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Abstract: Neural networks (NNs), as one of the most robust and efficient machine learning methods, have been
commonly used in solving several problems. However, choosing proper hyperparameters (e.g. the numbers of layers
and neurons in each layer) has a significant influence on the accuracy of these methods. Therefore, a considerable
number of studies have been carried out to optimize the NN hyperparameters. In this study, the genetic algorithm
is applied to NN to find the optimal hyperparameters. Thus, the deep energy method, which contains a deep neural
network, is applied first on a Timoshenko beam and a plate with a hole. Subsequently, the numbers of hidden
layers, integration points, and neurons in each layer are optimized to reach the highest accuracy to predict the stress

distribution through these structures. Thus, applying the proper optimization method on NN leads to significant

increase in the NN prediction accuracy after conducting the optimization in various examples.
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1 Introduction

During the past few years, machine learning
(ML) algorithms have attracted scientists’ attention
in solving various problems (e.g. image recogni-
tion, search engine result refining, email spam de-
tection, and malware filtering) due to considerable
advances in the capacity of computers. Neural net-
works (NNs) are widely used in many ML applica-
tions due to their capability of solving various prac-
tical problems (e.g. speech processing (Nassif et
al., 2019), computer vision (Alhichri et al., 2018),
and weather forecasting (Dalto et al., 2015)). Sim-
ilar to other scientific fields, mechanical engineering
has also been influenced by this novel methodology.
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Moreover, numerous studies using NN have been car-
ried out. Nguyen-Thanh et al. (2019) implemented a
deep neural network (DNN) method to find the stress
and displacement distributions through mechanical
structures such as 2D and 3D cantilever beams un-
der bending and twisting T-shaped bars. The total
potential energy of the system was considered as the
loss function which was minimized using Adam and
limited-memory Broyden-Fletcher-Goldfarb-Shanno
(L-BFGS) optimization methods. The boundary
conditions were also taken into account to reach
the proper network parameters through the back-
propagation procedure. The authors referred to this
strategy of solving mechanical problems as the deep
energy method (DEM). Moreover, the DEM compu-
tational time is significantly higher compared with
the classical numerical methods such as the finite el-
ement method (FEM). However, using DEM gives
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accurate solutions much faster than FEM when the
network is trained for various types of boundary con-
ditions. Samaniego et al. (2020) also used DEM for
solving several mechanical problems (e.g. phase-field
modeling of fracture, piezoelectric cantilever beam,
and Kirchhoff plate under bending). This method
was also compared with the collocation method and
demonstrated the DEM advantage in solving partial
differential equations which are capable of using the
variational format of the boundary value problem in-
stead of the strong format. Other NN applications
for analyzing mechanical problems can be found in
(Najafi et al., 2018; Goswami et al., 2020; Shamshir-
band et al., 2020).

The accuracy and convergence of the different
types of NN highly depend on hyperparameters (e.g.
the numbers of hidden layers and neurons in each
layer), which are often arbitrarily chosen. In the
past few years, several studies have been done on
optimizing the NN hyperparameters. Yu and Zhu
(2003) presented a comprehensive review in this field
in which the performance of various methods in opti-
mizing the NN hyperparameters was compared and
discussed. Three approaches exist to mainly find
the best hyperparameters. The grid search (GS) is
the first method in which all the combinations of
different hyperparameters are evaluated. Moreover,
the combination with the lowest cost function or the
highest fitness is introduced as the best set of hy-
perparameters. In addition, other useful application
of deep learning was shown by Kaur et al. (2020)
to classify and predict people who have Parkinson’s
disease. Different voice features of the patients were
gathered into a dataset and a DNN was applied to it.
Furthermore, the authors attempted to find the best
hyperparameters of their approach using GS. They
finally managed to increase the overall and mean
prediction accuracies of their model up to 89.2% and
91.7%, respectively. However, using GS requires a
vast amount of computations to obtain the absolute
best network architecture. Therefore, it is not an effi-
cient method. Moreover, the so-called random search
(RS) method was devised to avoid this exhaustive
search through all possible combinations of different
hyperparameters (Bergstra et al., 2012; Torres et
al., 2019). An arbitrary number of hyperparameter
combinations are randomly chosen in this approach,
and the best result is introduced as the optimal set
of hyperparameters. Although using RS may not
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lead to the highest fitness or lowest cost function, its
computational time is considerably lower than GS.
Consequently, Jo et al. (2019) employed the artificial
NN (ANN) to estimate the exhaust gas recirculation-
low pressure (EGR-LP) rate in turbocharged gaso-
line direct injection (GDI) engines and attempted to
improve the hyperparameters of their approach using
three methods of RS, tree-structured Parzen estima-
tor, and hyperparameter optimization via radial ba-
sis function and dynamic coordinate search (HORD).
These authors compared the mentioned algorithms
and proved that HORD, with a validation perfor-
mance of nearly 99%, was capable of more accurately
predicting the EGR-LP rate. Moreover, Motta et
al. (2020) applied a convolutional neural network
(CNN) on a dataset with 8700 images containing
7500 mosquito images to classify mosquitoes which
cause specific disease and distinguish the difference
between them and other types of insects. However,
the authors used a data augmentation strategy to
increase the size of training and test datasets be-
cause not enough data were available to carry out
this study. Subsequently, the RS and GS methods
were implemented for tuning the hyperparameters of
the used CNN, which managed to increase the accu-
racy of image recognition from 76% to 93%.

Searching blindly through the domain of the hy-
perparameter is the main disadvantage of the RS
method. However, metaheuristic algorithms such
as genetic algorithm (GA) can overcome this prob-
lem. Therefore, the combinations of hyperparam-
eters with the best results in each step are saved.
Subsequently, the new sets of hyperparameters in the
next step are generated by combining the hyperpa-
rameters of the previous step. Thus, the search pro-
cess is not blind and the possibility of reaching the
optimal result is higher than RS. A comparison study
on the accuracy and computational time between
GS, RS, and GA was reported by Liashchynskyi and
Liashchynskyi (2019). According to their revealed
results on the CIFAR-10 classification dataset, GA
outperformed the other mentioned methods.

Two characteristics exist in every GA approach.
The first one, referred to as diversification or explo-
ration, is the capability of the algorithm to repre-
sent a general overview of the entire solution domain
and distinguish the areas which have the potential
of producing better results. This feature helps the
optimization process not to waste time on areas in
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which the chance of achieving the optimum result is
low. The second one, intensification or exploitation,
is defined as intensifying the search through the ar-
eas with promising results and trying to find the best
possible solution in those fractions of the solution do-
main. These qualities are the main advantages of GA
over RS which signifies that GA is a more efficient
method. As a result, a decent number of studies on
the application of GA in optimizing the NN hyperpa-
rameters have been carried out. Consequently, image
recognition research on the images of four different
types of leukocytes (white blood cells) was conducted
by Bani-Hani et al. (2018) with nearly 10000 and
2500 training and test data, respectively. The au-
thors improved their results by combining CNN with
GA to find the optimal CNN parameters, leading to
more accurate image classification. In another im-
age recognition study carried out by Loussaief and
Abdelkrim (2018), the numbers of convolutional lay-
ers and filters, as well as their sizes in each layer,
were optimized using GA. They managed to increase
the classification accuracy of the CNN from 90% to
>98%. Wei and You (2019) adopted GA to im-
prove the fitness of the modified national institute
of standards and technology (MNIST) image recog-
nition problem and managed to increase the predic-
tion accuracy from 98.10% to 98.84%. In addition,
the authors developed a two-point fusion interme-
diate crossover and adaptive mutation to optimize
the hyperparameters of the fully connected NN. The
adaptive mutation maintained the scale of variation
at the beginning of the evolution process, and the
diversity of the population gradually decreased as
the model evolved. This helped the GA process
to explore the domain properly and to boost local
fine-tuning. Moreover, Wicaksono et al. (2018) com-
pletely discussed the benefits of GA over GS in com-
prehensive research on hyperparameter optimization
of different ML algorithms. Consequently, this study
revealed that GA could be almost as accurate as GS
but could significantly decrease the computational
costs, particularly when the solution domain is quite
large. The authors applied this metaheuristic algo-
rithm on several ML approaches (e.g. support vec-
tor machine (SVM), random forest (RF), K-nearest
neighbor, and adaptive boosting). In addition, the
reduction in computational time of these methods
was up to 85%.

The process of backpropagation in NNs causes
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two problems, i.e. first, converging into undesir-
able local minima, and second, the constant sched-
uled learning rate which can slow down convergence.
To overcome these problems, Kanada (2016) used
the learning rate optimizing genetic backpropaga-
tion (LOG-BP) method in which GA is combined
with the process of backpropagation in a CNN im-
age recognition study. Thus, the weights and biases
along with the learning rate in each epoch are acting
as chromosomes, and the learning rate is mutated
when the best weights and biases are found. Sub-
sequently, the optimum chromosomes are passed to
the next epoch. According to MNIST benchmark-
ing, LOG-BP showed better performance compared
to the conventional stochastic gradient descent meth-
ods. Moreover, another contribution to the optimiza-
tion of hyperparameters in a CNN-based study was
done by Guo et al. (2019) who used the Tabu-GA
method for image recognition of MNIST and Flower-
5 datasets. The authors demonstrated that using a
Tabu list to avoid evaluating repetitive chromosomes
has a significant influence on the optimal results be-
cause their method finally outperformed the common
methods such as RS and Bayesian optimization while
the computational costs of Tabu-GA were 50% less.

Other metaheuristic algorithms are also used to
improve the accuracy and efliciency of problems deal-
ing with NN. Junior and Yen (2019) used the particle
swarm optimization (PSO) to find the best hyperpa-
rameters which yield the least computational costs
and best accuracy of image classification employing
CNN. Three groups of PSO, CNN architecture ini-
tialization, and CNN training parameters were con-
trolled in this study to find the CNN with the high-
est fitness in classifying the images of the MNIST
dataset. The authors finally showed the superiority
of their method (called psoCNN) over other methods,
and only 30 particles and 20 iterations were found
to be enough to reach accurate results comparable
to other hyperparameter optimization approaches.
Furthermore, two metaheuristic algorithms (firefly
and tree growth algorithms) were developed by Ba-
canin et al. (2020) to optimize the hyperparameters
of a CNN in an image recognition approach. The
authors manipulated these algorithms to enhance
their exploration-exploitation balance and proved
the outperformance of their algorithm over their con-
ventional counterparts in terms of robustness and
classification accuracy. All the experiments were
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conducted on an MNIST dataset, and the numbers of
convolutional layers, filters, and fully connected lay-
ers, and the size of the filters acted as the design vari-
ables in this study. In a novel CNN-based approach,
ul Hassan et al. (2018) attempted to classify the im-
ages of MNIST and neuromorphic MNIST datasets
into two groups of good and bad quality images with-
out understanding the image content. Subsequently,
the authors optimized the hyperparameters of their
classification problem implementing a hyperheuris-
tic approach that improved the CNN learning per-
formance. The most beneficial feature of the applied
optimization method was the capability of improv-
ing the learning process when the training dataset is
not sufficiently large.

2 Mathematical formulation
2.1 Principle of minimum potential energy

The potential energy of a mechanical system ()
under traction (tn) and body force (f) is obtained
as follows:

€ :VVint - cht»
1
Wint :—/ €(u):C:e(u)ds2,
2 /)0
Wext = f-udQ—i—/ tn-udl, (1)
Q EIoN

where Wi, and Wey are the stored elastic strain
energy and the work of external force, respectively.
C' and € represent the stiffness matrix and strain
tensor which is a function of displacements (u). Note
that the integrals related to stored elastic energy and
body force are obtained on the whole domain (2),
while the integral of traction force is calculated on
the surface on which the traction is imposed (I").
In addition, the Drichlet and Neumann boundary
conditions are imposed as

u =u on d2p,
o-N :tN on 8.QN, (2)

where {2p and 2y are the Drichlet and Neumann
boundaries, and @ and ¢y indicate the prescribed
values on these boundaries, respectively. o and N
denote the first Piola-Kirchhoff stress tensor and out-
ward unit normal vector, respectively. Moreover, the
principle of minimum potential energy states that
the total potential energy should be minimized to
reach the stationary conditions.
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2.2 Deep neural network

ANNSs are widely used to solve various problems
(e.g. speech recognition and image classification).
These methods are capable of classifying massive
data.
the output vector w can be calculated as

Given an input vector x into a simple NN,

u(w,z,b)wz + b, (3)

where w and b are the network parameters called
weights and biases, respectively. These network pa-
rameters are randomly chosen, and they are modified
through the backpropagation process by minimizing
a loss function that is related to the total energy of
the system in the application of this study. In addi-
tion, a DNN is an ANN with more than one hidden
layer. The output of the DNN is calculated as

Z, :01('w1X + b1),
Z;=0j(w;Z;-1 +by),
U=Zy=om(wyZy_1+bu), (4)

where X is the vector containing the positions of the
training points, Zj is the output of the jth layer,
oj, wj, and b; are the activation function, weights,
and bias vector associated with the jth layer, re-
spectively, U is the output vector, and subscript M
refers to the Mth layer, which is the output layer. A
two-layered DNN is depicted exemplary in Fig. 1.
The activation function introduces nonlinearity
to the model. Without an activation function, the
model is a linear regression model and is not capable
of analyzing complicated input data. The activation
function is a linear or nonlinear function acting as
a mathematical gate between the adjacent layers so
that the output of each layer goes through an activa-
tion function to the next layer. Therefore, the hyper-
parameters affect the convergence rate and accuracy
of the model to a great extent. In addition, the acti-
vation function related to the output layer should be
a linear function to reproduce unrestricted outputs.
Common activation functions include Sigmoid, tanh,
rectified linear unit (ReLU), and ReLU? (Fig. 2).

2.3 Deep energy method

DEM is a novel and simple machine learning-
based method of solving partial differential equations
(or energy problems). It is based on combining the
principle of minimum potential energy with the DNN
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Fig. 1 A schematic of a two-layered DNN (f] is the output vector at the training point)
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Fig. 2 Nonlinear activation functions: (a) ReLU; (b)
ReLU?Z; (c) tanh; (d) Sigmoid

concept. Therefore, integration points are placed in
the domain and along the boundary. Subsequently,
the total energy of the system is considered as the
loss function of the applied DNN. It is minimized
through training the model for a certain number of
epochs. This process is illustrated in Fig. 3.

After finding the modified network parame-
ters (weights and biases), new sets of integration
points are generated as the test data. In addi-
tion, the displacements related to the test data
are predicted. Finding the derivatives of the dis-
placements yields the strain tensor, and the stress
distribution through the structure is calculated us-
ing the constitutive equations. Several optimizers
including the Adam optimizer followed by the L-
BFGS method with boundary constraints (L-BFGS-
B method) were tested. The network is trained

M/int -I-

> &
m | (loss function)

Continue training w.
(adding another
optimization step)

No

Yes

Network parameters (w, b) |

Fig. 3 A schematic of DEM procedure (BC represents
boundary condition)

for a certain number of iterations using Adam opti-
mizer. Subsequently, the L-BFGS-B method is used
for training the network to reach a certain accuracy.
The desired accuracy in this study is reached when
the discrepancy between the loss functions obtained
through successive iterations is <1075,

3 Genetic algorithm

In this section, the hyperparameters of the NN
implemented in DEM are optimized using GA. The
relative L? error associated with the total strain en-
ergy of the system is taken as the objective func-
tion to be minimized. Conversely, the numbers of
neurons in each layer or the number of integration
points are considered as the design variables. Three
basic steps exist when solving a minimization prob-
lem using GA. In the first step, a population called
parents is selected among all the possible solutions
(chromosomes) of the desired problem. In the second
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step, two secondary populations called offsprings and
mutants are generated through crossover and muta-
tion procedures, respectively. In the third step, all
the populations are merged and sorted according to
their objective functions. Finally, a certain number
of the best populations are chosen and the rest are
truncated. This procedure is repeated for a certain
number of iterations to find better optimal results.

3.1 GA initialization

The GA process begins with randomly choosing
a certain number of chromosomes (P;t) in the so-
lution domain. This primary population is updated
through the rest of the GA procedure by adding a
certain number of offsprings and mutants.

P, =n¢ - Pnit,
Pm =N - Rnih (5)

where n. and n,, determine the fraction of initial
population chosen for crossover and mutation, re-
spectively. P, and P,, denote the population ob-
tained by the crossover and mutation processes, re-
spectively. Moreover, the size of Py remains con-
stant after each iteration by truncating the worst
chromosomes. The number of truncated chromo-

somes in each iteration is equal to n¢ + npy,.
3.2 Crossover

In the crossover process, a pair of parents is
chosen to generate a pair of offsprings. These new
chromosomes are calculated by combining the two
parents as

Zo1 =acp1 + (1 — ac) 2p2,

Te2 =QcTp2 + (1 - ac) Tpl, (6)

where x.; and x.2 are the offsprings and zp; and xp,2
are the parents. a. is a parameter randomly chosen
between —vy and 1 + 7 which controls the similar-
ity rate between the parents and offsprings, respec-
tively. In addition, 7 is another arbitrary parameter
that helps the search through the solution domain to
cover larger areas, which could result in better GA
exploration and better final results convergence.

3.3 Mutation

The crossover process in the GA may lead to
local minima. Thus, another strategy is suggested
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to overcome this issue. In this strategy, called muta-
tion, one parent is selected to generate a new chro-
mosome called mutant by randomly changing one of
the components of the selected parent as

Tmi = Tp; + a2, i =k,
Tmi; = Tpy, ( # k,
0 =0.1(U - K), (1)

where «,, is a parameter between 0 and 1 which
defines the similarity level between the parent and
mutant. In addition, U and K are the upper and
lower bounds of the number of neurons chosen for the
layers of NN, respectively. The numbers of neurons
in the offsprings and mutants are also controlled to
be between K and U.

3.4 Tabu list

A huge number of new populations are gener-
ated during the crossover and mutation procedures.
In addition, a major number of repetitive chromo-
somes exist after these processes which results in
extra useless computations. Furthermore, having a
repetitive population could lead to inefficiency and
deprive the GA of properly searching the domain.
Therefore, all the evaluated chromosomes are saved
in a Tabu list, and this list is updated through the
complete process of optimization. In each GA step,
all the new generated chromosomes are compared
with the Tabu list. Thus, it is discarded if it has
already been evaluated. Consequently, a large num-
ber of extra computations are avoided and the search
process is more effectively conducted with the Tabu
list. Moreover, Fig. 4 shows the complete procedure
of implementing GA on DEM.

The GA parameters, mainly the crossover and
mutation probabilities, influence the optimal results
and the convergence rate. These parameters are dif-
ferently chosen for the size of the solution domain
and the nature of the problem. Too little muta-
tion rates lead to local minima while too large mu-
tation rates hinder the process of finding the best
solution and therefore decrease the convergence rate.
To avoid local minima, a large mutation rate (0.2) is
chosen. Thus, four new chromosomes are generated
through the mutation procedure in every GA itera-
tion. Moreover, the crossover probability should be
large (>0.5) to more intensely search the specific area
with optimum results. Therefore, this parameter re-
sulted in a 0.6 probability. Consequently, 12 new
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Fig. 4 Process of GA in optimizing the network DEM hyperparameters

chromosomes are produced through the crossover
The GA param-
eters used in this study are presented in Table 1.

procedure during each iteration.

4 Results and discussion

This section presents the results related to the
stress distribution of a Timoshenko beam and a plate
with a hole obtained by DEM with a three-layered
NN each containing 30 neurons. Subsequently, the
best optimizer and activation function are found by
comparing the results of DEM containing various op-
The DEM net-
work architecture is afterward optimized consider-

timizers and activation functions.

ing different sets of integration points as the input
data. The stress distribution through both afore-
mentioned structures is calculated using DEM with
the optimized hyperparameters. Moreover, the re-
sults are compared with those of analytical solution
and DEM with predefined network architecture to
show the impact of hyperparameter optimization on
the accuracy of predicting output results. Another
example is shown by the optimization of the num-
ber of integration points while the network architec-
ture is fixed. Finally, the convergences of the results

Table 1 GA parameters

Parameter Value
Main population 20
N 0.6
Nm 0.2
Om 0.1
¥ 0.1

for training and test datasets are compared to show
whether overfitting has occurred or not.

4.1 DEM with
hyperparameters

predefined network

4.1.1 Timoshenko beam

This section used DEM for estimating the stress
and displacement distributions of a Timoshenko
beam under point loading. The results are compared
with those of the study carried out by Augardee and
Deeks (2008). According to this work, the exact dis-
placement and stresses through these beams can be
calculated as

Py 5  w?
Us =gy (6l —3z)x + (2+v) (y 4)],
_ , w?
Uy :6E—I[3uy (l—x)+(4—|—5u)Tx
+ (31 — z)2?],
P(l -
Oz :¥7 Uyy:07

—P (w? 2
Ozy _T<T_ ), (8)

where P, [, I, and w are the magnitude of point load,
length of the beam, the second moment of area of the
cross-section, and width of the beam, respectively.
In addition, F and v define the elastic modulus and
Poisson’s ratio, respectively. The loading at the end
of the beam must be imposed as a parabolic varying
shear force to provide the stability of this bending
problem. Moreover, the essential boundary condi-
tions at the fixed end must be satisfied according to
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the aforementioned displacement field through the
beam. Therefore, the boundary conditions of the
beam should be satisfied as follows:

The Drischlet boundary conditions:

Py w?
w0) = g4 (- ),
Py w?

f=—§ (%2—1/2), 9)

where ¢ represents the imposed tractions.
The coordinate system of the cantilever beam is
demonstrated in Fig. 5.

y

<
ANNNNN

/

Fig. 5 Coordinate system of the cantilever Timo-
shenko beam problem

This study considered the total energy of the
system (strain energy and energy of the external
forces) as the loss function of DEM to find the stress
and displacement distributions of the Timoshenko
beam. In the first step, the interior and boundary in-
tegration points and weights are generated using the
non-uniform rational B-spline (NURBS) functions
and Gaussian quadrature integration method. Next,
a DNN with three layers each containing 30 neurons
is constructed. Consequently, the Adam optimizer
followed by L-BFGS-B are taken as the optimization
methods to minimize the loss function, while ReLU?
acted as the activation function. Finally, the net-
work is trained, and the predicted displacement and
stress distributions of these loaded beams are calcu-
lated. After comparing the predicted displacements
with the exact solution, relative L? errors associated
with displacements and energy of the beam under
the mentioned load are calculated to show the DEM
accuracy:

_ f f (ui,crror + ui,error) dxdy
f f (ug,exact + uz,exact) dl’dy’

Ug,error =Uz,exact — Uz, pred,

L5 (u)

(10)

Uy error =Uy exact — Uy,pred,
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where indices ‘exact’ and ‘pred’ indicate the displace-
ments calculated by the exact solution and DEM,
respectively. This equation can be found for strain

energy as
E
1 error
L™ (Wint) = ;
Enorm
T
UII UII
—1
Foorm = / / Oyy C Oyy dzdy,
TYd exact Uzy exact
(11)

where Fyorm and Fepor are the energy norm and
energy error, respectively. The stiffness matrix is
obtained as follows:

E Ev 0
1—v? 1—v?
C - 1?52 I_EV2 0 (12)
E
0 0 2(14v)

After generating integration points through the
Timoshenko beam with the aid of NURBS patches,
the energy norm and energy error can be calculated
as follows:

. -~ . o T
% i
Nprea (o O
_ ) -1 i i
Evorm = Y | |05y c™ o, || w',
=1 ot 'L
TY- exact -~ TY- exact
. _ . T
i i
Nprea O pu O
_ } : i -1 i i
Eerror = Uyy c UI_UZU |J| w,
i=1 Y2 2
TY- error =~ LY error
i i P
Oz Ozx Ozx
i _ i _ i
Tyy = |y Tyy , (13)
i 7 4
a a
ZTY- error Y- exact -7 2Y< pred

where w® and |J| are the Gaussian quadra-
ture weights and Jacobean matrix determinant,
respectively.

An example of a DEM solution with three hid-
den layers each containing 30 neurons for a Timo-
shenko beam with the mechanical and geometrical
properties is shown in Table 2. In addition, 160 and
40 elements for the longitudinal and vertical axes
are considered, respectively, while 80 elements for
the boundary domain are considered. The number
of Gauss integration points in both boundary and
physical domains is 1. The stress distribution of
these beams after loading is demonstrated in Fig. 6.
Consequently, the magnitude of loading at the free

end of the beam is 2.
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(€)

Fig. 6 Comparison between the results of analytical
(b) o2z obtained by DEM; (c) oz, obtained by exact
refer to the online version of this figure

Table 2 Mechanical and geometrical properties of the
Timoshenko beam

Parameter Value

Elasticity modulus (MPa) 1000
Poisson’s ratio 0.3
Length (m) 8
Width (m) 2

The relative L? error in the displacement and
energy norms for the cantilever beam problem are
0.000 15 and 0.0281, respectively, after 1000 epochs
of training. The accuracies of predicting shear and
normal stresses are almost the same, although the
predicted normal stresses are more in line with the
analytical solution compared to shear stresses. Thus,
the errors of shear stresses in Fig. 6 are more visible
because they are depicted relative to the scale of the
values of shear stresses (between —1.6 and 0), which
is much smaller than the values of normal stresses
(between —24 and 24). This can be proven by com-
paring the mean absolute errors (MAEs) of shear and
normal stresses as

1 Nprea . -
MAEUmz = N [U;w,exact - U;w,pred] ’
pred =7
1 Npred . .
MAEUzy = Npred ; [Uwy,exact - Uwy,pred] . (14)

The MAE associated with shear and normal
stresses calculated by the DEM solution with net-
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solution and DEM: (a) ozx obtained by exact solution;
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work architecture of [30, 30, 30] are 0.0724 and
0.0588, respectively. These errors are at the same
level, and DEM is capable of accurately predicting
shear stresses as normal stresses.

4.1.2 Plate with a circular hole in the center

This section considered a square plate with a cir-
cular hole in the middle subjected to uniform trac-
tion at infinity. Thus, only a quarter of them is
studied due to the symmetry of these plates (Fig. 7).

According to the study presented by Anitescu
et al. (2018), the exact displacements of this plate

s Exact traction

Exact traction
Symmetry boundary condition

)

X Symmetry boundary condition
/

Fig. 7 A schematic of a square plate with a circular
hole in the middle under uniform traction
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are calculated as:

1+v 1 COS9+2R20089
Uy = — -
E 1+v r(l1+v)

N R? cos(30) N R* cos(30) T,
2r 273

uy:<1+y> {( v )Tsin6‘
‘ FE 1+v

N R*(1 —v)sinf  R?sin(30)
r(l1+v) 2r
R*sin(30)
T] Ty, (15)

where r, R, 6, and T, are shown in Fig. 7.
The analytical stress distribution through these
plates can be calculated as:

i (%) -2

R* R%\ |
R? R*
oge(r,0) = (7 [1 + rol <1 + 3r_4> cos(29)} ,

Ty R? R*\ .
(16)

Moreover, the above calculated stresses can be
obtained in the Cartesian coordinates using the
transformation matrix:

wa O-TT
Oyy | = T \ogg| ,
Oxy Ore
cos? 0 sin? @ — sin(20)
T = sin’6 cos? sin(20)
sin(20)/2 sin(260)/2 cos? 6 — sin® 0

(17)

The structure is described by NURBS patches to
analyze these plates using DEM. Moreover, a certain
number of Gauss integration points are generated in
each element to calculate all the integrations after
generating elements through the plate. A schematic
of the distribution of Gauss points through these
plates is depicted in Fig. 8.

The elements are created in the radial and angu-
lar directions. The small blue and big red points in
Fig. 8 represent the Gauss integration points through
the body and boundary, respectively. After generat-
ing the integration points, a DNN with a specific
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Fig. 8 A schematic of the generated integration points
through the square plate with a circular hole in the
middle. References to color refer to the online version
of this figure

network architecture is created to be applied on the
integration points and predict the relative L? en-
ergy error as the loss function. Subsequently, the
network is trained for several iterations until the dis-
crepancy between the analytical method and DEM
is minimized. Finally, the displacement and stress
distributions of these plates are calculated. The rel-
ative L? errors associated with displacements and
energy are calculated similar to the previous section
(Egs. (10)—(13)).

Moreover, Samaniego et al. (2020) implemented
DEM to investigate the behavior of a square plate
with a length of 4 m containing a circular hole with
a diameter of 1 m under uniform traction with a
magnitude of 10 MPa. The elasticity modulus and
Poisson’s ratio of this plate were 100 GPa and 0.3,
respectively. The network structure, activation func-
tion, and optimizers are similar to the DEM used for
the Timoshenko beam problem.

Moreover, Fig. 9 shows the stress distribution
of these plates. The relative L? errors for displace-
ments and energy of this plate compared to the exact
solution were 0.0099 and 0.0267 for 4000 epochs of
training, respectively.

The shear stress predicted by DEM with prede-
fined network architecture showed noticeable error
compared to the exact solution (Fig. 9). However,
normal stress distribution through the plate was cal-
culated with negligible discrepancies.
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Fig. 9 Comparison between the results of analytical solution and DEM with predefined network architecture:
(a) ozz obtained by DEM; (b) oz obtained by exact solution; (c) ozy obtained by DEM; (d) o2y obtained by
exact solution. References to color refer to the online version of this figure

4.2 Hyperparameter selection

Various hyperparameters exist (e.g. the num-
ber of hidden layers, and the numbers of neurons in
each layer, optimizer, and activation function) in a
fully connected deep learning problem. However, it
is computationally expensive to consider all of them
in the process of finding their best set. Therefore,
this section used several DEM problems with prede-
fined network architecture to find the results related
to various activation functions and optimizers. Fi-
nally, the best optimizer and activation function are
selected, and the rest of the hyperparameters are op-
timized in the next section of this study.

4.2.1 Optimizer

This subsection discussed the influence of the
optimizer on the prediction accuracy through the

backpropagation procedure. Therefore, the results
associated with three different optimizers namely
root mean square (RMS), Adam, and the combi-
nation of Adam optimizer with L-BFGS-B are com-
pared. In the aforementioned optimizer, the network
is trained for a certain number of epochs. Subse-
quently, the training is continued using L-BFGS-B
so that the difference between the successive loss
functions is <1078, Moreover, Table 3 shows the
comparison between these three optimizers for the
cantilever beam with the geometrical and material
properties reported in Table 2. The learning rate
and the number of training iterations are 0.001 and
1000, respectively.

The comparison of the mentioned optimizers are
also presented for the plate with a hole problem in
Table 4. The corresponding networks are trained for
4000 epochs and a learning rate of 0.001.
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Table 3 Comparison between the results of different
optimizers, analyzing the bending of the Timoshenko
beam

a::ﬁ:gi‘re Optimizer L (W) L5 (w)
20, 20, 20] RMS 0.302 0.0721
Adam 0.036 0.000 59
Adam +L-BFGS-B  0.035 0.00022
(25, 25, 25] RMS 0.230 0.0540
Adam 0.0549 0.00238
Adam L-BFGS-B  0.0308 0.00033
(30, 30, 30] RMS 0.308 0.0645
Adam 0.0284 0.00017
Adam | L-BFGS-B  0.0281 0.00015
(35, 35, 35] RMS 0.273 0.0509
Adam 0.0245 0.00039
Adam | L-BFGS-B  0.0244 0.00034
(40, 40, 40] RMS 0.282 0.0467
Adam 0.0207 0.00022
Adam + L-BFGS-B  0.0297 0.00015
[45, 45, 45] RMS 0.361 0.0487
Adam 0.0252 0.00018
Adam +L-BFGS-B  0.0252 0.00017

Table 4 Comparison between the results of different
optimizers, analyzing the plate with a central hole

Network . rel (11, rel
architecture Optimizer L5 (Wine) Ly (w)
[20, 20, 20] RMS 8.02 5.78

Adam 2.26 3.19
Adam+L-BFGS-B  0.0814 0.0271

[25, 25, 25] RMS 8.02 5.65
Adam 0.0273 0.0072
Adam-+L-BFGS-B  0.0273 0.0072

[30, 30, 30] RMS 8.02 5.65
Adam 0.0281 0.0144
Adam+L-BFGS-B  0.0267 0.0099

[35, 35, 35] RMS 8.02 5.78
Adam 0.0206 0.0142
Adam-+L-BFGS-B  0.0206 0.0142

[40, 40, 40] RMS 8.02 5.78
Adam 0.0268 0.0187
Adam-+L-BFGS-B  0.0231 0.0152

[45, 45, 45] RMS 8.02 5.78
Adam 0.658 0.468
Adam-+L-BFGS-B  0.0201 0.0088

Tables 3 and 4 show the huge RMS errors. The
Adam optimizer mostly yields accurate results and
is outperformed by the combination of Adam and L-
BFGS-B, particularly when the number of neurons
decreases. This is more evident when studying the
plate with a hole problem. Thus, the Adam opti-
mizer followed by L-BFGS-B is employed in the rest
of this study.
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4.2.2 Activation function

Several activation functions, i.e. Sigmoid, tanh,
ReLU, and ReLU?, are considered in this study.
Moreover, the results are compared in Figs. 10 and
11 for the Timoshenko beam and the plate with a
hole problem, respectively.
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Fig. 10 Comparison between the different activation
functions in the process of DEM analyzing the Timo-
shenko beam
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Fig. 11 Comparison between the different activation
functions in the process of DEM analyzing the plate
with a central hole

The ReLU is not capable of predicting accurate
results for the Timoshenko beam problem (Fig. 10),
and ReLU? outperforms the other activation func-
tions (Fig. 11). Therefore, it was used in this study.

4.3 Optimization of DEM hyperparameters
4.3.1 Timoshenko beam

The main focus of this study is to exploit GA
to find the best DEM hyperparameters. The re-
sults of optimizing the DEM network architecture
on a Timoshenko beam with material and geomet-
rical properties reported in Table 2 are presented in
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this subsection. Thus, three NN models with two,
three, and four hidden layers are taken into consid-
eration. Moreover, three different sets of integration
points, reported in Table 5, are considered to find
the influence of the number of integration points on
the GA convergence and optimal hyperparameters.

Table 5 Three sets of integration points through the
Timoshenko beam

Number of integration points

Set
z direction y direction Boundary
#1 80 20 40
#2 120 30 60
#3 160 40 80

For the sake of simplicity, these sets of integra-
tion points are written as {T1, T2, T5} where T1,
T5, and T3 are the numbers of integration (training)
points in the = direction, in the y direction, and at
the boundary, respectively. For instance, set #1 is
noted as {80, 20, 40}. Moreover, different DEM net-
work architectures are written as [N, Na, N3] where
Ny, Ns, and N3 are the numbers of neurons in the
first, second, and third hidden layers, respectively.

As the process of NN takes a significant amount
of time during the GA and quite a large number of
NNs during each GA iteration, it is a rational idea
to decrease the computational costs by altering the
input data of this problem. Therefore, the range of
the number of neurons in each layer is lowered, as
the number of hidden layers increases, so that the
total number of neurons is constrained to a certain
maximum. Accordingly, the upper and lower bounds
of the neurons in each layer of different GA problems
are reported in Table 6.

Table 6 Lower and upper bound constraints of the
number of neurons for different DEM approaches

Number of Number of neurons

hidden layers Lower bound Upper bound

2 30 60
3 20 50
4 15 40

The convergence procedures of GA approaches
for DEM with two, three, and four hidden layers are
demonstrated in Figs. 12—14, respectively.

GA successfully decreased the relative L? error
associated with the energy of the Timoshenko beam
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Fig. 12 GA convergence applied on the two-layered
DEM (Timoshenko beam)
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Fig. 13 GA convergence applied on the three-layered
DEM (Timoshenko beam)
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Fig. 14 GA convergence applied on the four-layered
DEM (Timoshenko beam)

as the objective function (Figs. 12-14). Interestingly,
the best results are represented by a two-layered
DEM with integration points of {160, 40, 80}. The
corresponding relative L? error is 0.0131, and the
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optimum design parameters are 41 and 39 neurons
in the first and second layers, respectively.

The four-layered DEM approaches are less ac-
curate compared to their two-layered counterparts.
The objective function of GA converges to 0.016 for
DEM with integration points of {160, 40, 80} where
the optimum numbers of neurons in layers 1, 2, 3, and
4 are found to be 30, 19, 17, and 17, respectively.

The worst optimum results are related to three-
layered DEM approaches. The best optimum hyper-
parameters among the three-layered DEM is related
to that with integration points of {160, 40, 80} and
46, 24, and 43 neurons in the first, second, and third
hidden layers, respectively.

Another descriptive comparison between the op-
timal hyperparameters of the different NN mod-
els with different numbers of integration points is
demonstrated in Fig. 15. More detailed results such
as energy norm, relative L? error associated with
displacements, and computational time of these ap-
proaches are reported in Table 7.

Table 7 shows that among all of the optimum
results obtained by the GA, the best result is re-
lated to DEM with two hidden layers containing 41
and 39 neurons and the integration points of {160,
40, 80}. In addition, increasing the number of inte-
gration points significantly improves the minimized
Furthermore, 33%, 32%, and
28% decreases in the relative L? energy error can be

objective function.

seen in the two-, three-, and four-layered DEM ap-
proaches, respectively, by increasing the number of
integration points to {160, 40, 80}. To more clearly
depict the influence of optimizing the DEM hyper-
parameters on the stress distribution of the Timo-
shenko beam, the normal and shear stresses through

the analyzed beam are demonstrated for the two-
layered DEM with the network architecture of [41,
39| and set of integration points of {160, 40, 80}
(Fig. 16).

The results related to normal stress for DEM
with predefined network architecture are accurate
enough as per comparison of Figs. 6 and 16. In ad-
dition, the accuracy of this stress component does
not considerably change by optimizing the network
hyperparameters. Consequently, the shear stresses
predicted by the optimized DEM are noticeably more
accurate than those of DEM with predefined three-
layered NN, each containing 30 neurons. Moreover,
the MAEs associated with normal and shear stresses,
obtained by DEM with a network architecture of [41,
39] are 0.0427 and 0.0298, respectively. These errors
are 27% and 59% less than the errors produced by
DEM with the network architecture of [30, 30, 30|,
respectively. Therefore, MAE as another error esti-
mator, shows the significant influence of optimizing

0.024 -
0.022 -
0.020 -
0.018 -
0.016 -
0.014 -
0.012 -
{80, 40, 20}

Relative L? energy error

120, 60, 30} .
{ } - 2

{160, 80, 40} =+ 3
Intergration points 4 Number of hidden layers

Fig. 15 The optimal results of GA on DEM (Tim-
oshenko beam) with various integration points and
numbers of hidden layers

Table 7 Detailed comparison between the optimal results of DEMs on Timoshenko beam with various

integration points and numbers of hidden layers

Network Integration points Energy norm LECI(Wint) LECI(u) Com.putatlonal
hyperparameters time (s)
[41, 39] {160, 40, 80} 1.073 0.0131 0.0006 172
[32, 49] {120, 30, 60} 1.072 0.0175 0.0010 68
[31, 37] {80, 20, 40} 1.071 0.0168 0.0027 56
46, 24, 43] {160, 40, 80} 1.073 0.0173 0.0006 127
[47, 50, 32| {120, 30, 60} 1.072 0.0201 0.0014 95
[44, 44, 26] {80, 20, 40} 1.071 0.0229 0.0023 46
[30, 19, 17, 17] {160, 40, 80} 1.073 0.0160 0.0004 215
[24, 25, 28, 28] {120, 30, 60} 1.072 0.0168 0.0012 98
25, 23, 19, 19] {80, 20, 40} 1.071 0.0205 0.0029 52




Nikbakht et al. / J Zhejiang Univ-Sci A (App! Phys & Eng)

2021 22(6):407-426 421

23.99

17.98
11.98 o
597
-0.04 §
-6.04 H
-12.05 @
-18.06 =

I -24.06

xy

=

©

o
Magnitude of o,

Fig. 16 Comparison between the results of the analytical solution and optimized DEM (network: [2, 41, 39,
2]): (a) ozz obtained by exact solution; (b) ozs obtained by the optimized DEM; (c) ozy obtained by the
exact solution; (d) oy obtained by the optimized DEM. References to color refer to the online version of this

figure

the DEM hyperparameters on the accuracy of pre-
dicting stress distribution.

4.3.2 Square plate with a circular hole in the center

In this example, the same square plate with
a hole studied by Samaniego et al. (2020) is in-
vestigated, and the hyperparameters of the NN in
the DEM solution are optimized using GA. Thus, a
three-layered NN, with each layer containing 20 to
50 neurons, is selected. Furthermore, the numbers
of neurons in these layers are considered as the de-
sign variables while the relative L? error associated
with energy is taken as the objective function. The
GA procedure is presented for three different sets of
integration points with 60, 70, and 80 integration
points in the radial and angular directions as well as
the plate boundary. The convergence of the imple-
mented GA is shown in Fig. 17.

Optimizing the network architecture (number
of neurons in each hidden layer) has a significant in-
fluence on DEM accuracy (Fig. 17). The optimal
network architecture found for the set of integration
points {60, 60, 60} is [39, 42, 48], which leads to a
relative L? energy error of 0.0169. The DEM accu-
racy slightly increases by increasing the number of
integration points so that the optimal network archi-
tecture for the set of integration points {70, 70, 70}

——~ {60, 60, 60}
—— {70, 70, 70}
...... {80, 80, 80}

S ——
........................................

20 36 52 68 84 100
Number of neural networks

Fig. 17 GA convergence applied on the three-layered
DEM (square plate with central hole) considering the
number of neurons in each layer as the design variable

is [35, 33, 45|, which results in a relative L? energy
error of 0.0165. The best optimum network belongs
to the set of integration points {80, 80, 80} with net-
work architecture of [30, 41, 44], which yields to a
relative L? energy error of 0.0151. However, the ob-
jective function decreases 43% when compared with
the optimal network architectures with a predefined
three-layered network with each layer containing 30
neurons. Detailed results containing energy norm,
relative L? error associated with displacements, and
computational time of optimized DEM with different
sets of integration points are shown in Table 8.
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The DEM stress distribution with network ar-
chitecture of [30, 41, 44] and set of integration points
{80, 80, 80} is depicted in Fig. 18 to show the GA
influence on the DEM accuracy.

Optimizing the network architecture has a
slightly positive influence on the normal stress of
the plate when Figs. 9 and 18 are compared. How-
ever, the network with optimized architecture [30,
41, 44] proves to be significantly more powerful than
the network with predefined architecture [30, 30, 30]
in terms of predicting shear stresses.

2021 22(6):407-426

4.3.3 Optimizing the integration points for NN with
predefined architecture

In the previous examples, the number of inte-
gration points was fixed and the best neural network
architecture (the number of neurons in each hidden
layer) was found using GA. A certain NN is selected
and the optimal combination of integration points
is optimized in this section using GA. Thus, the
stress analysis of a plate containing a circular hole in
the middle with mechanical and geometrical proper-
ties reported in the previous example is solved using

Table 8 A detailed comparison between the optimal network hyperparameters of DEMs on the plate with a

central hole for various sets of integration points

Network . . rel rel Computational
hyperparameters Integration points Energy norm L5 (Wing) L5 (u) time (s)
[30, 41, 44] {80, 80, 80} 0.0168 0.0151 0.0035 452
[35, 33, 45] {70, 70, 70} 0.0168 0.0165 0.0041 449
[39, 42, 48] {60, 60, 60} 0.0168 0.0169 0.0048 310
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Fig. 18 Comparison between the results of analytical solution and DEM (network: [30, 41, 44]): (a) oxa
obtained by DEM; (b) oz obtained by exact solution; (¢) ozy obtained by DEM; (d) ozy obtained by exact
solution. References to color refer to the online version of this figure
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DEM. Three NNs consisting of three hidden layers,
each containing 30, 35, and 40 neurons, are chosen to
find the optimal set of integration points for each net-
work architecture. The number of integration points
through the structure and the boundary varies from
60 to 90. Moreover, Fig. 19 demonstrates the GA
convergence in optimizing the number of integration
points.

0.0496 3\ — —~ Network architecture {30, 30, 30}

0.0456 «\ ——— Network architecture {35, 35, 35}
0.0416 Network architecture {40, 40, 40}
0.0376
0.0337
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0.0217
0.0178
0.0138

Relative L2 energy error

20 36 52 68 84 100
Number of neural networks

Fig. 19 GA convergence applied on the three-layered
DEM (square plate with central hole) considering the
number of integration points as the design variable

Optimizing the number of integration points
when the network architecture is fixed could decrease
the loss function up to 50% (from 0.0496 to 0.0247)
as shown in Fig. 19. Comparing the DEM results
with the optimized set of integration points {76, 76,
70} with the predefined set of integration points {80,
80, 80}, the relative L? energy error decreased about
8% (from 0.0267 to 0.0247). This clarifies that the
predefined set of integration points was properly cho-
sen. This amount could even further decrease up to
about 26% (from 0.0267 to 0.0198) and about 48%
(from 0.0267 to 0.0138) when increasing the number
of neurons in each layer from 30 to 35 and 40, respec-
tively. The detailed report of optimal results related
to NNs with the various numbers of neurons in each
layer is revealed in Table 9.

4.3.4 Overfitting

The main goal of every supervised ML algorithm
is generalization, which is defined as the capability
of a trained model to cope with unseen data and
to predict the labels of unseen data as accurately
as the training data. Two terminologies, overfitting
and underfitting, in ML represent the incapability of
modeling a set of data. On the one hand, under-
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fitting occurs when the ML approach cannot model
training data nor test data. On the other hand, over-
fitting refers to the ML approach which can predict
the labels of training data too well so that they are
completely matched with the training data and their
accuracy in estimating the labels of test data is poor.

The accuracy of the optimized NN in predicting
the stress distribution of the Timoshenko beam was
excellent as shown in previous sections. However,
investigating whether the adopted models encounter
overfitting or not is important. Thus, a new set of
integration points is defined as the test data, and
DEM solutions with two and four hidden layers are
applied to it. Subsequently, the procedures of con-
verging the axial and shear stresses at specific points
through the DEM process for the training and test
data are compared. Table 10 shows the numbers of
integration points of training and test data in the z
and y directions.

Table 10 Numbers of integration points in training
and test datasets

Number of integration points

Set
z direction y direction
Training data 160 40
Test data 80 20

The main sign of overfitting while using NN in
solving various problems is that the training dataset
converges towards the exact results, whereas the test
dataset diverges. As shown in Figs. 20 and 21, the
training and test data behave in line with each other,
and the results associated with normal and shear
stresses of these datasets converge to the analytical
results as the number of iterations increases. There-
fore, the represented DEM solutions with optimized
network architecture and sets of integration points
do not encounter overfitting and are reliable.

5 Conclusions

GA was used in this study to find the NN op-
timal hyperparameters in DEM with the relative
L? energy error as the objective function. A can-
tilever Timoshenko beam with specified geometri-
cal and material properties was chosen as the first
case study. Three different numbers of integration
points and three different numbers of hidden lay-
ers were investigated to find that the best optimal
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Table 9 A detailed comparison between the sets of optimal integration points of DEMs on the plate with a
central hole for various network hyperparameters

Network Integration points Energy norm LECI(Wint) LECI(u) Com.putatlonal
hyperparameters time (s)
[307 30, 30] {76, 76, 70} 0.0168 0.0247 0.0082 292
[35, 35, 35] {86, 86, 72} 0.0168 0.0198 0.0039 314
[407 40, 40] {84, 84, 76} 0.0168 0.0138 0.0022 410

140
120 — Training points
——~ Test points
9 100
= 80
<]
& 60
0 —— Training points 40
=== Test points 20
D e Exact solution 0 Ve STy
-10
0 200 400 600 800 1000 0 200 400 600 800 1000
Iteration (a) Iteration
—— Training points 800 —— Training points
——~ Test points ——~ Test points
----- Exact solution S 600
§ 400
i
200
0o ' ¥V SSnNeeeeeee———— A
0 200 400 600 800 1000 0 200 400 600 800 1000
Iteration (b) Iteration

Fig. 20 Convergence of stresses through the DEM process with network architecture of [41, 39]: (a) normal
stress at the top surface of the fixed end; (b) shear stress at the middle of the free end
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hyperparameter architecture belonged to the two-
layered network with 41 and 39 neurons in the first
and second layers, respectively. The numbers of inte-
gration points for this optimal network design were
160, 40, and 80 in the x direction, in the y direc-
tion, and at the boundary, respectively. The rel-
ative L? energy error of this optimum design was
0.0131, which is a >50% decrease compared to a
three-layered DEM approach with 30 neurons in each
layer (0.0281). Eight other optimal designs exist for
other combinations of the numbers of hidden lay-
ers and integration points which resulted in relative
energy error between 0.016 and 0.023.

The second case study was a square plate with
a central hole under traction. The results associated
with this structure were also promising. GA intro-
duced the optimal network architecture [30, 41, 44|
yielding to a relative L? error of 0.0151 (decreasing
>38%) compared to the DEM solution with a prede-
fined network [30, 30, 30] which led to the relative L?
energy error of 0.0247. The set of integration points
in both of the mentioned DEM solutions was {80, 80,
80}.

The network architecture was fixed and the
number of integration points was taken as the de-
sign variable of the GA process in another example
provided in this article. This led to a network ar-
chitecture of [40, 40, 40] and a set of integration
points of {84, 84, 76} when analyzing the plate with
a central hole. The relative L? energy error for this
optimal design was 0.0138, which is 44% less than
the DEM solution with predefined parameters.

The accuracy of predicting the stress distri-
bution through both of the studied structures was
also significantly increased by optimizing the NN
hyperparameters in DEM. Although a vast number
of NNs are conducted in this study to reach the
optimal hyperparameters, remarkable improvement
in the accuracy of the model would be an acceptable
compensation. Combining different approaches
in this study and simultaneously conducting an
optimization on NNs considering the numbers of
integration points, hidden layers,
in each layer as the design variables are highly

and neurons

recommended.
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