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Abstract: This paper demonstrates a novel formulation of structural analysis. A novel stress-based formulation of structural 
analysis for material nonlinear problems was proposed in earlier work. In this paper, this methodology is further extended for 3D 
finite element analysis. The approach avoids use of elastic moduli as the material input in the analysis procedure. It utilizes the 
whole stress-strain curve of the material. It can be shown that this analysis procedure solved the nonlinear or plasticity problem 
with relative ease. This paper solves a uniaxial bar, in which the results are compared with the solutions of Green-Lagrange strain 
and Piola-Kirchhoff stresses. The uniaxial bar is also solved by a regression model in the ‘scikit-learn’ module in Python. The 
second problem solved is of a beam in pure bending for which the energy release rate is measured. For the beam in pure bending, 
the bending moment carrying capacity of the beam section is evaluated by this methodology as the crack propagates through the 
depth of the beam. It can be shown that the methodology is very simple, accurate, and clear in its physical steps. 
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1  Introduction  
 

The objective of the computational methods is to 
be able to best simulate the structural response when 
subjected to loading. It should be able to match the 
response of the structural body with the experimental 
behavior. These computational procedures simplify 
the analysis. It is not possible to perform laboratory 
test for all structural components that are used for 
engineering applications. Thus, the simplified ap-
proaches are adopted. For example, the stress-strain 
diagram is tested for the longitudinal sample sub-

jected to axial load only, but the same stress-strain 
behavior is also used in the analyses of beam bending, 
plates, a 3D body, and torsion. 

In this paper, the stress-based approach is further 
extended to a 3D formulation (Gaur, 2019; Gaur and 
Srivastav, 2020). Current, the state-of-the-art finite 
element analysis uses Green-Lagrange strain and its 
energy conjugate Piola-Kirchhoff stress. These en-
ergy conjugates are also used in the analysis when the 
response of the structural body is desired for large 
deformations. With the basic derivation of the Green- 
Lagrange strain, it is possible to successfully avoid 
rigid body rotation of the element, but higher order 
terms that appear in the Green-Lagrange strain ex-
pression lack the physical insight of the formulation, 
and therefore, the same is true with the basic deriva-
tion of Piola-Kirchhoff stress (Rabczuk et al., 2019; 
Bathe, 2014). In this paper, we set out to measure the 
accuracy of these energy conjugates. In our assump-
tion, the most accurate values of stresses and strains 
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are true stress and true strains as these accommodate 
the effects of area change during large deformation 
and are obtained from real experimental results of 
material. It is evident that, of interest is the response 
of the structure when it undergoes large deformations 
(Rabczuk and Belytschko, 2007; Areias and Rabczuk, 
2013; Areias et al., 2014; Budarapu et al., 2014b). 

The relation of shear stress function is also de-
rived from the normal stress function. A comparison 
is made with the existing results in the linear range 
which shows good and accurate agreement. The der-
ivation is made in much the same way as the modulus 
of rigidity can be derived from the modules of elas-
ticity in the classical theory (Timoshenko and Good-
ier, 1970). 

Modeling crack growth with finite element 
analysis has always been of interest (Rabczuk et al., 
2007, 2010a; Chau-Dinh et al., 2012; Talebi et al., 
2015; Areias et al., 2018). One of the pioneering 
works on crack propagation for concrete structures in 
which crack propagation was modeled with finite 
element analysis is by Hillerborg et al. (1976). In 
fracture mechanics, crack propagation was also 
modeled with plasticity analysis by phase-field mod-
eling (Amiri et al., 2014a; Areias et al., 2016; Areias 
and Rabczuk, 2017). Hillerborg et al. (1976) proposed 
a mathematical model which utilized the ‘energy 
release rate’ parameter in order to model crack 
propagation in the beam. In their formulation, they 
used the experimental results of stress-stain data from 
concrete samples which were recorded by Evans and 
Marathe (1968). In the experiment of Evans and 
Marathe (1968), the readings of the stress-strain curve, 
especially the falling part of the stress-strain curve 
after the peak, were taken at a controlled deformation 
in order to capture the behavior of concrete and to 
avoid the sudden rupture of the brittle material 
(Rabczuk and Belytschko, 2004; Rabczuk et al., 2008, 
2010b; Areias et al., 2013; Budarapu et al., 2014a; 
Talebi et al., 2014). In this paper, we solve the same 
problem. For a beam in pure bending, the energy 
release rate is evaluated and the bending moment 
carrying capacity of the beam section is evaluated as 
the crack propagates through the depth of the section 
by the proposed methodology. The energy release rate 
is evaluated by the Griffith theory (Griffith, 1921).  

The proposed methodology can be regarded as a 
stress-based analysis procedure as it is necessary to 

know the stress distribution inside the structural body 
through proper modeling assumptions. It is not iden-
tical to the displacement-based approach adopted so 
far for structural analysis (Talebi et al., 2014; Zhang 
et al., 2020). This methodology avoids the use of any 
elastic moduli in the analysis procedure; instead, 
stress and strain functions are used. 

With the formulations of Hillerborg et al. (1976), 
and the experimental data that was utilized in the 
analysis, it can be said that once the material fiber is 
loaded, it undergoes three different phases that are 
studied in the literature—linear behavior, nonlinear 
range, and finally it undergoes fracture if the load is 
increased beyond capacity. These three different 
phases are studied differently, according to the re-
quirements at different periods in the literature (Amiri 
et al., 2014b; Ghorashi et al., 2015; Vu-Bac et al., 
2018; Guo et al., 2019). The proposed formulation 
solves the structural problem for all these three phases 
together. It will be seen that the proposed formulation 
gives largely more accurate results than the classical 
linear or displacement-based approaches.  

The proposed approach can be used not only for 
design purposes but also for analysis where a large 
deformation of the structures is of interest. For ex-
ample, the stress-strain curve of the material can be 
used until the attainment of maximum stress if the 
analysis is required for design purposes. The stress- 
strain curve can be used up to the fracture point if the 
response of the structure is required for large defor-
mations. We have used the stress-strain curve up to 
the fracture point as we intend to observe the struc-
tural behavior for large deformations. 

Machine learning uses a set of already available 
data, uses suitable algorithms, and makes predictions. 
The process tends to, in some ways, let machines 
learn from past data. It is much like how humans learn 
from previous experiences. The concept was first 
used by Warren S. McCulloch, a neuroscientist, and 
Walter Pitts, a logician in 1943 (McCulloch and Pitts, 
1990). In the last few decades, machine learning has 
gained much research interest because of its vast 
applications in different fields, such as image and 
voice recognition or banking, and in many other 
commercial applications. Recently, its applications 
have also been developed in computational mechan-
ics, where the approximate solutions of partial dif-
ferential equations are found via machine learning 
(Lagaris et al., 1998; Berg and Nyström, 2018; Raissi 
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and Karniadakis, 2018; Sirignano and Spiliopoulos, 
2018; Weinan and Yu, 2018; Anitescu et al., 2019; 
Guo et al., 2019; Samaniego et al., 2020). 

In this paper, we have used raw data on stress 
and strain of mild steel as the direct inputs in gener-
ating a regression model in machine learning. With a 
suitable regression model and curve fitting, material 
nonlinear analysis was performed for solving struc-
tural problems. A Python tool is used in making the 
machine learning model in nonlinear regression in 
order to gain the best fit of the stress-strain data (van 
Rossum and Drake, 2009). Other tools, such as 
Matlab or Excel can also be used for this purpose. 

 
 
2  Methodology–basic formulation 

 
As explained previously, our methodology uti-

lizes the whole stress-strain curve in the form of stress 
function and strain function as the material input in 
the analysis procedure (Gaur, 2019; Gaur and Sri-
vastav, 2020). True stress and true strain are used 
rather than engineering stress and engineering strain 
in order to accommodate the effect of large defor-
mations. In this paper, the basic derivation of finite 
element analysis is proposed. It is emphasized that 
Gauss’s divergence theorem is applicable not only in 
the linear range of the loading condition but also in 
the nonlinear range or plastic range of the material 
behavior as it is just the force balance equation (Gauss, 
1867). 

2.1  Material input—true stress and true strain 
functions 

In this study, the stress-strain graph of mild steel 
was used which was obtained from a tension test in 
the laboratory on mild steel (ES6, 2018). The stress 
and strain components were first converted to true 
stress and true strains. The values were mapped in the 
reference coordinate system (r) from −1 to +1, very 
much as the natural coordinate system of finite ele-
ment analysis (Bathe, 2014). From the raw data of 
true stress and true strain, the following true stress and 
true strain functions were derived by the nonlinear 
regression method in Python: 

 
0.06458

9.5

0.03438
( ) 473.9e

e
r

r
r                   (1) 

( ) 0.01545 0.01546r r                       (2) 

 
The variations of these true stress and true strain 

functions in reference coordinate system (r) can be 
observed in the following Figs. 1 and 2 drawn in 
Matplotlib. 

It is interesting to note that the whole stress-strain 
graph of material (Fig. 1) is utilized in the analysis up 
to the fracture point as we intended to observe the 
structural behavior for large deformations. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.2  Deformation function 

The strain function expressed in Eq. (2)  
can be written as ε=du/dr=0.015 45r+0.015 46 or, 
du=(0.015 45r+0.015 45)dr, taking the integration of 
both sides, u=∫(0.015 45r+0.015 45)dr, integrating, 
u=0.007 73r2+0.01546r+c. At r=−1, u=0, hence, 
0=0.007 73(−1)2+0.015 45(−1)+c, solving, c=0.007 73, 
hence,  

 
20.00773 0.01546 0.00773.u r r             (3) 

Fig. 1  Variation of the true stress function along with 
experimental data in the reference coordinate system 

Fig. 2  Variation of the true strain function along with 
experimental data in the reference coordinate system 
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2.3  Proposed finite element formulation 
 
Throughout the text the Einstein summation 

convention (Einstein, 1916) is used in this paper. 
Fig. 3 shows a typical 3D body in Cartesian coordi-
nate system, where the normal stress ij  and shear 

stress ij  components are shown.  

In the finite element derivation, we wish to 
emphasize that in the 3D continuum of a structural 
body, either it is linear or a linear range of the loading 
condition, the divergence theorem is satisfied at each 
point of the loading condition (Gauss, 1867). Detailed 
derivation of finite element formulation can be 
glanced in the electronic supplementary material. 

Hence, the force balance equation that is used 
abundantly in the analysis can be written as 

 

0.06458
9.5

0.03438
473.9e ,

e
r x

r

F

A
                     (4) 

 
where A is the total area of the element cross section 
in the YZ-plane, and Fx is the force acting in x- 
direction on the element (Fig. 3b). Eq. (4) is used to 
find the reference coordinate system (r) for the 
structural body subjected to loading. 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.4  Derivation of shear stress and shear strain 
functions from normal stress and normal strain 
functions 

 
In this section, the shear stress and shear strain 

functions are derived from the normal stress and 
normal strain functions. This derivation is similar to 
the derivation of modulus of rigidity from the mod-
ulus of elasticity in linear theory. The objective is to 
demonstrate that this transformation also works for 
large plastic deformation.  

The following shear stress ij  and shear strain 

ij  functions are derived from the normal stress and 

normal strain component. Detailed derivations can be 
glance in the electronic supplementary material.  

 

0.06458
9.5

0.03438
473.9e

e
r

xy xz yz r
              (5) 

   2 1 0.01545 0.01546xy xz yz r            (6) 

 
where ν is Poisson’s ratio of the material.  

From this shear stress and shear strain functions, 
the average modulus of rigidity (S) (in the linear range) 
is evaluated as 70398.08 MPa, which is a reasonable 
value for mild steel of modulus of elasticity (E) value 
18 4128.9683 MPa and can be confirmed as follows: 

 

   
184128.9683

70818.83 MPa
2 1 2 1 0.3

E
S


   

 
 

 
Alternatively, these shear stress and shear strain 

functions can be derived from the experimental data if 
the sample specimen of the same material composi-
tion is tested with torsional load (Gaur and Srivastav, 
2020). 
 
 
3  Numerical problems 

 
In this section, two problems are solved based on 

the proposed methodology. The first problem solved 
is of a uniaxial bar loaded axially. In this uniaxial bar, 
the stress and strain generated because of the axial 
load are compared with Green strain and with Second 
Piola-Kirchhoff stress. The second benchmark  

Fig. 3  3D coordinate system 
(a) Stress components in a 3D body; (b) A 3D element sub-
jected to uniaxial stress 
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problem solved is of a beam in pure bending. This 
problem was first solved by Hillerborg et al. (1976). 
For the beam in pure bending, the energy release rate 
is evaluated and the maximum bending moment car-
rying capacity of the section is determined. Of con-
siderable note is the ease and simplicity of the analy-
sis procedure using the proposed methodology. 

3.1  Nonlinear analysis of a bar in uniaxial tension 

As shown in Fig. 4, the bar deforms axially by u 
because of the axial load of magnitude F, A is the 
sectional area of the bar, and L is the initial length. 

For this uniaxial case, the engineering strain is 
 

Engg
u

X
 

 


                               (7) 

 
For this uniaxial case, the Green strain can be 

evaluated as (Bathe, 2014)  
 

2
1

2xx
u u

E
X X

       
                      (8) 

 
Consider that the length L of the bar is 1 m, the 

area of cross section A is 0.5 m2, and the bar is loaded 
with force 200 MPa at the free end. In any particular 
section, the magnitude of stress generated can be 
evaluated by 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0.06458
9.5

0.03438 200
473.9e 400

0.5e
r

r
     

 
solving r=−0.768 546 1. 

Once the value of r of the reference coordinate is 
evaluated, the strain can be evaluated by the strain 
function of Eq. (2) as, ε=0.01545(−0.768 5461)+ 
0.015 46, solving ε=0.003 57.  

This is in fact the value of the true strain. Hence, 
the engineering strains can be found by  

 

 T Enggln 1                              (9) 

 
substituting the values of the true strain, 0.0035= 
ln(1+εEngg), solving εEngg=0.00357. 

From the engineering strain (εEngg), the defor-
mation in the bar can be evaluated by  

 

Engg
u

L
                                 (10) 

 
rearranging and solving, u=εEngg, L=0.00357×1= 
0.00357 m.  

For this uniaxial case, the Second Piola- 
Kirchhoff stress can be evaluated as (Bathe, 2014) 

 

EnggPK2

Engg1





 


                         (11) 

 
The whole analysis is repeated for different 

loading conditions and the results are summarized in 
Table 1. 

These tabulated results of different stresses and 
strains can be visualized and compared with the help 
of Figs. 5 and 6. 

 
 
 
 
 
 
 
 
 
 
 

Table 1  Results of the analysis of a bar with uniaxial loading 

Load, F 
(MN) 

Reference  
coordinate, r 

Stress by 
stress function

(MPa) 

Engineering 
stress  
(MPa) 

Second  
Piola-Kirchhoff 

stress (MPa) 

Defor-
mation (m) 

Engineering 
strain 

Strain by strain 
function 

Green 
strain 

0 0 0 0 0 0 0 0 0 

100 −0.934 30 200 199.798 199.5966 0.001 01 0.001 01 0.001 01 0.001 01 

150 −0.880 60 300 299.449 298.8990 0.001 84 0.001 84 0.001 84 0.001 84 

200 −0.768 50 400 398.577 397.1592 0.003 57 0.003 57 0.003 57 0.003 58 

245 0.517 34 490 478.647 467.5561 0.023 72 0.023 72 0.023 45 0.024 00 

250 0.830 16 500 485.928 472.3751 0.028 69 0.028 69 0.028 29 0.029 10 

Fig. 4  A bar with uniaxial loading 
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This uniaxial bar was also solved by the machine 

learning regression model by the ‘scikit-learn’ mod-
ule in Python. For the uniaxial bar problem, the sec-
tional area and length axial load were set as inde-
pendent parameters, and the deformation was set as a 
dependent parameter. In the machine learning model, 
random data of 57 inputs of a solution of the uniaxial 
bar, as solved in the previous section, were generated. 
In the neural network, two hidden layers of 120 neu-
rons were built with the activation function ‘tanh’ and 
‘lbfgs’ solvers (Pedregosa et al., 2011). With a 
maximum of 10 000 iterations set, convergence was 
achieved with mean absolute error and R2 value as 
0.002 281 and 0.99, respectively, for 80% of the 
training data whereas these are 0.7127 and 0.965 for 
20% of the test data.  

After training the neural network, the bar of 
sectional area of 0.5 m2 and length of 1 m, which was 
loaded with different magnitudes of loads, was solved. 
The solution by the machine learning regression 
model is compared with that by the proposed meth-
odology in Table 2 and the variation of results can be 
visualized in Fig. 7. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
From Table 1 and Figs. 5 and 6, it can be ob-

served that in the linear range, all the components of 
stresses and strains have almost similar magnitudes 
without any appreciable differences. In the plastic 
range, Green strain has higher values in the fourth 
digit in comparison with others. 

In the plastic range, stresses by the stress func-
tion, which are in fact true stresses, have higher val-
ues than the engineering stress, which was expected 
that true stresses accommodate the effect of area 
change, and hence make physical sense. Observing 
the magnitude of the second Piola-Kirchhoff stress in 

Fig. 5  Comparison of different strain components for a 
bar with uniaxial loading 
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Table 2  Summary of results of a uniaxial bar loaded 
axially 

Load, F 
(MPa) 

Area 
(m2) 

Length 
(m) 

Deformation (m) 

Proposed 
method 

Machine 
learning model 

0 0.5 1 0 0 

100 0.5 1 0.001 01 0.000 841 

150 0.5 1 0.001 84 0.000 841 

200 0.5 1 0.003 57 0.000 855 

245 0.5 1 0.023 72 0.000 855 

250 0.5 1 0.028 69 0.000 855 

Fig. 7  Comparison of bar deformation using the pro-
posed method and machine learning regression model 
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Fig. 6  Comparison of different stress components for a 
bar with uniaxial loading 
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plastic range, its magnitude is even less than the 
magnitudes of engineering stresses with a difference 
of 15 MPa. 

The results from the machine learning from Fig. 7 
indicate that even the neural network regression model 
does not capture the nonlinear material behavior. 

3.2  Crack propagation problem—a beam in pure 
bending 

In this section, a crack propagation problem is 
solved. The same problem was solved by Hillerborg 
et al. (1976). A steel beam is subjected to pure 
bending as shown in Fig. 8, where b is the width of the 
steel beam, h is the depth of the crack and H is the 
total depth of the beam. So far, in fracture mechanics, 
the yield point was considered as fracture criteria 
(Griffith, 1921; Kumar, 2014). In our analysis, we 
consider it the same. For metals, fracture criteria 
could be considered at the peak stress of the stress- 
strain diagram. 

 
 
 
 
 
 
 
 
 
If the beam is subjected to bending, the maxi-

mum stress generated at the outer layer of the beam 
can be evaluated by (Gaur and Srivastav, 2020): 

 

0.06458
9.5 2

40.03438
473.9e ,

e
r x

r

M

bH
              (12) 

 
where Mx is the moment at any particular section of 
the beam. 

The interested reader is advised to refer to article 
(Gaur and Srivastav, 2020) for the complete analysis 
of beam bending by the proposed methodology. For 
this beam in pure bending, the bending energy (U) 
stored can be evaluated by (Gaur and Srivastav, 2020) 

 

1
d

r
U bLH r


                          (13) 

Substitute the values of the stress and strain functions 
from Eqs. (1) and (2), then 

 

 0.06458
9.51

0.03438
473.9e 0.01545 0.01546 d

e

r
r

r

U bLH

r r




     
 

(14) 
 
This expression can be used to evaluate strain 

energy that can be stored in the beam for the given 
loading. If the crack propagates because of the ap-
plication of loads, the energy release rate (G) can be 
evaluated as 

 
d

d

U
G

A
                                  (15) 

 
Substitute the expression of strain energy stored in the 
beam from Eq. (14), then 
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



       
  

    
  




  (16) 

 
Consider that a steel beam’s width b=10 mm, the 

depth H=200 mm, and the length L=1 m. Eqs. (12) 
and (16) together are used for evaluating the energy 
release rate of the beam. Eq. (12) is used for evalu-
ating the reference coordinate system, r for the ap-
plied magnitude of bending moment M. Once the 
reference coordinate (r) is known, the energy release 
rate is evaluated by Eq. (16). The analysis is repeated 
for different magnitudes of bending moment M and 
the results are summarized in Table 3. 

3.2.1  Critical energy release rate (Gc) 

In Fig. 1, the reference coordinate r=−0.7 for 
peak stress. Hence, the critical energy release rate Gc 
can be evaluated as 

Fig. 8  A steel beam subjected to pure bending moment M 

L 
L/2 
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 

0.7
0.06458

c 9.51

0.03438
473.9e

e

0.01545 0.01546 d

r
r

G L

r r





    
  


        (17) 

 

then 2
c 252.02 kJ/m .G   The results of Table 3 can 

also be visualized with the help of Fig. 9. 
Fig. 9 shows the variation of the energy release 

rate versus bending moment M acting at the end of the 
beam. The methodology gives the critical energy 
release rate as 252.02 kJ/m2  which corresponds to the 
magnitude of bending moment M, which initiates 
yielding in the beam. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
3.2.2  Energy release rate using linear theory 

 
Using linear theory, the energy release rate of the 

structure can be evaluated as (Kumar, 2014) 

ext
d d

( )
d d

G U W
A A


                       (18) 

 

where Π is the total potential of the system, U is in-
ternal strain energy stored, and Wext is work done by 
external loads. Since, in the linear analysis case: 

 

ext d
2

d d

W U

A A
                                 (19) 

 

For the beam in pure bending in Fig. 8, the strain 
energy stored U is 

 

1
d ,

2
U Mk L                                (20) 

 

where k is the curvature of the beam that can be 
evaluated as 

 

 3

12
,

M M
k

EI Eb H h
 


                     (21) 

 

where E is the modulus of elasticity of the beam ma-
terial and I is the moment of inertia of the cross- 
section. Substituting k into Eq. (20) and integrating, 
then we can obtain: 

 

   3 3

1 12 6
d .

2

M ML
U M L

Eb H h Eb H h

 
  
   

    (22) 

 

From Eq. (15), the energy release rate can now 
be evaluated as 

 

 3

d d 6

d d

U ML
G

A b h Eb H h

 
   
  

 

 

After differentiating, we can obtain: 
 

 

2

32

18M L
G

Eb H h
 


                        (23) 

 

3.2.3  Maximum bending moment carrying capacity 
of the beam 

If the failure criteria of the beam are considered 
as the fracture criteria, i.e. at the point when yielding 

Table 3  Energy release rate for a steel beam in pure 
bending 

Bending  
moment, M 

(MN·m) 

Reference 
coordinate 
system, r 

Energy  
release rate 

(MJ/m2) 

Energy release 
rate by linear 

theory (MJ/m2) 
0 −1.0 0 0 
0.026 95 −0.9 0.015 14 0.443 75 
0.038 13 −0.8 0.094 09 0.888 30 
0.042 63 −0.7 0.252 02 1.110 35 
0.045 48 −0.5 0.802 57 1.263 77 
0.046 75 −0.2 2.196 79 1.335 34 
0.047 39 0.0 3.507 12 1.371 95 
0.048 00 0.2 5.129 67 1.407 70 
0.048 94 0.5 8.165 85 1.463 38 
0.049 58 0.7 10.603 30 1.501 90 
0.049 90 0.8 11.949 11 1.521 35 
0.050 55 1.0 14.900 10 1.561 25 
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Fig. 9  Variation of Energy release rate with bending 
moment for the steel beam in pure bending 
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starts in the material, the maximum bending moment 
carrying capacity of the beam can be determined 
easily by the methodology.  

Once the applied bending moment M reaches its 
maximum value, we consider that the crack starts at 
the mid length of the beam. If the crack propagates 
through the depth h, the strain energy stored in the 
beam will be reduced and can be evaluated by 

 

 

 

0.06458
9.51

0.03438
473.9e

e

0.01545 0.01546 d .

r
r

r
U bL H h

r r



    
 

 

  (24) 

 
Here, the value of r, i.e. the reference coordinate 

system, can be taken corresponding to yield stress. It 
is −0.7 from the stress-strain graph of Fig. 2. For this 
maximum value of stress at extreme fiber, the mag-
nitude of the couple at the ends can be evaluated by 
Eq. (12) as 

 

 
0.06458

9.5 2

40.03438
473.9e

e
r x

r

M

b H h
  


       (25) 

 
For the increasing depth of crack h, the maxi-

mum bending moment carrying capacity of the beam 
is determined and the results are summarized in  
Table 4. These results can be visualized in Fig. 10. 

As shown in Fig. 10, the maximum moment 
carrying capacity of the beam decreases as the crack 
propagates through the depth. This is one of the truly 
useful outcomes that can be used for evaluating the 
load-carrying capacity of a structure in the presence 
of a crack. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

4  Conclusions 
 
Basic derivation and its numerical validation of 

deriving shear stress and shear strain functions from 
normal stress and normal strain functions show the 
applicability of our methodology for solving 3D 
problems. 

With the solution of a uniaxial bar loaded axially, 
it can be concluded that this methodology gives real-
istic results in the plastic range of material behavior 
and avoids any hypothetical evaluation of stresses and 
strains, such as those presented by using Green strain 
and Second Piola-Kirchhoff stress in finite element 
analysis. The accuracy of the solution by using the 
Green strain and Second Piola-Kirchhoff stress in 
finite element analysis is also measured. Using the 
machine learning regression method, it is observed 
that even neural networks do not give accurate results 
in the nonlinear range of the material behavior.   

In this paper, we limit the scope to solving the 
problems for which discretization is not required but 
the methodology has the scope of further extension 
for solving problems for which discretization is nec-
essary. The accuracy of the method also depends 
upon the nonlinear regression method of machine 
learning used for curve fitting in Python.  

The methodology solves a linear, nonlinear or 
even a fracture problem with relative ease and with 
simple high-accuracy results in a real physical sense. 
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Table 4  Maximum bending moment carrying capacity 
of a steel beam in pure bending 

h (mm) M (MN·m) h (mm) M (MN·m) 

5 0.040 53 60 0.020 89 

10 0.038 48 70 0.018 01 

20 0.034 53 80 0.015 34 

30 0.030 80 90 0.012 89 

40 0.027 28 100 0.010 65 

50 0.023 98   

Fig. 10  Maximum bending moment carrying capacity of 
the steel beam versus crack depth 
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