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Abstract:  In this paper, a dynamic model is established for a two-stage rotor system connected by a gear coupling and sup-
ported on ball bearings with squeeze film dampers (SFDs). The nonlinear dynamic behavior of the rotor system is studied under
misalignment fault condition. The meshing force of the gear coupling is calculated considering the deformation of the tooth
caused by torque transmission and dynamic vibration. The contact force between the ball and race is computed based on the
Hertzian elastic contact deformation theory and the elastohydrodynamic lubrication theory. The supported force of SFD is simu-
lated by integrating the pressure distribution derived from Reynolds’s equation. The equations of motion are rewritten in non-
dimensional differential form, and the fourth-order Runge—Kutta method is employed to solve the nonlinear dynamic equilibri-
um equations iteratively. To verify the validity of the dynamic model and the correctness of the numerical solution method, the
experimental power spectra of the rotor system under various misalignment degrees are compared with the analytical results.
The effects of several important parameters, such as the lubrication of the ball bearing, the centralizing spring stiffness, the radi-
al clearance of SFD, and the misalignment of gear coupling, on the dynamic characteristics of the rotor system are investigated
and discussed mainly focusing on the system stability. The response spectra, bifurcation diagrams, and Pointcaré maps are ana-
lyzed accordingly. These parametric analyses are very helpful in the development of a high-speed rotor system and provide a
theoretical reference for the vibration control and optimal design of rotating machinery.

Key words: Squeeze film damper (SFD), Gear coupling, Ball bearing, Elastohydrodynamic lubrication, Nonlinear dynamics,
Misalignment fault
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1 Introduction power production. In such a rotor—bearing system,
multi-support, multi-stage shafts connected by gear

As an important part of the turbomachinery, such  coupling might undergo nonlinear supported forces

as turbines, pumps, and compressors, the rotor—
bearing system has been upgraded to provide a high
rotating speed in order to meet the demand of high

! Corresponding author

" Project supported by the Joint Funds of National Science Founda-

tion of China and Civil Aviation Administration Foundation of China

(No. U1233201) and the Specialized Research Fund for the Doctoral

Program of Higher Education of China (No. 20130032130005)
ORCID: Liang MA, http://orcid.org/0000-0001-5091-4749; Jie-

wei LIN, http://orcid.org/0000-0002-3325-589X

© Zhejiang University and Springer-Verlag Berlin Heidelberg 2016

and fault excitations. Under such circumstances, the
dynamic response analysis of the rotor—bearing sys-
tem therefore becomes increasingly important and
challenging in the product design, vibration control,
and fault diagnosis.

Usually, the supporting force and the elastic de-
formation of the ball bearing mounted on the rotor
system are calculated based on the Hertzian contact
condition (Hertz, 1881). Hagiu and Gafitanu (1997),
Houpert (1997), Alfares and Elsharkawy (2003), and
Harsha et al. (2003) analyzed the vibration response
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of a rotor-bearing system by considering the Hertzian
contact forces between the rolling elements and races
as the sources of nonlinearity. Harsha (2006) and Si-
nou (2009) ignored the effect of the Iubricating oil,
and could well simulate the load of the ball bearing
using the Hertzian contact theory. While taking into
account the oil film, the Hertzian contact alone is not
able to describe the nonlinear supporting force com-
prehensively. Nowadays, the dynamics of bearing is
considered to be governed by its structural elements,
such as the inner ring, the outer ring, and the rolling
elements, as well as the elastohydrodynamic lubricat-
ed (EHL) contacts connecting these structural ele-
ments, from the study of Wijnant ef al. (1999). Liu et
al. (2010) studied the lubrication of a rotor—bearing
system using computational fluid dynamics and the
fluid—structure interaction method. Zhang et al.
(2014) investigated the nonlinear dynamic behaviors
of a high-speed rotor—ball bearing system under elas-
tohydrodynamic lubrication. Nonato and Cavalca
(2014) investigated the elastohydrodynamic film
effects on a lateral vibration model of a deep-groove
ball bearing using a novel approximation for the
elastohydrodynamic contacts by a set of equivalent
nonlinear spring and viscous damper. Ma ef al. (2014)
established a lumped mass model (LMM) of the ro-
tor system considering the gyroscopic effect and
studied the effects of two loading conditions (the
first- and second-mode imbalance excitations) on the
onset of instability and nonlinear responses of the
rotor—bearing system. Tian et al. (2012) discussed
the effect of the bearing outer clearance on the rotor
dynamic characteristics of a realistic turbocharger
rotor using the run-up and run-down simulation
method. Ma et al. (2013) established an LMM of a
rotor—bearing seal system under two loading condi-
tions and found that the nonlinear seal force can
mainly restrain the first mode instability, which con-
tributes a lot in the understanding of the rotor system
with oil-film bearings. All the above studies show
that the investigation of the transient response of the
bearing, including the EHL effect, can improve the
representation of a real rotor—bearing system.
Besides the supporting force of the ball bearing,
excitation due to fault is considered as another im-
portant nonlinear source. So far, a number of investi-
gations on the nonlinear dynamic behaviors of rotor—
bearing systems have been carried out under the mis-
alignment faults (Prabhakar et al., 2002; Rybczynski,

2006; 2011). Xu and Marangoni (1994) developed a
theoretical model of a motor—flexible coupling—rotor
system to describe the vibration resulting from misa-
lignment and unbalance. Lee and Lee (1999) derived
a dynamic model for a misaligned rotor—bearing sys-
tem driven through a flexible coupling by treating
the reaction loads and deformations at the bearing
and coupling elements as misalignment effect. Based
on the engagement conditions of gear couplings, Li
and Yu (2001) studied the nonlinear coupled lateral
torsional vibration of a rotor—bearing—gear coupling
system and found that the forces and moments acting
on gear couplings due to the initial misalignment are
from the inertia forces of the sleeve and the internal
damping between the meshing teeth. Al-Hussain and
Redmond (2002) investigated the effect of parallel
misalignment on the lateral and torsional responses
of two rotating shafts. Wan et al. (2012) derived a
dynamic model of a multi-disk rotor system with
coupling misalignment considering the nonlinear oil
film force, which indicated that coupling misalign-
ment can cause 2%, 3%, 4%, and other multiple fre-
quency responses. Ma et al. (2015) established a fi-
nite element (FE) model of the overhung rotor sys-
tem considering the gyroscopic effect and investigat-
ed the oil-film instability laws of an overhung rotor
system with parallel and angular misalignments in
the run-up and run-down processes. As a typical fault
of a rotor system, misalignment can cause a great
change in the rotor dynamic responses, so finding
out the mechanism and the evolution of misalign-
ment is of huge value for vibration control as well as
fault diagnosis of high-speed rotational machinery.
With increasing demand for stability, the
squeeze film damper (SFD) has been widely used in
industrial machinery because it can reduce the vibra-
tion amplitude of the rotor and suppress the external
force at the same time (Zhu et al., 2002; Chang-Jian
and Kuo, 2009; Chang-Jian, 2010). An SFD can be
designed through filling the clearance with lubricat-
ing oil and introducing a centralizing spring. In an
SFD-mounted rotor—bearing system, the journal can
be held in its position statically by the fluid support-
ing pressure. Meanwhile, the critical speed of the
rotor system, as well as its stability, can be controlled
by adjusting the SFD parameters. Chang-Jian et al.
(2010) analyzed the dynamic behavior of a hybrid
SFD-mounted gear—bearing system based on the
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typical unbalance approximation and discussed the
rotating speed and damping effects. Inayat-Hussain
(2005; 2009) presented the dynamic analysis of a
flexible rotor mounted in SFD with and without re-
taining springs independently, and the results showed
that the onset of bifurcation increased with the stiff-
ness of the retainer spring, which provided insights
into the effect of the design parameters of SFD on
the rotor response. Zhao et al. (1994) investigated
the stability as well as the unbalance response of a
rotor supported in an eccentric SFD and found that
the eccentricity enhanced undesirable nonsynchro-
nous vibrations and decreased the stable working
range of the rotor system. Zhou et al. (2013) devel-
oped a nonlinear dynamic model of a rotor—ball bear-
ing system with a floating-ring SFD and discussed
the effects of supporting stiffness, floating-ring mass,
and bearing stiffness in preventing nonsynchronous
system response. Consequently, there is no doubt
that the application of SFD in rotor system can en-
hance the operational stability to a large extent.
However, the improvement not only depends on the
advanced structure design but also relates to the cor-
relation of SFD parameters and the real condition of
the rotor system. In other words, it is important to
find out a suitable parameter set of SFD to prevent
system instability due to fault occurrence as well as
to facilitate product design and vibration control.

The aim of this paper is to investigate the influ-
ences of the nonlinear oil film force of ball bearing
under different lubrication conditions, the centraliz-
ing spring stiffness, and the radial clearance of SFD
on the stability of a misaligned rotor—ball bearing—
gear coupling SFD system. This novel dynamic
model takes into account the nonlinear oil film force
of the ball bearing, the supporting force of SFD, and
the meshing force, as well as the misalignment of
gear coupling. Rohde and Li (1980) built a nonlinear
oil film force model under short bearing assumption,
which is based on the Hertzian contact and the EHL
theory. Numerical integrations are used to obtain the
solutions, and the analytical results are verified ex-
perimentally. Power spectra, bifurcation diagrams,
and Pointcaré maps are applied to analyze nonlinear
behaviors and unstable processes of the rotor system.

In this paper, the mathematical model of a rotor—
ball bearing—gear coupling—SFD system considering
the nonlinearity of oil film and misalignment is built

first. Then the dynamic responses under various mis-
alignment degrees are measured in the test rig, and
the validity of numerical results is confirmed by ex-
perimental power spectra. Finally, the main results
obtained in this study are discussed, and the effects
of the lubricating condition, the stiffness of the cen-
tralizing spring, and the radial clearance of SFD on
the dynamic responses and the stability of the rotor
system under misalignment faults are analyzed.

2 Mathematical model
2.1 Rotor system

In this study, the rotor system is modeled as a
two-shaft rotor connected by a gear coupling, with
each shaft having a disk. The rotor is supported in
the “0-2-1” form, where “0” means there is no sup-
port in front of the first disk, “2”” means there are two
supports between the two disks, and “1” means there
is one support in the rear of the second disk. The
gear coupling is in the middle of the first and second
supports, and SFDs are mounted on the supports at
both ends.

To study the nonlinear dynamic behavior under
a misalignment fault, a mathematical model of a
rotor—bearing system with squeeze film damper and
gear coupling, which is depicted in Fig. 1, is estab-
lished according to the following assumptions:

1. The movements of the rotor in axial and tor-
sional directions are negligible;

2. The journals, the disks, the gear coupling,
and the ball bearings are simulated by 11 lumped
mass points, and the corresponding points are con-
nected by massless shaft sections of axial stiffness;

3. Each lumped mass point has four degrees of
freedom including two translations and two rotations.

Squeeze film damper #1

Bearing #1 Bearing #2 Bearing #3

Fig. 1 Schematic diagram of the rotor system
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4. For the experimental rotor system, power is
drawn from the motor by the drive belt, but in this
model the motor and drive belt are neglected.

2.2 Squeeze film damper

The schematic diagram of the SFD is shown in
Fig. 2.

The instantaneous pressure distribution can be
computed from the incompressible Reynolds equa-
tion (Cameron and Mc Ettles, 1976):

2
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where R; is the radius of SFD, pj is the pressure dis-
tribution of oil film, ys is the oil viscosity, 4 is the
oil thickness, x is the journal displacement in the x-
direction, (2 is the precession angular velocity of the
journal, ¢ is the time, and @ is the angular displace-
ment from the maximum oil thickness position.

According to the SFD structure in this study, the
short bearing assumption is used in the axial pressure
condition, and there are no seals at the two ends. In
this case, the variation of oil film pressure along the
circumferential direction is so small compared with
that in the axial direction that it can be neglected.
Eq. (1) is then transformed into
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62 =c,,cosb. ¢ is the radial clearance of SFD,

and & is the eccentric ratio of the journal and is giv-
en by

g =¥ =, 3)

where y and z are the displacements of journal in the
y and z directions, respectively.

According to Maday (2002), by using the
Sommerfeld transformation, the pressure distribution

of oil film can be obtained by
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where ps; and ps, are the SFD boundary pressures,
and /; is the land length of SFD.

According to the Reynolds boundary condition,
the squeeze film force can be calculated by integrat-
ing the pressure distribution along the circumferen-
tial and axial directions, expressed as
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where F;, and F;, are the supporting forces of the

SFD in the y and z directions, respectively,
6 cos' @ 6 sin@cosd
= ————=4d0, 2:I ————dé, and
& (1+¢& cos0) % (1+¢ cost)
)
) 0
A Y

(1+¢&, cos oy’

_Oil film ring

\ _ Ball bearing

Fig. 2 Schematic diagram of the SFD

2.3 Gear coupling

In the gear coupling, the meshing in the male
and female couplings is asymmetric (Fig. 3): the gear
teeth of the two half-couplings mesh tightly in the
right parts and loosely in the left parts. Consequently,
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the meshing distance of every tooth is changing. The
meshing force in the gear coupling includes two
parts: (a) the meshing force caused by torque and (b)
the meshing force caused by vibration.

2.3.1 Meshing force caused by torque

When the gear teeth are meshing tightly to
transmit a large torque, deformation of gear teeth is
inevitable and the following meshing force is related
to the deformation amount, meshing distance, and
meshing rigidity. From Zhao et al. (2008), the
torque-induced meshing force is given by

F;’T = ¢glgkg > (6)

where F, gT is the meshing force due to torque, ¢ is
the deformation angle of the gear tooth, /, is the
equivalent meshing distance of the gear tooth, and %,
is the meshing rigidity of the gear tooth. The values
of ¢, of all gear teeth are the same when the coupling
is driven by a static torque.

2.3.2 Meshing force caused by vibration

When the torque is getting transmitted by gear
teeth, a relative movement between the two meshing
teeth takes place, which is induced by the system
vibration at the same time. As a result, the displace-
ment of meshing nodes causes a deformation of each
tooth so that another meshing force is produced,
which is expressed as

D .
F =ek, sing,, (7

where FgD is the meshing force caused by vibration,
¢4 1s the position angle of the gear tooth, and e, is the
misalignment of gear coupling.

If there is no torque to transmit, the meshing
force will be zero regardless of the vibration dis-
placement, and the meshing force will not be nega-
tive. Accordingly, the total meshing force of the ith
tooth can be obtained as

¢g,[lg,[ +e,singQ,, )kg,l., ¢g,ilg,i +e,sing,, > 0,
g = .
0, ¢g,ilg,i +e,sing,, < 0.

®)

Then, the reactions of meshing force in the y
and z directions of the rotor system are as follows (n
is the number of gears):

Fg,y - Z (¢g,ilg,i te sin Pei )kg,i sin @,

z:l (9)
F, =Y (¢, +e,sing, )k, cosb.

i=1

' female coupling

Fig. 3 Schematic diagram of the gear coupling

2.4 Ball bearing

In the ball bearing model, as shown in Fig. 4,
the inner race is connected with the journal, and the
outer race is connected with the SFD.

Generally, the Hertzian contact theory is widely
used in the analysis of contact stress and deformation
between balls and races of the ball bearing. Consid-
ering the centrifugal force of ball due to the high
rotating speed, the deformation of ball in the radial
direction is given as (Harris, 1991)

51),/ =0, - €os(j@,) — 4,

22 gy o2 (10)
=k kg I G
O,

where 0y, is the deformation of the ball bearing, ¢, is
the position angle from the y-axis, u, is the radial
clearance of the ball bearing, O, is the load of ball, 4
is the contact deformation coefficient of the ball, and
Fy is the centrifugal force of the ball. <5 refers to
the ball number, and the superscripts “0”

17341}
1

and “0” re-
fer to the inner and outer races, respectively.
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Then, according to the Hertzian contact theory,
the contact stiffness of the ball bearing is expressed
as (Harris, 1991)

kH. _ anl),/ ZEQI % ki i% +k0.7§ 1+ F;J-,c 3
LY a§bJ ) b, cyf c Q;)J

y (11)

where £, is the contact stiffness of ball bearing, and
the superscript “H” refers to the Hertzian contact
theory.

Although the Hertzian contact theory has been
used as one of the main methods in ball bearing
analysis, the assumptions of simplification ignore the
lubrication effects of the oil film between the balls
and races on the dynamic characteristics of ball bear-
ing (Harsha, 2006). Furthermore, considering the
Reynolds lubrication theory and Hertzian contact
theory comprehensively, the EHL becomes a normal
condition in the ball-race contact pair (Rahnejat and
Gohar, 1985). In the EHL condition, the oil film
pressure is close to Hertzian contact stress in most of
the contact zone, but is quite different at the entering
and departing ends.

In the case of the point-contact problem, the oil
film thickness equation proposed by Hamrock and
Dowson (1977) is considered to be suitable for the
ball bearing:

H, =2.69U"G" W °%"[1-0.61exp(0.73¢,)], (12)

where U =y u/(2E'R,) is a non-dimensional ve-
locity parameter, G=aE' is a non-dimensional mate-
rial parameter, W =Q, /(E'R]) is a non-dimensional
load parameter, ey, is the ellipticity of ball, u, is the
dynamic viscosity, u is the linear velocity, E'=
E/(1-%) is the equivalent Young’s modulus, v is
Poisson’s ratio, and « is the pressure-viscosity coef-
ficient. Ry, is the radius of curvature and can be cal-
culated separately for the inner race and the outer
race:

Rf,=& 1_Dbcosﬁ ’
2 d

) (13)
R _Dy 1_’_Dbcosﬂ ’
2 d,

where Dy, is the diameter of ball, d,, is the diameter
of bearing, and f is the contact angle.

Then the oil film thickness, the oil film stiffness,
and the radial load of ball under EHL condition can
be calculated successively as follows:

h, =HR,, (14)
g _ 00,

ky = o, (15)

Qb:klfgba (16)

where the oil film stiffness of the ball bearing is
thought as a series of connections of the inner race
and the outer race.

Fig. 4 Schematic diagram of the ball bearing

Based on the deformation compatibility condi-
tion, the radial load of the ball bearing can be ob-
tained as follows:

me, <180°,
- (17)
0,=0,+2> 0\ cos(jp,)+ 0., mep, =180°,

j=1

0,=0,+2>.0,, cos(jp,),
Jj=1

where m is the number of balls. Then the supporting
forces of ball bearing in the y and z directions are
given as
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y
F;),y = _Qb 5_7
b

(18)
z

F;),z = _Qb ;’
b

where Fy,, and Iy, are supported forces of ball bear-
ing in the y and z directions, respectively.

2.5 Misalignment fault

In this study, the misalignment takes place at
the gear coupling and influences the rotor system by
producing two types of force: the meshing force and
the misalignment force. The meshing force of gear
coupling has been discussed, and the misalignment
forces in the y and z directions of the rotor system
are expressed by Prabhakar et al. (2001):

i
Fo,=M, 2'3 =—2M e 0" cosQwt —y),

5 (19)
F.=M, ; = —2Mgegco2 sinot —y),

where M, is the mass of gear set, 'y, and Fy,; are
the misalignment forces in the y and z directions,
respectively, w is the rotating speed, and y is the
initial phase angle.

2.6 Equations of motion

The system non-dimensional differential equa-
tions of motion rotor system are obtained as follows:
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where g represents the gravitational acceleration.

The non-dimensional time

7=wt, non-dimensional
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displacements Y=y/u, and Z=z/u,, non-dimensional
velocities ¥ = y/(u,0) and Z=z/(y,w), and non-
dimensional accelerations Y = j/(y,0’) and Z=

Z/(u,”) are defined.

2.7 Numerical method

In this paper, the differential equations of mo-
tion are solved using the fourth-order Runge—Kutta
method, and the time step in the iterative procedure
is set as At=1x10" s. The time-varying data corre-
sponding to the first 500 periods generated by nu-
merical integration are deliberately excluded to dis-
card the transient solutions. The bifurcation diagram,
Pointcaré map, and power spectrum are obtained to
analyze the system dynamic behavior. In order to
identify the onset of bifurcation, the Floquet multi-
plier is calculated and its position on the complex
plane is used as the stability criterion of the rotor
system.

3 Model verification
3.1 Experimental rotor system

In this study, we built a test facility to simulate
a compressor rotor system. Fig. 5 shows the overall
test setup and the details of the gear coupling. As
discussed in Fig. 1, system components in the test rig
are the same. The AC motor is used to drive the rotor
and the rotating speed is controlled by a programma-
ble logic controller. The misalignment is produced
and controlled by adjusting the relative height of the
two shafts. Four levels of misalignment fault are
simulated and each single measurement is repeated
twice at least to confirm the validity.

3.2 Verification of analytical results

Experimental power spectra of the rotor system
under four misalignment levels (0.7X1074, 1.4x107%
2.1x107*, and 2.8x10~* m) are obtained to verify the
correctness of the numerical simulation results in
Fig. 6. The amplitude of frequency in the figure can
be transformed into Table 1. The numerical simula-

tions are carried out under two lubrication conditions:

the Hertzian contact condition and the EHL condi-
tion. It can be seen that the experimental response at
2%, 3x, 4% and 5% the fundamental frequency is

generated by the misalignment fault of gear coupling
(Wan et al., 2012), and this fault feature can be found
in both numerical simulations under different lubri-
cation conditions. In addition, both the experimental
and numerical spectra show the same trend, indicat-
ing that the response amplitude increases with the
increase of the misalignment level. Roughly, it can
be concluded that the numerical results agree with
the experimental data in most of the frequency re-
gion for different values of misalignment, especially
at even multiples of the fundamental frequency.
However, the comparison illustrates that the comput-
ed response amplitudes considering the lubrication
effect of the oil film are lower than those numerical
results under Hertzian condition, and much closer to
the test data. Accordingly, it means that the effect of
oil film on the supported force of the ball bearing
cannot be overlooked, and the numerical results con-
sidering EHL condition are more accurate. Conse-
quently, all kinds of dynamic behavior of rotor
system may change under different lubrication
conditions.

\Gear coupling  Piezoelectric - Bearing house

AC motor

Edy current

Male coupling g

[Female couplinggsms

Fig. 5 Experimental rotor system

4 Results and discussion
4.1 Effects of lubrication condition

Fig. 7 (p.623) shows the bifurcation diagrams
with rotating speed 1200-2400 rad/s as the bifurca-
tion parameter under three conditions: (a) the rotor
without misalignment under Hertzian condition, (b)
the misaligned rotor under Hertzian condition, and (c)
the misaligned rotor under EHL condition. Fig. 8
(p.623) shows the corresponding Pointcaré maps.
The following dynamic phenomena can be observed:
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Table 1 Rotor system vibration amplitudes with different misalignment levels on experimental and numerical

o Amplitude of frequency
ey (x10 " m) Item I o I ™ o

Hertz 1.63 —-17.18 -19.68 —33.83 -36.50

0.7 EHL 0.95 -19.28 -21.86 -29.32 —35.82
Experiment -5.62 —-16.14 —24.85 —32.25 -36.81

Hertz 1.57 -9.23 —11.99 —17.88 —22.60

1.4 EHL 0.95 —10.98 —13.71 —18.50 -21.92
Experiment -5.96 -16.07 —20.62 —28.14 -21.43

Hertz 1.62 -5.01 —7.88 —10.04 —19.36

2.1 EHL 1.10 —6.56 -9.01 —11.00 —-18.71
Experiment 0.25 —13.02 -14.27 —24.48 —27.81

Hertz 1.77 -2.12 -5.09 —6.17 —17.45

2.8 EHL 1.37 -3.54 —5.81 —6.68 —-16.61
Experiment -2.16 -11.16 —19.94 —35.87 —25.89

1. For the normal rotor system under Hertzian
condition, the dynamic orbit shows period-one mo-
tion when w<1800 rad/s and loses its regularity in a
small range of we[1801, 1817] rad/s, then returns to
period-one motion in the range of we[1818, 1854]

rad/s. After that, the orbit becomes quasi-periodic or
chaotic for another short period of we[1855, 1870]
rad/s, and then returns to period-one motion again in
the range of we[1871, 1983] rad/s. However, the
orbit performs period-doubling motion in a short
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duration of we[1984, 2003] rad/s. Finally, the orbit
returns to and persists in period-one motion when w=>
2004 rad/s.

2. For the misaligned rotor system under Hertz-
ian condition, the dynamic orbit exhibits period-one
motion when <1848 rad/s. The orbit becomes
period-two motion in the range of we[1849, 1892]
rad/s, then performs quasi-periodic or chaotic motion
in the range of we[1893, 2200] rad/s. Finally, the
orbit returns to and persists in period-one motion

when @>2200 rad/s.
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Fig. 7 Bifurcation diagrams of the rotor system
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rotor under Hertzian condition; (c) Misaligned rotor under
EHL condition
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(a) Normal rotor under Hertzian condition; (b) Misaligned
rotor under Hertzian condition; (c) Misaligned rotor under
EHL condition
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3. For the misaligned rotor system under EHL
condition, the dynamic orbit exhibits period-one mo-
tion when w<1900 rad/s. The orbit becomes period-
two motion in the range of we[1901, 1968] rad/s,
and then performs quasi-periodic or chaotic motion
in the range of we[1969, 2224] rad/s. Finally, the
orbit returns to and persists in period-one motion
when ©>2225 rad/s.

From the comparisons in Figs. 7 and 8, it can be
observed that the stability of the rotor system is de-
creased because of the misalignment fault; in addi-
tion, the lubricating condition also affects the dy-
namic behavior of the rotor system. Under the EHL
condition, the onset of bifurcation is delayed by
52 rad/s (from 1848 rad/s to 1900 rad/s) compared
with that under Hertzian condition, and the unstable
region of rotating speed is shortened.

4.2 Effects of centralizing spring stiffness

Centralizing spring stiffness is one of the key
parameters affecting the dynamic characteristics of
the rotor system. Fig. 9 shows the effect of the cen-
tralizing spring stiffness on the natural frequency of
the rotor system. The first-order critical rotating
speeds are 860 rad/s (15.14 in non-dimensional
amplitude) for k=8x10° N/m, 930 rad/s (18.58 in
non-dimensional amplitude) for k=2x10" N/m, and
1160 rad/s (29.03 in non-dimensional amplitude) for
k=9x10° N/m. The results illustrate that increasing
the centralizing spring stiffness raises the first-order
critical speed of the rotor system as well as the vibra-
tion amplitude. However, this improvement is lim-
ited and the first-order modal frequency can be

30

——k,=8x10°N/m fl
251 —=—k,=2x10" N/m
—+—k,=9x10’ N/m

Non-dimensional amplitude

0
600 900 1200 1500
Rotating speed, @ (rad/s)

Fig. 9 Natural frequencies of the rotor system with differ-
ent centralizing spring stiffness values

increased up to around 1200 rad/s. Accordingly, it
gives an option to avoid resonance under common
operating conditions by adjusting the centralizing
spring stiffness in the rotor system design.

Under the EHL condition, bifurcation diagram
and Pointcaré maps are shown in Fig. 10, which
shows the following dynamic phenomena:
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ter: (a) bifurcation diagram; (b) Pointcaré maps
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1. When the centralizing spring stiffness is low-
er than 3.1x10" N/m, the dynamic orbit performs
period-one motion, and a jump phenomenon appears
at k=2.6x10" N/m. In the range of k.e[3.1, 6.3]
x10 N/m, the orbit loses its regularity and becomes
quasi-periodic or chaotic. Then, the orbit returns to
period-one motion in a long range of k.€[0.64,
2.35]x10* N/m. With continuously increasing cen-
tralizing spring stiffness, the orbit becomes irregular
(quasi-periodic or chaotic).

2. Pointcaré maps give more details of the dy-
namic behavior of the rotor system. It can be seen
that the dynamic orbit shows strong nonlinear char-
acteristics in the range of k.€[3.1, 6.3]x10" N/m, in
particular, period-five motion when k.=3.5%10" N/m,
then chaotic motion when k. is increased to 4.5
x10" N/m, after that period-three motion when &, is
further increased to 5.5x10" N/m. After a long range
of period-one motion when k.e[0.64, 2.35]x10° N/m,
the dynamic orbit changes into quasi-periodic or
chaotic.

It can be observed that the centralizing spring
stiffness strongly affects the stability of the rotor sys-
tem and the effect is complicated. In the case of
0.7x10~* m misalignment, the dynamic orbit loses its
regularity in two ranges of k.e[3.1, 6.3]x10" N/m
and k.>2.35x% 10® N/m, which means that a too low or
too high centralizing spring stiffness cannot help the
rotor system maintain its stability. In this case, the
parameter range of k.€[0.7, 2.0]x10° N/m is sug-
gested to keep the rotor system operating under a
comparatively steady state.

4.3 Effects of SFD radial clearance

By introducing the SFD into the rotor system,
the trajectory of the rotor system is significantly
changed (Fig. 11). Compared with the rotor system
without SFD (Fig. 7c), the bifurcation onset of the
rotor system with SFD mounted is delayed from
1900 rad/s to 1938 rad/s. Furthermore, the end of the
unsteady motion is shifted to a lower rotating speed
from 2224 rad/s to 2070 rad/s. According to the
Pointcaré maps shown in Fig. 11b, the dynamic orbit
shows period-two motion in the range of we[1938,
1996] rad/s and quasi-periodic motion during the
range of we[1997, 2070] rad/s. The variations of the
dynamic behavior of the rotor system with and
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Fig. 11 Dynamic behavior of the misaligned rotor system
with SFD mounted under EHL condition when e~
0.7x10~* m, k=8x10° N/m, and ¢,=5x10~° m: (a) bifurca-
tion diagram; (b) Pointcaré maps

without SFD are similar, but it is noteworthy that the
steady motion period is extended by introducing the
squeeze film force.

The radial clearance of SFD is an important pa-
rameter influencing the dynamic behavior of the ro-
tor system. Fig. 12 shows the spectrum cascade of
the rotor system using radial clearance as variable
under given rotating speed (w=2000 rad/s) and misa-
lignment (eg:2.1X10_4 m). The corresponding vibra-
tion amplitudes under different frequency ratios are
shown in Table 2. It can be seen that the response
amplitude of the rotor system at the fundamental
frequency slowly reduces with the increase in the
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radial clearance of SFD. However, at 2x the funda-
mental frequency, which is the fault characteristic of
misalignment, the vibration amplitude increases
when the radial clearance of SFD increases from
4x107° m up to 5x10~° m, and then slowly decreases
when the radial clearance of SFD continues to in-
crease. Meanwhile, the vibration amplitude at the 3x
fundamental frequency shows up and becomes in-
creasingly notable with increase in the radial clear-
ance of SFD. In addition, some dividing frequency
components arise when the radial clearance of SFD
is 4x10° m, and they disappear when the radial
clearance of SFD is increased.

Amplitude

Fig. 12 Spectrum cascade of the rotor system under
®=2000 rad/s and ¢,=2.1x10™* m

Table 2 Rotor system vibration amplitudes with differ-
ent radial clearances of SFD

Fre- Vibration amplitude
quency ¢=4.0x ¢=5.0x ¢=5.5% ¢~6.0% ¢=6.5% ¢=7.0%

ratio  10°m 10°m 10°m 10°m 10°m 10°m
0.7 03497 0.0122 0.0120 0.0118 0.0115 0.0113
1.0 3.6832 3.6742 3.6226 3.5865 3.5489 3.5139
1.3 0.1682 0.0128 0.0127 0.0126 0.0126 0.0125
20  0.6930 0.7239 0.7164 0.7098 0.7010 0.6933
3.0  0.0137 0.0646 0.1113 0.1481 0.1792 0.2133

Moreover, the bifurcation diagram of the rotor
system by using the radial clearance of SFD as the
bifurcation parameter is given in Fig. 13a, and the
corresponding Pointcaré maps are shown in Fig. 13b.
It can be seen that the dynamic orbit shows period-
one motion when ¢.<1.05x10™* m. With increasing
radial clearance of SFD, the dynamic orbit changes
into chaotic motion in the range of ¢,€[1.05, 1.40]

x10~* m. When the radial clearance of SFD is further
increased, the orbit returns to period-one motion in
the range of cse[l.41, 1.77]x 107 m, and then
becomes period-two motion in the range of
cs€[1.78, 2.13]x10~* m. After that, the dynamic orbit
loses its regularity again when ¢,>2.14x10™* m. Con-
sequently, two ranges of the radial clearance of SFD
are preferred to reduce the vibration of the rotor sys-
tem, namely cs<1.05X1074 m and 1.40x10°* m<c<
1.77x10 * m.
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Fig. 13 Dynamic behavior of the rotor system under EHL
condition using SFD radial clearance as bifurcation pa-
rameter: (a) bifurcation diagram; (b) Pointcaré maps

Furthermore, the bifurcation diagrams and
Pointcaré maps of the rotor system under different
radial clearance of SFD are depicted in Figs. 14 and
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15, respectively, using misalignment as bifurcation
parameter. As shown in Figs. 14 and 15, four cases
(cs=3x107, 5x107°, 7107, and 1.5x10™* m) are
taken as examples to illustrate the effect of radial
clearance of SFD on the stability of the misaligned
rotor system. The four values of the radial clearance
of SFD are picked from the ranges of ¢;<1.05x10* m
and 1.40x10™* m<c,<1.77x10"* m, which are proven
to be two stable periods. The aim of the comparison
is to find out the influence of radial clearance of SFD
on the stability of rotor system.

From the bifurcation diagrams shown in Fig. 14,
it can be seen that the variation of the radial clear-
ance of SFD strongly affects the dynamic behavior
of the rotor system. The results are given as follows:

1. In the case of cs=3X1075 m, the orbit shows
period-one motion when eg<0.49X1074 m, and then
becomes period-two motion in the range of e,€[0.49,
0.93]x10* m (Fig. 15a). After that, as shown in
Fig. 15b, the orbit returns to period-one motion again
in the range of e,€[0.93, 1.67]x10™* m. Finally, the
orbit loses its regularity when eg>1.67X1074 m
(Figs. 15¢c—15f).

2. In the case of ¢,=5x10" m, the period-one
motion is the main movement form of the rotor sys-
tem. The orbit becomes period-three motion in the
short range of e,<[2.5, 2.76]x10"* m (Fig. 15d) and
quasi-periodic or chaotic motion in another short
range of e;e[2.77, 2.96]x10~* m (Fig. 15¢). Besides,
as shown in Figs. 15a—15¢ and 15f, the dynamic be-
havior of the rotor system is regular and stable.

3. In the case of cs=7X10_5 m, the rotor orbit
shows period-one motion when e,<2.14x10™* m,
which is shown in Fig. 15a. Then the orbit becomes
period-two motion (Figs. 15b and 15c) and period-
four motion (Fig. 15d) in two small ranges of e;e
[2.14, 2.50]x10 " m and e,e[2.51, 2.76]x10"* m,
respectively. Afterward, the orbit changes into quasi-
periodic or chaotic motion when 2.76x10™* m<e,
<3.48x10°* m, as shown in Fig. 15e. However, the
orbit shows period-one (Fig. 15f) and period-two
motions in two short periods, and finally loses its
regularity when e,>3.70x 10 m.

4. Tn the case of c.=1.5%x10"* m, the orbit shows
period-one motion when eg<1.12X1074 m (Fig. 15a),
then changes into period-two motion in a short range
of ege[1.12, 1.34]x10"* m (Fig. 15b), and returns to
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Fig. 15 Pointcaré maps of the rotor system under different misalignment fault degrees
(a) ¢=0.8x107* m; (b) e,=1.3x107* m; (c) ¢,=2.3x107* m; (d) €=2.7x107* m; (e) €=2.8x10™* m; (f) €,=3.5x10* m
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period-one motion when 1.34x107* m<eg<1.66
x10~* m. After that, the orbit becomes quasi-periodic
when 1.66x10™* m<e,<2.86x10* m (Figs. 15¢-15¢)
and turns into chaotic motion when e,>2.86x10™* m
(Fig. 151).

5 Conclusions

In this paper, the effects of lubrication condition,
centralizing spring stiffness, and SFD radial clear-
ance on the stability of a rotor-bearing—gear
coupling—SFD system under misalignment fault were
investigated. A squeeze film force model of SFD, a
meshing force model of gear coupling, and a sup-
ported force model of ball bearing were adopted. The
stabilities of the rotor system under misalignment
fault were discussed under Hertzian condition and
considering the lubrication of oil film. The advantage
of the model including EHL effect was verified ex-
perimentally. Besides, the stabilities including and
excluding the SFD effect in the rotor system were
studied. Some conclusions drawn from the study can
be summarized as follows:

1. For the rotor system with gear coupling misa-
lignment under Hertzian condition, the instability
rotating speed range increases from 64 rad/s (exclud-
ing the misalignment effect) to 352 rad/s (including
the misalignment effect) in total. When misalignment
happens, the bifurcation onset delays a little from
1796 rad/s to 1848 rad/s; however, the stable opera-
tion range shortens considerably due to the misa-
lignment fault of the gear coupling.

2. For the rotor system under EHL condition
with gear coupling misalignment, the fault character-
istic in vibration response is completely preserved as
compared with the system under Hertzian condition.
Moreover, the energy distribution of spectra cascade is
described more precisely due to the consideration of
the nonlinear oil film force, and more characteristics
of fault variation are shown. Besides, the bifurcation
onset delays from 1848 rad/s (under Hertzian condi-
tion) to 1900 rad/s (under EHL condition) with the
misaligned gear coupling, and the instability range of
the rotating speed is shortened.

3. For the rotor system with centralizing spring,
the first-order critical rotating speed of the rotor sys-
tem as well as the vibration amplitude of the first

mode increases with the increasing stiffness of the
centralizing spring. Neither an excessively high nor a
low stiffness of the centralizing spring is helpful for
the vibration control of the rotor system. In the case
of 0.7x10~* m misalignment, the stiffness range is
suggested to be [0.7, 2.0]x10° N/m, which can keep
the rotor system operating under a relatively long
stable state.

4. For the rotor system with SFD under misa-
lignment fault, the dynamic behavior is strongly in-
fluenced by the radial clearance and the misalign-
ment comprehensively. Overall, the introduction of
the squeeze film increases the system stability but
the effect of stability improving depends on the cor-
relation between the radial clearance of SFD and the
misalignment of gear coupling. According to the
comparison of various radial clearance values, the
case with clearance of 510 m is able to enhance
the stable operating range when the misalignment
varies within [0.2, 4.0]x10™* m.
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