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Abstract:    This paper presents a two-degree-of-freedom (2DOF) hybrid piezoelectric-electromagnetic energy harvester 
(P-EMEH). Such a 2DOF system is designed to achieve two close resonant frequencies. The combined piezoelectric- 
electromagnetic conversion mechanism is exploited to further improve the total power output of the system in comparison to a 
stand-alone piezoelectric or electromagnetic conversion mechanism. First, a mathematical model for the 2DOF hybrid P-EMEH is 
established. Subsequently, the maximal power output of the 2DOF hybrid P-EMEH is compared both experimentally and theo-
retically with those from the 1DOF piezoelectric energy harvester (PEH), 1DOF electromagnetic energy harvester (EMEH), 2DOF 
PEH, and 2DOF EMEH. Based on the validated mathematical model, the effect of the effective electromechanical coupling 
coefficients (EMCC) on the maximal power outputs from various harvester configurations is analyzed. The results indicate that for 
the 2DOF hybrid P-EMEH, although the increase of the power output from one electromechanical transducer will lead to the 
decrease of the power output from the other, the overall performance of the system is improved in weak and medium coupling 
regimes by increasing electromechanical coupling. In weak and medium coupling scenarios, the hybrid energy harvester config-
uration is advantageous over conventional 1DOF or 2DOF harvester configurations with a stand-alone conversion mechanism. 
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1  Introduction 

 
Over the past few years, vibration energy har-

vesting has attracted much research interest owing to 
its potential to implement low-cost self-powered 
wireless sensors. Some methods are commonly pur-
sued to harness electrical energy from ambient vibra-
tions, including electrostatic generation (Lallart et al., 
2011), electromagnetic induction (Elvin and Elvin, 
2011; Jung et al., 2011), and the piezoelectric effect 

(Yang et al., 2009; Lumentut and Howard, 2011; 
Wang et al., 2012; 2014). No matter which method is 
adopted, the efficiency improvement of a vibration 
energy harvester involves effort in terms of both 
bandwidth enlargement and magnitude amplification. 

Conventional vibration energy harvesters are 
usually designed as one-degree-of-freedom (1DOF) 
models (Williams and Yates, 1996; Roundy et al., 
2003; Dutoit et al., 2005), which are efficient near a 
single resonant frequency. Narrow operating band-
width is a major challenge for 1DOF vibration energy 
harvesters (Tang et al., 2013). To overcome that 
drawback, some researchers have considered the use 
of two-degree-of-freedom (2DOF) models to achieve 
two close resonances for wider bandwidth. Aldraihem 
and Baz (2011) and Arafa et al. (2011) proposed a 
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2DOF piezoelectric energy harvester (PEH) model 
comprising a piezoelectric harvester and an additional 
spring-mass system installed between the harvester 
and the base. The additional spring-mass system 
served as a dynamic magnifier to enhance the power 
output and meanwhile achieve a wider bandwidth. 
Tang and Yang (2012) presented a 2DOF PEH model 
comprising dual spring-mass-dampers connected in 
series, where a piezoelectric transducer for power 
generation was placed between the primary mass and 
the base, and a parasitic mass connected to the pri-
mary mass was used to achieve two close resonant 
frequencies. Harne (2012) established the mathe-
matical models of a 2DOF electromagnetic energy 
harvester (EMEH) and a 2DOF PEH, respectively. 
With these established models, a parametric study 
was performed to investigate the energy harvesting 
efficiency of these two types of 2DOF harvesters.  

On the other hand, most studies in the energy 
harvesting field have focused on stand-alone conver-
sion mechanisms (electrostatic, electromagnetic, or 
piezoelectric). Piezoelectric and electrostatic mecha-
nisms are suitable for small size harvesters in view of 
their compatibility with standard microelectromech-
nical systems (MEMS) manufacturing procedure, 
while electromagnetic mechanisms are more suitable 
for large size harvesters. In recent studies, the hybrid 
energy harvesting technology is being increasingly 
investigated (Khaligh et al., 2008; Wacharasindhu 
and Kwon, 2008; Challa et al., 2009; Tadesse et al., 
2009; Yang et al., 2010; Kim et al., 2012; Shan et al., 
2013). Usually, for hybrid energy harvesting, the PEH 
and EMEH should be on the same scale (for compa-
rable power output), otherwise the hybrid scheme will 
be meaningless. Tadesse et al. (2009) proposed a 
multimodal energy harvesting device that combines 
piezoelectric and electromagnetic energy harvesting 
mechanisms. They found that the electromagnetic 
transducer could generate much higher power at 
lower frequencies (the first transversal resonance 
mode), while the piezoelectric transducer does so at 
higher frequencies (the second transversal resonance 
mode). Thus, the combination of the two transducers 
into a device can generate higher power outputs cov-
ering multiple modes. Challa et al. (2009) presented a 
coupled piezoelectric-electromagnetic energy har-
vesting technique, where two independent energy 
harvesting mechanisms are coupled to provide higher 

electrical damping so as to match it better to the me-
chanical damping in the system for an increased 
power output. However, questions, such as how the 
two conversion mechanisms affect each other and 
how the coupling strengths affect overall performance 
after combination, have not been properly answered, 
especially for a multiple DOF energy harvesting 
system. 

This paper proposes a 2DOF hybrid piezoelectric- 
electromagnetic energy harvester (P-EMEH) system, 
which aims at not only achieving wider bandwidth but 
also an increased output by combining piezoelectric 
and electromagnetic components of comparable 
macroscopic size. A mathematical model for the 
2DOF hybrid P-EMEH system is established. The 
system parameters for model validation are deter-
mined from experiment. The maximal power output 
from the 2DOF hybrid P-EMEH is compared both 
experimentally and theoretically with those from 
other energy harvesting configurations, including 
1DOF PEH, 2DOF PEH, 1DOF EMEH, and 2DOF 
EMEH. The advantage of using the 2DOF hybrid 
P-EMEH is discussed. Finally, the effect of the ef-
fective electromechanical coupling coefficients 
(EMCC) on the maximal power outputs from various 
harvester configurations is investigated. 

 
 

2  Proposed model of 2DOF hybrid P-EMEH 
 
A conventional vibration energy harvester is de-

signed as a 1DOF lumped parameter model. Figs. 1a 
and 1b show a 1DOF PEH model and a 1DOF EMEH 
model, respectively. The 1DOF PEH model com-
prises a mass M1, spring K1, damping C1, and the 
piezoelectric element. The piezoelectric element is 
placed between the base and the mass, generating 
alternating electrical output to power the resistor RL1. 
The 1DOF EMEH model comprises the mass M2, 
spring K2, and damper C2, where the magnetic mass 
M2 vibrates through the axis of a wound coil. The coil 
is moving together with the base motions and the 
current is induced in the electromagnetic energy 
harvesting coil, delivering power to the resistor RL2.  

The 1DOF energy harvester model is only effi-
cient near its sole resonant frequency. This drawback 
of the 1DOF model limits its applicability in the 
majority of practical vibration scenarios. In recent 
studies, some researchers have proposed 2DOF  
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energy harvester models to achieve two closer reso-
nant frequencies. Figs. 1c and 1d show a 2DOF PEH 
model (Tang and Yang, 2012) and a 2DOF EMEH 
model, respectively. In Figs. 1c and 1d, a 2DOF PEH 
model and a 2DOF EMEH model have the same 
mechanical subsystems and different electrical sub-
systems for power generation. For the mechanical 
subsystem of these two models, a mass M1 with spring 
K1 and damping C1 is connected to the base, and the 
mass M2 with spring K2 and damping C2 is connected 
to the mass M1. For the electrical subsystem of the 
2DOF PEH model, a piezoelectric transducer for 
voltage generation is placed between the mass M1 and 
the base (Fig. 1c). For the electrical subsystem of the 
2DOF EMEH model, a coil for the current generation 
is placed in the axis of the motion of the magnet mass 
M2 (Fig. 1d). 

The mass M2 of the 2DOF PEH model (Fig. 1c) 
or the mass M1 of the 2DOF EMEH model (Fig. 1d)  
is only used to achieve two close resonant frequencies 
and thus a wider operating bandwidth compared to 
1DOF harvester. Actually, they can be further  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

exploited to convert mechanical energy into electrical 
energy using an additional transducer. We propose a 
2DOF hybrid P-EMEH model (Fig. 1e). As the base 
vibrates, the piezoelectric transducer placed between 
the base and the mass M1 is deformed to generate the 
voltage across the resistor RL1 by the piezoelectric 
effect. At the same time, the magnetic mass M2 moves 
in and out of the coil and the coil generates induced 
current flowing through the resistor RL2 according to 
Faraday’s law. In Fig. 1, u0, u1, and u2 are the absolute 
coordinates of the base, M1, and M2, respectively. 
With this design, we aim at exploiting the full poten-
tial of the additional mechanical subsystem in a 
conventional 2DOF energy harvester model. 

 
 

3  Analytical modelling of 2DOF hybrid 
P-EMEH 

 
In Fig. 1e, setting r1=u1−u0 and r2=u2−u1, the 

mechanical governing equation of the 2DOF hybrid 
P-EMEH system can be written as  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Fig. 1  Various energy harvester models: (a) 1DOF PEH; (b) 1DOF EMEH; (c) 2DOF PEH (Tang and Yang, 2012); (d)

2DOF EMEH; (e) 2DOF hybrid P-EMEH 
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where K1 and K2 are the spring stiffness of mass M1 
and M2, respectively. C1 and C2 are the mechanical 
damping of mass M1 and M2, respectively. As the 
2DOF hybrid P-EMEH delivers energy to the load 
resistances, the mechanical domain receives the 
feedback from the electrical domain, which is repre-
sented by the backward electromechanical coupling 
forces, Fp and Fe. Fp is the backward coupling force 
due to the creation of the voltage across the piezoe-
lectric element, which is given by 
 

p p R1F V ,                               (2) 

 
where VR1 is the voltage across the resistor RL1, and θp 
is the piezoelectric coupling coefficient. Fe is the 
backward coupling force due to the creation of an 
opposing magnetic field by the current flowing 
through the coil, which is given by 
 

e e R2F I ,                                (3) 

 
where IR2 is the current flowing through the resistor 
RL2, and θe is the electromagnetic coupling coefficient, 
θe=B1l, where B1 and l are the average magnetic flux 
density and the total length of the coil, respectively. 

The simplified electrical models of the piezoe-
lectric and electromagnetic transducers are given in 
Fig. 2a and Fig. 2b, respectively. In Fig. 2a, the elec-
trical model of the piezoelectric transducer consists of 
a current source Ip in parallel with its internal capac-
itance Cp, where the output terminal is connected with 
the resistor RL1. In Fig. 2b, the electrical model of the 
electromagnetic transducer consists of a voltage 
source Ve in series with its internal inductance Lcoil 
and the coil resistance Rcoil, where the output terminal 
is connected with the resistor RL2. 

According to Kirchhoff’s current law, the circuit- 
governing equation for piezoelectric transduction of 
the system (Fig. 2a) is written as  

 

R1
p p R1

L1

0
V

I C V
R

    ,                        (4) 

where the current Ip is proportional to the velocity 1r  

in the mechanical domain, i.e., p p 1I r  . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
According to Kirchhoff’s voltage law, the circuit- 

governing equation for electromagnetic transduction 
of the system (Fig. 2b) is written as  

 

e coil R2 coil L2 R2( ) 0V L I R R I     ,
             

(5) 

 
where the voltage Ve is proportional to the velocity 

1 2( )r r   in the mechanical domain, i.e., e e 1 2( )V r r   . 

Substituting Eqs. (2) and (3) into Eq. (1) and 
further combining Eqs. (1), (4), and (5), the electro-
mechanical model of the 2DOF hybrid P-EMEH is 
written as 
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    (6) 

 

Letting 1 1 1/ ,K M 2 2 2/ ,K M
 
ζ1=C1/(2M1ω1), 

ζ2=C2/(2M2ω2), and u=M2/M1, and applying the La-
place transform for Eq. (6), we can obtain: 

RL1Cp VR1

(a)

Ip

RL2

Lcoil Rcoil
IR2

(b)

Ve

Fig. 2  Equivalent electrical models of piezoelectric 
transducer (a) and electromagnetic transducer (b) 
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where s is the Laplace variable, ω1 and ω2 are the 
natural angular frequencies when the two subsystems 
work separately. 

Solving Eq. (7) and letting s=jω, the voltage 
across the resistor RL1 is obtained as 
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and the current through the resistor RL2 is obtained as 
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where j is the imaginary unit, ω is the excitation an-
gular frequency, and the dimensionless parameters are 
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The power outputs on the resistors RL1 and RL2 
are then obtained as 
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The total power of the 2DOF hybrid P-EMEH 

energy harvester is 
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which is the power output of the conventional 2DOF 
PEH (Fig. 1c). Furthermore, as M2→0, the mass ratio 
u→0 and Eq. (13) is reduced to 
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which is the power output of the conventional 1DOF 
PEH (Fig. 1a).  

As RL1→0, ωp→0, and B→1−Ω1
2+j2ζ1Ω1+u(α2+ 

j2ζ2αΩ1), Eq. (12) is reduced to total R2
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Eq. (11) is reduced to  
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which is the power output of the conventional 2DOF 
EMEH (Fig. 1d). 

In Eq. (15), letting Ω1=αΩ2, M1=M2/u and 
ω1=ω2/α. As K1→∞, the frequency ratio α→0 and 
Eq. (15) is reduced to
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which is the power output of the conventional 1DOF 
EMEH (Fig. 1b). 
 
 
4  Experimental validation 

4.1  Experimental setup 

Fig. 3 shows the prototype of the proposed 
2DOF hybrid P-EMEH. It can be seen that the PEH 
part is a clamped-clamped piezoelectric beam with a 
central mass and two piezoelectric elements bonded 
symmetrically on the brass beam. The two piezoe-
lectric elements are electrically connected in parallel. 
The EMEH part consists of a spring, a magnet, and a 
wound coil. One end of the spring is connected with 
the central mass of the PEH part and the other with the 

magnet. A copper wound coil is placed on the base, 
the axis of which aligns with the direction of the mo-
tion of the magnet. The material and geometric pa-
rameters of the PEH, magnet, and coil are given in 
Tables 1 and 2, respectively. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Parameters of PEH part 

Parameter Value 

Clamped length of the brass beam (mm) 80 

Width of the brass beam (mm) 20 

Thickness of the brass beam (mm) 0.5 

Thickness of the piezoelectric element (mm) 0.2 

Static clamped capacitance, Cp (nF) 42 
Effective mass of the beam with central mass, 

M1 (g) 
104 

Damping ratio of PEH, ζ1 0.014 

Table 2  Parameters of magnet and coil 

Parameter Value 

Effective mass of the spring and the magnet, 
M2 (g) 

10 

Mass of the coil part (g) 16 

Radius of the magnet, rm (mm) 6 

Height of the magnet, hm (mm) 10 

Residual the flux density, Br (T) 1.1 

Nearest distance between the coil and 
Magnet, z1 (mm) 

2.8 

Height of the wounded coil (mm) 15 

Total length of the coil, l (m) 52.15 

Inductance of the coil, Lcoil (mH) 40.6 

Resistance of the coil, Rcoil (Ω) 116 

Damping ratio of EMEH, ζ2 0.0035 

Fig. 3  Experimental prototype of 2DOF hybrid P-EMEH
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It should be mentioned that if the coil is open- 
circuited, there is no power output from the EMEH 
part and the electromagnetic backward coupling force 
disappears. Thus, the system behaves as a 2DOF 
PEH. If the piezoelectric elements are short-circuited, 
there is no power output from the PEH part and the 
piezoelectric backward coupling force disappears. 
Thus, the energy harvesting system behaves as a 
2DOF EMEH. If the spring is detached from the 
central mass, the system degrades to a 1DOF PEH. If 
we replace the current brass beam with a much thicker 
and thus much stiffer one, the relative displacement 
between the central mass and the base can be ne-
glected and the EMEH part can be regarded as a 
1DOF EMEH subjected to the base excitation. We 
will compare the performances of these five config-
urations in the experiment and validate the derived 
theoretical models later. 

Fig. 4 shows the experimental setup. The pro-
totype 2DOF hybrid P-EMEH is mounted on an 
electrodynamic shaker. An accelerometer is mounted 
on the platform of the harvester to measure the base 
excitations. The shaker is connected to a signal gen-
erator through a power amplifier. The signal generator 
and power amplifier are tuned manually to provide 
the desired excitation to the system. The output ter-
minals of the piezoelectric elements and the wound 
coil are connected to two respective variable resistors. 
The power outputs from the PEH part and the EMEH 
part are added at each frequency and we searched for 
the optimal total power by altering the two resistors. 

 
 

 
 
 
 
 
 
 
 
 
 
 

 

 
Prior to the model validation, the system pa-

rameters should be determined. The average magnetic 
flux density of the cylindrical magnet, B1, is ap-

proximated by considering the coil divided into n 
sections, 
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where zi is the distance from the magnet to the ith 
cross section of the coil. Between the nearest distance 
from the magnet z1=2.8 mm and the farthest distance 
zn=17.8 mm, we consider increments of 0.1 mm and 
thus n=151. According to Eq. (17), the average 
magnetic flux density B1=0.0789 T. 

Other parameters can be determined from the 
experiment. Due to the piezoelectric coupling, 1DOF 
PEH (removing the spring and magnet) possesses a 
short circuit resonant frequency fsc (when the load 
resistance approaches 0) and an open circuit resonant 
frequency foc (when the load resistance approaches 
infinity). In this study, we use two different resistors 
(RL1=100 Ω and RL1=1 MΩ) to obtain the voltage 
frequency responses of 1DOF PEH, which 
approximate the short circuit and open circuit 
conditions, respectively. According to these responses, 
fsc and foc are measured as 81.5 Hz and 81.8 Hz, 
respectively. The EMCC of the 1DOF PEH can be 
calculated as 0.086 according to the equation kp= 
[(ωoc/ωsc)

2−1]1/2, where ωsc and ωoc are the short 
circuit and open circuit resonant angular frequencies, 
respectively. ωsc=2πfsc and ωoc=2πfoc. Note that in 
Eq. (7), ω1 refers to the natural angular frequency of 
the mechanical structure for the 1DOF PEH without 
considering the backward piezoelectric coupling 
effect, i.e., the piezoelectric element approximates the 
short circuit. Thus, ω1=ωsc=512.08 rad/s. Similarly, 
ω2 refers to the natural angular frequency of the 
mechanical structure for 1DOF EMEH (the spring 
with the magnetic element only) without considering 
the backward electromagnetic coupling effect, i.e., 
the coil is open circuit. According to the voltage 
frequency response, the open circuit resonance 
frequency f2 is measured as 76 Hz, and thus, 
ω2=2πf2=477.52 rad/s. Furthermore, the frequency 
ratio α=ω2/ω1=0.9325. The EMCC of the 1DOF 
EMEH can be calculated as 0.4277 according to the 
equation ke=θe/(LcoilK2)

1/2, where K2=M2ω2
2. The 

damping ratios ζ1 and ζ2 of the 1DOF PEH and 1DOF 
EMEH, which are also the damping ratios of the PEH 

Fig. 4  Experiment setup of 2DOF hybrid P-EMEH 
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part and EMEH part in the 2DOF hybrid P-EMEH, 
can be determined by the log decrement method from 
the voltage attenuation curves of the PEH and EMEH, 
respectively. 
 

1

1

1
ln ,

2π k

A

k A




 
  

 
                          (18) 

 
where A1 is the first amplitude of the attenuation 
curve, and k is the decaying cycle. The damping ratios 
of ζ1 and ζ2 are given in Tables 1 and 2, respectively. 

4.2  Results 

Figs. 5a and 5b show the experimental and sim-
ulation results from various harvester configurations, 
respectively. The experiment and simulation are both 
conducted under an excitation level of 1 m/s2 (root 
mean square value). Note that the 1DOF PEH has a 
sole peak of 0.69 mW and the 1DOF EMEH has a sole 
peak of 0.48 mW in the frequency range of 65 Hz– 
95 Hz. The 2DOF energy harvester prototypes (2DOF 
PEH, 2DOF EMEH, and the proposed 2DOF hybrid 
P-EMEH) can achieve two peaks in this frequency 
range, providing wider operating bandwidth. To fur-
ther compare the maximum power outputs of the five 
harvester configurations, they are divided into two 
groups. One group includes 1DOF PEH, 2DOF PEH, 
and 2DOF hybrid P-EMEH, and the other group  
includes 1DOF EMEH, 2DOF EMEH, and 2DOF 
hybrid P-EMEH. Note that in Fig. 5a, the 2DOF hy-
brid P-EMEH has improved the maximum power 
output (2.16 mW) as compared to the 2DOF PEH 
(0.96 mW) and 1DOF PEH (0.69 mW). Similarly, the 
2DOF hybrid P-EMEH also provides a better per-
formance than the 2DOF EMEH (1.68 mW) and 
1DOF EMEH (0.48 mW). In addition, note that the 
second mode of the 2DOF hybrid P-EMEH provides 
comparable output as 1DOF PEH and 1DOF EMEH. 
Furthermore, it is worth mentioning that the 2DOF 
hybrid P-EMEH has improved the maximum power 
density (16.6 mW/kg) as compared to the other 2DOF 
configurations (2DOF PEH, 8.4 mW/kg; 2DOF 
EMEH, 12.9 mW/kg) and the 1DOF PEH 
(6.6 mW/kg). Though it is slightly lower than that of 
the 1DOF EMEH (18.5 mW/kg), the much enhanced 
maximal power output (2.16 mW) achieved and two 
close resonant modes (for wider bandwidth) of the 
2DOF hybrid P-EMEH as compared to the 1DOF 

EMEH are worth this slight sacrifice in power  
density. 

Fig. 5b shows the analytical solution with the 
system parameters determined from experiment (Ta-
bles 1 and 2). Note that in Fig. 5b, the predicted 
maximum power outputs for various harvester con-
figurations and the overall trends of the analytical 
prediction are quite consistent with the experiment 
results (Fig. 5a). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Both experimental and simulation results indi-

cate that with current system parameters (e.g., cou-
pling coefficients), the hybrid scheme can provide 
advantageous performance over the stand-alone pie-
zoelectric or electromagnetic techniques. 

 
 

5  Effects of electromechanical coupling 
 

With the validated 2DOF hybrid P-EMEH model, 
we further study the effects of the EMCC on the 
maximum power outputs. First, we investigate how 
the EMCC affects the overall performance and how 
the two conversion mechanisms affect each other in a 
2DOF hybrid P-EMEH model. Subsequently, we 
compare the effect of the EMCC on power outputs of 
various harvester configurations including 1DOF 
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PEH, 2DOF PEH, 1DOF EMEH, 2DOF EMEH, and 
2DOF hybrid P-EMEH models. 

Figs. 6a and 6b show the maximum power out-
puts from piezoelectric and electromagnetic trans-
ducers used in a 2DOF hybrid P-EMEH against two 
effective EMCCs kp and ke, respectively. In Fig. 6a, 
the electromagnetic coupling ke is fixed (ke=0.4277) 
and the piezoelectric coupling kp increases. Before the 
saturation of power output, an increase of kp leads to 
an increase in piezoelectric and total power outputs, 
and a decrease in electromagnetic power output. 
Similarly, in Fig. 6b, kp is fixed (kp=0.086) and the 
electromagnetic coupling ke increases. Before the 
saturation of power output, an increase of ke leads to 
an increase in electromagnetic and total power out-
puts, and a decrease in piezoelectric power output. 
These results indicate that when piezoelectric and 
electromagnetic transducers exist in an energy har-
vesting device, they interact in an opposite way, i.e., 
the increase of the power output from one electro-
mechanical transducer by increasing its coupling will 
lead to the decrease of the power output from the other. 
The main reason is that for a 2DOF hybrid P-EMEH 
system, both piezoelectric and electromagnetic cou-
pling will induce electrical damping and suppress the 
vibrations of the system. In Fig. 6a, as kp increases, 
more energy is converted into electricity via the PEH 
part and so induces more damping and thus sup-
presses the vibrations of the system. Since ke is fixed, 
the suppressed vibrations result in less contribution of 
power output from EMEH part. Similarly, in Fig. 6b, 
as ke increases, more energy is harnessed via the 
EMEH part and so induces more damping to the 
system. Since kp is fixed, the suppressed vibrations 
result in the decrease of power output from the PEH 
part. 

Figs. 7a and 7b show the maximum power out-
puts from various harvester configurations against 
two effective EMCCs kp and ke, respectively. It can be 
seen from Fig. 7a that an increase of kp leads to an 
increase in power outputs in the 1DOF PEH, 2DOF 
PEH, and 2DOF hybrid P-EMEH models first, but 
finally the power outputs reach saturation in each case. 
The trends of power versus coupling from these en-
ergy harvesters are the same as the 1DOF PEH in 
previous studies (Guyomar et al., 2005; Liao and 
Sodano, 2008). Similarly, in Fig. 7b, an increase of ke  
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leads to an increase in power outputs from the 1DOF 
EMEH, 2DOF EMEH, and 2DOF hybrid P-EMEH 
models first, but finally the power outputs reach sat-
uration in each case. The trends of power versus 
coupling are similar to the 1DOF EMEH in previous 
study (Challa et al., 2013). Moreover, both 2DOF 
EMEH and 2DOF hybrid P-EMEH have significantly 
improved power outputs as compared to the 1DOF 
EMEH.  

To investigate the performance of the energy 
harvesters in different coupling regions, some re-
searchers (Shu and Lien, 2006) proposed using the 
parameter γ1=kp

2/ζ1 as an indicator of the piezoelectric 
coupling strength of 1DOF PEH and proposed the 
criterion of strong coupling, i.e., kp

2/ζ1≥4(ζ1+1) for an 
AC interface circuit (pure resistor). Applying this 
criterion and considering ζ1=0.014 in this work, we 
have kp≥0.238 for the strong coupling of 1DOF PEH. 
For kp=0.238, the power output corresponds to 90% 
of the saturation power output. Similarly, some re-
searchers (Challa et al., 2013) proposed using the 
parameter γ2=θe

2/(RcoilC2) to indicate the coupling 
strength of the 1DOF EMEH and studied the power 
outputs when loosely coupled 2( 1),   critically 

coupled (γ2=1), and strongly coupled 2( 1).   The 

equation can also be written as γ2=Lcoilω2ke
2/(2Rcoilζ2), 

where ke
2=θe

2/(LcoilK2), ζ2=C2/(2M2ω2), and ω2= 
(K2/M2)

1/2. Challa et al. (2013) did not clearly provide 
the criterion for quantitatively defining the bounda-
ries of coupling strength. We apply a similar criterion 
as 1DOF PEH, i.e., 90% of saturation power output, 
to define the strong coupling of 1DOF EMEH. We 
obtained the critical value of ke=0.66 with the system 
parameters in our work. Considering Lcoil=40.6 mH, 
Rcoil=116 Ω, ζ2=0.0035, and ω2=477.52 rad/s in our 
work, γ2=10.4. The result is consistent with the condi-
tion of a strongly coupled system 2( 1)   in (Challa 

et al., 2013). This implies that 90% of saturation 
power output can be used to define the strong cou-
pling of 1DOF PEH and 1DOF EMEH. In addition, to 
our best knowledge, there is no literature discussing 
the effect of coupling on the performance of a 2DOF 
harvester system, no matter whether it is purely pie-
zoelectric, electromagnetic, or hybrid. We apply 90% 
of saturation power output to define strong coupling 
for 2DOF hybrid P-EMEH. For the 2DOF hybrid 
system, due to the opposite interaction between the 

two electromechanical couplings, we can only de-
termine the critical value of kp for strong coupling 
when ke is given, and vice versa. In Fig. 7a, given 
ke=0.4277, 90% of saturation power output requires 
kp=0.2. Hence, 0<kp<0.2 is regarded as the weak and 
medium coupling range. Given kp in the range of 
0–0.2, the 2DOF hybrid P-EMEH has an improved 
power output as compared to the 1DOF PEH and 
2DOF PEH. Beyond the critical value of kp=0.2, both 
2DOF PEH and 2DOF hybrid P-EMEH are near the 
saturation of power, and the power output of the 
2DOF hybrid P-EMEH has no advantage over the 
2DOF PEH and is even smaller than that of the 1DOF 
PEH. Similarly, in Fig. 7b, given kp=0.086, 90% of 
saturation power output requires ke=0.9. Hence, 
0<ke<0.9 is regarded as the weak and medium cou-
pling range. Given ke in the range of 0–0.9, the 2DOF 
hybrid P-EMEH provides better performance than the 
2DOF EMEH and 1DOF EMEH. These results sug-
gest that the hybrid energy harvester configuration is 
advantageous over the stand-alone harvester config-
urations in both weak and medium coupling regimes. 
 
 

6  Conclusions 
 

This paper presents a 2DOF hybrid P-EMEH 
design combing piezoelectric and electromagnetic 
transduction mechanisms. The mathematical model 
of the 2DOF hybrid P-EMEH is established and val-
idated experimentally. The prototype 2DOF hybrid 
P-EMEH demonstrates its advantageous performance 
in terms of both wider bandwidth and improved 
power magnitude as compared to the conventional 
1DOF and 2DOF harvester configurations with 
stand-alone conversion mechanisms. With the vali-
dated mathematical model, the effect of the piezoe-
lectric and electromagnetic coupling coefficients on 
the performances of various harvester configurations 
is analyzed. For the 2DOF hybrid P-EMEH model, 
although the increase of the power output from one 
electromechanical transducer will lead to the decrease 
of the power output from the other, the total power 
output of the 2DOF hybrid P-EMEH model increases 
before it reaches its saturation. In the weak and me-
dium coupling scenarios, the hybrid 2DOF energy 
harvester configuration provides an efficient way to 
enhance device performance. 
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中文概要： 
 

本文题目：一种两自由度的压电-电磁复合能量收集器 

A 2DOF hybrid energy harvester based on combined piezoelectric and electromagnetic con-
version mechanisms 

研究目的：对一种两自由度的压电-电磁复合能量收集器进行发电性能研究。 

创新要点：建立了一种两自由度压电-电磁复合能量收集器发电性能的数学模型，该数学模型可以评估

两自由度压电-电磁复合能量收集器中压电元件、电磁元件以及系统总输出功率。 

研究方法：对一种两自由度的压电-电磁复合能量收集器进行数学建模，并实验验证数学模型的正确性。

基于实验测试得到的系统参数值，理论研究压电元件和电磁元件的机电耦合系数对不同能量

收集器发电性能的影响关系，并对几种能量收集器的发电能力进行对比分析。 

重要结论：对于非强耦合（弱或中间耦合）的两自由度机电转换器，复合能量收集器（压电+电磁）具

有比单一能量收集器（压电或电磁）更高的发电能力。 

关键词组：振动；复合能量收集；两自由度模型；压电；电磁 


