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Abstract: The performance of an aging structure is commonly evaluated under the framework of reliability
analysis, where the uncertainties associated with the structural resistance and loads should be taken into account.
In practical engineering, the probability distribution of resistance deterioration is often inaccessible due to the limits
of available data, although the statistical parameters such as mean value and standard deviation can be obtained by
fitting or empirical judgments. As a result, an error of structural reliability may be introduced when an arbitrary
probabilistic distribution is assumed for the resistance deterioration. With this regard, in this paper, the amount
of reliability error posed by different choices of deterioration distribution is investigated, and a novel approach is
proposed to evaluate the averaged structural reliability under incomplete deterioration information, which does not
rely on the probabilistic weight of the candidate deterioration models. The reliability for an illustrative structure
is computed parametrically for varying probabilistic models of deterioration and different resistance conditions,
through which the reliability associated with different deterioration models is compared, and the application of the
proposed method is illustrated.

Key words: Time-dependent reliability, Deterioration model, Error quantification, Averaged reliability, Structural
safety
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1 Introduction

Civil infrastructures are often exposed to se-
vere operating or environmental conditions in ser-
vice. The strength or stiffness of these structures
may deteriorate in time due to the service condi-
tions and even fall beyond the baseline assumed for
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new ones, impairing the structural safety and service-
ability significantly. Despite the impact of degrada-
tion in service on structural safety, because of socio-
economic constraints, many degraded structures are
still in use. The safety evaluation and service-life pre-
diction of deteriorating structures should be based on
reliability concepts and methods, aiming at prevent-
ing the use of these structures beyond an acceptable
safety level. There has been a considerable amount
of literature published in past decades on the safety
evaluation of existing structures (Mori and Elling-
wood, 1993; Hong, 2000; Stewart and Mullard, 2007),
taking into account the uncertainties associated with
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structural resistance and applied load models. The
work by Mori and Ellingwood (1993) was one of the
first attempts to assess time-dependent reliability of
structures considering both the randomness of resis-
tance and the stochastic nature of load, and was used
to predict the remaining service-life of deteriorating
concrete structures (Enright and Frangopol, 1998;
Mori and Ellingwood, 2006). Li Q.W. et al. (2015)
improved the work by Mori and Ellingwood (1993)
and proposed an explicit method for time-dependent
reliability analysis of aging structures subjected to
non-stationary loads. In these existing methods, the
presence of the probability distribution of resistance
deterioration is essentially necessary for structural
reliability analysis when taking into account the un-
certainty associated with the time-variant resistance.
Practically, the main characteristics of resistance de-
terioration (e.g., the mean value and/or the standard
deviation) can be obtained by either experimental
laboratory data (Paik and Kim, 2012; Mohd and
Paik, 2013; Ma et al., 2013; Mohd et al., 2014) or
in-situ inspection following established standards or
manuals (AASHTO, 2008; MOT, 2011; Wang et al.,
2015). However, the probabilistic distribution of
degraded resistance often remains unaddressed due
to the limits of available data (Ellingwood, 2005).
While this rough estimate of deterioration condi-
tion is widely employed for reliability analysis of ag-
ing structures in engineering practice, the question
arises then regarding (1) the error of reliability in-
duced if one chooses empirically the deterioration
probabilistic model and (2) how to estimate the
structural reliability under incomplete deterioration
information.

The scope of this paper is to discuss the estimate
of time-dependent reliability of aging civil structures
under incomplete deterioration information. The
role of deterioration model choice in structural reli-
ability is investigated, where five candidate deterio-
ration models, namely uniform, normal, Beta, after-
mentioned inverse-lognormal, and Gamma distribu-
tions, are discussed. A new method is developed for
the estimate of averaged structural reliability under
incomplete deterioration information, which is inde-
pendent of the probabilistic weight of the candidate
models. Illustrative examples are also presented to
demonstrate the application of the proposed method
and to compare the reliabilities associated with dif-
ferent deterioration models.

2 Structural reliability analysis

Consider the reliability of a structure over time
interval (0, T ], where significant load events occur
randomly in time with random intensities. Suppose
that the load intensity varies negligibly during the in-
terval in which it occurs without dynamic response,
and the duration of each load is small enough. With
this, the sequence of loads may be treated as a Pois-
son point process (a discrete stochastic process). If
the sequence of loads, S1, S2, . . . , Sn, occur at time
points t1, t2, . . . , tn during (0, T ], then the structural
time-dependent reliability, L(T ), is written as

L(T ) = Pr[R(t1) > S1 ∩ · · · ∩R(tn) > Sn], (1)

where Pr[·] denotes the probability of the event in
the bracket, andR(t1), R(t2), . . . , R(tn) are the resis-
tances corresponding to times t1, t2, . . . , tn, respec-
tively. While the structural deterioration process is
indeed a complex non-stationary stochastic process
(Dieulle et al., 2003; Saassouh et al., 2007; Wang
et al., 2015), neither fully-correlated nor statistically
independent by nature, Li Q.W. et al. (2015) re-
vealed that the assumption of fully-correlated de-
terioration is reasonable for reliability analysis pro-
ducing acceptable error. As a result, in this study,
the resistance deterioration process is assumed to be
a fully-correlated one, which means that the over-
all trajectory of deterioration will be determined as
soon as the deterioration type and the deterioration
value at any time are given.

Now, if the sequence of load effects, S1, S2, . . .,
Sn, is modeled as a stationary Poisson process with
time-invariant occurrence rate λ, and each load effect
is statistically independent with cumulative density
function (CDF) of FS(s), under the assumption that
the deterioration process is deterministic, we have
(Mori and Ellingwood, 1993)

L(T ) = exp

{
−

∫ T

0

λ[1− FS(r(t))]dt

}
, (2)

where r(t) is the deterministic resistance at time t.
More generally, if the load process is a non-stationary
one with time-variant occurrence rate λ(t) and time-
dependent CDF of load corresponding to time t,
FS(s, t), Eq. (2) becomes (Li Q.W. et al., 2015)

L(T ) = exp

{
−

∫ T

0

λ(t)[1 − FS(r(t), t)]dt

}
. (3)
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3 Probabilistic model of resistance
deterioration

The varying of material properties of structures
over time impacts structural performance and service
life. A frequently-used model to describe the fully-
correlated resistance deterioration of aging struc-
tures is

R(t) = R0 · [1−G(t)], (4)

whereG(t) denotes the deterioration function, which
is a mechanism-related process by nature. G(t) takes
the form of G(t) = K · tα, whereK and α are param-
eters determining the deterioration rate and shape,
respectively. The parameter K is a random variable
reflecting the uncertainty associated withG(t), while
the value of α is related to the dominant deteriora-
tion mechanism of interest. Deterioration of concrete
due to expansive aggregate reactions or sulfate (or
other chemical) attack is nonlinear; when the loss
of rebar diameter due to active general corrosion is
governed by Faraday’s law, and the loss of rebar area
is approximately linear for small losses due to corro-
sion, the deterioration of flexural capacity is approx-
imately linear (Clifton and Knab, 1989; Mori and
Ellingwood, 1993). Correspondingly, α equals 1, 2,
and 0.5, respectively, for the dominant mechanisms
of corrosion, sulfate attack, and diffusion-controlled
aging. The initial resistance, R0, is assumed deter-
ministic in this study (i.e., R0 = r0) since its varia-
tion is negligible compared with the uncertainty asso-
ciated with the deterioration and loading processes.
For the case where R0 is a random variable and the
probability density function (PDF) of R0 is known,
the structural reliability may be reassessed based on
the total probability theorem, for which some ana-
lytical techniques such as Latin Hypercube sampling
(Mckay et al., 2000) may be employed to improve the
calculation efficiency.

In practice, the structural resistance is seldom
evaluated during the service life partially because of
the relatively high cost involved; as a result, available
deterioration models are often associated with great
epistemic uncertainties due to the limited amount of
reliable data. For example, when performing relia-
bility analysis for a structure during a service period
of T , modeling the resistance deterioration as fully
correlated, the probabilistic distribution of G(T ) is
first predicted approximately with limited informa-
tion such as mean value and empirical coefficient of

variation (COV, defined as the ratio of standard de-
viation to the mean value), which further determines
the overall deterioration rate within the whole ser-
vice period. That is, the distribution of G(T ) cannot
be determined with high accuracy using these limited
data. With this in mind, several common distribu-
tion types including uniform, normal, Beta, inverse-
lognormal (for random variable X , if 1 − X follows
lognormal distribution, then X is deemed to follow
inverse-lognormal distribution), and Gamma distri-
butions are often selected to model the uncertainty
associated with G(T ). These distribution types will
be employed in this study to describe the probabilis-
tic behaviour of G(T ) in the deterioration model-
related reliability analysis.

A brief explanation for the five candidate prob-
abilistic models is presented as follows. (1) The uni-
form and normal distributions are two of the most
common and widely-used models providing unbiased
probabilistic descriptions for random variables; they
may be employed to model the variation associated
with resistance deterioration in reliability analysis
when there is insufficient information available. (2)
The Beta distribution is used in some studies to
model G(T ) because a random variable following
Beta distribution is defined strictly in [0, 1] (Li and
Wang, 2015). (3) The classical probability theorem
demonstrates that the resistance at time T , R(T ),
may be modeled as lognormal distribution since it
is the product of several random variables, indicat-
ing that 1−G(T ) also follows lognormal distribution
with deterministic R0 (or lognormal-distributed R0

referring to Eq. (4)); in such a case, G(T ) follows
an inverse-lognormal distribution. (4) Some studies
have also used the Gamma process to model the re-
sistance deterioration (Dieulle et al., 2003; Li Q.W.
et al., 2015; Wang et al., 2015), with which G(T )

follows Gamma distribution.
Now, taking into account the uncertainty asso-

ciated with G(T ), supposing that the PDF of G(T )
is fG(g), Eq. (2) is rewritten as follows with the help
of the total probability theorem:

L(T ) =

∫ +∞

−∞
exp

[
−

∫ T

0

λ(t)(1 − FS(r(t|g), t))dt
]

· fG(g)dg,
(5)

where r(t|g) is the resistance at time t given that
G(T ) equals g. However, note that Eq. (5) works
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only in terms of mathematical derivation; rather,
G(T ) should not be less than 0 for structures without
maintenance or repair measures because the resis-
tance process is non-increasing, nor be greater than
1 because the resistance of a structure never become
a negative value. Thus, Eq. (5) is rewritten as

L′(T ) =
∫ 1

0

exp

[
−

∫ T

0

λ(t)(1 − FS(r(t|g), t))dt
]

· fG(g)dg.
(6)

With Eq. (6),

lim
T→0

P ′
f (T ) = 1−

∫ 1

0

exp(0)fG(g)dg

= 1− FG(1) + FG(0),

(7)

where P ′
f (T ) = 1 − L(T ), and FG(·) is the CDF of

G(T ). Eq. (7) implies that Eq. (6) may lead to signif-
icant error in structural reliability if 1−FG(1)+FG(0)

is non-negligible compared with the structural failure
probability. For example, supposing that the mean
value and COV of G(T ), μG(T ) and cG(T ), equal 0.2
and 0.4, respectively, if G(T ) is modeled as normally
distributed, 1−FG(1)+FG(0) approximates 0.006 21,
leading to a significant error when the structural fail-
ure probability is around 0.001 (corresponding to a
reliability index of 3.1). In such cases, Eq. (6) is
further revised as

LR(T ) =
L′(T )

FG(1)− FG(0)
. (8)

The item 1/(FG(1)− FG(0)) in Eq. (8) accounts for
the truncated distribution of fG(g) defined in [0, 1]; it
is introduced so that lim

T→0
PR
f (T ) = 1− lim

T→0
LR(T ) =

0. As will be demonstrated in Section 5.2, the struc-
tural reliability estimated by Eqs. (5) and (8) are
close, while Eq. (6) may underestimate the reliabil-
ity significantly with great COV of G(T ) and short
service period. Thus, the structural reliability or
failure probability will be estimated using Eq. (8) in
the following when G(T ) is assumed as one of the
five candidate probabilistic models.

4 Reliability assessment under incom-
plete deterioration information

Probability-based civil engineering problems are
often associated with incomplete information due to
the limits of available data (Ellingwood, 2005; Tang

et al., 2013; 2015). In terms of structural reliability
analysis, from the viewpoint of deterioration model
choice, it is noted that there are various possible so-
lutions associated with different deterioration mod-
els and some of them may even be biased towards
the non-conservative side. Since the structural reli-
ability itself can be regarded as a random variable
(Zhang et al., 2010), whose uncertainty is related
to the choice of probabilistic models of resistance or
load, the objective is to select an appropriate ap-
proach to estimate the reliability properly.

For a set of candidate models Ω = {uni-
form, normal, inverse-lognormal, Beta, Gamma}, let
LR(T |ωj) denote the structural reliability associated
with the candidate distribution ωj from Ω, where
Ω = {ω1, ω2, . . . , ωk} (in this study, k = 5). Tradi-
tionally, the concept of ‘averaged reliability’ is rou-
tinely used to account for the multiple choices of po-
tential probabilistic models (Cao and Wang, 2014;
Li D.Q. et al., 2015). With this, using the Bayesian
method,

La(T ) =
k∑

j=1

qjLR(T |ωj), (9)

where
k∑

j=1

qj = 1, La(T ) is the averaged structural

reliability, which is a robust estimate of structural
reliability because it takes into account the possibil-
ity that each candidate deterioration model may be
the realistic one. With Eq. (9), the failure probabil-
ity, Pf,a(T ), equals 1− La(T ).

However, this traditional and well-documented
method relies heavily on the weight of each candi-
date model, qj . As a result, La(T ) may be signifi-
cantly biased when the selection of candidate models
is empirical or inappropriate. In this regard, a new
method is developed herein for the estimate of aver-
aged reliability of aging structures with incomplete
deterioration information.

As before, let fG(g) denote the PDF of G(T ).
Supposing that the mean value and standard devi-
ation of G(T ) are assessed as μ and σ, respectively,
we have

E(G(T )) =

∫ 1

0

g · fG(g)dg = μ, (10a)

E(G(T )2) =

∫ 1

0

g2 · fG(g)dg = μ2 + σ2, (10b)

where E(·) denotes the mean value of the random
variable in the bracket. Now we reconsider Eq. (5),
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which is rewritten as follows provided that G(T ) is
strictly defined in [0, 1]:

L(T ) =

∫ 1

0

h(g) · fG(g)dg, (11)

where

h(g) = exp

[
−

∫ T

0

λ(t)(1 − FS [R(t|g), t])dt
]
. (12)

Consider the Fourier expansion of h(g), i.e.,

h(g) =
a0
2
+

∞∑
m=1

[am cos(mgπ)+bm sin(mgπ)], (13)

where

aj =

∫ 1

−1

h(g) cos(jgπ)dg, j = 0, 1, 2, · · · , (14a)

bj =

∫ 1

−1

h(g) sin(jgπ)dg = 0, j = 1, 2, · · · , (14b)

in which h(−g) = h(g) for ∀g ∈ [0, 1]. By noting
that for any real number x, cosx = (eix + e−ix)/2,
where i =

√−1, we have

h(g) =
a0
2

+
1

2

∞∑
m=1

am [exp(imgπ) + exp(−imgπ)] .

(15)
Substituting Eq. (15) into Eq. (11),

L(T ) =
a0
2

+
1

2

∞∑
m=1

am [φ(imπ) + φ(−imπ)] , (16)

where φ(x) is the moment generating function of
G(T ), φ(x) = E

(
eG(T )·x)

(φ(ix) is called the char-
acteristic function of G(T )). A generalized form of
φ(x) is

φ(x) =

∞∑
j=0

cjx
j . (17)

Since φ(0) = 1, c0 = 1. Substituting Eq. (17) into
Eq. (16), L(T ) becomes

L(T ) =
a0
2

+

∞∑
m=1

⎛
⎝am ∞∑

j=0

c2j · (mπ)2j(−1)j

⎞
⎠ .

(18)
An important property of the moment gener-

ating function is that φ(j)(0) = E[G(T )j ] for j =

0, 1, 2, · · · , where φ(j)(x) is the jth order deriva-
tive of φ(x). According to Eq. (17), φ(j)(0) =

cj · j!. However, E[G(T )j ] for j > 2 remains
unaddressed because of the incomplete probabilis-
tic information of G(T ). Generally, E[G(T )j ] de-
clines as j increases, and E[G(T )j ] → 0 when
j → ∞. Moreover, E[G(T )j+1]/E[G(T )j] increases
with j and sup

{
E[G(T )j+1]/E[G(T )j ]

}
= 1 (see

Appendix A for detailed explanation). With this,
E[G(T )j+1]/E[G(T )j] is expected to take the form
of

E[G(T )j+1]

E[G(T )j ]
= 1−exp(γ1 ·j+γ2), j = 0, 1, · · · , (19)

where the two parameters, γ1 and γ2, are obtained
as follows according to Eq. (10):

γ1 = ln

(
1− μ2 + σ2

μ

)
− ln(1− μ), (20a)

γ2 = ln(1− μ). (20b)

Thus,

E[G(T )j ] =

j−1∏
k=0

[1− exp(γ1k + γ2)] . (21)

With Eq. (21), the parameters cj (j ≥ 1) can be
determined as

cj =
φ(j)(0)

j!
=

∏j−1
k=0 [1− exp(γ1k + γ2)]

j!
. (22)

Substituting Eq. (22) into Eq. (18), it is seen that
all the parameters in Eq. (18) have been addressed,
with which Eq. (18) is ready for structural reliabil-
ity analysis taking into consideration the uncertainty
associated with the resistance deterioration, provid-
ing the mean value and standard deviation of G(T ).
In summary, Eq. (18) is the proposed averaged time-
dependent reliability of aging structures in the pres-
ence of incomplete deterioration information, which
is independent of the probability mass (weight) of
the candidate deterioration models. The solution of
Eq. (18) is discussed in Appendix B and the applica-
tion of Eq. (18) is found in Section 5.3.

Finally, it is emphasized that in many cases, the
expression of h(g) can be simplified with no integral
operation involved so that the efficiency of Eq. (18)
can be significantly improved. For the case where
the load process is stationary, and each load effect
follows an Extreme type I distribution (if the mean
value and standard deviation of load effect are μS

and σS , respectively, then a =
√
6σS/π and m =
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μS−0.5772a) with position parameter ofm and scale
parameter of a, h(g) is simplified as follows with
the assumption of linear deterioration (Wang et al.,
2016):

h(g) = exp(−λ · ξ), (23)

where

ξ =

⎧⎪⎪⎨
⎪⎪⎩

exp

(
m− r0
a

)
T, g = 0,

exp

(
m−r0
a

)
aT

r0g

[
exp

(r0g
a

)
−1

]
, g 	= 0.

(24)
Further, taking into account the non-

stationarity in load process, if the mean value of load
increases linearly with time, i.e., μS(t) = μS(0) +

κmt, while the standard deviation is constant, ξ is
revised as

ξ = exp

(
m0 − r0

a

)
aT

r0g + κmT

×
[
exp

(
r0g + κmT

a

)
− 1

]
,

(25)

where m0 = μS(0) − 0.5772a. Next, if the mean
occurrence rate of load increases linearly with time,
λ(t) = λ0 + κλt, while its mean value and standard
deviation are constant, h(g) is rewritten as (Wang
et al., 2016)

h(g) = exp(−λ0 · ξ − κλ · ψ), (26)

where

ψ =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

exp

(
m− r0
a

)
· 1
2
T 2, g = 0,

exp

(
m−r0
a

) {
exp

(r0g
a

)
·
[
aT 2

r0g
−

(
aT

r0g

)2
]

+

(
aT

r0g

)2
}
, g 	= 0.

(27)
It is seen that the simplified expressions of h(g) as
in Eqs. (23) and (26) are beneficial for finding the
coefficient parameters aj in Eq. (14).

5 Illustrative examples

5.1 Structural configuration

The role of deterioration model choice in struc-
tural time-dependent reliability and the application

of Eq. (18) are illustrated in this section using several
simple parametric examples. The structural initial
resistance is assumed to be deterministic and equal to
1.05 times of Rn (Rn is the nominal or code-specified
resistance). The dead load, D, equals its nominal
value (Dn), and the variability of D is assumed to
have a negligible impact on reliability in comparison
with the uncertainty in the time-varying live load.
The mean load occurrence rate of the live load is set
equal to 1/year, and a reference period of 40 years is
considered in our analysis. The deterioration func-
tion, G(40), is assumed to have a mean value of 0.2
or 0.4 at 40 years (i.e., Mean[G(40)] = 0.2 or 0.4).
Taking into account the non-stationarity in the live
load (L), the mean value of L, μL, is assumed to vary
linearly in time:

μL(t) = (0.4 + 0.005t) · Ln, (28)

where Ln is the nominal live load. Eq. (28) implies
that the mean value of the live load increases from
0.4Ln at initial time to 0.6Ln at the end of 40 years.
The live load is assumed to follow the Extreme type
I distribution with standard deviation being 0.12Ln

constantly for all cases. The combination of nominal
live loadLn and dead loadDn is considered according
to the following design equation (ACI Committee,
2014):

0.9Rn = 1.2Dn + 1.6Ln. (29)

For simplicity, it is assumed that Dn = Ln. The
structure is subjected to both live load and dead
load, and since the dead load is assumed to be
deterministic, whose effect can be subtracted from
the resistance, the items FS(R(t|g), t) in Eqs. (5),
(6), and (8) should be replaced by FS(R(t|g) −
D, t). Similarly, if Eq. (23) or (26) is used,
the item exp ((m− r0)/a) in Eqs. (24) and (27)
should be replaced by exp ((m+D − r0)/a) and
exp ((m0 − r0)/a) in Eq. (25) should be modified as
exp ((m0 +D − r0)/a).

5.2 Comparison of Eqs. (5), (6), and (8)

The difference between structural time-
dependent failure probabilities obtained from Eqs.
(5), (6), and (8) are presented in Fig. 1, assuming
that the resistance degrades linearly to 0.6 times of
initial resistance (i.e., μG(40) = 0.4) with COV of
G(40) being 0.2 or 0.4. In such cases, the Beta and
uniform distributions satisfy that G(40) is defined in
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Fig. 1 Comparison of failure probabilities associated
with different analysis methods: (a) normal distri-
bution, (b) inverse-lognormal distribution, and (c)
Gamma distribution

[0, 1] or a subdomain of [0, 1], and thus L(T ), L′(T ),
and LR(T ) are equivalent. For normal and inverse-
lognormal distribution types, it is seen from Fig. 1
that the failure probability may be overestimated
using Eq. (6) and this overestimation is enhanced
with greater COV of G(40). This is explained by
the fact that with Eq. (6) where G(40) was assumed
to be defined in R = (−∞,+∞), the structural reli-
ability will be underestimated since the probability
of G(40) < 0 or G(40) > 1 is ignored in Eq. (6);
such probability becomes larger as a result of the
increment of the COV of G(40). For example, for a

service period of 22 years, modeling G(40) as inverse-
lognormal distributed with cG(40) being 0.4, P ′

f (22)

equals 0.019, about 68 times of L(22) and 87 times
of LR(22). However, for the case of the Gamma dis-
tribution, the error among L(T ), L′(T ), and LR(T )

is insignificant.
For all cases, the lines of L′(T ) and LR(T ) are

almost overlapping, indicating that the reliabilities
obtained according to Eqs. (5) and (8) are very close.
This means that when performing reliability analy-
sis in engineering practice, one may choose either
Eq. (5) or (8). Moreover, it is seen that the struc-
tural failure probability increases with greater COV
of G(40), because the uncertainty associated with
resistance becomes larger with greater value of
cG(40), leading to a reduction in structural service
reliability.

5.3 Reliability assessment under incomplete
deterioration information

First, to investigate the impact that the choice
of resistance deterioration model has on the time-
dependent probability of failure, PR

f (T ), Fig. 2 plots
the structural failure probabilities for reference pe-
riods up to 40 years, utilizing the five distribution
types as discussed in Section 3. The mean value of
G(40) is assumed to equal 0.2 or 0.4 while the COV
of G(40), cG(40), is 0.2 or 0.4. For all cases, the re-
sistance degrades linearly in time. It is seen that
the failure probability increases with greater μG(40)

as expected, because more severely degraded resis-
tance leads to larger service risk. The probabilities of
failure associated with different deterioration mod-
els are close to each other when the COV of G(40)
is small, regardless of the magnitude of the failure
probability. This means that if the deterioration pro-
cess is associated with small uncertainty, the choice
of probabilistic model of resistance deterioration only
has a slight impact on the structural reliability. How-
ever, with increasing cG(40), the difference between
the reliabilities associated with different deteriora-
tion models becomes significant. Obviously, the
structural reliability cannot be determined uniquely
due to the multi-choice of deterioration models. For
the case of μG(40) = 0.2, cG(40) = 0.4, the failure
probability associated with the Gamma distributed
G(40) is the largest, followed by those associated
with Beta, normal, inverse-lognormal, and uniform
distributions. However, comparing Figs. 2c and 2d,
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Fig. 2 Dependence of failure probability on resistance deterioration: (a) µG(40) = 0.2, cG(40) = 0.2; (b)
µG(40) = 0.4, cG(40) = 0.2; (c) µG(40) = 0.2, cG(40) = 0.4; (d) µG(40) = 0.4, cG(40) = 0.4

it is found that the Gamma distribution for G(40)
does not produce the greatest failure probabilities
for all cases; in fact, among the five candidate prob-
ability models of deterioration, no such model exists
which always leads to the greatest or smallest failure
probability.

Corresponding to the four cases shown in Fig. 2,
the averaged time-dependent failure probabilities,
Pf(T ) (Eq. (18)), for service periods up to 40 years
are presented in Fig. 3, where the up and low bounds
of Pf,a(T ) are also plotted for the purpose of com-
parison. According to Eq. (9), mink

j=1 LR(T |ωj) ≤
La(T ) ≤ maxkj=1 LR(T |ωj), and thus the up and
low bounds of Pf,a(T ) are 1−mink

j=1 LR(T |ωj) and
1 −maxkj=1 LR(T |ωj), respectively. Generally, with
the service period fixed, Pf,a(T ) varies because of
the different choices of probabilistic mass (weight)
of the candidate deterioration models (i.e., qj in
Eq. (9)). For the case of small variation associated
with G(40) (e.g., cG(40) = 0.2), the difference be-
tween the two bounds of Pf,a(T ) is negligible, which
is consistent with the observation from Fig. 2 that
the deterioration model choice has a slight impact on

the structural reliability if the COV ofG(40) is small.
However, as the uncertainty associated with G(40)

increases, the difference between the up and low
bounds of Pf,a(T ) becomes increasingly significant.
For instance, for a service period of 40 years, when
μG(40) = 0.2, cG(40) = 0.4, the up bound of Pf,a(40)

is 0.004 66, about 10 times of the low bound. For all
cases, Pf(T ) lies between the up and low bounds of
Pf,a(T ), indicating that Eq. (18) provides a reason-
able estimate of structural averaged reliability. For
the case of small cG(40), the difference between Pf(T )

and Pf,a(T ) is expected to be insignificant since the
up and low bounds of Pf,a(T ) are very close; how-
ever, as the variation associated with the deteriora-
tion process increases, the two estimates of structural
averaged failure probability, Pf,a(T ) and Pf(T ), may
become remarkably different. Keeping in mind that
Pf(T ) is independent of the probabilistic mass func-
tion of the candidate deterioration models, the struc-
tural averaged time-dependent reliability estimated
using Eq. (18) is associated with reduced epistemic
uncertainty, compared with the reliability obtained
from Eq. (9).
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Fig. 3 Impact of resistance deterioration on structural averaged failure probability: (a) µG(40) = 0.2, cG(40) =

0.2; (b) µG(40) = 0.4, cG(40) = 0.2; (c) µG(40) = 0.2, cG(40) = 0.4; (d) µG(40) = 0.4, cG(40) = 0.4

6 Conclusions

In this paper, the amount of error in struc-
tural time-dependent reliability introduced by differ-
ent probabilistic models of resistance deterioration
is investigated, and a novel method is developed for
the estimate of averaged reliability under incomplete
deterioration information. An illustrative structure
is studied by comparing the reliabilities associated
with different deterioration models. Depending on
the case investigated, the following conclusions can
be drawn:

1. Employing the five common probabilistic
models for resistance deterioration (namely uniform,
normal, inverse-lognormal, Beta, and Gamma dis-
tributions), the reliability analysis method for aging
structures is discussed. When the fully-correlated
deterioration process is associated with small uncer-
tainty, the choice of probabilistic models of resis-
tance deterioration impacts the structural reliability
slightly. However, with the increase of the variation
associated with resistance deterioration, the reliabil-
ities associated with different deterioration models

differ significantly. Moreover, no deterioration model
exists that results in the greatest or smallest fail-
ure probability for all deterioration conditions. As
a result, one should compare all the failure proba-
bilities associated with different candidate deteriora-
tion models to obtain the maximum probability of
failure for the service periods, which indeed pro-
vides a relatively conservative estimate of structural
safety.

2. A new method is developed to estimate the
averaged time-dependent reliability of aging struc-
tures. It is independent of the probabilistic mass
scenario of the candidate deterioration models, and
thus reduces the epistemic (knowledge-based) uncer-
tainties associated with the model weight, providing
a practical tool for evaluating the reliability of struc-
tures under incomplete deterioration information.
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Appendix A: Properties of series
E[G(T )j]

First, we briefly introduce the Cauchy-Schwarz
inequality taking the form of integral (Gilbert, 1988).

For two functions s(g) and t(g) defined in do-
main D0, we have[∫

D0

s(g)t(g)dg

]2

≤
∫
D0

s2(g)dg ·
∫
D0

t2(g)dg, (A1)

where the equality holds if and only if s(g) and t(g)
are linearly dependent. With this, letting D0 =

[0, 1], s(g) =
√
gj+1fG(g), and t(g) =

√
gj−1fG(g)

for j ≥ 2,
[∫ 1

0

gjfG(g)dg

]2

≤
∫ 1

0

gj+1fG(g)dg·
∫ 1

0

gj−1fG(g)dg.

(A2)
That is,

E[G(T )j ]

E[G(T )j−1]
≤ E[G(T )j+1]

E[G(T )j ]
, j ≥ 2. (A3)

Eq. (A3) indicates that E[G(T )j+1]/E[G(T )j ] in-
creases with j. Moreover,

lim
j→∞

∣∣∣∣E[G(T )j+1]

E[G(T )j ]
−1

∣∣∣∣= lim
j→∞

∣∣∣∣∣
∫ 1

0
gj(1−g)fG(g)dg∫ 1

0 g
jfG(g)dg

∣∣∣∣∣ .
(A4)

As j is large enough, there exist two positive con-
stants θ1 → 1− and θ2 → 1− such that

lim
j→∞

∫ 1

0

gj(1− g)fG(g)dg

= lim
j→∞

∫ 1

θ1

gj(1 − g)fG(g)dg, (A5a)

lim
j→∞

∫ 1

0

gjfG(g)dg = lim
j→∞

∫ 1

θ2

gjfG(g)dg. (A5b)

With the ‘mean value theorem for definite integrals’
(Comenetz, 2002), there exists a constant θ3 ∈ (θ1, 1)

which satisfies

lim
j→∞

∫ 1

θ1

gj(1− g)fG(g)dg

= (1− θ3) lim
j→∞

∫ 1

θ1

gjfG(g)dg.

(A6)

Thus,

lim
j→∞

∣∣∣∣E[G(T )j+1]

E[G(T )j ]
− 1

∣∣∣∣ = lim
j→∞

|1− θ3| = 0. (A7)

Now, by noting that E[G(T )j+1]/E[G(T )j ] < 1, we
have

sup

{
E[G(T )j+1]

E[G(T )j ]

}
= 1. (A8)

Appendix B: SolvingL(T )with Eq. (18)

First, Eq. (18) is rewritten as

L(T ) =
a0
2

+

∞∑
m=1

amf(mπ), (B1)

where

f(x) =

∞∑
j=0

c2jx
2j(−1)j =

∞∑
j=0

φ(2j)(0)

(2j)!
x2j(−1)j .

(B2)
Obviously, f(x) is an even function and f(0) = 1. To
obtain the values of f(x) for x = π, 2π, ..., one may
add the terms c2j · (mπ)2j(−1)j directly according
to Eq. (B2), which, unfortunately, may result in sig-
nificant error in calculation; alternatively, one may
employ the after-mentioned method.

The second derivative of f(x) is

f ′′(x) =
∞∑
j=2

φ(2j)(0)

(2j − 2)!
x2j−2(−1)j − φ(2)(0). (B3)

According to Eq. (19),

φ(2j) = φ(2j−2)·
(
1− γ3γ

2j−1
4 − γ3γ

2j−2
4 + γ23γ

4j−3
4

)
,

(B4)
where φ(·) = φ(·)(0), γ3 = exp(γ2), and γ4 =

exp(γ1). With this, Eq. (B3) becomes

f ′′(x) =− (μ2 + σ2) +

∞∑
j=2

φ(2j−2)

(2j − 2)!
x2j−2(−1)j

−
∞∑
j=2

φ(2j−2)

(2j − 2)!
γ3γ

2j−1
4 x2j−2(−1)j

−
∞∑
j=2

φ(2j−2)

(2j − 2)!
γ3γ

2j−2
4 x2j−2(−1)j

+

∞∑
j=2

φ(2j−2)

(2j − 2)!
γ23γ

4j−3
4 x2j−2(−1)j.

(B5)
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By noting the fact that

∞∑
j=2

φ(2j−2)

(2j − 2)!
x2j−2(−1)j = 1− f(x), (B6)

we have

f ′′(x) =1− (μ2 + σ2)− f(x)− γ3γ4[1− f(γ4x)]

− γ3[1− f(γ4x)] + γ23γ4[1− f(γ24x)].
(B7)

For simplicity, let A = γ3γ4 + γ3 and B = −γ23γ4,
then we have

f ′′(x) = −f(x) +Af(γ4x) +Bf(γ24x). (B8)

With Eq. (B8), f(x) can be solved employing
some numerical techniques such as the Runge-Kutta
method (Prince and Dormand, 1981).
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