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Abstract: Soil spatial variability is difficult to evaluate due to insufficient test data. An alternative option is estimation by indirect
methods such as inverse analysis. In this paper, two examples are presented to demonstrate the capability and accuracy of the
probabilistic estimation method to characterize soil spatial variability with displacement responses. The first example is a soil
slope subject to a surcharge load, in which the spatially varied field of the elastic modulus is estimated with displacements. The
results show that estimations based on horizontal displacements were more accurate than those based on vertical displacements.
The accuracy of the estimated field was substantially reduced by increasing variance of elastic modulus. However, the estimation
was generally acceptable as the error was not more than 10%, even for the high variance case (COV=1.5). The accuracy of
estimation was also affected by the type of covariance function and the correlation length. When the correlation length decreased,
the accuracy of estimation was reduced. The second example is a validation of laboratory model tests where a horizontal load was
applied on a layered ground. The estimated thicknesses of soil layers were close to those in the real situation, which demonstrates
the capacity of the estimation method.
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1 Introduction estimating soil parameters. However, in situ soils

exhibit natural spatial variability due to various fac-

The accurate estimation of soil parameters is
required for feasible prediction of the performance of
geotechnical structures. Site investigations with field
tests and laboratory tests are common methods for

¥ Corresponding author
" Project supported by the National Natural Science Foundation of
China (Nos. 51979158, 51639008, 51679135, and 51422905) and the
Program of Shanghai Academic Research Leader (No. 19XD1421900),
China

ORCID: Lu-lu ZHANG, https://orcid.org/0000-0001-8864-4377
© Zhejiang University and Springer-Verlag GmbH Germany, part of
Springer Nature 2020

tors (Phoon and Kulhawy, 1999a; Dasaka and Zhang,
2012; Crisp et al., 2019; Yang J et al., 2019a, 2019b).
The soil parameters measured by field and laboratory
tests may not be able to be used directly to predict soil
behavior due to significant spatial variability (Novéak
et al., 2000; Li and Zhang, 2011; Yan et al., 2017
Phoon and Tang, 2019; Yang et al., 2020). For ex-
ample, field measured soil parameters are influenced
by the number and distribution of the drilling holes
(Cao and Wang, 2013; Vardon et al., 2016; Jiang et
al., 2018; Bilgin et al., 2019).
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In view of difficulties involved in direct estima-
tion of soil parameters, various back analysis methods
have been proposed for their estimation (Zhang SR et
al., 2016; Zhang et al. 2017; Xiao et al. 2019; Sun et
al., 2020). Ledesma et al. (1996) presented a proba-
bilistic parameter estimation method based on the
maximum likelihood approach. Gilbert et al. (1998)
performed probabilistic back analyses for soil shear
strength parameters based on a Bayesian updating
method. Chowdhury et al. (2004) applied the Bayes-
ian method to a slope failure to update the shear
strength parameters and the probability of failure.
Gavin and Xue (2009) proposed a back analysis
method based on genetic algorithm (GA) to analyze
the stability of unsaturated soil slopes. Wang et al.
(2013) presented a probabilistic back analysis for
estimating the friction angle and anchor forces for a
landslide, and used the obtained parameters to update
the probability of failure for the slope. Chao and
Wang (2011) proposed a weighted back analysis
method to consider the characteristics of displace-
ment in different regions of a slope, i.e. the slip sur-
face, slip mass, and slip bed. Zhang LL et al. (2010)
proposed a probabilistic back analysis method based
on Bayesian theory and Markov chain Monte Carlo
(MCMC) simulation method. Zhang J et al. (2010)
presented two methods for probabilistic back analysis
of slope failure. One is based on an optimization ap-
proach and the other on a sensitivity analysis ap-
proach. Other studies focused on the identification of
soil constitutive models (Jin et al., 2019a, 2019b,
2019c). Jin et al. (2019a) presented an enhanced ver-
sion of the differential evolution-transitional MCMC
(DE-TMCMC) method and a competitive Bayesian
parameter identification approach for advanced soil
models. Back analysis methods based on improved
GAs were also proposed for the estimation of soil
parameters (Jin et al., 2016, 2017, 2018; Yin et al.,
2017). Mavritsakis (2017) conducted a comprehen-
sive study of displacement inverse analysis consid-
ering spatial variability. The MCMC, GA, and regu-
larized particle filter (RPF) methods were applied to
displacement inverse analysis of an excavation.
Young’s modulus and the undrained shear strength of
the soil were back estimated based on the horizontal
displacements. The results showed that the GA was
the most competent inverse analysis approach.

Some studies focused on the estimation of hy-
draulic properties. Chen and Zhang (2006) proposed a
back analysis method based on the ensemble Kalman
filter (EnKF) approach for continuously updating
hydraulic conductivity and the pressure head through
assimilating dynamic and static measurements. Zhang
etal. (2013, 2014) proposed a probabilistic estimation
method within a Bayesian framework and an MCMC
simulation to estimate soil hydraulic parameters using
field measured temporal pore water pressure data for
a natural terrain slope in Hong Kong, China. Vardon
et al. (2016) presented a method based on EnKF using
pore pressure measurements to estimate the spatial
variability of the hydraulic conductivity and constrain
the uncertainty in the strength parameters using the
cross-correlation of parameters. Liu et al. (2018)
presented a data assimilation framework to sequen-
tially improve the back estimation of spatially varied
hydraulic parameters.

Few studies have been conducted to back esti-
mate the spatial variability of soil parameters based
on displacement measurements. In this study, the
probabilistic estimation method proposed by Yang et
al. (2018) was applied to characterize the spatial
variability of soil parameters based on displacement
responses. A numerical example is first presented to
demonstrate the effects of the covariance function,
variance, and correlation lengths on a slope with spa-
tially varied elastic moduli. A second example is an
application to laboratory model tests to investigate the
capability of the method for use on stratified ground.

2 Probabilistic estimation method for spatial
variability based on performance responses

2.1 Mathematical formulations of probabilistic
estimation within a Bayesian framework

Numerical models are widely adopted to obtain
the responses of displacement in geotechnical engi-
neering (Ishii et al., 2012; Lee and Chang, 2012; Chen
et al.,, 2013; Leshchinsky and Ling, 2013). In this
study, numerical models were established using the
finite element software ABAQUS and used as pre-
diction models of soil responses.

The input parameters of the prediction model are
an n-dimensional random vector ={6,, 6,, ..., 6,}.
The field measurement data and responses of the
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prediction model at d monitoring points are repre-
sented by the vectors IA’:{IBI,IE’Z,...,IA’{,} and P(0)=

{P1(0), Px(0), ..., PA0)}, respectively. P is the actual

measurement and P;(0) is the predicted response of
the model at the ith monitoring point (i=1, 2, ..., d).

The residual error between P and P(O) is e={¢y,
&, ..., &4} With

&(0|P)=P(0)-P. (1

The residual errors are assumed to be mutually
independent and Gaussian-distributed, thus the like-
lihood function can be expressed as (Box and Tiao,
2011; Yang et al., 2019c):

_(P,~<0>—1%)2J 0

~ 1
(0| P)=]| | ——=¢xp
1;1[1/21'565 20;

where o7 is the variance of the residual error.

Based on Bayesian theory (Tang and Ang,
2007), the posterior distribution of @ is expressed as

hO|P)=K 10| P)-h(0), (3)

where /() is the prior distribution of #, and K is a

normalizing constant which can be expressed as
A -1
K=( [uo|P)- h(0)d0) . )

An approach to characterize the spatial variabil-
ity of soil parameters is to discretize the soil domain
into numerous cells, the soil parameters of which are
represented by the random vector #. However, as the
dimensionality of the random vector # may be pro-
hibitively high, the probabilistic estimation of spa-
tially varied soil parameters using Eq. (3) would be
computationally intractable.

2.2 Efficient probabilistic characterization of

spatial variability

To tackle this problem, Yang et al. (2018) pre-
sented an efficient probabilistic back estimation
method to characterize the spatial variability of hy-

draulic properties. The method integrates the
Karhunen-Loéve (K-L) expansion, the polynomial
chaos expansion (PCE), and the MCMC methods to
estimate the spatial variability with high efficiency. In
the following paragraphs, this method will be briefly
introduced.

Firstly, the K-L expansion method (Karhunen,
1947; Loeéve, 1948) is used to discretize the random
field of the spatially varied soil parameters. Consider
a spatial domain D, in which x is the spatial coordi-
nate in D. The spatially varied soil properties (e.g.
elastic modulus E) are characterized by a spatial
random variable E(x) with mean u(x) and covariance
function C(xy, x3). C(x1, x;) is symmetric and positive
finite and can be expressed as (Huang et al., 2001):

Clxx) = Y 40, (5)0 (), )

where ¢{x) and 4; are the eigenvectors and eigen-
values of C(xi, x;), respectively. The method for
calculating ¢4(x) and 4; can be found in (Atkinson,
1967). The K-L expansion of E(x) can be expressed as
(Ghanem and Spanos, 2003):

E() =0+ Y30, ©

where & is the ith independent standard normal ran-
dom variable. These Gaussian random variables re-
flect the uncertainty of eigenvectors only on the gen-
erated spatial field of E(x).

In practical application, the K-L expansion is
often truncated for the desired accuracy. Commonly,
the truncation level m is determined such that 95% of
the total variability is preserved (Jiang et al., 2015):

= .95, (7)

In this study, the basic random vector ¢ is used as
the input parameter vector # of the prediction model
instead of the spatial random variable E(x). Hence,
the high dimensional random vector E(x) can be
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represented with the random vector &={&, &, ..., &}
with low dimensionality as
E(x) = u(x)+ Y 4 0,(x), ®)
i=1

To further improve computational efficiency, a
surrogate model based on the PCE method is estab-
lished to substitute for the original prediction model.
The response of the original prediction model P(&)
can be approximated by the surrogate model Py(¢) as
(Ghanem and Spanos, 1991; Pan et al., 2020):

P(&HU ﬂ(§)=20,5’f,(§), ©

where £ is the number of multi-dimensional orthog-
onal polynomials ¥(¢), and ¢; are the unknown coef-
ficients. In this study, the basic random vector & from
the K-L expansion is Gaussian. Hence, Hermite pol-
ynomials are adopted for orthogonal polynomials
¥(¢&). To calculate the unknown coefficients ¢;, the
projection method with sparse grid collocation based
on the Smolyak algorithm is adopted for high effi-
ciency and accuracy (Smolyak, 1963; Xiu, 2007).

Finally, the posterior distribution of & can be
expressed as

exp(_(a,.(:)—e-)z

2
20,

J'h(f)-
(10)

As Eq. (10) is difficult to solve using analytical
methods, an adaptive MCMC method entitled the
differential evolution adaptive metropolis (DREAM)
algorithm (Vrugt et al., 2008) is adopted to solve it.
The convergence of the DREAM algorithm can be
calculated using the R criterion of Gelman and Rubin
(1992). The convergence diagnostic Ry, value is
required to be less than 1.2 to declare convergence to
a stationary distribution. Details of the algorithm can
be found in (Vrugt et al., 2008). When the posterior
estimation of & is obtained, the K-L expansion is
used to construct the estimated random field using

Eq. (8).

3 Numerical example: a soil slope subject to
a surcharge load

3.1 Stochastic finite element model and soil
parameters

A numerical model of a soil slope subject to a
surcharge load was established based on the finite
element software ABAQUS. The slope was inclined
at 40° and was 20 m high. The vertical boundaries
(4B, CD) were constrained in the horizontal direction.
The bottom boundary (BC) was constrained in both
the horizontal and vertical directions. A surcharge
load, g=10 kPa, was applied to the top (AF) of the
slope. The purpose of the surcharge load was to sim-
ulate the load from construction vehicles, filled ma-
terials or low-rise buildings on the top of the slope
which may cause displacement of the slope. Note that
the focus of this study was on the back estimation of
the spatial variability using displacements. The sur-
charge load was not supposed to induce slope failure.
The geometry and finite element mesh of the soil
slope are illustrated in Fig. 1. There were 288 nodes
and 272 elements in the finite element model. The
input parameters of the slope are summarized in Ta-
ble 1. The soil in the slope was assumed to be sandy,
with a density of 1800 kg/m?.

401 q
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Fig. 1 Illustration of geometry and finite element mesh of
the soil slope

Table 1 Input parameters of the numerical example

Parameter Value
Density, p (kg/m?) 1800
Mean of E, uz (MPa) 10
Standard deviation of E, oz (MPa) 1
Poisson’s ratio, 4 0.3
Surcharge load, g (kPa) 10
Correlation length in horizontal direction, 50

Iy (m)

Correlation length in vertical direction, /, (m) 10
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To evaluate the effects of mesh density on the
displacement responses, three models with different
finite element mesh densities (Fig. 2) were compared.
The models with small, medium, and large mesh
densities were meshed into 68, 272, and 1088 ele-
ments, respectively. Table 2 compares the horizontal
displacements of the 12 monitoring points of the slope
with different mesh densities. The variation in dis-
placements with different mesh densities was ex-
tremely small. The maximum horizontal displace-
ments for the models with the small, medium, and
large mesh density were 0.461, 0.462, and 0.463 cm,
respectively. Hence, the mesh density had little effect
on displacement responses. As the back estimation of
spatial variability is based on the displacement re-
sponses, the mesh density had little effect on the back
estimation. The mesh density in the study met the
requirement for accuracy.

The elastic modulus £ is closely related to the
displacement responses of a slope and has a signifi-
cant variability in space. In the example, £ was

(c)

Fig. 2 Soil slope with different finite element mesh den-
sities: (a) small mesh density; (b) medium mesh density;
(c) large mesh density

Table 2 Comparison of the horizontal displacements of
the 12 monitoring points with different mesh densities

Horizontal displacement (cm)

Monitoring -
point Small mesh Medlum. mesh Large r.nesh
density density density
1 0.114 0.113 0.114
2 0.339 0.338 0.338
3 0.434 0.434 0.433
4 0.383 0.384 0.384
5 0.071 0.071 0.071
6 0.247 0.248 0.249
7 0.415 0.416 0.416
8 0.447 0.448 0.448
9 0.001 0.002 0.002
10 0.018 0.016 0.016
11 0.081 0.078 0.079
12 0.183 0.185 0.185

assumed to be a spatially random variable. As the
numerical example was not used to investigate the
stability of the slope, but to obtain the displacement
for back estimation, the soil was assumed to be an
elastic model without considering the plasticity of the
material. According to Bowles (1996), the elastic
modulus of loose sands ranges from 10 to 25 MPa and
Poisson’s ratio 4 of sandy soils ranges from 0.3 to 0.4.
In the example, Poisson’s ratio 4 was 0.3. In ge-
otechnical engineering, soil parameters such as £ and
shear strength are positive, and can be characterized
by a log-normal distribution (Fenton and Griffiths,
2002; Baecher and Christian, 2003; Jiang et al., 2014;
Lietal., 2014; Qi and Li, 2018; Yang et al., 2018).

In the example, £ was assumed to follow a
log-normal distribution and the mean uz and coeffi-
cient of variation COVg were assumed to be 10 MPa
and 0.1, respectively. The spatial variability of InE
was characterized by a statistically stationary random
field with the Gaussian covariance function:

C(x,,x,)=0" exp{—r{(x‘ ;hzxz)z L& ;fz)z }} (11)

v

where (x1, z1) and (x, z;) are the coordinates of two
points in space; o is the variance of InE; oy, and o, are
the scales of fluctuation in the horizontal and vertical
directions, respectively. Here, the scale of fluctuation
can be substituted by another scaling coefficient, i.e.
correlation length. The Gaussian covariance function
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can then be expressed as

C(x,,x,)=0" exp{{(x1 — %)’ + & ;222)2 }}, (12)

Iy

where /, and /, are the coefficients in the horizontal

and vertical directions with &, :\/;lh and

g, :\/;lv, respectively. According to the literature

(Phoon and Kulhawy, 1999a; Li DQ et al., 2015; Li
JH et al., 2016; Zhang LL et al., 2016), the horizontal
scale of fluctuation is generally larger than 10 m and
can sometimes approach 100 m. In contrast, the ver-
tical scale of fluctuation is generally less than 10 m.
Fig. 3 shows the effect of /, on the sum of the K-L
eigenvalues /; for the exponential covariance func-
tion. The number of terms of the K-L expansion re-
quired to approximate InE(x) increases with the re-
duction of /,. As a base case in this example, /; and /,
were firstly assumed to be 50 m and 10 m, respec-
tively. The truncation level was taken as 5 so that 95%
of the total variability of the random field could be
preserved. The random field of InE can be expressed
as

In £(x) = 4, +olng[2ﬂé¢,~<x>} (13)

where In £(x) is the approximation of InE(x) and is

represented by five basic random variables & (=1,
2, ..., 5); tne and oy, are the mean and standard de-
viation, respectively, of InE and can be expressed as

0.z =\In(1+ (o, /yE)Z,

Hhop =0 g1y = 0507 .

(14)

Hence, the random field of E(x) can be expressed as

E(x) = exp(ﬂlnE + O (z\/zéwl(x)j] (15)

The five basic random variables from the trun-
cated K-L expansion were estimated using the prob-
abilistic estimation method. The whole domain was
53.85 mx30 m and was discretized into 20x16=320

cells. As the number of random variables to be esti-
mated was much smaller than the number of cells, the
dimensionality of parameter estimation was signifi-
cantly reduced. Note that for other random fields in
the following sections, the truncation level and the
number of basic random variables will be determined
correspondingly, based on the specific spatial pa-
rameters, to preserve 95% of the total variability.
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Fig. 3 Sum of the K-L eigenvalues 4; with different ver-
tical correlation lengths

3.2 Construction of surrogate model

In practical application, the degree of PCE
ranges from 1 to 7 (Huang et al., 2007; Jiang et al.,
2014). When the degree increases, the accuracy of the
surrogate model is efficiently improved, but the
computational load increases significantly. In this
example, the degree p=2 of PCE was chosen so that
the computational cost was relatively small and the
accuracy of PCE was also acceptable, as shown below.

According to Ghanem and Spanos (1991), the
number of the unknown coefficients of the surrogate
(2+5)!

21x 5!
coefficients, 81 sets of collocation points of the basic
random vector ¢ were selected using the sparse grid
collocation method. For each set of collocation
points, a random field of £ was generated using the
K-L expansion method. A monitoring system with 12
measurement points was set in the slope (Fig. 1).
Usually, horizontal displacements are measured using
inclinometers or rod extensometers, and vertical de-
formations are measured by settlement cells. The
displacement responses at these measurement points
for each generated random field were obtained using

model is =21. To calculate the unknown
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the finite element model. The unknown coefficients c;
of the surrogate model Py(¢&) in Eq. (9) were then
calculated using the projection method based on the
displacement responses. The surrogate models for
both vertical and horizontal displacements at the 12
measurement locations in the slope were established.

To verify the accuracy of the surrogate models,
200 random samples of the basic random vector &
were generated from the Gaussian distribution and
used to obtain the displacement responses according
to the surrogate model Py(&). The correlation coeffi-
cient r and root mean square error (RMSE) were used
to measure the differences between the displacements
of the original finite element model P(&) and the
surrogate model Py(&). The  values for the horizontal
and vertical displacements were both 1.000. The
RMSE values of the horizontal and vertical dis-
placements were 0.0012 mm and 0.0046 mm, re-
spectively. Hence, the responses of the surrogate
model and the original model were almost identical,
indicating that the PCE surrogate model can effi-
ciently substitute for the finite element model of slope
stability analysis.

4 Probabilistic estimation

A hypothetical field with COV=0.1, =50 m,
and /,=10 m was randomly generated. This field was
taken as the true field and could be characterized by
the first five eigenfunctions to preserve 95% of the
total variability. Hence, these first five Gaussian
random variables were regarded as the true values and
were estimated. According to Ahmed et al. (2015),
generally 1%—5% random fluctuations are added into
the responses to generate artificial data. If the noise is
too large, the accuracy of estimation may be affected.
In contrast, if the noise is too small, the effect of
measurement errors and model errors may not be
considered effectively. In the example, the displace-
ment responses obtained from the finite element
model were corrupted with 2% Gaussian noise. The
spatial variability of £ was then estimated based on
these artificial data.

4.1 Posterior distribution of basic random variables

A total of 10 Markov chains with 100 000 sam-
ples were used in the MCMC simulation. The model

output is log-likelihood. As the random variables in
the K-L expansion are independent Gaussian random
variables, the prior distribution of each random vari-
able is a standard normal distribution and the five
random variables are independent. In the DREAM
algorithm, there is no upper or lower limit on the
values of all random variables. There were three
crossover values and three chain pairs. The random
error for ergodicity was 0.05, and the probability of a
jump rate of 1 was 0.2. The scaling factor of the
built-in jump rate was 1. The result shows that 5000
samples were enough to declare convergence of each
random variable to a stationary posterior distribution.
The MCMC simulation for 5000 samples took only
about 1 min, indicating that the computational cost of
probabilistic estimation based on the surrogate model
was negligible.

The last 25% of samples of the 10 Markov
chains were used as stationary samples from the
posterior distributions. Fig. 4 shows the posterior
distributions of the five random variables based on
horizontal and vertical displacements. The posterior
distributions were well identified within a very small
region. For each random variable, the posterior dis-
tribution based on horizontal displacements was
narrower than that based on vertical displacements.
The posterior mean and standard deviation of the
random variables are summarized in Table 3. For the
five random variables, the posterior means of & and &
based on horizontal and vertical displacements were
almost the same. The maximum relative error be-
tween the posterior mean based on horizontal and
vertical displacements was only 1.2% (&). Thus, the
posterior mean of the five random variables based on
horizontal and vertical displacements were close to
each other. The maximum posterior standard devia-
tion of the five random variables based on horizontal
and vertical displacements were 0.0037 and 0.0066,
respectively. Hence, the uncertainties of the random
variables were significantly reduced. The standard
deviation based on horizontal displacements was less
than that based on vertical displacements. Thus,
the uncertainty reduction based on horizontal
displacements was less than that based on vertical
displacements.

In this study, the optimal value of each random
variable was represented by the maximum posterior
density (MPD) value. A comparison between the true
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value and optimal value of the random variables is
illustrated in Table 4. The maximum relative errors
based on horizontal and vertical displacements were
only 0.76% (&) and 1.04% (&), respectively. Thus,
the optimal values based on horizontal and vertical
displacements were both close to the true value for
each random variable, indicating that the random
variables can be estimated with high accuracy.
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Fig. 4 Posterior distributions of the five random variables
based on horizontal and vertical displacements

4.2 Estimation of spatial variability

The estimated field of £ was obtained based on
the optimal value of the random variables. Figs. 5a
and 5b show the relative error of the estimated field
(COVE=0.1, ;=50 m, and /,=10 m) based on hori-
zontal and vertical displacements, respectively. The
maximum relative errors based on horizontal and
vertical displacements were 0.02% and 0.04%, re-
spectively. Thus, the estimated field was extremely
close to the true field. Note that the maximum relative
error of the estimated field based on horizontal dis-
placements was smaller than that based on vertical

Relative error (x107%)

20 - 4
3

E -
~ 10 g 2
1

0
0 10 20 30 40 0
X (m)

Relative error (x107%)

20
3
E10 2
~N
" 1
X
0 10 20 30 20 0
x(m)
(b)

Fig. 5 Relative errors of the estimated field (/,=50 m, /,=
10 m, COV=0.1) based on horizontal displacements (a)
and vertical displacements (b)

Table 3 Posterior mean and standard deviation of the random variables based on horizontal and vertical dis-

placements for the true field in Fig. 6a

Statistics & & < & s
True —0.778 —1.064 0.553 —0.423 0.362
Mean (horizontal) —0.778 —1.064 0.557 —0.423 0.359
Mean (vertical) —0.780 —1.064 0.556 —0.428 0.362
Std. (horizontal) 5.78x107* 6.67x107 0.0012 0.0021 0.0037
Std. (vertical) 0.0012 0.0024 0.0048 0.0032 0.0066

Table 4 Comparison between the optimal and true values of the random variables for the true field in Fig. 6a

Statistics < & & & s
True —-0.778 —1.064 0.553 —0.423 0.362
Optimal (horizontal) —-0.778 —1.064 0.557 —0.423 0.359
Optimal (vertical) —0.780 —1.064 0.556 —0.428 0.362
Relative error (horizontal) 0.01% 0.08% 0.76% 0.09% 0.55%
Relative error (vertical) 0.27% 0.04% 0.52% 1.04% 0.03%
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displacements. Hence, the estimation based on hori-
zontal displacements was more accurate, and hori-
zontal displacements are preferred for displacement
back estimation of the spatial variability of E.

5 Effects of spatial structure on estimation

The spatial structure of £ affected the truncation
level of the K-L expansion (Fig. 3). This may influence
the accuracy of probabilistic estimation. In this sec-
tion, the effects of the covariance function, COVg,
and correlation lengths on the estimation of spatial
variability are investigated. As shown in the
previous section, the estimation based on horizontal

COVE=0.1
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displacements is more accurate. Thus, only the hori-
zontal displacements are considered in this section.

5.1 Effect of uncertainty level

A pressure meter test (PMT) provides a direct
measurement of the horizontal modulus of soils. This
modulus (Epmr) often is presumed to be roughly
equivalent to E, and the coefficient of variation
(COV) of Epyr is generally not more than 0.95
(Phoon and Kulhawy, 1999b). Figs. 6a, 6d, 6g, and 6j
show three true fields with different values of COVg
(0.1, 0.5, 0.9, and 1.5, respectively), to represent
typical fields with weak, median, strong, and very
strong variability. For all four fields, /=50 m and
[,=10 m. The corresponding estimated fields and
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Fig. 6 True fields, estimated fields, and relative errors for COV;=0.1 (a)—(c), 0.5 (d)—(f), 0.9 (g)—(i), and 1.5 (j)—(1)
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absolute relative errors are also presented in Fig. 6. As
variability increased, the accuracy of estimation re-
duced greatly. The maximum absolute relative error
was less than 0.1% (0.02%) when the COVg was 0.1.
This result indicates that when the spatial variability
of E is weak, the spatially varied elastic moduli can be
estimated with high accuracy. When the COVj in-
creased to 0.5, the corresponding error was about
2.5%. The error increased to 8% when the COV was
0.9, and to about 10% when the COVy increased to
1.5. Hence, the accuracy of back estimation is gener-
ally acceptable although the spatial variability is very
strong.

Fig. 7 shows a comparison of calculated dis-
placements between the numerical model and surro-
gate model for a spatially varied slope with different
COVg values. Points on the graph with different col-
ors characterize different locations on the slope
(please refer to the web version). The RMSE in-
creased and the correlation coefficient » decreased
with the increase of the COV. Hence, the accuracy of
the surrogate model is reduced as the COVy increases.

When the COVg was 0.9, the maximum hori-
zontal displacement was 30.50 mm and the RMSE
was 0.6707 mm. The RMSE was about 2.2% of the
maximum horizontal displacement. For some points
of small displacements, the error between displace-
ments of the finite element model and surrogate
model was relatively large (Fig. 7c). The nonlinearity
of the model due to spatial variability was strong
when the variability was large. Hence, this discrep-
ancy between the original model and the surrogate
model contributed to the final estimation error.

For the true field shown in Fig. 6g, a series of
estimated fields in addition to the MPD estimation
(Fig. 6h) can be generated based on the stationary
posterior samples. The corresponding displacement
fields of these estimated fields were calculated with
posterior samples. Fig. 8 shows the COV of the dis-
placement fields for COVg=0.9. The COVs of the
upper left part of the area enclosed by the 12 points
were relatively large. The maximum COV was close
to 0.1. The relative errors of estimated fields were
also relatively large in the upper left part of the same
area (Fig. 61). For the locations where the relative
error of the estimated field was large, the COV of the
predicted displacements was also large. Hence, the
accuracy of back estimation can affect the uncertainty
of predicted displacements.
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Fig. 7 Comparison of horizontal displacements between
the original model and the surrogate model for a spatially
varied slope with COV;=0.1 (a), 0.5 (b), and 0.9 (¢)
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Fig. 8 COV of displacements based on stationary samples
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5.2 Effect of covariance function

Spatially varied fields with different covariance
functions were investigated. In this study, the second-
order Markov covariance function (Li et al., 2015)
was compared with the Gaussian covariance function
(Eq. (11)). The second-order Markov covariance
function is as follows:

C _ 2 _4 |x|_x2| |Z|_Zz|
(x,x,) O'exp{ ( + 5

5h v

x[1+4|xl‘X2|][1+4|ZI‘ZZ|}
5h 5\/

For comparison, the scales of fluctuation of the
Gaussian function and the second-order Markov co-
variance function were the same. The truncation level
of the K-L expansion to conserve 95% total variabil-
ity for the second-order Markov covariance function
was 12. Fig. 9 shows the true fields, the estimated
fields, and the errors generated with different covar-
iance functions. When the second-order Markov co-
variance function was used, the maximum error was
1.2%. Hence, the accuracy of estimation is affected
by the type of covariance function even when the total
variability is small (COVg=0.1).

Fig. 10 compares the maximum relative errors
for the two covariance functions with different levels
of variability. As shown in the graph, the accuracy

(16)

Gaussian

of estimation was significantly affected by the co-
variance function. When the COVg was 0.5, the
maximum relative error with the second-order Mar-
kov covariance function was 8.5% whereas it is less
than 3% for Gaussian covariance. This discrepancy
probably occurred because the number of random
variables can also affect the performance of proba-
bilistic estimation. As the dimension of & in Eq. (10)
was 12 for the spatially varied field with the second-
order Markov covariance function, the capability of
parameter estimation by MCMC was not efficient
enough and therefore the relative error is large.

5.3 Effect of correlation lengths

Fig. 11 shows the true fields with different hor-
izontal correlation lengths /4, (50, 25, and 15 m), the
optimal estimated fields, and the error distributions.
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Fig. 10 Variation of the maximum relative error with
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Fig. 9 True fields, estimated fields, and relative errors (COVz=0.1, ,=50 m, /,=10 m) for Gaussian (a)—(c) and

second-order Markov (d)—(f)
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In the three cases, COV=0.1 and /,=10 m. In general,
the accuracy of estimation was reduced as /, de-
creased. When /;, was reduced to 25 m, the maximum
relative error was about 0.4%, and when /;, was 15 m,
the maximum error was about 4%. These results show
that when the correlation of £ in the horizontal direc-
tion is relatively strong, the accuracy of the estimation
is still acceptable.

Fig. 12 shows the effect of the vertical correla-
tion length /, on the estimated fields and relative er-
rors. In the three cases, COV=0.1 and /=50 m.
Comparing with Fig. 11, the results show that the
accuracy of estimation is more affected by the vertical
correlation length /,. When /, was reduced to 5 m, the
maximum relative error was about 1%, and when /,
was further reduced to 2 m, the maximum error was
up to 12%, indicating that the accuracy is relatively
low when the spatial correlation along the vertical
direction is strong.

6 Laboratory model tests

A series of laboratory model tests were
conducted to demonstrate the application of the
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probabilistic estimation method to real situations. The
setup of the model test is shown in Fig. 13a. The tests
were conducted inside a model box made of acrylic
plates and steel frames. The inner length, width, and
height of the model box were 50, 25, and 36 cm, re-
spectively. Two types of materials, i.e. gravel and
plastic particles, were used to simulate a ground with
layers of soils. A force was applied on a panel on the
right side of the box causing deformation of the
ground. Once the displacement of the right panel was
up to 18 mm, the test was terminated.

The particle size of the gravel ranged from 2 to
4 mm with an average value of 3 mm. The plastic par-
ticles were made of polyethylene with an average par-
ticle size of 5 mm. The angles of repose of the dry
gravel and plastic particles were measured to be about
30° and 22°, respectively. Hence, the internal friction
angles ¢ of the soil layers were considered to be equal
to the corresponding angles of repose. A 45 cmx 20 cm
mesh of 171 (19%9) monitoring points with 2.5 cm
spacing is shown in Fig. 13a. The displacements (Fig.
13b) of the model were obtained based on high reso-
lution image analysis of the monitoring points using
the particle image velocimetry (PIV) technique with
Photolnfor software (Li YH et al., 2016).
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Fig. 11 True fields, estimated fields, and error distributions for /,=50 m (a)—(c), 25 m (d)—(f), and 15 m (g)—(i)
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placement s distribution of test 1 (b)

The soil layers of the three model tests are shown
in Figs. 14a—14c. The plastic particle layers of tests 1,
2, and 3 were 5, 5, and 10 cm thick, respectively. The
measured displacement s fields are shown in
Figs. 14g—14i. The spatial variability of the model test
is mainly in the vertical direction as layered ground.
Thus, for probabilistic estimation, the horizontal
correlation length was taken as 1 m, which is much
larger than vertical correlation length of 0.05 m. The
prior mean value and coefficient of variation of ¢
were taken as 25° and 0.3, respectively. The internal
friction angles of the soil layers were back estimated
based on the horizontal displacements.

As the random field model embedded in the
probabilistic estimation method is a continuous
model, the soil layers in the ground cannot be dis-
tinctly separated. However, the soil layers can be
roughly identified with transition zones (Figs. 14d—
14f). The estimated ¢ of gravel generally ranges from
28° to 29° and the estimated ¢ of plastic particles
ranges from 22° to 24°. The estimation error was less
than 10%.
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Fig. 14 Soil layers in the domain (a)—(c), the estimated field of ¢ (d)—(f), and the measured displacement s field (g)—(i) of

tests 1,2, and 3

Assume 25° is the threshold value of the friction
angle to differentiate the two layers. The estimated
thicknesses of the plastic particle layer were about 7, 8,
and 11 cm for the three model tests, respectively, which
is only slightly different from the actual situation.
Comparing Figs. 14d—-14f, it can also be found that
the location and thickness of the plastic particle layer
had no significant effect on the estimation.

7 Conclusions

In this paper, a probabilistic estimation method
of spatial variability was applied to displacement
back estimation of a hypothetical soil slope example
and a verification example of model tests. The major
conclusions are summarized below:

1. For the base case, the maximum relative errors
based on horizontal and vertical displacements were
only 0.02% and 0.04%, respectively. The use of hor-
izontal displacement is preferable to the use of verti-
cal displacement for back estimation.

2. The accuracy of estimation is affected by the
type of covariance function and the variance.

However, the estimation is generally acceptable, as
the error is not more than 10%, even for the high
variance case (COVg=1.5). When the correlation
length decreases, the accuracy of estimation is
reduced.

3. For the verification example of model tests,
the soil layers in the artificial ground could be iden-
tified and the estimation error of the friction angle
was less than 10%. Assuming the threshold value of
the friction angle between the two materials was 25°,
the estimated thicknesses of the plastic particle layer
were 7, 8, and 11 cm, respectively, for the three model
tests, which is only slightly different from the actual
situation.

In this study, only one soil property was esti-
mated using the probabilistic back estimation method
of spatial variability. However, multiple soil proper-
ties can influence soil behavior at the same time. For
example, the elastic modulus, shear strength, and soil
density of a sandy soil can all affect the mechanical
behavior of a geotechnical structure. The present
method could be further extended to estimate the
spatial variability with multiple random variables.

In the model tests, the ground was formed of



492 Sun et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2020 21(6):478-495

several distinct soil layers to represent spatial varia-
bility due to interlayer heterogeneity. The present
method is able to capture spatial variation, but the
fields should be Gaussian random fields. Hence, the
distinct boundaries between soil layers cannot be
described. To simplify the problem, only the stratifi-
cation was verified with the actual situations in tests.
To extend the present method to ground conditions
with distinct layer interfaces, such as geological
anomalies and facies, other random field simulation
methods such as sequential indicator simulation should
be used to describe the spatial field. Further studies
should be conducted to extend the present method to
situations with different types of heterogeneity.
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