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Before the geotechnical structures are designed, 

it is often required to determine the mathematical 
physical model of the corresponding geotechnical 
medium to properly describe and predict the behavior 
of the rock and soil during construction and operation 
in deformation and stability (Bouderba et al., 2013). 
With the deepening of our understanding of physical 
phenomena, the geotechnical mechanics, which is 
evolved from the limit equilibrium theory on basis of 
rigid body mechanics to the elastic, elastoplastic or 
viscoelastic theory based on continuum mechanics, is 
now progressed to various non-continuous media 
mechanics methods (Al-Hammoud et al., 2011). In 
this process, various mathematical models have been 
established for the purpose of describing the system 
response of the geotechnical medium system even 
when external environmental conditions are involved. 

In the process of numerical simulation analysis of 
actual geotechnical engineering, the value of ge-
otechnical parameter is often an important factor 
affecting the accuracy, objectivity and practicability 
of geotechnical engineering simulation analysis re-
sults (Bousahla et al., 2014; Meziane et al., 2014; Zidi 
et al., 2014). Because the current geotechnical pa-
rameters obtained by the test method often have large 
deviations from the actual parameters, the geotech-
nical parameters obtained through parameter inver-
sion have always been a research hotspot in geotech-
nical engineering (Hamdia et al., 2018). In recent 
decades, the research on geotechnical engineering 
problem in calculation theory has made great pro-
gress. Not only have many new mechanical models 
and elastic-plastic-viscous calculation methods been 
established, but also indoor simulation tests, field 
measurements, and prototypes have been adopted 
(Nanthakumar et al., 2013, 2016; Khader et al., 2016). 
Observations and other numerical calculations are 
further used to establish new techniques to guide 
geotechnical engineering design and construction 
with using field monitoring and measurement infor-
mation, which leads to the fact that the geotechnical 
engineering calculation theory is gradually becoming 
more and more complete. However, since the value of 
the calculative load or the parameter of the rock mass 
is still subjectively random and the parameters of the 
quantitative deformation of the material by the la-
boratory test are often inconsistent with the actual 
conditions of the project, the practical value of these 
calculation theories still appear quite limited, which is 
prompting people to study the theory of determining 
the value of mechanical parameters with the inversion 
of on-site measurement information in order that the 
established calculation theory can be adopted in en-
gineering practice. Compared with direct searching 
methods, the spacial matrix scale is continually 
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changed to create new search directions during the 
iterations in variable scale gradient methods, which 
hastens the detection of the displacement constants 
and has satisfactory iterative efficiency. In this paper, 
a regenerative Bayesian detection model of stochastic 
foundation constants based on variable scale gradient 
theory is derived and analyzed.  

From the Bayesian theory (Bennoun et al., 
2016; Vu-Bac, 2016), the regenerative Bayesian ob-
jective function J can be derived as 
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where the stochastic vector X=[x1x2…xm]T (m is the 
dimension of the vector X). X0 is the expectation 
vector of the stochastic foundation constants X. The 

measured systematic response data *
iW  of each time 

are extracted from the total measured data W*. Wi is 
the systematic response vector of the computational 

results. 1
XC  is the inverse matrix of covariance ma-

trix of the stochastic foundation constants X. 1

i

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C  is 

the inverse matrix of covariance matrix of the meas-

ured systematic response data *.iW  

The partial differentiation of regenerative ob-
jective function J to the stochastic foundation con-
stants X is expressed as 
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The achieved value X̂  of the foundation con-
stants X can be written as 

 
*

0
ˆ ( ) ( ),    X I MS X MW M W S X     (3) 

 

where  

1 2

1

T 1 1 T 1 T 1 T 1
1 2

1

, , , .
i n

n

i i n
i

   


    



        
 XW W W W

M S C S C S C S C S C

 (4) 
 

I is a unit matrix, and 
T* * * *
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iW  is the measured systematic response vector of the 

ith time. 
T
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computational systematic response vector of the ith 
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 is the sensitivity matrix of 

measured systematic responses of the ith time. Using 
the non-singularity property of CX and W

C , the var-

iance of X̂  can be obtained as 
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n
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i
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C  is the 

covariance matrix of the measured systematic re-
sponse data of the ith time. 

In the previous studies (Bourada et al., 2015; 
Hamidi et al., 2015, 2017), the governing differential 
equations for the Winkler foundation model is ob-
tained with elastic Mindlin plate theory, and the 
Fourier closed solution of the foundation model is 
achieved with Fourier transform method. The sys-
tematic response vector of the computational results 
Wi  can be obtained. 

With variable scale gradient method, the corre-
sponding steps for the detection model of foundation 
constants with regenerative Bayesian theory are as 
follows: 

(1) Select the initial values X0 of foundation 
constants X and assign the convergence criterion ε1 
and ε2. 

(2) From Eqs. (1) and (2), J(X0) and 0( )J X are 

respectively computed. Set the initial matrix H0 equal 
to the unit matrix I and the iterative variable k equal to 
0. 

(3) The searching direction vector is determined 

by ( ).k k kJ  d H X  

(4) With Eq. (4), the optimal step length λ is 

confirmed to make 1( ) min ( ),k k kJ J


  X X d  

where λ can be determined with the 1D quadratic 
parabola interpolation search method. 

(5) When λ is achieved, compute J(Xk+1) and 
1( )kJ  X . 
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(6) If one of the below criteria is satisfied, the 
iteration is convergent, the iteration stops and the 
procedure proceeds to the last step.  
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Otherwise, proceed with the following step. 

(7) If 1( ) ( )k kJ J X X , then let X0=Xk+1 and go 

back to step (2) to reiterate. Otherwise, continue  
iteration. 

(8) Compute the iterative variable scale matrix 
Hk+1: 
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where Sk is the variable vector difference and Yk is the 
gradient vector difference. Then, let k=k+1 and return 
to step (3) for reiteration. 

(9) The detection results of foundation constants 

X are 1ˆ kX X  and the covariance 
X̂

C  of the foun-

dation constants X is obtained from Eq. (5). 
To put the regenerative Bayesian detection of the 

stochastic foundation constants with variable scale 
gradient theory into action, the detection procedure 
named VSGFND.for was compiled and three differ-
ent kinds of Winkler foundations were considered, on 
which three different concrete bearing plates were set, 
each with a simply supported boundary around the 
four edges as shown in Fig. 1. The foundation me-
chanical model and the dimensions and other param-
eters of the plates are presented in (Zhang et al., 2017, 
2018). The uniform load q1 along the z coordinate 
direction was equal to 180.0 N/cm2 and applied on the 
first Winkler foundation. The same kind of uniform 
load q2 equal to 300.0 N/cm2 was applied on the 
second Winkler foundation. A concentrated load P 
equal to 2500 kN was applied to the concrete bearing 

plate on the third Winkler foundation. The displace-
ment measurements and the displacement standard 
deviations of the five selected points on the concrete 
bearing plate are based on the reference (Zhang et al., 
2018). The displacement of each selected point was 
measured five times with consideration of measure-
ment fluctuation.  

 
 
 
 
 
 
 
 
 
 
 
 
To validate the reliability of the variable scale 

searching model of the stochastic foundation constant 
and the correctness of the completed analytical pro-
cedure, the priori information of the stochastic foun-
dation constant was firstly presumed to satisfy the 
precise condition. The priori data of the three Winkler 
foundation constants were respectively 80 N/cm3, 
110 N/cm3, and 60 N/cm3. The two groups of initial 
constant data k10 and k20 were given as 20 N/cm3 and 
180 N/cm3, respectively. The convergence tolerances 
of ε1 and ε2 were both equal to 0.001. Combined with 
the displacement measurement and the displacement 
standard deviation, the variable scale searching re-
sults are shown in Fig. 2 and Table 1. 

Fig. 2 and Table 1 show that although different 
initial foundation constant data were set, the relative 
errors of the foundation constants were far lower than 
5%, and the variable scale searching iterative pro-
cesses steadily converged to the true values. This 
indicates that the regenerative Bayesian detection of 
the foundation constant was correct and the com-
pleted procedure was reliable. The coefficient of 
variation was about 0.06, which was improved with 
the given data. From the analysis of the mechanical 
detection model, the variable scale gradient method 
ceaselessly alters the spacial matrix scale to engender 
new search directions during the iterative processes 
and optimizes the objective function efficiently, 
leading to high computational efficiency. In contrast, 

Fig. 1  Concrete bearing plate on a Winkler foundation
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the Powell direct searching method has to call many 
more runs of the computation subroutine of the re-
generative Bayesian objective function because of its 
dependence on the revision of the objective function 
(Zhang et al., 2018). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In brief, we have derived a regenerative Bayes-
ian detection model of the stochastic Winkler foun-
dation constant based on variable scale gradient the-
ory. The variable scale iterative processes steadily 
converge to the true values, indicating that the derived 
detection model is correct and reliable. Unlike the 
Powell direct searching method, which simply de-
pends on the revision of the objective function, the 

variable scale gradient method always improves the 
spacial matrix scale to engender new search direc-
tions during the iterative processes and optimizes the 
objective function efficiently. Thus, the variable scale 
theory has higher computational efficiency. 
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中文概要 

 
题 目：基于变尺度梯度理论地基参数的修正 Bayes 探索 

目 的：建立弹性地基参数的修正 Bayes 分析模型，并获

得地基参数的变尺度优化结果。 

创新点：推求地基参数的变尺度梯度优化方法，建立地基

参数的修正 Bayes 探索分析模型。 
方 法：建立修正 Bayes 目标函数及弹性地基参数的修正

Bayes 探索分析模型，并利用变尺度梯度搜索方

法进行参数的优化迭代计算。 
结 论：地基参数的变尺度梯度搜索分析模型在优化过程

中能够稳定地收敛于地基参数的真值（图 2）。

变尺度梯度优化理论能够适时地修正空间矩阵

尺度以产生新的搜索方向，并有效地优化修正

Bayes 目标函数。 

关键词：变尺度法；Bayes 目标函数；地基参数；优化 


