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Abstract:    In order to enhance the reliability of an uncertain structure with interval parameters and reduce its chance of func-
tion failure under potentially critical conditions, an interval reliability-based design optimization model is constructed. With the 
introduction of a unified formula for efficiently computing interval reliability, a new concept of the degree of interval reliability 
violation (DIRV) and the DIRV-based preferential guidelines are put forward for the direct ranking of various design vectors. A 
direct interval optimization algorithm integrating a nested genetic algorithm (GA) and the Kriging technique is proposed for 
solving the interval reliability-based design model, which avoids the complicated model transformation process in indirect ones 
and yields an interval solution that provides more insights into the optimization problem. The effectiveness of the proposed algo-
rithm is demonstrated by a numeric example. Finally, the proposed direct reliability-based design optimization method is applied 
to the optimization of a press upper beam with interval uncertain parameters, the results of which demonstrate its feasibility and 
effectiveness in engineering. 
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1  Introduction 
 

In the design of engineering structures, uncer-
tain factors always exist in their material properties, 
load conditions, geometrical dimensions, and so on, 
and these uncertain factors must be taken into con-
sideration in the design process since they will result 
in fluctuation of the mechanical properties of struc-
tures (Ben-Haim, 2004; Verhaeghe et al., 2013; Wu 
et al., 2015b; Xia et al., 2015). Reliability-based 

design optimization is frequently conducted to en-
hance the reliability of engineering structures and 
reduce the chance of function failure under potential-
ly critical conditions. 

The probabilistic methods (Allen and Maute, 
2004; Luo et al., 2006; Missoum et al., 2007; 
Cheng et al., 2008; 2014; Ge et al., 2008; Deb et 
al., 2009; Kundu et al., 2014) require a large 
amount of sample data to obtain the accurate prob-
abilistic distribution information of uncertain fac-
tors, and gathering the data is usually a difficult 
task. Moreover, the probabilistic reliability may be 
sensitive to the distribution information of random 
parameters. Small errors in the parameters of a 
probabilistic model may lead to large errors in the 
calculation of a structure’s reliability (Elishakoff, 
1995b).  

To overcome the limitations of probabilistic 
methods in the process of reliability-based design 

Journal of Zhejiang University-SCIENCE A (Applied Physics & Engineering) 

ISSN 1673-565X (Print); ISSN 1862-1775 (Online) 

www.zju.edu.cn/jzus; www.springerlink.com 

E-mail: jzus@zju.edu.cn 

 
 

‡ Corresponding author 

* Project supported by the National Natural Science Foundation of 
China (Nos. 51275459 and 51490663), the Science Fund for Creative 
Research Groups of National Natural Science Foundation of China 
(No. 51521064), the Zhejiang Provincial Natural Science Foundation 
of China (No. LY15E050002), and the Fundamental Research Funds 
for the Central Universities, China 

 ORCID: Jin CHENG, http://orcid.org/0000-0002-3254-9976 
© Zhejiang University and Springer-Verlag Berlin Heidelberg 2016 

mao
ZJUABC

http://crossmark.crossref.org/dialog/?doi=10.1631/jzus.A1600143&domain=pdf


Cheng et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2016 17(11):841-854 842

optimization, scholars have gradually turned to non-
probabilistic methods for handling uncertainties 
since non-probabilistic models have advantages 
such as low requirements for sample data and sim-
plicity of calculation (Ben-Haim, 1994; 1995; Eli-
shakoff et al., 1994; Qiu et al., 1995; 2004; Eli-
shakoff and Elettro, 2014). Ben-Haim (1994) first 
proposed the concept of non-probabilistic reliability 
based on convex set theory, where non-probabilistic 
convex models of uncertainty were utilized to for-
mulate reliability in terms of acceptable system per-
formance given an uncertain operating environment 
or uncertain geometrical imperfections. Elishakoff 
(1995a) later put forward a possible definition in the 
discussion of this concept, which indicated that non-
probabilistic reliability index should be an interval 
rather than a specific value. Nowadays, interval  
reliability-based design optimization has become a 
research hotspot of structural optimization (Wang et 
al., 2008; Du, 2012; Elishakoff et al., 2013; Jiang et 
al., 2013). For example, Jiang et al. (2011) devel-
oped a new reliability analysis technique for uncer-
tain structures based on random distributions with 
interval parameters. Guo et al. (2001; 2005) present-
ed a non-probabilistic model of structural reliability 
based on interval analysis and described the proce-
dures for computing the interval reliability index. 
Jiang T. et al. (2007) proposed a semi-analytic 
method for calculating the interval reliability index, 
which proved to be simple and have several ad-
vantages over the existing unconstrained multivari-
ate nonlinear optimization approach. Cheng and 
Zhang (2011) investigated the robust reliability-
based design optimization of a steering mechanism 
for trucks based on an interval model. Jiang C. et al. 
(2007) proposed an improved “six formulas model” 
for calculating interval reliability. Wang and Qiu 
(2009) proposed an intuitive graphical method for 
calculating interval reliability by transforming the 
comparison of two intervals into the comparison of 
2D graphical areas. However, the positional rela-
tionship of the left and right bounds of two intervals 
needs to be determined in the application of the 
graphical method, which is a somewhat tedious and 
difficult task and limits the application of these 
methods in engineering. To overcome these short-
comings, a unified formula for the efficient calcula-

tion of interval reliability is proposed in this paper, 
avoiding the determination of the positional rela-
tionship of two intervals in computing the interval 
reliability. 

Interval optimization algorithms are very signif-
icant in realizing the reliability-based design optimi-
zation of structures based on interval models. Schol-
ars have conducted a great deal of research work on 
interval linear programming over the past decades. 
For instance, Inuiguchi and Sakawa (1995; 1997) 
proposed the minimax regret solution to linear pro-
gramming problems with an interval objective func-
tion. However, the objective and constraints corre-
sponding to the mechanical performance indices of 
the structures are often nonlinear for most of the  
reliability-based design optimization problems of 
engineering structures. Therefore, nonlinear interval 
programming algorithms are more promising for the 
optimization of uncertain structures. Elishakoff and 
Ohaski (2010) formulated the problem of identifying 
the worst responses of a structure with respect to the 
interval parameters as an anti-optimization problem, 
which resulted in a two-level optimization problem. 
Jiang C. et al. (2007; 2008a; 2008b; 2008c) and 
Jiang (2008) put forward several algorithms for non-
linear interval optimization. The interval objective 
and constraint functions were transformed into de-
terministic ones by prescribing their acceptable pos-
sibility levels, and the resulting deterministic model 
was further transformed into an unconstrained single-
objective one by weighting and penalty function 
methods, which was then solved by deterministic 
algorithms. Wu et al. (2013; 2014; 2015a) proposed 
the high-order Taylor inclusion function to compress 
overestimation in interval arithmetic and utilized the 
Chebyshev surrogate model to approximate the high-
order coefficients of the Taylor inclusion function. 
They further integrated the Chebyshev inclusion 
function and an interval bisection algorithm to avoid 
the inner layer optimization. 

Most of the present methods for solving nonlin-
ear interval optimization models are indirect ones 
based on model conversion. However, the model 
conversion process deviates from the original inten-
tion of interval modeling for factually reflecting the 
uncertainty of engineering structures. At the same 
time, a variety of parameters need to be introduced 
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in the model conversion process, which makes the 
interval optimization process complicated and often 
results in different solutions when prescribing differ-
ent values for these parameters. To overcome these 
shortcomings, we proposed a novel optimization 
algorithm for directly solving the nonlinear con-
strained interval optimization models in our previous 
work (Cheng et al., 2016). However, the algorithm 
cannot solve the interval reliability-based design 
optimization model investigated here. Therefore, a 
new concept of the degree of interval reliability vio-
lation (DIRV) and the DIRV-based preferential 
guidelines are proposed in this paper, which enable 
the direct ranking of various design vectors accord-
ing to their corresponding interval objective and 
constraint values. Considering that the genetic algo-
rithm (GA) provides robust, efficient, and effective 
search capabilities in complex spaces based on natu-
ral genetics and that it needs no information about 
the search space besides a fitness function for each 
solution (Costa et al., 2005; Fernandez-Prieto et al., 
2011), GA is chosen as the algorithm for calculating 
the interval bounds of the objective and constraint 
functions in inner layer optimization and realizing 
the direct rank of various design vectors in the outer 
layer optimization. An efficient optimization algo-
rithm integrating the Kriging model and nested GA 
is proposed to realize the direct interval ranking and 
directly solve the interval reliability-based design 
optimization model. The adaptive resampling tech-
nology proposed in our previous study (Cheng et al., 
2015) is utilized to ensure the prediction accuracy of 
the Kriging models. Other than indirect algorithms, 
the proposed algorithm can yield interval solutions 
to the interval reliability-based design models of en-
gineering structures and provide more insights into 
the interval optimization problems. 

In this study, the interval reliability-based de-
sign optimization model of an uncertain structure is 
constructed first. Then, the unified formula for cal-
culating the interval reliability is proposed, the defi-
nition of DIRV and the DIRV-based preferential 
guidelines for direct interval ranking are proposed, 
the direct interval optimization algorithm is put for-
ward, and a numeric example is provided to verify 
the effectiveness of the proposed direct interval  
reliability-based design optimization method, the 

superiority of which to the indirect one is discussed 
in detail. Finally, the proposed interval reliability-
based design optimization method is applied to the 
upper beam of a high-speed press with uncertain 
material properties.  

 
 

2  Interval reliability-based design optimiza-
tion model of an uncertain structure 

 
The uncertain factors influencing the mechani-

cal properties of the structure are described as inter-
val variables. The interested mechanical properties 
of the structure are described as the objective and 
constraint functions, which are nonlinear functions 
of both the design variables and interval variables. 
The interval reliability R, defined as the order rela-
tion between the structure’s interval mechanical 
properties and the given interval constants, is intro-
duced to make the structural properties in constraint 
functions meet their corresponding reliability re-
quirements. Then, the interval reliability-based de-
sign optimization model of the structure is described 
as follows: 
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where x is the n-dimensional design vector of the 
structure while U is the m-dimensional interval un-
certain vector with all its components described as 
interval numbers; the superscripts ‘‘L” and ‘‘R” de-
note the left and right bounds of an interval, respec-
tively; f(x, U) and gi(x, U) (i=1, 2, …, p) are the ob-
jective and constraint functions indicating the struc-
ture’s mechanical performance indices, the values of 
which depend on the design vector x and interval 
vector U; Bi is the given interval constant of the ith 
constraint, which can also be a deterministic value; 
Ri is the interval reliability of the ith constraint while 
ηi is the prescribed reliability requirement of the ith 
constraint; p and m are the numbers of constraints 
and uncertain parameters, respectively. 
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3  Unified formula for the efficient calcula-
tion of interval reliability 

 
The graphical method proposed by Wang and 

Qiu (2009) for calculating the interval reliability 
converts the comparison of two intervals A and B 
into the comparison of 2D graphical areas. As shown 
in Fig. 1, the line A=B indicates the limit state equa-
tion of two intervals, and the interval reliability of 
A≤B is the area ratio of the shaded part and the 
whole rectangle. The graphical method is very intui-
tive and easy understanding. However, there are six 
kinds of positional relationships between the line 
A=B and the rectangle. In the application of graph-
ical method, one should first draw the graph, and 
then determine the six kinds of positional relation-
ships between A and B, calculate the areas of the 
shaded part and rectangle, and finally calculate the 
interval reliability P(A≤B). The determination pro-
cess of the interval reliability P(A≤B) is somewhat 
complicated, which limits the application of the 
graphical method in engineering. To overcome the 
limitation, Qi and Qiu (2013) described the interval 
reliability of six different positional relationships as 
a “two formulas model”. However, it is still not sim-
ple and convenient enough since it still requires the 
determination of the positional relationship of the 
left bounds of the two intervals. 

To overcome the limitations of graphical meth-
ods, the unified formula in Eq. (2) is proposed for 
efficiently calculating the interval reliability P(A≤B). 
The intervals A and B may be in six different relative 
positions. 
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(2) 

If interval B degenerates into a real number b, 
the interval reliability can be calculated by 
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Similarly, if interval A degenerates into a real 

number a, the interval reliability can be calculated 
by 
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It is obvious that there is no need to draw a 

graph and determine the positional relationship of 
the left bounds of the two intervals when applying 
the unified formula to the calculation of interval reli-
ability P(A≤B). Hence, the calculation of the interval 
reliability based on the unified formula in Eq. (2) is 
simple and easy to program. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4  DIRV and DIRV-based preferential  
guidelines 
 

Definition 1  Degree of interval reliability vio-
lation (DIRV): As far as the ith interval constraint 
gi(x, U)≤Bi=[bi

L, bi
R] in the reliability-based design 

optimization model in Eq. (1) is concerned, the 
DIRV Vi(x) corresponding to a design vector x is 
defined as 

Fig. 1  Sketch map of the graphical method



Cheng et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2016 17(11):841-854 845

 L R( ) max 0, ( , ) , ,i i i i i i iV R g B b b         x x U  

(5) 
 
where Ri is calculated by the unified formula for 
computing interval reliability in Eq. (2). Specifically, 
there is Vi(x)=0 when Ri≥ηi and Vi(x)=ηi−Ri when 
Ri<ηi. 

After the DIRVs of all the constraint functions 
in the reliability-based design model in Eq. (1) are 
calculated according to Definition 1, the total DIRV 
(denoted as TDIRV for concision) corresponding to 
a design vector x can be obtained by  

 

1
T ( .) ( )

p

i
iV V



 x x                           (6) 

 
Then, a design vector x is feasible when VT(x)= 

0, and it is infeasible when VT(x)>0. 
Once the TDIRV values of all the design vec-

tors have been calculated based on Eq. (6) and Defi-
nition 1, the merit ranking of different design vectors 
can be determined by the following DIRV-based 
preferential guidelines: 

(1) A feasible vector xi is superior to an infeasi-
ble vector xj. That is, vector xi is superior to vector xj 
when VT(xi)=0 and VT(xj)>0. 

(2) For two infeasible design vectors xi and xj, 
xi is superior to xj if VT(xi)≤VT(xj). 

(3) For two feasible design vectors xi and xj, xi is 
superior to xj when f C(xi)<f C(xj) or f C(xi)=f C(xj) and 
f W(xi)<f W(xj). The superscripts “C” and “W” denote 
the center and halfwidth of an interval, respectively. 

 
 

5  Algorithm for direct interval reliability-
based design optimization 
 

An integrated algorithm for directly solving the 
interval reliability-based design optimization model 
of an uncertain structure is proposed based on nested 
GA and Kriging technique. The inner layer GAs cal-
culate the interval bounds of the structural perfor-
mance indices based on Kriging models while the 
outer layer GA locates the optimal design vector 
according to the DIRV-based preferential guidelines. 
As shown in Fig. 2, the implementation of the pro-
posed algorithm proceeds as follows. 

Step 1  Establish the interval reliability-based 
design optimization model according to the design 
requirements and determine the varying ranges of 
design variables and uncertain factors. 

Step 2  Construct the parameterized finite ele-
ment model of the structure and collect enough sam-
ple points based on Latin hypercube sampling (LHS) 
and finite element analysis (FEA). Establish the 
Kriging models for computing the mechanical per-
formance indices of the structure based on the col-
lected sample data. 

Step 3  Initialize the GA parameters involved in 
the nested optimization, including the population 
sizes Popi and Popo of the inner and outer layer GAs, 
the maximum iteration numbers Iteri max and Itero max 
of the inner and outer layer GAs, the crossover and 
mutation probabilities, and the convergence thresh-
old for outer layer GA. Set the iteration number of 
the outer layer GA Itero=1 and generate the initial 
population of the outer layer GA. 

Step 4  If Itero<Itero max, go to Step 5. Other-
wise, go to Step 8.  

Step 5  For every individual in the current 
population of outer layer GA, inner layer GAs are 
called for computing f R(x), f L(x), gi

R(x), and gi
L(x), 

during which the Kriging models constructed in Step 
2 are invoked repeatedly for computing the struc-
ture’s mechanical performance indices correspond-
ing to different interval parameters. After the interval 
reliability of every constraint function Ri[gi(x, U)≤Bi] 
is calculated by the unified formula in Eq. (2) and 
the DIRV of every constraint function Vi(x) is com-
puted by Eq. (5), the TDIRV VT(x) can be obtained 
by Eq. (6). 

Step 6  All the design vectors are ranked ac-
cording to the DIRV-based preferential guidelines 
proposed in Section 4, and then the design vector xi 

(i=1, 2, …, Popo) is assigned a rank number Ranki 

(i=1, 2, …, Popo), to the effect that the better design 
vector has the lower rank number while the worse 
design vector has the higher rank number. Then, the 
fitness value of every design vector xi (i=1, 2, …, 
Popo) can be calculated by Eq. (7), as a result of 
which the better design vector is assigned a larger 
fitness value. 
 

oFit( ) 1/Ra Popnk , 1, 2, , .i i i x            (7) 
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Step 7  If the convergence threshold is reached, 
go to Step 8, otherwise, let Itero=Itero+1, and imple-
ment the GA operations of crossover and mutation to 
generate Popo number of new individuals as the next 
population of the out layer GA, go to Step 4. 

Step 8  The design vector with the largest fit-
ness value is output as the optimal solution to the 
interval reliability-based design optimization model. 

 
 

6  Numeric example 
 

The numeric example in Eq. (8) is utilized to 
verify the effectiveness of the proposed algorithm 
for directly solving the interval reliability-based de-
sign model, where f(x, U) is the interval objective 
function, R1 and R2 are the interval reliabilities of 
constraint functions g1(x, U) and g2(x, U), η1 and η2  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

are the required reliabilities of constraint functions 
g1(x, U) and g2(x, U), respectively. 
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The interval reliability-based design model in 

Eq. (8) is firstly solved by the proposed direct  

Fig. 2  Flowchart of algorithm for solving the interval reliability-based design model 

L
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optimization algorithm. The outer layer GA termi-
nates when the absolute difference between the ob-
jective mid-point value of the optimal solution and 
the average value of the current population is less 
than 10−3 for 10 consecutive generations. GA in-
volves a number of parameters, different levels of 
which greatly affect its performance (Kucukkoc et 
al., 2013). The parameter combination of the nested 
GA for solving the numeric example is determined 
based on many trials of different parameter combina-
tions, and the one producing the best results is se-
lected for the program (Table 1). Fig. 3 shows the 
GA evolution curves of the objective function, which 
converges at the 63rd generation with the optimal 
solution obtained as xP=(1.97, 5.99, 7.00). 

To solve the interval reliability-based design 
model of the numeric example by Jiang (2008)’s 
indirect algorithm, the interval model in Eq. (8) is 
transformed into a deterministic one. The relevant 
parameters are set as follows: the weight coefficients 
of the mid-point and halfwidth of the objective func-
tion equal 1.0 and 0.0, respectively, the parameter to 
ensure a non-negative mid-point and halfwidth of the 
objective function equals 0, the penalty factor is 
100 000 while the regularization factors for f C(x) and 
f W(x) are 1.33 and 0.34, respectively. The nested GA  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

parameters as well as the convergent condition of the 
outer layer GA are set the same as those utilized in 
the proposed direct algorithm. Fig. 4 shows the GA 
evolution curves of the objective function, which 
converges at the 92nd generation with the optimal 
solution obtained as xJ=(1.89, 5.93, 7.00). 

Table 2 provides a comparison of the optimiza-
tion results of the numeric example obtained by the 
proposed algorithm and Jiang (2008)’s indirect algo-
rithm. As can be seen from Table 2, the optimal so-
lutions located by both algorithms satisfy the relia-
bility requirements of two interval constraints, name-
ly, VT(xP)=VT(xJ)=0. However, the optimal solution 
obtained by the proposed algorithm is better than 
that of Jiang (2008)’s since its corresponding objec-
tive mid-point value is much smaller than that of 
Jiang (2008)’s although there is a slight increase in 
the objective halfwidth. Moreover, the proposed al-
gorithm is much simpler than Jiang (2008)’s since it 
avoids the model transformation process involving 
the determination of various parameters such as 
weighting coefficients, penalty, and regularization 
factors. The convergent curves of the optimal solu-
tion in Figs. 3 and 4 also demonstrate that the pro-
posed algorithm is more efficient than Jiang (2008)’s 
indirect algorithm. 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

Table 1  Parameters of nested GA for solving the numeric example 

GA Population size Maximum iteration number Crossover probability Mutation probability

Outer layer 120 200 0.90 0.01 

Inner layer   60 100 0.99 0.05 

Fig. 4  GA evolution of the objective value obtained by 
Jiang (2008)’s algorithm 
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Fig. 3  GA evolution of the objective value obtained by
proposed algorithm 
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7  Application in engineering 

7.1  Construction of the interval reliability-based 
design optimization model 

The upper beam of a high-speed press shown in 
Fig. 5 is utilized to verify the feasibility of the pro-
posed interval reliability-based design optimization 
method in engineering. The dimensions h1, h2, l1, l2, 
and l3 in the cross section (Fig. 6) of the upper beam  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

are chosen as design variables while its material den-
sity ρ and elastic modulus E are regarded as uncer-
tain factors, the varying ranges of which are listed in 
Table 3. 

According to the performance requirements of 
the upper beam, the maximum deformation indicat-
ing stiffness is described as the objective function 
while its weight and maximum equivalent stress are 
described as constraint functions, the reliability re-
quirements of which are 0.95 and 0.98, respectively. 
Then the interval reliability-based design optimiza-
tion model of the upper beam is established as 
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(9) 
 

where x=(h1, h2, l1, l2, l3) is the design vector, U= 
(ρ, E) is the uncertain vector, d(x, U) indicating 
stress is the objective function, w(x, U1) indicating 
weight and δ(x, U) indicating strength are the con-
straint functions, R1 and R2 are the interval reliabili-
ties of two constraint functions w(x, U1) and δ(x, U) 
while η1 and η2 are their corresponding desired relia-
bilities, respectively. 

 
 
 
 
 
 
 
 
 
 
 

Table 2  Comparison of the optimization results of numeric example obtained by different algorithms 

Algorithm Optimal solution Constraint g1 Constraint g2 (R1, R2) Objective f  

Proposed (1.97, 5.99, 7.00) [5.02, 9.97] [78.90, 106.15] (0.80, 0.85) <5.51, 17.68> 

Jiang (2008)’s (1.89, 5.93, 7.00) [4.80, 9.63] [78.85, 105.93] (0.86, 0.85) <6.35, 17.57> 

Table 3  Varying ranges of design variables and uncertain factors 

Location h1 (mm) h2 (mm) l1 (mm) l2 (mm) l3 (mm) ρ (kg/m3) E (GPa)

Left bound 210 250   80 25 330 7280 126 

Right bound 250 300 120 55 390 7320 154 

Fig. 5  The 3D model of the upper beam 

Fig. 6  Cross section of the upper beam
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Fig. 7 illustrates the 1/4 FEA model of the up-
per beam that acts as a high-fidelity simulation mod-
el for computing mechanical performance indices of 
the upper beam. The upper beam is limited at the 
bottom by the adjusting nuts on four columns, and 
thus a fixed support is exerted at its bottom (arrow 
A). Two frictionless supports are applied on two 
symmetric planes of the 1/4 FEA model of the upper 
beam (arrows B and C). The upper beam is connect-
ed with four driving oil cylinders and there is a pres-
sure of 800 kN at every connected position (arrow 
D). A bearing load of 250 kN is applied on the end 
bearing hole in the 1/4 FEA model of the upper 
beam (arrow E) while a bearing load of 500 kN is 
applied on the mid bearing hole (arrow F) during the 
stamping process. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 

 
 
 
 
 
 
 

The performance indices of the initial design 
scheme of the upper beam are shown in Table 4. It is 
obvious that neither constraint in Eq. (9) is satisfied 
for the initial design scheme. 

7.2  Optimization results obtained by the pro-
posed algorithm 

The Kriging models for computing the perfor-
mance indices of the upper beam in the objective and 
constraint functions are constructed based on adap-
tive resampling technology (Cheng et al., 2015). 
Readers can refer to the previous study (Cheng et al., 
2015) for a detailed description of the technology, 
which is not given here to save space. The construc-
tion of every Kriging model is an iterative process, 
which is terminated when the multiple correlation 
coefficient R2>0.95 and the relative maximum abso-
lute error RMAE<0.05 for ensuring its prediction 
accuracy. The R2 and RMAE values of the Kriging 
models for computing the performance indices of the 
upper beam in the iterative process are listed in  
Table 5. 

The interval reliability-based design optimiza-
tion model of the upper beam in Eq. (9) is firstly 
solved by the proposed direct interval optimization 
algorithm. The outer layer GA terminates when the 
absolute difference between the objective mid-point 
value of the optimal solution and the average value 
of the current population is less than 10−4 for 10 con-
secutive generations. The parameter combination of 
the nested GA for solving the reliability-based de-
sign optimization model of the upper beam is listed  
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

Table 4  Performance indices of the initial design scheme of the upper beam 

Design variable,  
(h1, h2, l1, l2, l3) (mm) 

Performance index Interval reliability, 
(R1, R2) [wL, wR] (kg) [δL, δR] (MPa) d(x, U) (mm) 

(230, 270, 100, 40, 360) [5160.0, 5176.1] [44.18, 48.95] <0.1944, 0.0198> (0.00, 0.07) 

Fig. 7  FEA model of 1/4 upper beam: loads and constraints

A: fixed support  
B: frictionless support  
C: frictionless support 2  

D: pressure (800 kN) 
E: bearing load (250 kN) 
F: bearing load 2 (500 kN) 

Table 5  R2 and RMAE values of Kriging models in the iteration process 

Iteration 
Number of 

sample points 
d(x, U) w(x, U1) δ(x, U) 

R2 RMAE R2 RMAE R2 RMAE 

0 28 0.9366 0.2339 0.9073 0.3033 0.7983 0.4143 

1 40 0.9551 0.1945 0.9348 0.2548 0.8931 0.3217 

2 50 0.9711 0.0829 0.9745 0.1488 0.9479 0.1849 

3 55 0.9858 0.0535 0.9866 0.0758 0.9645 0.0934 
4 
5 

58 
60 

0.9949 
0.9953 

0.0343 
0.0262 

0.9986 
0.9994 

0.0424 
0.0308 

0.9735 
0.9832 

0.0655 
0.0486 
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in Table 6. Fig. 8 shows the GA evolution curves of 
the performance indices in the objective and con-
straint functions, where the objective function con-
verges at the 134th generation with the optimal solu-
tion obtained as xP=(249.89, 262.32, 80.36, 36.88, 
388.40). The interval reliabilities of the weight and 
maximum stress of the upper beam corresponding to 
xP are 0.95 and 1.00, respectively, while the maxi-
mum deformation is <0.2017, 0.0196>, meaning that 
the interval reliabilities of the upper beam’s weight 
and maximum stress have been greatly improved 
after optimization although there is a slight increase 
in the mid-point of the maximum deformation in the 
objective function. 

7.3  Comparison with the indirect algorithm 

To solve the interval reliability-based design 
optimization model of the upper beam by Jiang 
(2008)’s indirect algorithm, the interval model in 
Eq. (9) is first transformed into a deterministic one. 
The relevant parameters are set as follows: the 
weighting coefficients of the mid-point and half-
width of the objective function equal 1.0 and 0.0, 
respectively, the parameter for ensuring non-
negative mid-point and halfwidth of the objective 
function is 0, the penalty factor is 10 000 while the 
regularization factors for f C(x) and f W(x) are 0.25 
and 0.03, respectively. The nested GA parameters as 
well as the convergent condition of the outer layer 
GA are set the same as those utilized in the pro-
posed algorithm. Fig. 9 illustrates the GA evolution 
curves of the objective and constraint functions  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

obtained by the indirect algorithm, where the objec-
tive function converges at the 197th generation with 
the optimal solution obtained as xJ=(243.34, 251.46, 
80.15, 32.24, 389.39). The interval reliabilities of the 
upper beam’s weight and maximum stress corre-
sponding to xJ are 0.95 and 0.99, respectively, while 
the maximum deformation is <0.2162, 0.0196>, 
meaning that the interval reliabilities of the weight 
and maximum stress have been improved after opti-
mization while there is a slight increase in the mid-
point of the maximum deformation in the objective 
function. 

Table 7 provides a comparison of the optimiza-
tion results of the upper beam obtained by the pro-
posed algorithm and Jiang (2008)’s algorithm. As 
can be seen from Table 7, the optimal solutions lo-
cated by both algorithms satisfy the reliability re-
quirements of two interval constraints, namely, there 
is VT(xP)=VT(xJ)=0. However, the optimal solution 
obtained by the proposed algorithm is better than 
that obtained by Jiang (2008)’s since the mid-point 
of its corresponding objective value is much smaller 
than that obtained by Jiang (2008)’s. Moreover, the 
proposed algorithm is much simpler than Jiang 
(2008)’s since it avoids the model transformation 
process. The convergent curves of the optimal solu-
tions in Figs. 8 and 9 also demonstrate that the pro-
posed algorithm is more efficient than Jiang (2008)’s 
algorithm. Hence, the proposed direct interval  
reliability-based design optimization method is fea-
sible and effective in engineering, and it is superior 
to the indirect one. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 6  Parameters of nested GA for solving the upper beam’s reliability-based design model 

GA Population size Maximum iteration number Crossover probability Mutation probability 

Outer layer 120 300 0.90 0.01 

Inner layer   60 150 0.99 0.05 

Table 7  Comparison of the optimization results of the upper beam obtained by the proposed algorithm and Jiang 
(2008)’s algorithm 

Algorithm 
Optimal solution, 

(h1, h2, l1, l2, l3) (mm) 

Performance index Interval 
reliability,

(R1, R2) 
[wL, wR] (kg) [δL, δR] (MPa) d(x, U) (mm) 

Proposed (249.89, 262.32, 80.36, 36.88, 388.40) [4979.6, 4995.7] [39.30, 44.08] <0.2017, 0.0196> (0.95, 1.00)

Jiang 
(2008)’s 

(243.34, 251.46, 80.15, 32.24, 389.39) [4979.6, 4995.5] [39.52, 44.30] <0.2162, 0.0196> (0.95, 0.99)
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8  Conclusions 
 
An interval reliability-based design model was 

constructed for the optimization of an uncertain  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
structure with interval parameters. A unified formula 
for the efficient computation of interval reliability 
and a new concept of DIRV as well as the DIRV-
based preferential guidelines were put forward for 
the direct ranking of various design vectors. A direct 

Fig. 9  GA evolution curves of the performance indices of 
the upper beam obtained by the indirect algorithm 
(a) GA evolution of weight; (b) GA evolution of maximum 
equivalent stress; (c) GA evolution of maximum deformation

Fig. 8  GA evolution curves of the performance indices of 
the upper beam obtained by the proposed algorithm 
(a) GA evolution of weight; (b) GA evolution of maximum 
equivalent stress; (c) GA evolution of maximum deformation
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interval optimization algorithm integrating nested 
GA and Kriging technique was proposed for solving 
the interval reliability-based design model. A numer-
ic example was utilized to verify the validity of the 
proposed algorithm as well as its superiority to con-
ventional indirect optimization algorithms. Finally, 
the proposed direct interval reliability-based design 
optimization method was applied to the optimization 
of a press upper beam, the results of which demon-
strated the feasibility and effectiveness of the pro-
posed method in engineering.  
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中文概要 
 

题 目：含区间参数的不确定性结构直接可靠性设计 

优化 

目 的：为提高含区间参数不确定性结构的可靠性，提

供一种基于区间模型的不确定性结构的高效可

靠性设计优化方法。 

创新点：1. 提出结构性能指标区间可靠度的统一计算公

式；2. 提出区间可靠度违反度的概念和基于区

间可靠度违反度的优于关系准则；3. 提出并实

现区间可靠性优化模型的高效直接智能求解算

法。 

方 法：1. 借鉴图表法并克服其局限，给出计算区间可

靠度的统一公式（公式 2）；2. 利用 Kriging 近

似模型和内层遗传算法计算结构性能指标在不

确定性参数影响下的变化区间，从而计算出区

间可靠性优化模型中各结构性能指标的区间可

靠度及其违反度；3. 基于区间可靠度违反度的

优于关系准则，通过外层遗传算法实现各结构

设计矢量的直接优劣排序和区间可靠性优化模

型的直接智能求解；4. 通过典型算例（图 3 和

4、表 2）和工程应用实例（图 8 和 9、表 7）验

证所提方法的有效性和相比间接求解方法的优

越性。 

结 论：1. 考虑结构性能指标可靠性要求的不确定性结

构区间可靠性设计优化模型能够有效反映实际

工程中提高不确定结构可靠性的需求；2. 引入

区间可靠度违反度的概念和基于可靠度违反度

的优于关系准则，利用嵌套遗传算法和 Kriging

近似模型可实现不确定性结构区间可靠性优化

模型的直接高效智能求解；3. 提出的区间可靠

性优化模型直接求解方法能比间接方法获得更

优的解。 

关键词：可靠性设计优化；不确定性结构；区间可靠性

违反度；优于关系准则；直接区间优化；嵌套

遗传算法 

 
 


