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Abstract: Accurate evaluation of the misalignment sensitivity of hypoid gears is a significant foundation for analysis of its dy-
namics and for the calculation of machining parameters. A tooth contact analysis (TCA) methodology considering four kinds of
misalignments is presented to calculate the contact pattern and transmission error. A sensitivity model of contact pattern to misa-
lignments is established to investigate the effects of different alignment errors on meshing performance. By parameterizing the
contact pattern, the influences of offset error, angular error, and the axial error of pinion and gear on the direction, shape, and
position features of contact pattern are studied. Coefficients of four evaluation indexes to different misalignments are defined
respectively, and the minimum sum of the weighted coefficients is utilized to establish a multi-objective comprehensive sensitivity
model. Three curvatures of the pitch cone of the pinion are taken as the control variables, and a global selection space is then built
within the reasonable range of those curvatures. An improved multi-population genetic algorithm (MPGA) is used to find the
optimal set of curvatures to achieve the minimum synthetic sensitivity. TCA results indicate that the offset error and angular error
have the greatest influence on the contact pattern. By adopting this methodology appropriately, the sensitivity of the contact
pattern to misalignments can be reduced. The contributions of this paper can be summarized as: (1) an accurate parameterized
measurement model of the contact pattern; (2) a comprehensive sensitivity model of the contact pattern to misalignments; (3) an
optimization framework consisting of a calculation model of the machining parameters, a TCA model considering misalignments,
and a misalignment sensitivity evaluation model.
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1 Introduction advanced manufacture and tooth contact analysis

(TCA) technology (Bracci et al., 2009; Ding et al.,

Current research on the optimization of the
meshing performance of hypoid gears mainly focuses
on theories of optimal design of tooth surfaces, and
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2016; Guo et al., 2016; Wang et al., 2016; Zhuo et al.,
2017). As a primary tool for analyzing the meshing
qualities of hypoid gears, TCA usually refers to the
unloaded contact analyses of the gear pair, including
the contact pattern analysis and transmission error (TE)
analysis (Litvin et al., 1987; Litvin and Fuentes, 2004).
The tooth contact pattern can show the load distribu-
tion on the mating surfaces visually, while TE is a
metric generally used to evaluate the kinematic sta-
bility of the gear drive (Litvin et al., 1991; Vogel et al.,
2002). In fact, the contact pattern and TE are jointly
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determined by the design principle, machining accu-
racy, and installation errors (Fan and Wilcox, 2007).
Originally, Gleason Works, USA developed a
local conjugate theory (LCT) to control the meshing
quality by observing the contact pattern on tooth
surfaces directly, and the contact pattern was usually
controlled in the middle of the tooth surface to ac-
commodate different load conditions (The Gleason
Works, 1971; Stadtfeld, 1993). Later, Litvin and
Fuentes (2004) presented a local synthesis method
(LSM) that established a relationship between the
local geometry and relative motion of the mating
surfaces at the calculation point, in which the contact
patterns were used to evaluate the meshing quality. In
(Achtmann and Bir, 2003), a series of determined
bearing ellipses were adopted to represent the contact
pattern, the position, shape, and inclination of which
have been worked out respectively. Based on these
data, an influence function was designed that de-
scribed the effects of the supplemental flank correc-
tion motions on tooth contact states. Artoni et al.
(2008) proposed an approach to automatically opti-
mize the loaded contact pattern of spiral bevel gears.
By improving the results of TCA, an optimal design of
hypoid gears can be achieved (Mermoz et al., 2013).
Misalignments of a gear drive are the deviations
of the gears from their ideal positions relative to each
other, which can affect the load distribution and
consequently the stress distribution on the full tooth
surface. Due to machining errors, installation errors,
and fluctuating loads, a hypoid gear drive inevitably
operates with misalignments. Baxter and Spear (1961)
studied the sensitivity of the curved-teeth bevel gear
pair and used a “4x2” matrix to express the effects of
a number of second-order meshing parameters on the
sensitivities of installation errors. Based on the TCA
approach, Litvin et al. (1995) researched the effects of
misalignments on the transmission error and other
meshing properties of hypoid gears, and then pro-
posed a new method for absorbing the influences of
installation errors by predetermining a parabolic TE
function. Simon (1996) performed a TCA calculation
on a pair of mismatched hypoid gears. He then studied
the effects of misalignments of the pinion on meshing
properties, and concluded that mounting errors may
cause edge contact, and considerably worsen the
conjugate state of the meshing surfaces, and thus
worsen the load distribution (Simon, 1998). Simon
(2008) studied the influences of misalignments on the

contact stress, bending stress, and loaded transmis-
sion error, and proposed an optimization method to
reduce the sensitivity of alignment errors. Gabiccini
et al. (2010) made an automatic program to optimize
the loaded contact pattern of face-milled hypoid gears
with the consideration of mounting errors varying
within prescribed ranges. Hotait et al. (2011) studied
the effects of misalignments on tooth root stresses of
hypoid gears experimentally, then proposed a model
to predict the root stresses of face-milled and
face-hobbed hypoid gears under various bearing and
mismatching conditions. Simon (2014) presented an
optimization approach for defining the optimal cutter
geometry and machine-tool settings for reducing
the sensitivity of spiral bevel gears to mounting er-
rors. He studied how to apply this approach to mini-
mize the effects of misalignments on the elasto-
hydrodynamic lubrication features of spiral bevel
gears.

Misalignment sensitivity analysis requires ac-
curate description of contact characteristic parameters
and relative mounting positions. Parametric modeling
of the contact pattern and detailed discrimination of
the effects of different alignment errors are necessary
but are rare at present. In addition, previous studies
mainly focused on how to evaluate and reduce the
effects of misalignments on meshing properties, while
ignoring analysis of the sensitivity of the contact
pattern to mounting errors. Moreover, after analyzing
the influences of misalignments, most studies focused
on how to improve the meshing quality, while ne-
glecting the elimination of adverse contact states,
such as edge and corner contact states. Actually, due
to the change of the load and assembly state, the real
contact pattern may move to the edge of the tooth
surface, which may lead to the failure of the optimi-
zation (Deng and Wei, 2012; Wang et al., 2018). In
this paper, a TCA methodology considering four
kinds of misalignments is presented to obtain a con-
tact pattern and a TE curve. An accurate measurement
model of the contact pattern is established. After that,
a sensitivity model of the contact pattern to misa-
lignments is established for studying the effects of
four kinds of mounting errors on meshing properties.
Both the contact pattern and the TE curve discussed in
this paper are calculated from the unloaded TCA,
which is a common tool used to evaluate the geometric
contact characteristics of hypoid gears. Therefore, the
effects of gear material on the meshing performance
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are not covered in this study. Similarly, for the loaded
tooth contact analysis, such as the effects of changes
of the contact pattern on friction, pressure, scars, and
other contacting characteristics, which are not studied
in this paper, reference should be made to the fol-
lowing (Xu and Kahraman, 2007; Kolivand and
Kahraman, 2009; Fan, 2011; Mohammadpour et al.,
2014; Elisaus et al., 2017; Vivet et al., 2018). With
respect to the above review of the literature, the con-
tribution of this paper can be summarized as: (1) an
accurate parameterized measurement model of the
contact pattern is established; (2) a comprehensive
sensitivity model of contact pattern to misalignments
is built; (3) an optimization framework consisting of
the calculation model of the machining parameters, a
TCA considering alignment errors, and a misalign-
ment sensitivity evaluation model is constructed.

2 Parametric description of misalignments
and contact pattern

Due to processing errors, installation errors, and
different load states, the position, shape, and direction
of contact patterns on tooth surfaces are uncertain,
which complicates the evaluation and analysis of the
influences of misalignments. Hence, parametric
modeling of misalignment and contact patterns is
necessary for evaluating the meshing properties.

2.1 Equivalent misalignments

According to ANSI/AGMA 2008-C01 Assem-
bling Bevel Gears (ANSI-AGMA, 2008), four types
of installation errors need to be controlled when hy-
poid gears are mounted on a machine: the pinion axial
error Hp, the gear axial error Hg, the offset error V, and
the angular error 2’ between the pinion axis and the
gear axis, as shown in Fig. 1. Similarly, Litvin et al.
(1995) also used these four misalignments to describe
the installation errors of a hypoid gear pair. We thus
chose these four types of misalignments for study.

2.2 Parametrization of the contact pattern

Based on Hertzian contact theory, the instanta-
neous contact area on a tooth surface can be ap-
proximated as an elliptical shape. However, with the
movement of the instantaneous contact area on the
tooth surface, what will eventually form on the entire

tooth surface will be a rectangular or curvilinear
shape. Parametric characteristics of the contact pat-
tern include the direction angle y.,, the area S.,, and
the coordinate [xc, ycp] Of the centroid, as shown in
Fig. 2, where the abscissa axis X; represents the root
cone of the tooth, O, represents the apex of the root
cone, and S, represents the gear tooth surface.

2.2.1 Direction angle y., of the contact pattern

The direction angle y., is generally used to de-
scribe the distribution of the contact pattern on the
tooth surface. In order to prevent defects such as outer
diagonal contact, ill-shape contact, and no intersec-
tion of the adjacent TE curves, y., is chosen as one of
the description parameters. y., is defined as the angle
between the root cone of the tooth blank and the line
connecting the points GT and GS (on the contact
trajectory of the gear, the points where the teeth touch
each other or separate from each other are respec-
tively named GT and GS, which are the beginning and
the end of the cycle of meshing for one pair of teeth
(Litvin and Fuentes, 2004)), as shown in Fig. 3.

In some previous studies, such as the LSM
(Wang and Ghosh, 1994; Litvin and Fuentes, 2004),
the direction angle of the contact trajectory is gener-
ally defined as the angle between the root cone and
the tangent line of the contact trajectory at the calcu-
lation point, as shown in Fig. 3. Actually, the tangen-
tial direction at the single point cannot determine the
entire contact trajectory throughout the meshing
process. The points on the contact trajectory but out-
side the curve from GS to GT are meaningless be-
cause at these points the mating surfaces have been
separated from each other or have not yet touched
each other. In this study, the calculation principle of
Yep 18 redefined as

Yo = Ve
7. = arctan {'—J , (D)
X, =X,

where [x,,y, ], [x. ,», ] are the coordinate values

of GS(c;) and GT(c,), as shown in Figs. 2 and 3.
2.2.2 Area S, of the contact pattern

Scp represents the area surrounded by the end-
points of all contact ellipses, which reflects the load
bearing capacity of the gear pair, since a larger S, is
more conducive to distributing the load and avoiding



414

Wang et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2019 20(6):411-430

Wy
Y
Y
LG =R ’
[
/ a
Oy M:OF‘\ XwXp Xu
Z5 g

Zn
Zn

Fig. 1 Relative mounting errors of a hypoid gear pair

o, is the rotate speed of the gear; e, is the rotate speed of the pinion; other parameters are explained in the main text
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stress concentration. Because the boundaries of the
contact pattern are all curved, in order to obtain S,
accurately, the long boundaries of the contact pattern
and the contact trajectory are respectively dispersed
into n discrete points, as shown in Fig. 2. Therefore,
the area S, can be calculated based on

n-1

5, =5 3x( 4K 48] @

p=1

where n represents the number of points at which the
left-side boundary, the right-side boundary, and the
contact trajectory of the contact pattern are discre-
tized during the TCA process. V,, Vs, and V. are the
transition variables, and

X, v, 1
Vo= X, Yo, s
A p+1) y“tpm 1
X, Ve, 1
V, = p) y“tpm 1,
bipi1) yblp+1) 1
x, Y., 1
Vo=|x, Vb, 1
xb(;)+1) yb(uﬂ) 1

x, and y, represent the abscissa and the ordinate of
13

the pth point on the left-side boundary of the contact
point, respectively, and p=1, 2, ..., n—1. X, and Vs,
represent the abscissa and the ordinate of the pth point

on the right-side boundary of the contact point, re-
spectively. x, and y, represent the abscissa and the

ordinate of the pth point on the contact trajectory of
the contact point, respectively.
2.23 Coordinate [x,, y.,] of centroid of contact

pattern

As shown in Fig. 2, the coordinate of the cen-
troid of the contact pattern determines its position on
the tooth surface, and coordinates can be calculated
based on

+ (x”u + xa<u+l> + x”(pm ) ’ V”

+(xcu +x, +xb<u+l)).[/;:|

-1

\
1
(98]

X
? 3

(m+m+nﬂ,

n—1
%=;H%+m+mmyﬁ
+(yc,, +yaw, +yb“,+”)‘Vb 3
+(yc,, +J/bp +J’b(,,+,,)'V(} ®

[ nn)]

These parameters can accurately determine the
direction, shape, and position of the contact pattern, to
be used in the following sensitivity modeling as the
evaluation parameters.

3 Modified TCA algorithm

The TCA algorithm considering alignment er-
rors (AE-TCA) is a special tooth contact analysis
approach that considers only installation errors, not
machining errors. This is an effective method for
studying the sensitivity and tolerance of misalign-
ments. Before the tooth contact analysis, both the
gear surface equations and the pinion surface equa-
tions should be formulated based on the tooth blank
parameters, machine-tool settings, and the cutter
parameters. The assembly coordinate system with
mounting errors is shown in Fig. 1, where Op and Og
are the predetermined origins of the pinion coordi-
nate system and gear coordinate system, respectively.
Sp (Op, Xp, Yp, Zp) and Sg (Og, Xg, Yg, Zg) are the
coordinate systems fixed on the pinion and the gear,
respectively. Sy (Ou, Xu, Yu, Zg) is the global as-
sembly coordinate system. /" and E are the ideal shaft
angle and the offset between the pinion axis and the
gear axis, respectively. Sy (Om, Xm, YMm, Zm) and Sy
(On, XN, Yn, Zn) are the auxiliary calculating coor-
dinate systems corresponding to the pinion and gear,
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respectively. ¢, and ¢, are the real rotation angles of
the pinion and gear, respectively.

On the pinion surface S, and gear surface S, the
radius vectors r, and r, and normal vectors n, and n,
of Sp and Sg can be described as

b =10, 4,), o =1,(0,,9,),
{" ,(6,,4,) {” n,(6,,4,) @

r,=1,0,.4,), |n,=n,0,,4,),

where 6, and 0, represent the cutter rotation angles of
the pinion and gear, respectively; ¢, and ¢, represent
the work-piece rotation angles of the pinion and gear
during the machining process, respectively.

Based on spatial coordinate transformation the-

ory (Wu, 2009), the radius vectors r} and rf and

normal vectors nj, and nj in Sy can be represented

as

ny =M, (H, )M, (9)r,(6,. 8,),

=My (Hg, E+V, I+ )M (0,)r,(6,. 4,).
nhy = Ly, (Hy) Ly (9)1,(6,. 6,),

ng =Ly (Hg, E+V, T+ X)Ly (9,)n,(6,.4,).

)

where My, Myp, Mun, and Mg are the fourth-order
homogeneous matrixes for transforming the calcu-
lating coordinate systems, which respectively repre-
sent the transformation matrix from Sy (Owm, Xum, Y,
Zy) to Sy (Oy, Xu, Yu, Zu), the transformation matrix
from Sp (Op, Xp, Yp, Zp) to Sm (Om, XM, Ym, Zum), the
transformation matrix from Sy (On, Xn, Yn, Zn) t0 Sy
(Ow, Xu, Yu, Zn), and the transformation matrix from
86 (Oa, Xa, Y, Zg) to Sn(On, XN, YN, Zx). Lum, Lp,
Ly, and Lyg are the matrixes corresponding to My,
Myp, Myn, My but the last rows and last columns are
removed. Myn(Hg, E+V, I+E)Myc(p2) can be ex-
pressed as

M (H,, E+V, [+2) M (p) =

cos(/"+2)  sin(/"+2)sing, sin(/"+X)cosp,  —H_ cos(/"+2)
0 oS, —sing, E+V

—sin(I"+5) cos(I+D)sing,  cos(I"+S)cosg, H sin([+5) |
0 0 0 1

(6)

and Myun(Hp)Myp(@1) can be expressed as

1 0 0 H,
0 cosp, -—sing, O
M, (H,) My (p) = o I (7N
0 sing, cosp, O
0 o0 0 1

As shown in Fig. 4, based on the meshing theory
of conjugate surfaces (Litvin et al., 1991), during the
meshing process, the two conjugate surfaces are con-
tinuously point-contacting each other, and there is a
tangent plane and a shared normal vector between the
two surfaces, so the TCA equations considering in-
stallation errors can be expressed as

rI:(Hp’ ¢p5 (p1) =r1§(0gs ¢g5 ¢2)7
ny (0, 9,,9) = n;(6,. 4, p,), ®)

g pe _
ng Vi =0,

where V,[® represents the relative speed vector at the

contacting point of the surfaces of pinion and gear,
which can be described as

Vit = (o - @f) <, )

where @ and @f represent respectively the rota-

tional angular velocities of the pinion and the gear
during the meshing process, and can be defined as

o =[-1 0 0,

aﬁ:%MHN(HG,E+V,F+2)MNG((p2)[1 0 qf,

(10)

where N, and N, are the numbers of teeth of the pinion
and the gear, respectively.

After projecting the radius vectors and normal
vectors to the axes of the assembly coordinate system,
the vector equations can be transformed to scalar
equations, which contain six unknowns 6, ¢,, @1, 0q,

$o, and ¢,. Since nj, and nj; are unit vectors such
that |n§1| = |n§| =1, the number of independent scalar

equations is five. To solve the five equations, taking
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@1 as an input variable, and leaving the other un-
knowns 8y, ¢y, s, ¢, and @, to be worked out after-
wards, then the contact points on the surface of the
pinion and of the gear will be obtained. Adjusting ¢,
to a specific step size and repeating the above calcu-
lation process until the current contact point is outside
the effective boundaries of the surfaces, the path of
the contact points can be obtained, and the transmis-
sion error of the gear drive is defined as

N
Ap, =(p, — ) —— (0, — ), (11)

N,

where ¢ and ¢, are the initial rotation angles of the

pinion and gear, respectively.

system

2

Fig. 4 Conjugate surfaces of a hypoid gear drive

For each instantaneous contact point, the cutting
tool surface’s principal directions and principal cur-
vatures are known. Based on the curvature relation of
two line-contact surfaces, the principal directions and
principal curvatures of the surfaces of pinion and gear
can be worked out. According to the curvature rela-
tion of two point-contact surfaces and considering the
given elastic deformation d=0.00635 mm (Fan and
Wilcox, 2007), the direction and dimensions of the
contact ellipse can be calculated. All of the ellipses on
the contact trajectory constitute the entire contact
pattern. It should be noted that the unloaded TCA
approach used in this study is a geometric contact
analysis tool, which calculates the contact pattern and
TE curve based on the gear geometry and the relative
curvature parameters of the tooth surfaces. The in-
fluence of the relative sliding of the tooth surface is
not considered.

4 Sensitivity analysis of contact patterns to
installation errors

A face-hobbed hypoid gear pair is taken as the
case for the sensitivity analysis of the contact pattern
to alignment errors. The gear is processed by the
generated method, and the pinion is processed by the
cutter-tilted method. Basic geometric parameters of
the example hypoid gears are given in Table 1. Re-
ferring to the settings of Litvin et al. (1995) and Si-
mon (1998), variation ranges of the linear misalign-
ments Hp, Hg, and V are set as [—0.3, +0.3] mm, and
the variation range of the angular misalignment X is
set as [-0.3°, +0.3°]. The change rules of ycp, Scp, X

cp 2

and y,, are summarized in Fig. 5.

Angular misalignment X' has the greatest influ-
ence on the direction angle, area, and position of the
contact pattern. Besides 2, the direction angle y., is
most sensitive to the offset misalignment ¥, while the
area S, is most sensitive to the gear axial misalign-
ment Hg. Position of the contact pattern on tooth
length direction is most sensitive to the offset misa-
lignment ¥, while the position of the contact pattern
on tooth depth direction is most sensitive to the offset
misalignment }” and pinion axial misalignment Hp.
The changes of the contact trajectories on the gear
surface and pinion surface are shown in Fig. 6 (p.419).
The offset misalignment V' and the angular misa-
lignment 2 have the greatest influence on the direc-
tion angle and the position of the contact pattern. The
influence of the axial misalignment Hg of the gear is
minimal, followed by the axial misalignment Hp of
the pinion. Table 2 (p.419) gives a summary of the
displacement trends of the contact patterns, which are
the same as those obtained by Litvin et al. (1995). The
change rules of the TE curves affected by the four
misalignments are illustrated in Fig. 7 (p.420).

It can be observed from Fig. 7 that the influence
of the axial misalignment of the gear, Hg, on the
transmission stability is minimal, followed by the
axial misalignment of the pinion, Hp. The running
offset misalignment /" and the angular misalignment
2 have the greatest influence on the transmission
stability of the gear drive. These change rules verify
the above conclusions of the impacts of misalign-
ments on the contact trajectory and the evaluation



418 Wang et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2019 20(6):411-430

Table 1 Design data of the hypoid gear pair

Description Description
Item Item
Pinion (left-hand) Gear (right-hand) Pinion (active) Gear
Number of teeth 7 36 Face angle (°) 17.57 77.28
Shaft angle (°) 90 90 Root angle (°) 12.37 71.97
Outer cone distance 197.29 185.04 Pitch apex beyond 12.17 -0.75
(mm) crossing point (mm)
Offset (mm) 38 38 Face cone apex beyond 441 —-1.06
crossing point (mm)
Tooth width (mm) 54.22 48.00 Root cone apex beyond 4.73 —0.66
crossing point (mm)
Mean spiral angle (°) 50.00 36.38 Mean addendum (mm) 12.87 1.93
Pressure angle (°) 22.5 - Mean dedendum (mm) 4.22 14.85
Pitch angle (°) 13.0 76.6 Working depth (mm) 14.84 14.84
Tool fillet radius 1.4 (convex) 32 Tool nose radius (mm) 162.0 (convex) 152.4
(mm) 1.4 (concave) 141.0 (concave)
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Fig. 5 Change rules of evaluation indexes of contact pattern
(a) Direction angle of contact pattern, y.,; (b) Area of contact pattern, Sgp; (c) Abscissa value of contact pattern’s centroid,
X, 5 (d) Ordinate value of contact pattern’s centroid, J,,
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parameters of the contact pattern, which provide the

basis of the following optimization process.

Table 2 Shift of contact trajectory due to misalignments

Misalignment Shift on gear Shift on pinion
Hg (+) Heel and low Heel and high
Hs (-) Toe and high Toe and low

V(+) Toe and high Toe and low

V() Heel and low Heel and high
Hp (1) Toe and high Toe and low
Hp (-) Heel and low Heel and high
2 () Toe and high Toe and low

2() Heel and low Heel and high

20 ~*Hg: 0 mm
Hg: +0.3 mm
15+ +Hg: -0.3 mm

Tooth height (mm)

20 30
Tooth length (mm)

N
o

~V:0 mm
V: +0.3 mm

-
[}

Tooth height (mm)
=

o

20 30
Tooth length (mm)

20 [+Hp: 0 mm

a2 a
a o o

Tooth height (mm)

=

0 10 20 30 40
Tooth length (mm)

a0 o N
o o »u O

Tooth height (mm)

o

0 10 20 30 40
Tooth length (mm)

5 Sensitivity optimization design

To improve the meshing performance and the
stability of the gear drive, the centroid of the contact
pattern should be located in the middle of the tooth
surface and the area should be appropriately larger to
optimize the load distribution (Zeng, 1989). The
effective overlap ratio (EOR) can reflect the number
of simultaneously meshing tooth pairs. In a reasona-
ble range, the EOR will increase with the decrease of
Yep (Zeng, 1989), and a higher EOR can enhance the
gear pair’s bearing capacity and reduce meshing
vibration (Deng and Wei, 2012). Therefore, the
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Fig. 6 Impacts of the installation errors on the contact trajectory on the gear and pinion surfaces
(a) Hg: £0.3 mm; (b) V: £0.3 mm; (¢) Hp: £0.3 mm; (d) 2: +£0.3°
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Fig. 7 Change rules of transmission error affected by the four misalignments
(a) Hg: £0.3 mm; (b) V: £0.3 mm; (¢) Hp: £0.3 mm; (d) 2 +£0.3°

direction angle y., should be controlled within a rea-
sonable range.

5.1 Sensitivity model of contact pattern

Taking yep, Sep, X

> and y, obtained in the state
without installation errors as the theoretical parame-
ters, the contact pattern errors are defined as the dif-
ferences between the theoretical values and the actual

values of the four parameters. A, Ay, AScp, Ayep

cp?
represent the centroid’s horizontal and vertical posi-
tion errors, and the area and the direction angle errors
of the contact pattern, respectively, and can be de-
scribed as

Ajch :.fx(HP’H(;aV: 2);
Aj}cp :fiv(HPDHGvVaz)v
AScp :f;(HP5HG5V>2)’
= f,(Hy, Hy, V, 5).

(12)
Ay,

The sensitivities of the contact pattern to in-
stallation errors are defined as the changing rate of
the four description parameters Hp, Hg, V, and X rel-
ative to equivalent misalignments Ax_, Ay, ASc,

cp?

and Ay,,. The larger the absolute value, the more
sensitive the parameter will be, which can be repre-
sented as

5, =/ = { KA }

* | éH, 8H, oV’ ox
s, =Vf, - { 9, 9 9, }

Y | oH, oH, oV’ oX (13)
5, =vf - { KA }

*|oH, 8H, oV’ ox

9, 9

Sy =V = {aH oH, oV’ o

5.2 Multi-objective function of sensitivity

Considering the comprehensive effects of these
four kinds of misalignments, the sensitivity optimi-
zation problem of the contact pattern is actually a
multi-objective problem, which can be represented
as

{

Vi

4 4
s minZ‘SS, ‘, min Z‘S% ‘}
i=1 i=1
(14)
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Eq. (14) represents the minimum misalignment
sensitivity for each of the above four indicators. In
order to translate the multi-objective function to a
single-objective function, the four sub-functions are
weighted based on the conclusions of the above sen-
sitivity analysis. After weighting the four goals, the
multi-objective function can be described as

>

4 4 4

min f(d)=CY|S, [+ C,Y[s, |+ C Y
i=1 i=l i=l
C+C+CG+C, =1,

S,

S,

+ qi
i=1

S%’

(15)

where d; represents the optimization control variables,
and C; (i=1, 2, 3, 4) represents the weighting coeffi-
cients for the four sub-objective functions, which can
be determined based on the conclusion of the above
sensitivity analysis and the assembly and bearing
requirements in practice. It can be seen from Figs. 5
and 6 that the horizontal position and the area of the
contact pattern are more sensitive than the vertical
position and the direction angle, so in the following
study, C; and C; will be set larger than C, and Cj.

5.3 Optimization process

According to the conjugate contact theory and
gear meshing principle (Litvin and Fuentes, 2004),
the induced normal curvatures and induced geodesic
torsion jointly determine the meshing features (Zeng,
1989). In both LCT and LSM, firstly, the gear surface
S, must be derived based on the tooth blank parame-
ters, machine-tool settings, and the cutter parameters
(Zeng, 1989; Litvin and Fuentes, 2004). The convex
and concave surfaces of the gear are all determined,
and thus contact properties only depend on the cur-
vatures of the pinion surfaces. The essence of LCT
and LSM is to adjust the induced normal curvatures
and induced geodesic torsion between the contacting
surfaces by adjusting the curvatures of the pinion.

As shown in Fig. 8, the curvatures 4,, B,, and
C, of the gear surface at the calculation point can be
computed based on the line-contact conjugate theory
(Wu, 2009). Based on the line conjugate contact the-
ory, three induced curvatures Ad,,, ABpg, and AC,,
between the imaginary pinion and the gear can be
calculated. By calculating the difference between A4,
B,, C; and AA,,, ABp, AC,,, the curvatures Ay, By,
and G, of the design pitch cone of the imaginary

pinion can be obtained, which is line-contacting with
the gear. In LCT, the gear designer will calculate the
curvature correction values A4, AB, and AC based on
Api, By, and Cy to turn the contact state from the fully
conjugate line-contact to the locally conjugate point-
contact. Then the curvatures 4, B,, and C, of the
design pitch cone of the pinion can be obtained based
on A4, AB, AC and Ay, By, Cp, which is point-
contacting with the gear.

In this methodology, after getting the curvatures
Ap, By, and C, of the pinion surface by LCT, the target
scope of 4, By, and C, is set to a predetermined range
A,", B,", and C," based on the initially obtained value
of 4, By, C,, which can be obtained based on

A, =[(1-a)4,, (1+a,)4,],
B! =[(1-b,)B,, (1+h,)B,],
Cl =[(1-¢,)C,, (1+¢,)C,1,

(16)

where ay, by, ¢, are the scaling factors of 4, By, C,,
respectively, which should be determined by the ac-
tual case of the gear pair and generally set as 0.05 to
0.1. After the new range is established, the initial
individual X*=[4,", B,", C,'1" (k=1, 2, ..., M,) of 4,,
By, C, will be generated by the M, individuals ran-
domly selected from 4,, B,', C,', where M, is the
preset number of the individuals. To avoid interfer-
ence between the gear and pinion surfaces, each new
set of 4,, By, and C, in X* must satisfy

Ad=A4,- 4,

AAAB —(AC)* > 0.

AB=B, -B

pl?

AEETE g

The initial set of 4, B,, C, and the global selec-
tion space of the curvatures of the pinion are illustrated
in Fig. 9. The design pitch cone and the generating
pitch cone of the pinion are not collinear, and the angle
Abetween them can be calculated from (Zeng, 1989)

SlnA:(T;y 1;3’3 Np); (18)
cosd=T, -T,,
where T, and T, represent the unit vectors along the
tooth trace directions of the design pitch cone and
generating cone, respectively, and [V, represents the
unit normal vector of the pinion surface.
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For each individual in X* , the curvatures A;k,

Br:", C;" of the pinion along the direction of the

generating pitch cone can be computed based on the
Euler and Bertrand formulas (Zeng, 1989).

r_ 2 .2 :
Ay =A,cos” A+ B sin” A—-2C sin Acos 4,
B = A, sin® A+ B, cos’ A+2C, sin Acos 4,
C =(4, —Bp)sinAcosA+Cp(cos2 A—sin® A).

(19)

According to 4, B

. C;k and the geometric
parameters of the gear pair, the machining radius ry*
of the cutter head of pinion can be calculated, and the
formulas are those in (Zeng, 1989). Then the param-
eters of the pitch cone of the generating gear of the
pinion, such as the pitch cone distance Ry lk, pitch cone
angle 501k, and the helical angle [)’01k, can be obtained
(Zeng, 1989). Based on the tooth blank parameters
and geometric parameters of the pinion and the pitch
cone parameters of its generating gear, the machine-
tool settings AXBk, AXDk, AEmk, Srk, qk, ik, jk, ymk, mcpk
can be calculated (Zeng, 1989), as shown in Fig. 10
and Table 3.

The coordinate systems S (Omi, Xinls Yinl> Zml)s
Sa (O X Yoy ), $1 (01, X1, Y1, Z)), Se (O, Xe, Yo
Z.), Su (Oy, Xy, Yy, Zy) are respectively fixed to the
machine-tool, the work-piece stage, the pinion work-
piece, cradle, and cutter. The cutting ratio m;, is also
an adjustable machine-tool parameter which is de-
fined as

m_=—c (20)

where w. and w,, are the rotate speeds of the cradle
and work-piece, respectively.

Based on the obtained machine-tool settings,
tooth blank parameters and cutter parameters of the
pinion, the equations of the pinion surfaces Spk can be
deduced. After that the gear and the pinion are as-
sembled in the meshing coordinate system with four
installation errors Hp, Hg, V, 2. The AE-TCA between
the gear surface S, and the pinion surfaces S,* con-
sidering misalignments, can be performed, then the
evaluation parameters ycpk, Scpk, xcpk, ycpk of the contact
patterns can be obtained. Based on these evaluation
parameters, the sensitivities Syk, Ssk, Sxk, Syk of the

contact pattern to four installation errors can be
worked out. According to the sensitivity analysis, the
weighting coefficients C/ (=1, 2, 3, 4) for four
sub-objective functions corresponding to four evalu-
ation parameters can be determined. The compre-
hensive sensitivity between S, and the pinion surface
Spk corresponding to each individual in the genera-
tion can be calculated. Then, the minimum of the
comprehensive sensitivities of this generation is ob-
tained. Before reaching the termination condition, the
above calculation will be performed iteratively by
using a genetic algorithm (GA). The machine-tool
settings of the pinion are continuously updated, and

We
Omi Xl
AEm| %
Yn 4y1
[e>]
AX/ 4 1 X, /
On Ym
Z1 01 ) Oq
Zn Zq

(b)

Fig. 10 Cradle-type generator model
(a) Machine-tool model; (b) Machining coordinate system

Table 3 Motion elements of the cradle-type generator

Item Related motion | Item Related motion
i Tiltangle AE,, Blank offset
j  Swivel angle AXy Sliding base
q Basic cradle angle| AX, Machine center to back
S;  Radial setting Ym  Machine root angle
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consequently the pinion surface Spk is also updated.
Finally, the individual with the minimal sensitivity is
calculated, and thus the machine-tool settings and the
tooth surface S," can be obtained.

5.4 Constraints

In order to avoid the edge and corner contact
states, the distribution of the contact pattern should be
limited within a reasonable range on the tooth surface.
As described in (Zeng, 1989; Wang et al., 2018),
compared with the unloaded meshing state, the
boundaries of the contact pattern under the loaded
state will extend towards the edges of the tooth sur-
face. Therefore, in the unloaded condition, the edges
of the feasible region of the contact pattern should
move a certain distance inward from the actual edge,
as illustrated in Fig. 11.

Feasible region edges

Facecone_ _ —g———mcm—-="""" \
————————————— ' heel
1 L Llace Lface ee .
y toe \ \Heel line
Toe line! - Mo L'heel ‘.I
\ toe  L'root Lroot II

Feasible region edges Real root cone Efféctive root cone

Fig. 11 Feasible region of the contact pattern

The distances between the calculating point M,
and the face cone, effective root cone, toe line, and
heel line are named Lyace, Lroots Lioe, aNd Lpeel, TESPEC-
tively. Similarly, the distances between M, and the
corresponding edges of the feasible region are named
L'taces L'roots L'toes and L'yeer. A shrinkage ratio of the
four directions has been used to define the feasible
region, which can be represented as

ipn=1L,/L,, 21
where the subscript D represents the face, root, toe, or
heel. As described in (ANSI-AGMA, 2005), ip is
generally set in the range from 0.85 to 0.95. As shown
in Fig. 12, assuming the new regions on the gear and
pinion surfaces are Sg* and S, respectively, if there is
a real contacting point P, on these regions (Fig. 12a),
the following expressions can be derived:

ngdce + S;oot + S;oe + S;eel — S

g’
Sface +Smot +Stoe +Sheel _ S* (22)
P p P p " “po

where ngace, S, S, Sgheel are the triangular areas
respectively formed by the contacting point Py with
the new edges corresponding to the face cone, root
cone, toe line, and heel line. If Py is outside the con-
strained area (Fig. 12b), the following expressions can
be derived:

face root toe heel *
Sg +Sg +Sg +Sg >Sg,

Sface +Srom +Sme +Sheel > S* (23)
p p p p p’

Contact trajectory

(b)

Fig. 12 Feasible region of the contact pattern
(a) Reasonable contact point; (b) False contact point

5.5 Constraint strategy of feasible region

In previous studies, for the convenience of
computation, the researchers have usually limited the
contact trajectory rather than use the entire contact
pattern to control the meshing properties. In fact, the
contact pattern consists of the instantaneous contact
ellipses, so the length of each ellipse’s long axis must
be considered in the design of the pattern of the fea-
sible region of contact. Furthermore, the curves below
the intersection of two adjacent TE curves are
meaningless because these curves correspond to the
states in which the gear and pinion have separated
from each other or not yet touched each other. The
constraint strategy in this study can be summarized as
shown in Fig. 13.
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/ A pair of spiral bevel or hypoid gears /

| Tooth contact analysis
Y Y
| TE curves " Contact patterns |
# + : """""" :
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intersections contact points 1 pinion's
E processing |
¥ | parameters |}
Endpoints of the points’ b !
contact ellipses’ major axes

In the feasible region
of the surfaces?

Yes y

/ Acceptable gear pair /

Fig. 13 Constraint strategy of feasible region

6 Optimization algorithm

With the rise of intelligent algorithms, more and
more engineering problems have been successfully
solved by heuristic optimization approaches, includ-
ing the GA. GA is a nature-inspired stochastic opti-
mization method which is suitable for solving com-
plex technical problems. However, few studies have
used intelligent algorithms for the optimum research
of spiral bevel and hypoid gears.

As mentioned above, the multi-objective func-
tion is established based on TCA results after virtual
machining and virtual assembly processes. This
makes it a complex nonlinear problem. Due to the
limitations of local convergence and premature
convergence, GA generally cannot find the optimal
result of such a strong nonlinear problem. In the last
few years, a multi-population genetic algorithm
(MPGA) has been proposed to eliminate the defects
of GA (Pourvaziri and Naderi, 2014) as shown in
Fig. 14.

The variation scopes of the curvatures are all
constrained within a tiny range, while the new indi-
viduals have a certain degree of randomness, which
may make the optimal solution of the offspring pop-
ulation not as good as that for the parental population.
Considering the complexity of the multi-objective
function, these factors will reduce the calculation
speed. The cooperative operation of the elitism
strategy and population catastrophe strategy has been
introduced into this algorithm, as shown in Fig. 14.
The elitism strategy means the best solution of pa-
rental population must be retained to the offspring
population. Population catastrophe strategy means
that when the average fitness value of the current
population is close to the optimal fitness value, the
mutation rate of the offspring population should be
artificially improved.
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Fig. 14 MPGA with elitism preservation and population catastrophe cooperative strategy
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7 Case study

A hypoid gear pair (the gear is processed by the
generating method, and the pinion is processed by
the cutter tilting method) is chosen to verify the
feasibility of this method. The basic geometric pa-
rameters and cutting tool parameters of the example
gear pair are given in Table 1, the convex surface of
the gear and the concave surface of the pinion are the
working surface of the gear drive, which have been
chosen as case studies. The four equivalent misa-
lignments are shown in Table 4, and the original
contact patterns and transmission error curves are
shown in Fig. 15.

Table 4 Equivalent misalignments

Hg (mm) Hp (mm) V (mm) 20
0.17317 0.11827 0.10851 0.10119
20

Contact pattern with
15 misalignments

~ Contact pattern

Tooth height (mm)
>

5 without misalignments
o |
0 10 20 30 40 50
Tooth length (mm)
(@)
20
15

Pinion
Contact pattern
+~~ without misalignments

-
o

Tooth height (mm)

51 [vih ehiorments
0
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(b)

0.5

0.0
-0.5

ransmissiol
error curves
without

isalignments

-1.0

-1.5

T . -
ransmission erfor
-2.0 - curves with

misalignments
-2.5

-0.2 -0.1 0.0 0.1 0.2 0.3
Gear rotation angle (rad)

(c)

Fig. 15 Contact patterns on gear (a) and pinion (b) and
TE curves (c) of the original hypoid gear pair

Transmission error (x10™ rad)

The evaluation parameters of the contact pattern
without consideration of misalignments are given in
Table 5, while the evaluation parameters considering
misalignments are given in Table 6. Table 7 lists the
sensitivity coefficients of the evaluation parameters to
the four misalignments. The absolute value of each
value represents the magnitude of sensitivity, and the
greater the absolute value the more sensitive it is.

Table 5 Evaluation indexes of contact pattern without
consideration of misalignments before optimization
Vep (rad) Sep (mm’)
0.7223 122.4336

Xp (Mm)
24.0653

Vep (mm)
8.3093

Table 6 Evaluation indexes of contact pattern with con-
sideration of misalignments before optimization
Vep (rad) Sep (mm?®)
0.6451 111.2434

Xep (mm)
12.0978

Vep (mm)
7.8717

Table 7 Sensitivity coefficients of the original design

Misalign-
ment

Hg —0.22691

Hp —0.11509

4 —0.40427

2 —0.68623

S y Ss Sx S_V

2041717  7.47848 0.06638
1.80970 —14.02763 —1.668 58
—5.51227 -34.90204 —1.72428
—48.72425 —32.68570 1.36244

According to the above sensitivity analysis con-
clusion, the weighting coefficients Cik (~=1,2,3,4)in
this case can be set as

C,=C =035 C,=0.1, C,=02. (24)

Parameters of each operator in the adopted
MGPA optimization algorithm are given in Table 8.
After completing the above-mentioned sensitivity
optimization and the tooth contact analysis, the con-
tact patterns and TE curves of the mating surfaces are
shown in Fig. 16. Evaluation parameters of the con-
tact pattern without the consideration of misalignments
are listed in Table 9, while those with the considera-
tion of misalignments are given in Table 10.

The sensitivity coefficients obtained after opti-
mization are shown in Table 11. The values in pa-
rentheses indicate the changes in the absolute value of
the sensitivity coefficient. A positive value indicates
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an increased sensitivity and a negative value indicates
a decreased sensitivity.

Table 8 Parameters of MPGA optimization algorithm

Number of Number of Number of Crossover
iterations  individuals subpopulations probability
100 40 4 0.8
Mutation ~ Migration Generation Migration
probability  probability gap cycle
0.3 0.3 0.8 3

Table 9 Evaluation indexes of contact pattern without
consideration of misalignments after optimization
Vop (rad) ey ()
0.7036 141.2345

Xep (Mm)
23.744

Vep (mm)
8.0772

Table 10 Evaluation indexes of contact pattern with con-
sideration of misalignments after optimization

Yep (rad) Sep (mm?) Xgp (Mm) Yep (mm)
0.6794 135.0937 20.3356 8.5710
20

E Contact pattern

g 15 with misalignments

E

210

2 Contact pattern

% 5 E = “without rgisa[ignmems

’9 o I |

0 10 20 30 40 50
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-1.0
=15
-2.0 Transmission

error curves wi
=25 misalignments

Transmission
error curves
without

-3.0 misalignments

-35

Transmission error (x10™* rad)

Tooth height (mm)

Comprehensive sensitivity
coefficient

It can be seen from Figs. 15 and 16 that the op-
timized contact patterns on the surfaces of the gear
and pinion become less sensitive to the misalignments.
Although the absolute value of the intersection of the
TE curves becomes larger after optimization, it is still
within a reasonable and acceptable range, which is
generally set as [0.004°, 0.010°] (Simon, 1998). More
importantly, the shapes of the optimized TE curves
become more reasonable, whether or not the misa-
lignments are considered. Undoubtedly, a transmis-
sion error curve with a parabolic shape is necessary
for the desired meshing performance (Litvin and
Fuentes, 2004). It can be observed from Table 11 that
most sensitivities have decreased after the optimiza-
tion. The sensitivities of the vertical position of the
centroid to the gear’s axial error, the offset error, and
the angular error have increased respectively. The
sensitivities of the direction angle and the area to the
offset error have also increased. However, the other
11 sensitivities have been reduced, and the compre-
hensive sensitivity of the contact patterns to the

20
15
Contact pattern

10 .— Wwithout misalignments

5 Contact pattern

with misalignments
0
0 10 20 30 40 50
Tooth length (mm)
(b)
200

— Fitness value of the optimal solution
) --=Mean fitness value of the population

-03 -02 -01 0.0 0.1 0.2 0.3 60
Gear rotation angle (rad) Iterations
(c) (d)
Fig. 16 Contact patterns on gear (a) and pinion (b), TE curves (c), and fitness curves (d) of the optimized gear pair
Table 11 Sensitivity coefficients of the optimized design
Misalignment S, S, Sy S,

Hg —0.206 83 (—8.85%) 19.419 54 (—4.89%) 7.052 82 (—5.69%) 0.068 64 (3.40%)
Hp —0.111 08 (—3.48%) 1.698 03 (—6.17%) —13.77601 (-1.79%) —1.64949 (—1.14%)
V —0.41491 (2.63%) —5.63628 (2.25%) —31.63841 (-9.35%) —1.73552 (0.65%)

X —0.64720 (—5.69%) —44.743 01 (—8.17%) —30.467 34 (—6.79%) 1.42821 (4.83%)
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equivalent misalignments has decreased. It must be
noted that after optimization, the sensitivities of the
direction angle, the area, and the vertical position to
the offset error have increased respectively. The rea-
son is that in the optimization process, the 16 sensi-
tivity coefficients of the four indexes to the four kinds
of misalignments are simultaneously optimized for
decreasing. Through our research, we found that there
are mutual constraints among these 16 coefficients,
and the decline of some coefficients will lead to other
factors rising. Thus, we can only find a Pareto optimal
solution in the entire solution set. Table 11 gives the
smallest coefficients set of the weighted sensitivities,
so the most sensitive coefficients of horizontal posi-
tion and area are reduced observably. Based on the
obtained conclusion that the four indexes are most
sensitive to the angular error, and secondly to the
offset error, it can be concluded that this optimization
achieves the goal of reducing the comprehensive
sensitivity. According to the sensitivity analysis, the
assembly accuracy of the angle between the crossed
axes and the offset should be controlled first in future
work to reduce these sensitivities. The effects of the
stiffness and the wear of the bearings, the deformation
of the shafts, and the eccentricity of the gear will also
be considered in a detailed study in the future. Ta-
ble 12 gives the original and optimized machine-tool
settings.

Table 12 Machine-tool settings of the pinion in two cases

Value
Item — T

Original Optimized
Tilt angle, i (°) 2.04992 2.01777
Swivel angle, j (°) 263.93288 255.92451
Basic cradle angle, ¢ (°) 73.62935 77.80252
Radial setting, S; (mm) 145.78492 139.95423
Blank offset, AE,, (mm) 49.45 46.561 60
Sliding base, AXg (mm) 10.09 7.75624
Machine center to back, —6.34 -5.69300

AXp (mm)

Machine root angle, yy, (°) 10.35 10.28
Cutting ratio, m,;, 5.50713 5.23384

8 Conclusions

The effects of four kinds of misalignments on the
contact patterns of a pair of mismatched hypoid gears

have been investigated in this study. The models and
optimization framework established in this paper can
be summarized as: (1) an accurate parametrized
measurement model of the contact pattern; (2) a
comprehensive sensitivity model of the contact pat-
tern to misalignments; (3) an optimization framework
consisting of the calculated model of the machining
parameters, a TCA considering alignment errors, and
a misalignment sensitivity evaluation model. There
are some meaningful observations in this study which
are presented as follows:

1. The influence rules of the four different mis-
alignments on the contact pattern are different. Taking
the researched gear pair as the example, the evalua-
tion indexes are most sensitive to the angular error
between the pinion shaft and the gear shaft. There-
fore, in the installation process of the hypoid gear
pair, an angular error should be avoided as much as
possible. The influence of the running offset error is
also significant, while the impact of the axial misa-
lignment of the gear is minimal, followed by the axial
misalignment of the pinion.

2. By optimizing the sensitivity of the contact
pattern to the four equivalent misalignments, the sum
of the sensitivity coefficients of the evaluation in-
dexes has been reduced, the sensitivity of meshing
performance to misalignments has also been reduced,
thereby improving the meshing stability of the gear
pair. The improved MPGA algorithm can achieve the
expected goal with a good convergence rate.

3. Sensitivity analysis and optimization of the
contact pattern of hypoid gears to misalignments have
prospect of wide application in meshing quality con-
trol, and the design of the tolerance zone and the
optimal structure. By the AE-TCA approach, consid-
ering the alignment errors of a hypoid gear pair, the
influence rule and the tolerance law of the installation
errors on the contact quality can be obtained. The
conclusion provides a basis for the process and in-
stallation of hypoid gears and a reference for the
manufacture of bearings and powertrain reducers.
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