was H=H1+ 
H2+H3. The surface of the medium was assumed to be 
free while the bottom was fixed. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 4 shows that the average approximate me-

thod was not very accurate as an exact solution to 
calculate the displacement of the multi-layered me-
dium under a uniform vertical circular load. 

To investigate the effect of the modulus ratio 
(n=Eh/Ev) in the horizontal to the vertical direction, 
four conditions listed in Table 1 were investigated and 
other parameters were kept the same as those used for 
the results in Fig. 4. Fig. 5 shows that the calculated 

Fig. 3  An elastic half-space medium under a uniform 
vertical circular loading 
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Fig. 4  Vertical displacements in a three-layered medium 
under a uniform vertical circular loading 
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vertical displacement on the surface varied with the 
condition, and that the properties of the surface layer 
had more effect on the vertical displacement than 
those of the other layers. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

To investigate the shear modulus effect, its value 
was varied as listed in Table 2 for three conditions. 
The elastic moduli of the three layers were selected as 
follows: Ev1=Ev2=Ev3=10 MPa, Eh1=Eh2=Eh3=30 MPa, 
and the other parameters were kept the same as those 
used for Fig. 4. Fig. 6 shows that the shear modulus 
effect happened within the depth of twice the radius 
of the loading area. 
 

 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
6  Conclusions 

 
In this study, the stress functions were substi-

tuted into the basic equilibrium equations for a 
transversely isotropic elastic medium. The analytical 
layer element for a single layer was obtained by a 
Hankel transform. After considering the continuity 
conditions between adjacent layers and the boundary 
conditions of the layered medium, a global stiffness 
matrix was acquired by assembling the interrelated 
layer elements. The unknown displacement variables 
in the transformed domain were determined by solv-
ing the global stiffness matrix equation. The real 
solutions were obtained by taking the inversion of the 
Hankel transform of these variables. The analytical 
layer element presented in this paper had no positive 
exponential function and was symmetric; therefore, it 
simplified the calculations and improved the numer-
ical efficiency and stability. A numerical example 
available in the literature was used to verify the ac-
curacy of the derived solutions. The numerical anal-
ysis of the multi-layered transversely isotropic elastic 
medium subjected to uniform vertical circular loading 
showed that the elastic modulus and shear modulus of 
the layers had an obvious effect on the vertical surface 
displacement of the multi-layered medium.  
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Appendix: Elements of K (a symmetric  
matrix) 
 

1. When 2 2
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where  
12

1 e 1,z sA    
22

2 e 1,z sA    
12

3 1 e ,z sA    
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4 1 e ,z sA    
2
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