CrossMark

590 Chen et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2019 20(8):590-600

Journal of Zhejiang University-SCIENCE A (Applied Physics & Engineering)
ISSN 1673-565X (Print); ISSN 1862-1775 (Online)
Wwww.jzus.zju.edu.cn; www.springerlink.com

JZUS

E-mail: jzus@zju.edu.cn

Effective length factor of a non-symmetrical cross-bracing

system with a discontinuous diagonal

Yong CHEN', Yong GUO?, Hai-wei XU
!College of Civil Engineering and Architecture, Zhejiang University, Hangzhou 310058, China
’China Energy Engineering Group Zhejiang Electric Power Design Institute Co., Ltd., Hangzhou 310012, China
"E-mail: haiwel63@163.com
Received Apr. 25, 2019; Revision accepted July 4, 2019; Crosschecked July 18, 2019

Abstract: A non-rectangular frame panel usually contains an asymmetrical cross-bracing system with interrupted diagonals,
leading to a more complicated buckling behavior than a symmetrical bracing system with continuous diagonals. There have been
many studies of the stability theory of symmetrical cross-bracing systems, but few related to non-symmetrical systems. In this
study, we analyzed elastic out-of-plane buckling of a general non-symmetrical cross-bracing system with a discontinuous diag-
onal. The discontinuous and continuous diagonals have different material and geometrical properties, and are not intersected at
their mid-spans. A characteristic equation is presented to compute the critical loading of a non-symmetrical cross-bracing system
when the supporting diagonal is under either compression or tension. The results show that the characteristic equation of a
non-symmetrical bracing system can be transformed into a form the same as that of a geometrically mono-symmetrical system. To
facilitate design applications, direct closed-form empirical equations of effective length factor are established for a general
non-symmetrical cross-bracing case. The validity of the proposed empirical equations was verified by comparing predicted and
theoretical results, and those from a stiffness approach.
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1 Introduction

Cross-bracing systems are widely adopted in
offshore structures, transmission towers, truss struc-
tures, and industrial building walls to resist lateral
loadings such as wind and earthquake actions. Gen-
erally, a cross-bracing system is in the form of an X
and consists of two bracing diagonals, which are
commonly subjected to compressive and tensile
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forces respectively, due to lateral force actions. A
typical cross-bracing structure has two identical con-
tinuous diagonals which are connected at their
mid-spans. However, in engineering practice, the two
diagonals may have different sectional properties and
lengths, and one diagonal may even be interrupted by
the other (Moon et al., 2008; Davaran et al., 2015).
This can lead to significantly different out-of-plane
buckling behavior from a cross-bracing system with
two continuous diagonals (Davaran and Hoveidae,
2009). Moreover, non-rectangular frame panels might
result in geometrical asymmetry of a cross-bracing
system (Thevendran and Wang, 1993), i.e. the diag-
onals may not connect at their mid-spans. For exam-
ple, most cross-bracing systems in transmission tower
structures are mono-symmetrical. Therefore, it is
necessary also to consider the out-of-plane buckling
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characteristics of a general non-symmetrical cross-
bracing system with a discontinuous diagonal.

Most early studies (Dewolf and Pelliccione,
1979; El-Tayem and Goel, 1986; Kitipornchai and
Finch, 1986; Picard and Beaulieu, 1987; Sabelli and
Hohbach, 1999) concentrated mainly on a cross-
bracing system with two identical continuous diago-
nals connected at their mid-spans. However, such an
ideally symmetrical structure is uncommon in prac-
tical use. Thus, increasing attention has been paid to a
more general case, in which the tension and com-
pression diagonals have different geometrical and
material properties (e.g. different lengths, section
areas, and elastic moduli), and are connected at their
respective midpoints. For such a general system,
Stoman (1988) established out-of-plane buckling
criteria based on the Raleigh-Ritz method of station-
ary potential energy. In a companion study by Stoman
(1989), he extended the criteria to cases with different
end constraints, and presented effective length spectra
for design application. Wang and Boresi (1992) pro-
posed a simple closed-form expression to estimate
critical compression loads of a general X-bracing case
with either built-in or pinned end constraints. Segal et
al. (1994) presented closed-form equations for the
critical load of a cross bracing incorporating the effect
of the relative stiffness of the end connections and
adjoining members. Considering the potential
non-symmetrical characteristics of X-bracing systems
in non-rectangular frame panels, Thevendran and
Wang (1993) developed a numerical method to de-
termine the critical buckling load and effective length
factor of a compression diagonal based on the energy
principle. Although these studies can explain the ef-
fects of diagonals with different properties on buck-
ling behavior, they all assume that the two diagonals
are continuous.

In recent years, wide use of tubular structures
has led to the emergence of a large number of
cross-bracing systems containing discontinuous di-
agonals (Chen et al., 2019). Davaran (2001) studied
out-of-plane buckling loads of symmetrical X-bracing
systems with intermediate connection and presented
closed-form relationships for the effective length
factor under either pinned or semi-rigid mid-
connection. Moon et al. (2008) derived approximate
solutions for elastic buckling loads of a cross-bracing
system with a discontinuous diagonal and obtained

effective length factors for tension and compression
diagonals with different section properties and axial
loads. Davaran and Hoveidae (2009) used 3D finite
element models to study the effects of mid-connection
detail of X-bracings comprising build-up sections on
the elastic-plastic behavior of braced systems. Alt-
hough these studies took discontinuous diagonals into
consideration, the connection points of the two brac-
ing diagonals were still assumed to be at their re-
spective midpoints, which may limit their practical
application.

Therefore, in this study, we considered the elas-
tic out-of-plane buckling of a completely non-
symmetrical X-bracing system with a discontinuous
diagonal under a general case, i.e. continuous and
discontinuous diagonals with different lengths and
cross-sections, and intersection points not fixed at
their mid-spans. Two load cases were analyzed: case |
is non-proportional loading, under which the internal
force of a bracing diagonal is assumed to be constant,
and analysis focuses on the critical loading of the
compression diagonal; case II is proportional loading,
under which the analysis is aimed at establishing
relationships between the effective length factor of
the compressive diagonal and the force ratio between
compressive and tensile diagonals. The intrinsic
symmetry in the characteristic equation of a com-
pletely non-symmetrical cross-bracing system was
revealed. For design application, direct closed-
form equations are proposed for the effective length
factor, and their validity is verified by theoretical
solutions and numerical results obtained via a stiff-
ness approach.

2 Non-symmetrical cross-bracing system

For a completely non-symmetrical cross-bracing
system (Fig. 1), the axial tensional and compressive
forces in a discontinuous compression diagonal system
are denoted as T and P, respectively, while the cor-
responding forces in a discontinuous tension diagonal
system are denoted as 7" and P', respectively. The
positive directions of 7, P, T, and P' are shown in
Fig. 1. The discontinuous diagonal consists of two
members with lengths /; and /,, and bending stiffness
E\l, and E,l,, respectively. The connection point
divides the continuous diagonal into two parts with
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bending stiffness £/, and lengths /," and /', respec-
tively. For conservative design, it is usually assumed
that both ends of the diagonals are hinged. Consid-
ering the relatively small out-of-plane bending stiff-
ness of the connection (Davaran, 2001; Moon et al.,
2008), the two members of the discontinuous diago-
nal are also deemed to be hinged at their intersection.

Geometrical asymmetry was considered herein
by using different lengths of continuous and discon-
tinuous diagonals, i.e. [;+h#['+l,’, and setting their
intersection point off their mid-spans, i.e. [,'#L'#L#l,
(Fig. 1). The material asymmetry was taken into ac-
count by assuming different bending stiffness of the
diagonals, i.e. E\[1#E,L#EI. The load asymmetry was
also considered by applying unequal tension and
compression forces on the diagonals, i.e. |7]#/P| and
| T[#P.

(b)

Fig. 1 Non-symmetrical cross-bracing system
(a) Discontinuous compression diagonal (/=[/;+1,); (b) Dis-
continuous tension diagonal (I'=l,'+/,")

3 Buckling analysis under non-proportional
loading

The case of non-proportional loading herein

represents constant axial forces acting on the bracing
diagonals. Thus, the bracing diagonal will provide a
constant lateral stiffness at the connection.

3.1 Cross-bracing system with a discontinuous
tension diagonal

In the case of an X-bracing system with a dis-
continuous tension diagonal (Fig. 1b), the analytical
model for the compressed continuous diagonal is a
simply supported beam with an intermediate elastic
restraint (Fig. 2). For this classic problem, extensive
studies have been conducted to derive its solution
(Timoshenko and Gere, 1961; Wang and Nazmul,
2003). The stiffness of the intermediate elastic sup-
port, k', provided by the discontinuous tension diag-
onal is

— T’
a(-a)l’

!

(1)

where o=[,/l.

|
I
| ' |
f

Fig. 2 Analytical model for the continuous compression
diagonal

3.2 Cross-bracing system with a discontinuous
compression diagonal

The case of a discontinuous compression diag-
onal with both hinged ends (Fig. 1a) can be modeled
as two pin-connected members with a lateral elastic
support at their intersection point (Fig. 3). The stiftf-
ness of the intermediate support, £, is provided by the
continuous diagonal.

M1 T
X1
P —

5w

I I J b
| [ |
)

Fig. 3 Analytical model for the discontinuous compres-
sion diagonal
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Based on the coordinate systems defined in
Fig. 3, the governing differential equations of the
compressed discontinuous diagonal are

d* d?
Elllyyl()ﬁ)"'})@%(xl)za 2
1 1
d4 d2
E212@y2(x2)+P§y2(x2)=0. (3)
2 2

Introducing non-dimensional parameters,

- - PI’
Y=y/l, x,=x/1, 71:E}> (4a)
171
- N P
Y,=y,1L, %=x,/1, 72:E; > (4b)
242
Egs. (2) and (3) become
S & .
delzt)/l(xl)—’—yldeIzY;(xl):O) (%)
d4 ~ 2 .
de;Yz(xz)"'%deZzYz(xz):O- (6)

Thus, the non-dimensional reaction force of the in-

termediate support, 1§1 is

13
%=1 Bld = Ell k, (7

171

R =BY,(%)

where the stiffness & can be computed by

k=T2 sinh(x/Z)/ {1’[(1 — &Y' 2 sinh(V7)

(8)
~sinh(v/Z ~Za")sinh(x7a) |}

where o/=I,"/I' and A=TI"/(EI). Note that Eq. (8) is
also available for the case of 1<0. When taking 7=0,
Eq. (8) should be replaced by

[ )

aIZ (1 _ a!)21!3 :

For the case of mid-span support, i.e. a’=0.5,
Eq. (8) becomes

T N
I' J2 - 2tanh(0.5V1)

(10)

Eq. (10) is consistent with the finding of Segal et
al. (1994).
General solutions of Egs. (5) and (6) are

)71(;51):C11+C21)~61+C315in( 71 %) (11

+C, cos(y71 %),

sz(fz) =C,, + (%, + Gy, sin({7, X,) (12)

+C,, cos({/7,X,),

where C;; (i=1, 2, 3, 4; j=1, 2) are undetermined co-
efficients and can be derived by applying boundary
conditions. Considering the continuity and force
balance at the connection point, as well as the
boundary conditions at both ends of the diagonals, we
obtain

d2

—1(0)=0, ¥(0)=0, —¥1)=0, (13)
1 1
d? - d? - .
— % (0)=0, @YAIFO, L()=0, (14
1 2
~ - ~
N(x)|5o= o Y, (%) 505 (15)
&'y, dy]
deﬁ f=1-¢ "N a: f=l-e
. N (16)
1.4, 1 dY, <
77 d)'Z; %,=0+¢ +72 2_»—2 X,=0+e +Rl’
where
2B BL 7 =Py (17)
112 EZIZ ' : :

and ¢ refers to an infinitely small quantity.
Substituting Eqgs. (11) and (12) into Egs. (13)-
(16) derives
AC =0, (18)

Where C‘:{(j21 C31 CIZ sz C32 ﬁl}T and
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A:
[0 psinfy) 00 0 0
0 0 0 0 p,sin(yr,) 0
0 0 1 0 0
1 0 =z 0 0l
a
N 0 0 s 0 -1
| B 0 0 0 0 -1
(19)

The eigenvalue equation of matrix A is thus

77> sin(y)sin(7, )7, - B + Bla) | a=0. (20)
Without loss of generality, we assume
2
0 2_%E1[1 1, (21)
Zl E212

which means the discontinuous diagonal member
with a length of /; may buckle first. Thus, the mini-
mum exact solution of Eq. (20) can be obtained by

for Mode 1,

(22)
for Mode 1I,

{71 —(1-a)B,

2
n=m,

where Modes I and II are the corresponding buckling
modes which can be obtained by substituting Eq. (22)

into Eq. (18). If B*<n?*/(1-a), the buckling mode is
Mode I, and

~ ~ ~ ~ ~ a -
Y (x)=C,x%, Yz(xz)znczl(l_xz); (23)

if B*>n*/(1-a), the buckling mode is Mode II, and

(%) =Cysin(Fn), Y,(,)=0. (24)

Thus, Mode 11 occurs when B/ is greater than

the critical stiffness, B® =n’/(1-a), otherwise the

discontinuous diagonal will show a buckling in Mode
I. Fig. 4 shows an example of two normalized buck-
ling modes for the case of a=0.6 and p’<I.

The critical buckling loads, P.,, corresponding to
Modes I and II can be obtained by

a(l-a)kl, B'<n*/(1-a),
o = (25)
mr’EL /L, B'>n’/(1-a).
2 T T T T
Mode I
----Mode Il

2 2
EI/I*<E LI,

00 02 04 06 08 1.0
(1+x )/l

Fig. 4 Normalized buckling modes for a=0.6 and p*<1

4 Buckling analysis under proportional
loading

4.1 Cross-bracing system with a discontinuous
compression diagonal

" |E T T
Definin =—,|—L and B =-—, and substi-
SVEINE F=%

tuting them into Eq. (8) enables the non-dimensional
stiffness, B', provided by the continuous diagonal to
be computed by

B} =yl By, By, sinh(wpBr, )
Jr[a-anay By sinhw By )
~sinh([By, — B, @)sinh(w\[By, @) .

(26)

For the buckling in Mode I, substituting Eq. (26)
into Eq. (22) yields

I=y(1-a), BBy, sinh(y+By, )
Hrla-anavw B sinhwBr )
—sinh(y[By, —w\Br @)sinh B, @)},

27)
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where the upper-bound of y; is . Eq. (27) is regarded
as the characteristic equation and can be used to
compute the critical loading of a completely non-
symmetrical cross-bracing system.

Furthermore, introducing non-dimensional pa-
k=i

Y

substituting them into Eq. (27) leads to

l=y,a'(1-a)B, VB sinh(y,\ By, )
/|:(1 - a’)a"//()\/ Bon Sinh(l//o\jﬁo% )

_Sinh(l/’o /B071 _‘/jo\jﬁoyl a')Sinh(l/IO\/:BO% a,):|~
(28)

rameters Po=p/v, and wo'=y v, and

Eq. (28) has the same expression form as the
characteristic equation of a geometrically mono-
symmetrical cross-bracing system, which can be de-
duced by substituting /,1=/," and /=I' into Eq. (27). The
solution of y; from Eq. (28) lies in the range of (0, 7*].

Defining y,=PI’ / (EI), i.e. 7,=v.7,, Eq. (28)

can be rewritten as

lza'(l_al)ﬂ()\/ﬂ()??o Sinh(\/ﬂo770 )
/[(l_a')a'\/ﬂofo Sinh(\/ﬂ()??o )
—sinh(\/B,7, —[B7y @)sinh({[B,7, @) ],

(29)

where 7, € (0, y.n’].

When £,<0, both continuous and discontinuous
diagonals are under compressive forces. However, the
critical loading of a cross-bracing system is still
governed by the discontinuous diagonal, because it
buckles before the continuous diagonal, which means
that the upper-bound of y, is obtained when the

continuous diagonal buckles, i.e. 7,=—n"/8, ($o<0).
This can be corroborated by Fig. 5 which shows the
variation of y, with f, under different values of o’ for
a bracing system with EI=E[,. All curves are below
the critical curve, i.e. 7,=—n"/f,, and the buckling

load of the discontinuous diagonal increases with f.
Fig. 5 also shows that for the studied case of EI=FI;,
i.e. wo=1/a’, there is a critical value of Sy, denoted as
Poer herein, beyond which y, will maintain its max-

imum value, i.e. 7,=n’w?. In this case, y;=n’, there-
fore the bracing system may show a Mode II buckling
according to Eq. (22).

Fig. 6 illustrates the exact theoretical solutions of
Loer, Which are determined by substituting y1=7t2 into
Eq. (28). By fitting these theoretical solutions, an
empirical equation for fy.; is thus obtained in the form
of

B yr0) = ﬂ/&}%{'*ﬁw

tanh(77) (30)
x(0.74275y,>a' +0.84866),
where
7 =0.352492a" +0.91226. (31)

The values of Sy, predicted by Eq. (30) are also

given in Fig. 6, where y, ranges from J5/5 t0 242
Good agreement can be observed between two sets of
data for bending stiffness ratios (i.e. EI/E\l;) ranging
from 0.5 to 5 with an increment of 0.5, indicating that
the proposed empirical Eq. (30) is reasonable.
Similarly, by fitting the solutions of Eq. (29)
under various a', the effective length factor of the

discontinuous compression brace, K = m/,/y, , can be

derived by
K — {\/;‘//(65152 + 05)7 ﬁo < ﬁOcr’ (32)
1, ﬂ() 2 ﬂ()cr’
where
u(a)-0.5
S=—— 0, (33)
£:(0.5)-0.5
—0.075868"* +0.310645° — 0.54441 3>
+0.915578, B, >-1,
& = — . PR %)
—0.00073* +0.01533° —0.12795
+0.69998, B, <-1,
Uz is a function of o', i.e.
a')=0.897a'* —-1.821a"+0.617a"
u(a’) (35)

+0.300'+ 2.836,

and £ can be computed by
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S =8.593 —ﬂ(ﬂo +8), (36)
Hy(a)+8
where
4 14 3 1?2
Uy(@')==129a" +12.94a" -9.89 37)
+3.79a'+0.01.

Buckling of continuous diagonal, , 5

10 i ﬂ0<0, }70=—1'C2/ﬂ0\ i -

<2 -
3 Exact solution 4
% Predicted
4L 3
L Increment of EJ/(E|])) is 0.5
_5 1 1 1 1
0.5 0.6 0.7 0.8 0.9 1.0

o
Fig. 6 Variation of . with o’

For a geometrically mono-symmetrical cross-
bracing system with a discontinuous diagonal, we
have /,=/," and /=/', which leads to +=1.0, y=y,, and
S=Po. Fig. 7 compares predicted effective length fac-
tors based on the empirical Eq. (32) with the exact
solutions obtained from the original Eq. (29) under
four different bending stiffness ratios. The prediction
results matched well with exact solutions for all cal-
culated cases.

4.2 Cross-bracing system with a discontinuous
tension diagonal

For a cross-bracing system with a discontinuous
tension diagonal, the continuous diagonal is under
compression, while the discontinuous diagonal is
subjected to tension (Fig. 1b). Eq. (27) is still availa-
ble for the cases of P=—7'<0 and 7=—P'<0. Defining
y=P'I"/(EI) derives y’=—fy’y;. The corresponding
effective length factor of the continuous compression

diagonal is K ’=n/\/7 . Since T is larger than 0 in

this case, we conclude that y’w>y’21t2, where y',, cor-
responds to the case of 7"—oo. This implies y'=
P’Crl'z/(EI), where P’ is the critical loading of a
two-span continuous beam subjected to axial com-
pression force. Therefore, the relationship between
7' and o' can be derived by

0=(a' — Wy sin(y[7.)

(38)
+sin( /¥, a'— \/Z) sin(\/Za'),
where ', can be approximated by
' ~-90.86(1-a)*+91.97(1-a')’
V7. (1-a) (1-a') 39)

~32.99(1—a') +9.276(1-a') + 4.074,

where 0.5<a'<l. For a cross-bracing system with a
discontinuous tension diagonal, the critical loading
can be obtained by solving Eq. (28), where f=P'/T">0

2
and the solution domain of y, is (—70'0 Lz, - n—z} .
Py~ Py
Using an imaginary number description, Eq. (27) can
be rewritten in terms of ¥, i.e.

1=(1-a)l, Ay sin(y/y")

/ {1’[(1 — o)y sin(y) (40)
—sin(\/7 - \/70(') sin(\/7a')]}.
substituting vand S, into Eq. (40) yields
% = a'(1=a)y'sin(fy")
/[a’(l—a’)ﬁ sin(\/7") (41)

- sin(\/y—\/?a') sin(\/ya')]
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where ' lies in the range of [1%, 7).
For a'>0.5, by fitting the exact solutions obtained

from K'= n/\/_' , the relationship between the effec-
tive length factor, K', and f’=T"/P’ can be estimated by

! a -+ yps
K'=ilex(p' =07\~ ) ’
1-vp'+vp'a, vp' <],
(42)
where
x=(—8.1004+37.6598¢a’ —59.7324 " 43)
+33.4999¢") ",
and
x=0.8472+0.4438c'". 44)
9 T T T T
8 Poxg =Q.5 Exact solution |
x  Predicted 1
7 ke =0.6 E
\ J
6 s =0. 7
SRlN )
4Lk i
3 - 4
2 o a
1 o
0 Il Il N Il Il
-8 -6 -4 -2 0
A,
(a)
4 P& =0.5 Exact solution |
w=0 % Predicted
3 bog=0.7 -
£
2 - a
1 -
0 1 1 1 1
-8 -6 -4 -2 0

5 Verification via a stiffness approach

Applying a stiffness approach to out-of-plane
buckling analysis, we have
KX =F, (45)
where F is the vector of disturbance forces, X is the
vector of out-of-plane displacements, and K is the
out-of-plane stiffness matrix which can be determined
from,
K=K, +K. ,+K, +K, +K,+K,, (46)
where the subscript ‘B’ represents the stiffness caused

by bending deflection, and the subscript ‘T’ repre-
sents the stiffness caused by axial tension deflection.

6 T T T T

a=0.5 Exact solution
5 =08 % Predicted E
N '=(). |
N
3k i
a=0.8

L / g
2 «=0.9
1 L
0 ' : : .

-8 -6 -4 -2 0

A,
(b)
3k 05:0\5 Exact solution T
08 % Predicted
- a=0. \ |
X
I =08 =09 °
0 ' : ' .
-8 -6 -4 -2 0
A,

(d)

Fig. 7 Comparison between predicted and exact solutions of effective length factor
(a) EI=0.5E\I}; (b) EI=E\I}; (c) EIF2E 1 (d) EIFAE, ],
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The subscript ‘0’ represents the continuous diagonal,
whereas subscripts ‘1’ and ‘2’ represent members of a
discontinuous diagonal with lengths /; and /,, respec-
tively. The out-of-plane stiffness matrix can be ob-
tained via finite element method. Further details can
be found in (Chen et al., 2015).

5.1 Cross-bracing systems with a discontinuous
compression diagonal

According to Fig. 1a, the stiffness matrix is
2

K:ZKBi = P(ky, + ko, _IBkTO)7 47
i=0

where k represents the stiffness matrix caused by unit
axial force. In this case, the out-of-plane buckling of
the cross-bracing system requires

[iKBi ) (le + sz - ﬂkTO) _% =0. (48)

The minimum solution of P in Eq. (48) is the
critical loading of the cross-bracing system.

5.2 Cross-bracing systems with a discontinuous
tension diagonal

According to Fig. 1b, a similar stiffness matrix
can be derived:

2
K= ZKBi _P'(_ﬂlle _ﬂ’sz +kTO)'

i=0

(49)

Similarly, the out-of-plane buckling of the cross-
bracing system in this case requires

(Zz:KBi j (_ﬂ/kn _ﬂ/kT2+kTo) _% =0. (50)

The minimum solution of P’ in Eq. (50) is thereby the
critical loading of the cross-bracing system.

5.3 Case study
Assuming a completely non-symmetrical system
with [,'=0.71', [,'=0.3/", ,=0.41, [,=0.6l, I=0.8/', E\[,=

0.5E1, and E,LL,=2FI, leads to +=1.0938 and y=2.21.
First, we study the case of a discontinuous diagonal

subjected to compression. Since p2=0.563<1, the
critical loading of the compressed diagonal will be
controlled by the member with a length of /; and
flexural rigidity of E/;. Variation of K with 7/P pre-
dicted using empirical Eq. (32), along with the cor-
responding results via the stiffness approach is shown
in Fig. 8a. Good agreement can be observed between
the two methods.

8 " T " T
Predicted
x  Stiffness approach

0 n 1 n 1 n
-10 -5 0 5
B
(a)
Predicted
Stiffness approach |
20 30 40

s
(b)

Fig. 8 Comparison of effective length factors
(a) Discontinuous compression diagonal; (b) Discontinuous
tension diagonal

Consider the case of a discontinuous diagonal
subjected to tension forces while the continuous di-
agonal is under compression. In this case, the con-
tinuous diagonal with length /" and flexural rigidity E/
is considered for estimating the critical loading. Sim-
ilarly, Fig. 8b illustrates the values of K’ calculated
from Eq. (42) along with their corresponding nu-
merical results via the stiffness approach. Eq. (42) can
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give reasonable predictions of XK', which match well
with their numerical counterparts.

In a case adopted by Davaran (2001), two iden-
tical diagonals were used, and the connection of the
diagonals was at their midpoints, which implied
11':0.51', 12'20.51/, 1120.51, 1220.51, Z:Z/, E1]1:EI, and
E,L=EI. Thus, v=1.0, y=2.0, and p2=1.0 can be ob-
tained. Fig. 9 compares the effective length factors
from Davaran (2001) with those obtained from em-
pirical equations (i.e. Egs. (32) and (42)), and by the
stiffness approach, respectively. There is a good
agreement between the three sets of data, suggesting
that the proposed empirical equations of the effective
length factor are reliable.

2.5 T T T
Discontinuous tension diagonal

R Stiffness approach
2 20 Predicted i
39 Exact, data from Davaran (2001)
X15F 1
5
? 1.0F B B —m —mm —m—m - = 1
“j Discontinuous compression diagonal

0.5} -~ Stiffness approach 4

*  Predicted
0.0 o Exact, data from Davaran (2001)
0.0 0.5 1.0 1.5 2.0

Bor f

Fig. 9 Comparison of effective length factors

6 Conclusions

Elastic out-of-plane buckling analysis was per-
formed on a completely non-symmetrical cross-
bracing system with a discontinuous diagonal. The
main conclusions are:

1. By using variable substitution, the presented
characteristic equation (i.e. Eq. (27)) of a completely
non-symmetrical cross-bracing system could be trans-
formed into an expression (i.e. Eq. (28)) having the
same form as the characteristic equation of a geo-
metrically mono-symmetrical system. The proposed
characteristic equation can be used to evaluate the
critical loading of a cross-bracing system whether the
supporting diagonal is under compression or tension.

2. When the discontinuous and continuous di-
agonals are both under compression, the discontinu-

ous diagonal may buckle before the continuous di-
agonal and is thereby the control case in determining
critical loading of a cross-bracing system. There is a
critical ratio of tension to compression (i.e. 7/P) be-
yond which one of the discontinuous diagonal mem-
bers will buckle first.

3. The out-of-plane buckling of the discontinu-
ous compression diagonal will show a pure sway
mode (no bending deformation), on condition that (1)
the non-dimensional stiffness B,* from the supporting
continuous diagonal is less than a critical value of
7*/(1-0), in the case of non-proportional loading, or
(2) the ratio of tension to compression, i.e. 7/P, is less
than a critical value, V., in the case of proportional
loading.

4. For design purposes, direct closed-form
equations of the effective length factor were formu-
lated for a general cross-bracing system in which the
tension and compression diagonals have different
material and geometry properties, and the intersection
point of diagonals is not at their midpoints. By com-
paring the prediction results with corresponding the-
oretical solutions, the validity of the presented
empirical equations was verified for cases of
22 2y, 2505, B8, >0, 0.9>a'>0.5, and p’<
1.0. Case studies showed that the predicted results via
empirical equations agreed well with those obtained
from a stiffness approach and those from the litera-
ture. The proposed effective length factor for the
discontinuous compression diagonal is applied to the
partial length of the diagonal, whereas that for the
continuous compression diagonal is applied to the full
length of the diagonal.
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