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Abstract:    The dynamic stress path of a rock and soil mass under seismic action has a crucial influence on its catastrophic be-
havior. In soil dynamics, earthquakes are commonly simplified as vertically incident shear waves and the seismic stresses in soil 
are estimated based on rigid foundation models. However, the great effect of P-waves should not be overlooked in strong earth-
quakes, which have happened frequently in recent years. The characteristics of the dynamic stress path under longitudinal waves 
with significant oblique incidence are still unclear. Analytical formulas for the seismic stresses at any depth of a semi-infinite 
elastic space under obliquely incident P-waves are derived, which degenerate into the traditional rigid foundation method in soil 
dynamics when both the incident angle and Poisson’s ratio are taken as zero. Here, we reveal the fundamental characteristics of a 
dynamic stress path under obliquely incident P-waves. The stress path is proved mathematically to be an oblique ellipse in the 
plane of normal stress difference and horizontal shear stress. We identify factors affecting the stress path, including the incident 
angle, Poisson’s ratio, and depth corresponding to unit wavelength. The possible variation in the range of an oblique elliptic stress 
path is systematically analyzed, which lays a theoretical foundation for further study of the dynamic response of sites under 
obliquely incident seismic waves. 
 
Key words:  Near-field earthquakes; P-waves; Oblique incidence; Semi-infinite elastic space; Dynamic stress path 
http://dx.doi.org/10.1631/jzus.A1600497                                      CLC number:  TU435 
 
 

1  Introduction 
 
Earthquakes are one of the most serious natural 

disasters that threaten human survival. Rock and soil 
mass plays an important role during an earthquake 
and is not only the intermediary of an earthquake 
from bedrock to buildings or structures, but also the 
carrier of disaster. Many studies have indicated that 
the dynamic stress path of site soil under seismic 
action has a crucial influence on its catastrophic be-

havior (Ding, 2010; Gu et al., 2012; Li et al., 2015). 
Thus, in the study of earthquakes, particularly 
near-field earthquakes, the dynamic stress path of site 
soil is of great significance. 

The observation that seismic action causes 
weakening of contact among soil particles, a subse-
quent increase in pore pressure, and the development 
of deformation of soil elements leading to regional 
disaster, has long been of concern. Due to limited un-
derstanding and experimental apparatus, laboratory 
dynamic testing of the seismic response of soil has 
been based mainly on the studies of (Seed and Lee, 
1966; Thiers and Seed, 1968; Seed and Peacock, 1971; 
Seed and Idriss, 1971; Seed et al., 1983). Simulations 
of earthquake loads have considered the effects only of 
vertically upward propagating shear waves and regard- 
ed the foundation as a rigid body (Figs. 1a and 2a). 

Journal of Zhejiang University-SCIENCE A (Applied Physics & Engineering) 

ISSN 1673-565X (Print); ISSN 1862-1775 (Online) 

www.jzus.zju.edu.cn; www.springerlink.com 

E-mail: jzus@zju.edu.cn 

 
 

‡ Corresponding author 

* Project supported by the National Natural Science Foundation of 
China (Nos. 51178427 and 51278451) and the National Basic Re-
search Program (973 Program) of China (No. 2014CB047005) 

 ORCID: Bo HUANG, http://orcid.org/0000-0002-7293-8618; Dao- 
sheng LING, http://orcid.org/0000-0002-0604-1175 
© Zhejiang University and Springer-Verlag GmbH Germany 2017 



Huang et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2017 18(10):776-792 
 
 

777

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(c)

(d)
 

Fig. 1  Seed and Idriss (1971)’s rigid foundation model and its applications in laboratory tests 
(a) Equilibrium of forces near the surface; (b) Actual and equivalent time histories of seismic shear stresses and significant stress 
cycles in a simplified method; (c) Loaded sample in a dynamic triaxial test; (d) Loaded sample in a dynamic simple shear test. σx 
is the dynamic horizontal normal stress, σz is the dynamic vertical normal stress, σc is the consolidation stress, τd is the dynamic 
shear stress, K0 is the coefficient of earth pressure at rest, and τxz and τzx are the dynamic horizontal shear stresses, τxz=τzx 

(b)

Earthquake magnitude Number of significant stress cycles, Nc

7 10 

7.5 20 

8 30 

0 5 10 15 20 25 30

-30

-20

-10

0

10

20

30

40


d
= 0.65

max


d

C
yc

lic
 s

tr
e

ss

Time (s)


max

(a)



Huang et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2017 18(10):776-792 
 

778

According to Newton’s second law, the relationship 
among ground surface acceleration, soil density ρ, 
depth, and the shear stresses generated by S-waves 
was deduced as 

 

s ,= x
xz

a
z

g
                                 (1) 

 

where ax is the horizontal ground surface accelera-
tion; γs is the unit weight of soil; z is the depth of soil 
unit; g is gravitational acceleration. Irregular seismic 
shear stresses were simplified as unidirectional ex-
citing sinusoidal waves (Fig. 1b) with a certain 
number of significant cycles and average equivalent 
uniform amplitude. The stresses were applied to the 
soil unit in simple cyclic shear apparatus or dynamic 
triaxial apparatus, which is still in use today (Figs. 1c 
and 1d). 

Engineers tend to overlook the effect of P-waves 
for two main reasons: first, P-waves decay rapidly 
(Gubbins and Snieder, 1991); second, for soil ap-
proaching saturation (Poisson’s ratio close to 0.5), the 
difference in horizontal and vertical reciprocating 
normal stresses (Fig. 2b) induced by vertically incident 
P-waves is rather small (Ishihara, 1996). This implies 
that the soil is under cyclic spherical stress and in-
stantaneous changes in pore pressure occur without 
obvious changes in deformation and strength. How-
ever, recent studies showed that if the soil is slightly 
below saturation, vertical motions induced by verti-
cally incident P-waves can induce a deviator stress of 
(z−x) in the soil, rather than a purely compressive 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

stress under the fully saturated condition (Yang and 
Sato, 2000; Yang, 2004). This deviator stress is able 
to cause obvious changes in deformation and strength 
in soil. Therefore, further studies of soil dynamic 
responses under incident P-waves are of great prac-
tical value. To simulate the combined seismic action 
of simultaneous vertically incident P- and S-waves, 
Ishihara (1996) superimposed two types of dynamic 
stresses (Fig. 2c). He expressed dynamic stresses in 
the form of two shear stress components, (z−x)/2 
and τxz, which show a proportional increase or de-
crease with seismic action and cause the principal 
stress direction to deflect by a certain angle β 
(Fig. 3a). A coordinate system of the two shear stress 
components ((z−x)/2−τxz) was introduced, where 
the stress path is an oblique straight line (Fig. 3b). In a 
recent experimental earthquake simulation, a cyclic 
axial force (z−x)/2 and cyclic torque τxz, were 
applied to a sample in a dynamic hollow cylinder 
apparatus (Fig. 4) to simulate the stress path under 
vertically incident seismic waves (Pan and Chen, 
2011). 

Vertical incidence is only one special case of 
seismic wave propagation in the foundation. In recent 
years, strong earthquakes have occurred frequently, 
such as the M 8.0 Wenchuan earthquake in China in 
2008, the M 8.8 earthquake in Chile in 2010, and the 
M 9.0 earthquake in eastern Japan in 2011, where 
strong 3D vibration velocity and acceleration were 
observed (Li et al., 2008; Mimura et al., 2011; 
Boroschek et al., 2012). Jin and Liao (1994) obtained 
seismic wave incidence angles ranging from about  
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2  Seismic stress response of a soil unit in a semi-infinite space under different vertically incident body waves 
(a) Shear stresses induced by S-waves; (b) Normal stresses induced by P-waves; (c) Stresses induced by P- and S-waves 
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45°–75° by regression analysis of 214 surface seismic 
records in the USA. Takahiro et al. (2000) inversely 
analyzed 24 records of near-field earthquakes in 
Japan, which indicated that the incidence angle of 
seismic waves ranged from 12.4°–54.1°. Although 
the seismic wave incident angle varied greatly, there 
was no doubt that an oblique incidence of seismic 
waves leads to a situation in which the movement of a 
soil unit in the foundation is not just a linear vibration, 
but an integrated vibration containing swing and 
vertical components. Furthermore, the ratios between  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

the amplitudes of vibration components in different 
directions have been proved to be dependent on the 
angle of incidence (Yang and Sato, 2000). 

Results of dynamic tests of a soil unit under a 
dynamic wave load (Luan et al., 2009) and traffic 
load (Qian et al., 2013) have amply demonstrated that 
a dynamic stress path is essential for a dynamic re-
sponse from the soil. This indicates that a lack of 
theoretical research on dynamic stress path charac-
teristics of soil under obliquely incident seismic 
waves is a key constraint to laboratory testing of soil 
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Fig. 4  Working principle of the dynamic hollow cylinder apparatus 
W is the axial force, MT is the torque, pi is the inner confining pressure, po is the outer confining pressure, ri is the inner di-
ameter, ro is the outer diameter, and σr is the principal stress  

(a)                                                                                       (b) 
 

Fig. 3  Rotation of the principal stress direction (a) and stress path (b) induced by vertically incident P- and S-waves 
σ1 is the major principal stress, and σ3 is the minor principal stress 
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seismic response. In this paper, based on the theory of 
elastic waves, dynamic stresses at any depth of a 
semi-infinite elastic space under obliquely incident 
P-waves are derived. For the first time, we prove 
mathematically that under obliquely incident P-waves 
an oblique elliptic path is formed in a plane consisting 

of two shear stress components ((z−x)/2 and τxz). In 
addition, we systematically analyze the impacts of the 
incidence angle, Poisson’s ratio μ, and depth corre-
sponding to unit wave-length on the shape and size of 
the elliptic path. The results provide a theoretical 
reference for further study of the dynamic response of 
sites under obliquely incident seismic waves. 

Due to space limitations, the corresponding 
analysis of obliquely incident S-waves will be 
analysed in other study separately. 

 
 
2  Characteristics of a stress path induced by 
obliquely incident P-waves 

2.1  Seismic stress formula 

Based on elastic wave theory (Achenbach, 
2012), a bunch of parallel harmonic P-waves with an 
incident angle α, propagating within the elastic half 
space, induces reflected P- and SV-waves at the free 
surface. Ignoring energy attenuation during propaga-
tion, the potential function of incident P-waves in a 
2D Cartesian coordinate system xoz (Fig. 5) is as-
sumed as 

 

 p= exp i sin cos ,A k x z v t   
         (2a) 

 
and the potential functions of reflected P- and 
SV-waves are expressed respectively as 

 

 1 pexp i sin cos ,A k x z v t  
         (2b) 

 2 sexp i sin cos ,B k x z v t              (2c) 

 
where i is an imaginary unit; A−, A+, and B+ are wave 
amplitudes; k=ω/vp, k1=ω1/vp, and k2=ω2/vs are the 
wave numbers of incident P-waves, reflected 
P-waves, and reflected SV-waves, respectively; ω, 
ω1, and ω2 are the respective circular frequencies; vs is 

the wave velocity of SV-waves equal to / ;G   vp is 

the wave velocity of P-waves equal to ( 2 ) / ,G   

where  is the Lame constant and G is the shear 
modulus; α, β, and γ are the respective angles between 
the propagating direction of corresponding waves and 
the vertical direction. According to Snell’s law, the 
relationships existing between the parameters are as 
follows: 
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Using boundary conditions that z=0 and τxz=0 
when z=0, the correlation between the amplitudes of 
incident and reflected waves can be written as 
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The potential function of displacement is expressed as 
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               (5) 

 
where φ=φ−+φ+, ψ=ψ+. According to Hooke’s law, 
seismic stresses generated by incident and reflected 
plane waves at any point in the foundation can be 
obtained as follows: 
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Fig. 5  Reflection of obliquely incident P-waves on a free 
surface and the seismic stresses applied to soil elements 
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2.2  Pattern of seismic stress path under obliquely 
incident P-waves 

Combining Eqs. (2)–(6), the time history of 
stresses induced at any point within the semi-space 
due to the inclined incident P-waves can be obtained. 
The characteristic variation of stresses in a soil ele-
ment was further investigated. 

For seeking the general rule, seismic stress 

components in Eq. (6) are normalized as 
2

x
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2

,xz

A




 where 2A   reflects the 

incident energy density. 
However, it is difficult to apply these three 

seismic stress components simultaneously using the 
current dynamic test apparatus. Up to now, these 
three cyclic loads have often been simplified as cy-
clic axial normal stress and cyclic horizontal tor-
sional shear stress, simulated in a hollow cylinder 
apparatus (HCA). This simplified method was 
adopted by Ishihara and Towhata (1983) to simulate 
ocean wave loads, and by Qian et al. (2013) to sim-
ulate traffic loads. Therefore, with reference to their 

work, setting X=
22

z x

A

 



 and Y=

2
xz

A




, the ex-

pressions for x, z, and τxz can be combined and 
rewritten as follows: 

 

1 2sin cos ,X M M                     (7a) 

1 2sin cos ,Y N N                       (7b) 
 

where ξ=k(xsinα−vpt)=k2(xsinγ−vst) and the coeffi-
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where χ=kzcosα, κ=kzcotγsinα. 

Combining Eqs. (7a) and (7b), sinξ= 
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given. Substituting these expressions of sinξ and cosξ 
into the equation sin2ξ+cos2ξ=1 yields: 
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           (9) 

 
Mathematically, the general form and corresponding 
condition of an oblique ellipse formula is expressed 
as  

 
2 2 22 1, 0.Ax By Cxy C AB           (10) 

 
For any SV-waves exit angle γ not equal to zero, 
M2N1−M1N2≠0 can always be deduced from Eq. (8). 
Thus, the corresponding condition C2−AB= 

 2

2 1 1 2

1
0

M N M N
 


 will hold. It can be inferred 

that Eq. (9) (compared with Eq. (10)) is a function of 
an oblique ellipse, which proves that the dynamic 
stress path generated by single obliquely incident 
P-waves is an oblique ellipse. 

Any oblique ellipse can also be expressed as  
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where 2La is the length of the long axis, representing 
the size of the ellipse; θ is the polarization angle 
between the long axis and the positive x axis (Fig. 6); 
δ is the ellipticity, the ratio of the length of the short 
axis to the length of the long axis, ranging between 0 
and 1. The inclination of the ellipse is represented by 
θ and the flatness by δ. The formula in square 
brackets applies to a unit ellipse with polarization 
angle θ and ellipticity δ. θ, δ, and La are the three 
characteristic parameters of any oblique ellipse.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Similarly, the oblique ellipse represented by 
Eq. (9) can be rewritten in the form of Eq. (11). Then, 
the characteristic parameters of oblique elliptic stress 
paths induced by obliquely incident P-waves can be 
obtained. Due to space limitations, the expressions 
for the characteristic parameters La, θ, δ, and the 
derivation details are given in Appendix A 
(Eqs. (A12)–(A14)). Once the three characteristic 
parameters have been determined, the magnitudes of 
the cyclic axial stress and horizontal shear stress, as 
well as their phase differences, can be determined. 
These are required for the laboratory tests used to 
simulate the oblique elliptic stress path. 

 
 

3  Analysis of factors affecting the oblique 
elliptic stress path 

 

From Eqs. (A12)–(A14) in Appendix A, it can 
be deduced that the characteristic parameters La, θ, 

and δ are influenced by various factors, including the 
incident angle α, Poisson’s ratio μ, seismic wave 
frequency f, wave velocity vs or vp, and the depth z. 
The incident angle α and Poisson’s ratio μ are rela-
tively independent physical parameters. However, 
although wave frequency and wave velocity reflect 
characteristics of seismic waves and soil, respec-
tively, their impacts on the stress path pattern are 
coupled and mutually interactive. With dimensional 
analysis, the dimensionless factor zf/vs is introduced, 
which is able to reflect the integrative impact of 
depth, frequency, and wave velocity on La, θ, and δ. 
Shear wavelength can be represented as vs/f, thus zf/vs 
stands for the depth corresponding to unit wave-
length. Moreover, considering that shear wave ve-
locity is a vital parameter used in geotechnical en-
gineering prospecting for depicting the mechanical 
behavior of a soil medium, vs was chosen rather than 
vp. In this section, the impacts of these three factors 
(α, μ, and zf/vs) on the elliptic stress path are analyzed 
and discussed in detail, with curves plotted following 
numerical computation to describe those impacts. 

3.1  Impact of incident angle on the shape of the 
elliptic stress path 

Allen and Kanamori (2003) provided a formula 
for estimating the dominant frequency of seismic 
P-waves, which has been found to be in the range of 
0.5–2.15 Hz for earthquakes of magnitudes 5–8. The 
actual depth at which liquefaction in possible is gen-
erally within 30 m, where the shear wave velocity vs 
ranges from 100–480 m/s (Liu et al., 2010). The range 
of zf/vs in this study was about 0–0.8, which was 
broadened to a depth of unit wavelength considering 
the complexity of earthquakes. Thus, the correlation 
between θ or δ and zf/vs for different incident angles α 
of P-waves can be plotted. Several typical curves 
given μ=0.4 are illustrated in Fig. 7, where 1° repre-
sents the situation of approximately vertical inci-
dence, and 10° and 30° represent a situation of rela-
tively small incident angles. 60° represents the re-
maining situation of all incident angles bigger than 
45° because in this range the patterns of the different 
curves are essentially similar. 

In Fig. 7a, θ=0° means that the direction of the 
long axis of the ellipse is in the horizontal axis direc-
tion in the plane of X and Y, θ<0° means it rotates 
clockwise from θ=0°, while θ>0° means that rotation 



X

Y

a2L

b2L

Fig. 6  Oblique ellipse geometrical characteristic pa-
rameters demonstration 
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is anticlockwise. It can be found that θ is nearly 0° 
when α=1°, and almost unchanged with the devel-
opment of zf/vs. That means only a normal stress dif-
ference is generated and shear stress can be ignored 
when P-waves are vertically incident, which is con-
sistent with general knowledge. In the other condi-
tions, θ declines from 0° to a negative peak before 
increasing gradually with the development of zf/vs. 
With different incident angles, different negative 
peaks and different angles will be reached by the long 
axis rotating counterclockwise. When the incident 
angle is around 30°, θ arrives at a negative peak of 
about –90°. When the incident angle is around 10°, θ 
may even increase back to a positive angle of around 
90°. It can be inferred that the value of θ covers al-
most the whole range (i.e., −90°–90°) with the varia-
tion in the incident angle of the seismic P-waves. 

In Fig. 7b, δ reaches several peaks with the 
change in zf/vs. Curves of large incident angles (>45°) 
have similar patterns of adjacent bulgy hills, as rep-
resented by the curve of incident angle 60° in Fig. 7b. 
The greater the incident angle, the higher the corre-
sponding peak values of δ. All δ values decline to 0 
when zf/vs is around 0.45. For small incident angles, 
the points of δ=0 are at about zf/vs=0.7–0.8. For in-
cident angles of 1°, 10°, and 30° (Fig. 7b), curves of δ 
with zf/vs are all in the shape of an asymmetric saddle 
before δ declines to 0. The peak value of δ is referred 
to as the maximum ellipticity of the stress path. δ=0 
refers to the shape of the stress path as an oblique line 
transformed from a normal oblique ellipse (Fig. 8), 
which means that the principal direction of stress in 
the soil element does not rotate continually but step-
wise, in steps of 90°. From Eqs. (A9)–(A11) and 
(A13), it is found that M1N2=M2N1 holds for the situ-
ation above, when taking a certain value of zf/vs. 
Thus, the phases of the two stress components 
(z−x)/2 and τxz are reversed, which means the phase 
difference is π. The pattern of the stress path ap-
proaches a circle when δ increases. The peak value of 
δ in the study reached 0.973, when the stress path was 
almost a circle, with the deviatoric stress unchanged 
and continual rotation of its principal stress direction, 
similar to that induced by wave loads (Ishihara and 
Towhata, 1983). The stress path generated by 
obliquely incident P-waves has been proved to be 
obliquely elliptic, but it is still able to change from a 
line to a circle with a particular combination of depth, 

frequency, and shear wave velocity, creating quite 
diverse patterns. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3.2  Impact of Poisson’s ratio on the shape of the 
elliptic stress path 

In Section 3.1, different patterns of θ and δ are 
presented for P-waves with incident angles of α>30° 
and <30°. The impact of Poisson’s ratio μ on θ and δ 
was investigated. Given α=10° or 60° as examples, 


2

z x 

xz

Fig. 8  Dynamic stress path when δ=0 
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the change of θ and δ with zf/vs varying was analyzed 
(Figs. 9 and 10). The degree of saturation of the soil 
is related to Poisson’s ratio. The greater the Poisson’s 
ratio, the greater is the soil saturation. Yoshimi et al. 
(1989) provided evidence demonstrating that lique-
faction resistance at 70% saturation is about three 
times that at full saturation. Therefore, this paper 
considers only soil with a degree of saturation of 
more than 70%, which is probably liquefied. Yang 
and Sato (2000)’s research on soil saturation and 
Poisson’s ratio showed that when saturation is be-
tween 70% and 100%, Poisson’s ratio of soil is about 
0.3–0.5. Considering the denominator of the alge-
braic expression of K in Eq. (3) cannot be zero, we 
chose Poisson’s ratios ranging from 0.3 to 0.48. 

Given different Poisson’s ratios, curves of el-
liptic θ changing with zf/vs were drawn (Figs. 9a and 
9b) when the incident angle of the P-waves is 10° or 
60°, respectively. When the ellipse is rotated con-
tinually clockwise through 180° in two steps, then the 
direction of the long axis is consistent with that of the 
horizontal axis again when α=10° and μ=0.48. The 
remaining curves all demonstrate that the ellipse 
rotates back after θ increases back until reaching the 
negative peak with zf/vs developing. To sum up, the 
polarization angle θ of an obliquely elliptic stress 
path is influenced greatly by the Poisson’s ratio when 
the incident angle is small and the soil nearly fully 
saturated, while in the remaining conditions, alt-
hough it affects the negative peak and the point 
where the ellipse rolls back, it barely affects the 
pattern of θ. With a greater Poisson’s ratio, the ellipse 
can deflect by a greater angle. The greater the Pois-
son’s ratio, the higher the peak of δ that will be 
reached (Fig. 10). Nevertheless, the pattern of δ 
curves also remains unchanged, which do not need 
repeat. 

In laboratory dynamic tests on soil, to simulate 
the required stress path, zf/vs can be determined 
roughly by measuring the shear wave velocity and 
the buried depth of soil, and the ranges of θ and δ can 
then be fixed according to the curves in Figs. 7, 9, 
and 10. 

3.3  Impact of related factors on the size of the 
elliptic stress path 

In a dimensionless obliquely elliptic stress path 
under obliquely incident P-waves, L is the distance 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 9  Typical curves of θ against zf/vs at different Poisson’s
ratios when α=10° (a) or 60° (b) 
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between the origin of the coordinates and any point on 
the ellipse (Fig. 11). According to geometry  
relationships: 

 
2 2

2 2
,

2
z x xzL
A A

  
  

   
    

   
            (12) 

 
and the deviatoric stress defined by the difference 
between the major and minor principal stresses is 
expressed as 

 
2

21 3 .
2 2

z x
xz

   


    
 

               (13) 

 
This describes the combined action of a normal stress 
difference and horizontal shear stress under complex 
stress paths, and therefore the magnitudes of dynamic 
stresses can be reflected by L. The value of deviatoric 
stress varies within a single cycle, and will arrive at 
its maximum value when L=La and minimum value 
when L=Lb. Thus, under unit incident energy, half 
the length of long axis La can be used to represent the 
dynamic stress level in an earthquake. By taking a 
value of the incident angle close to zero, dynamic 
deviatoric stresses under vertical incidence can also 
be calculated. If Poisson’s ratio is also taken as zero, 
this will degenerate into 1D vibration of a rigid body, 
and only vertical displacement uz will be produced. 
Correspondingly, vertically incident SV-waves will 
produce only horizontal displacement ux, which is the 
basic assumption of the Seed-Idriss simplified pro-
cedure for evaluating stresses induced by earth-
quakes. Thus, Seed-Idriss’s procedure can be seen as 
 
 
 
 
 
 
 
 
 
 
 
 
 

 a special case of the elastic method described in this 
paper. 

In Fig. 12, La is plotted with variable zf/vs. The 
incident angles are divided into three categories: 
nearly vertical incidence (1°, 5°, and 10°), oblique 
incidence (30°, 45°, and 60°), and nearly horizontal 
incidence (80°, 85°, and 89°) for investigation. La is 
the highest with oblique incidence, which corre-
sponds to the highest seismic dynamic stress level in  
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Fig. 12  La develops with zf/vs varying at different α 
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the soil. For the two other categories of incident an-
gles, the seismic dynamic stress level of the soil is 
relatively low, especially for horizontal incidence. 
Thus, it is much more dangerous when P-waves are 
obliquely incident, while the safest condition occurs 
when P-waves are horizontally incident. 

Three typical values of Poisson’s ratio were 
taken to simulate different degrees of saturation: 
μ=0.3 corresponds to a low degree of saturation of 
about 70%, μ=0.4 corresponds to a high degree of 
saturation of about 99%, and μ=0.48 corresponds to 
full saturation. In the most dangerous condition when 
P-waves are obliquely incident, the lower the degree 
of saturation of the soil, the greater the value of La, 
which approaches 0.8. Increasing Poisson’s ratio 
makes different La values more discrete. When 
μ=0.48, La under incident angles between 30° and 60° 
is much greater and the level of dynamic stresses is 
more than twice that of other incident angles. 

 
 

4  Conclusions 

 
Based on elastic wave theory with appropriate 

simplification for seismic waves, dynamic stresses in 
foundation soil generated by obliquely incident 
P-waves have been derived. This has revealed the 
characteristics of the corresponding dynamic stress 
path which has been mathematically proved to be an 

oblique ellipse in the plane of (z−x)/2 and τxz. Both a 
circular path and a straight line path can be regarded 
as special cases of an oblique ellipse. The shape and 
size of obliquely elliptic stress path are affected by 
three independent factors including incident angle, 
Poisson’s ratio, and depth corresponding to unit 
wavelength. When soil is not close to full saturation, 
but with a degree of saturation of more than 70%, 
Poisson’s ratio will hardly make any great difference 
to the shape of an oblique elliptic stress path in 
foundation soil. Once the incident angle extends be-
yond 45°, the path is mainly in the shape of a vertical 
oblate ellipse and remains almost unchanged with 
variation in the incident angle. Half the length of the 
elliptic long axis La is equal to the maximum devia-
toric stress generated by P-waves, which can reflect 

the dynamic stress level under seismic waves. With 
an increase in Poisson’s ratio within 0.3–0.48, the half 
long axis length declines notably. When the P-wave 
incident angle is within the range 30°–60°, the in-
duced dynamic deviatoric stresses will reach their 
maximum value. In particular, when Poisson’s ratio is 
0.48, the stress amplitudes are more than twice those 
under other incident angles. 

This study shows that for oblique incidence, the 
dynamic stress path under P-waves has a changeable 
shape and the dynamic stress level is possibly higher. 
Therefore, considering only vertically incident seis-
mic waves is not sufficient to cover the most dan-
gerous earthquake conditions, and the study of soil 
dynamic stress response under obliquely incident 
P-waves is necessary. 
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Appendix A 
 
The size of a general oblique ellipse depends on 

the long axis length, and its shape and orientation 
can be described by the polarization angle and el-
lipticity (Fig. 6). The polarization angle is the angle 
between the long axis and the positive direction of 
the X axis (counterclockwise is positive). The value 
of ellipticity reflects whether the ellipse is slender or 
circular in shape. In the general formula of an ellipse 
(Eq. (10)), the coefficients A, B, and C determine its 
shape. 

Likewise, the size and shape of the stress path de-
pend on the corresponding coefficients in Eq. (9). Set-

ting 
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 Eq. (9) can be rewritten 

as 
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If the original coordinate (x, y) is rotated clockwise by 
an angle of θ to the new coordinate (X, Y), the stand-

ard ellipse originally expressed as 
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transforms to 2
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tation by the same angle, which can be rewritten as 
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Combining Eq. (A1) with Eq. (A2) yields: 
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Subtracting Eq. (A3a) by Eq. (A3b) gives 
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Combining the results above, the polarization 
angle is determined by Eq. (A4): 
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The double axes length and ellipticity are also derived 
as 
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Eq. (A2) is rewritten as 
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which is the same as Eq. (11). The derivations of 
analytical expressions of A, B, and C are shown in 
Eqs. (A9)–(A11):  
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Substituting Eqs. (A9)–(A11) into Eqs. (A4)– (A7), analytical expressions for the characteristic parameters 
of any oblique elliptic stress path can be derived as follows: 
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中文概要 
 

题 目：P 波斜入射形成的动应力路径及影响因素分析 

目 的：研究 P 波斜入射下的地基动应力路径，探讨其影

响因素和可能变化范围，为进一步研究斜入射地

震波作用下场地动力响应奠定理论基础。 

创新点：1. 从数学上证明斜入射 P 波在任一深度的地基中

形成的应力路径在剪应力分量（偏差正应力-水平

剪应力）组成的平面中为一个斜椭圆； 2. 分析了

P 波入射角、土体泊松比和单位波长深度对斜椭

圆应力路径形状与大小的影响。 

方 法：1. 基于半无限弹性空间的地震波传播理论，考虑

地震波在自由界面的反射，推导土体中任一深度

处由 P 波斜入射产生的动应力，并表示成由剪应

力分量组成的平面下的应力路径（公式（9））及

该应力路径的特征参数表达式（公式（A12） 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

~（A14））；2. 通过控制变量法，分析参数敏感性

（图 7、9、10 和 12）。 

结 论：1. 虽然证实 P 波斜入射引起的应力路径为斜椭圆

形式，但在地基深度、入射波频率和波速的特定

组合下，斜椭圆仍可从斜线一直变化到圆形，形

式较为多样化；2. P 波斜入射角度在 30~60 时
引起的动偏应力幅最大，最大可达同等条件下其

它入射角产生的动应力幅的 2 倍以上；3. 斜入射

角大于 45后，斜椭圆路径形状几乎不随入射角

改变，在研究范围内以竖直扁椭圆形为主；4. 土

体饱和度大于 70%时，泊松比的变化对土体斜椭

圆路径形状影响不大，但动应力幅随泊松比增大

而显著降低。 

关键词：近场地震；P 波；斜入射；弹性半空间；动应力

路径 


