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Abstract: In this paper, an integrated procedure is proposed to identify cracks in a portal framed structure made of functionally 
graded material (FGM) using stationary wavelet transform (SWT) and neural network (NN). Material properties of the structure 
vary along the thickness of beam elements by the power law of volumn distribution. Cracks are assumed to be open and are 
modeled by double massless springs with stiffness calculated from their depth. The dynamic stiffness method (DSM) is developed 
to calculate the mode shapes of a cracked frame structure based on shape functions obtained as a general solution of vibration in 
multiple cracked FGM Timoshenko beams. The SWT of mode shapes is examined for localization of potential cracks in the frame 
structure and utilized as the input data of NN for crack depth identification. The integrated procedure proposed is shown to be very 
effective for accurately assessing crack locations and depths in FGM structures, even with noisy measured mode shapes and a 
limited amount of measured data. 
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1  Introduction 
 

The dynamics of basic structures such as beams 
and plates made of functionally graded material 
(FGM) have attracted the attention of researches and 
engineers in many high-tech industries due to its 
valuable properties (Chakraverty and Pradhan, 2016; 
Elishakoff et al., 2016). The fundamental results have 
been attained for perfect FGM structures rather than 
for damaged ones such as cracked structures. This is, 
perhaps, because of the greater complexity of the 

problems in either fracture mechanics of FGM (Jin 
and Batra, 1996; Erdogan and Wu, 1997; Gu and 
Asaro, 1997; Pan et al., 2009) or dynamics of cracked 
FGM structures (Yang and Chen, 2008; Yang et al., 
2008; Ke et al., 2009; Wei et al., 2012; Aydin, 2013; 
Sherafatnia et al., 2013; Khiem et al., 2017) that have 
variation in both material and geometry. Though the 
spring model of crack has been used in most of the 
studies on cracked functionally graded beams, there is 
no consistent formula for calculating stiffness of the 
equivalent spring. Furthermore, numerous studies on 
FGM beams have been formulated using the beam’s 
central surface instead of a neutral one (Eltaher et al., 
2013; Larbi et al., 2013). Adopting the central instead 
of the neutral surface in FGM beams may lead to 
erroneous results for the beams with material proper-
ties varying along their thickness, especially in the 
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case of short or thick beams, such as Timoshenko 
beams, made of FGM. Moreover, taking account of 
the actual position of the neutral axis in vibration 
analysis of an FGM Timoshenko beam not only sim-
plifies the governing equations of the beam but also 
allows a condition for deriving the uncoupling of the 
axial and flexural vibration modes in FGM beams 
(Khiem and Huyen, 2016).  

Among the various methods proposed for vibra-
tion analysis of functionally graded beams with 
cracks, there are the conventional analytical approach  
(Yang and Chen, 2008; Yang et al., 2008; Ke et al., 
2009; Wei et al., 2012; Aydin, 2013; Sherafatnia et al., 
2013; Khiem et al., 2017), Ritz (Kitipornchai et al., 
2009) and Galerkin’s (Yan et al., 2011) techniques, 
differential quadrature (Matbuly et al., 2009), and the 
harmonic balance method (Panigrahi and Pohit, 2018). 
These techniques enable thorough investigation of the 
effect of cracks in combination with the material 
properties of modal parameters of FGM beams and 
their dynamic response to various loads. Nevertheless, 
the analytical approaches are limited to use only for 
1D structures. The finite element method (FEM), 
used in (Akbaş, 2013) for analysis and identification 
of cracked FGM beams, is preferred in applications 
for more complex structures such as cracked frames. 
However, by using only static (frequency- 
independent) shape functions the FEM cannot be 
employed to capture all the high-frequency vibration 
modes that are more typical of FGM structures. The 
so-called dynamic stiffness method (DSM), well- 
known as the most exact tool for vibration analysis to 
date, allows examination of the arbitrary high- 
frequency vibration modes of elastic structures in-
cluding the FGM ones. This method has been pro-
posed for modal analysis of intact (Su and Banerjee, 
2015) and cracked (Lien et al., 2019b) FGM Timo-
shenko beams, but, to the authors’ knowledge, it has 
not been used for crack identification. Recently, the 
DSM was developed by Banerjee and Ananthapu-
virajah (2018) for modal analysis of an intact portal 
frame made of FGM, and that work has motivated the 
authors in the present study to apply that method for a 
frame with cracks. 

The problem of crack identification in FGM 
structures is receiving increased attention from both 
structural engineers and researchers. Some proce-
dures have been developed to detect and quantify 

cracks in structures. Nanthakumar et al. (2016) pro-
posed an algorithm to detect inclusion interfaces in 
piezoelectric structures based on a level set. Yu and 
Chu (2009) proposed identifying the location and size 
of a crack in FGM beam by using the frequency 
contours method. Eftekhari et al. (2013) and Khiem 
and Huyen (2017) developed the frequency-based 
technique to detect a single crack in FGM beams 
using characteristic equations. Banerjee et al. (2016) 
demonstrated that combination of so-called response 
surface methodology with a generic algorithm al-
lowed development of a successful procedure for 
prediction of crack location and depth in an FGM 
Timoshenko beam. Nazari and Abolbashari (2013) 
and Abolbashari et al. (2014) showed that the artifi-
cial neural network provides an efficient technique for 
double and multiple crack identifications in FGM 
beams. Zhu et al. (2019) proposed a procedure for 
crack identification in an FGM beam using continu-
ous wavelet transform (CWT) and Lien and Duc 
(2019) investigated the problem of crack identifica-
tion based on stationary wavelet transform (SWT) of 
mode shapes. Recently, Lien et al. (2019a) proposed a 
method combining neuron network (NN) and SWT of 
mode shapes and dynamic deflections for crack iden-
tification in cracked multi-span FGM beams. 

While the latter studies are limited to consider-
ing cracked FGM beams, this study is devoted to 
multiple cracked identification in frames made of 
FGM using the technique proposed in (Lien et al., 
2019a) for multi-span beams. Cracked frame struc-
tures were considered in (Khiem, 2006; Caddemi and 
Caliò, 2013; Caddemi et al., 2018), but they consisted 
of cracked homogeneous Euler-Bernoulli beam ele-
ments. In this paper, first, we establish the dynamic 
stiffness model of a cracked FGM frame based on an 
explicit exact solution of free vibration in a multiple 
cracked FGM beam element. Then, the conducted 
dynamics stiffness model is employed for calculating 
mode shapes of a multiple-cracked frame. Next, the 
calculated mode shapes have been analyzed by using 
the SWT that allows clear exhibition of crack position 
in the structure. This provides an efficient tool for 
crack localization in the FGM frames. To complete 
the crack identification problem, the wavelet detail 
coefficients of the frame’s mode shapes are put into a 
properly established NN to estimate the depth of the 
localized cracks. Thus, an integrated procedure, 
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proposed in (Lien et al., 2019a) for crack identifica-
tion in multi-span FGM beams, is developed here for 
multiple cracked identification of frame structures 
made of FGM. A case study has been undertaken to 
illustrate the theoretical development and investigate 
the influence of measurement noise on results of 
crack identification by using the integrated procedure. 
 
 
2  Dynamic stiffness method of modal anal-
ysis of multiple cracked FGM frames 

2.1  Governing equations 

Consider an elastic beam of length L with rec-
tangular cross section width b and height h (Fig. 1) 
assuming that the material properties vary by the 
power law distribution (Elishakoff et al., 2016) 
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where E, G, and ρ stand for Young’s modulus, shear 
modulus, and mass density, respectively; subscripts t 
and b denote the top and bottom material, respectively; 
n is the power law exponent; z is the ordinate of a 
point from the mid plane. According to the Timo-
shenko beam theory, the displacement field of the 
beam is expressed as 
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where u0(x, t) and w0(x, t) are the axial and lateral 
displacements at the point on the neutral plane, re-
spectively, t is the time variable, and x is the spatial 

variable;  is the rotation of cross section; h0 is the 
distance from the neutral axis to the mid plane 
(Eltaher et al., 2013). 
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where rE is the ratio of Young’s modulus of the top 

material to that of the bottom material. 
Using the Hamilton principle, equations of mo-

tion for the beam can be derived in the form  
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where dot denotes derivative with respect to the time 
variable t, comma denotes derivative with respect to 
the spatial variable x, A11, A22, and A33 are the rigidi-
ties, and I11, I12, and I22 are the mass moments. 
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Note that the axial and lateral vibrations in the 

FGM beam are uncoupled like the homogeneous 

beam if I12=0 or   0,Er r n   otherwise, the vi-

bration components in the beam are coupled. 
 
 
 
 
 
 
 
 

Introducing the vector: 

 

  i
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where U, , and W are respectively the amplitudes of 

axial displacement, rotation, and deflection, and  is 
the frequency of vibration. Eq. (4) are transformed to 

 
       , , , ,x x x       0Az Πz Γ z      (7) 

 
where vectors z=[U, Θ, W]T, z″=d2z/dx2, and matrices 

Fig. 1  Model of cracked FGM beam 
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Obviously, the general solution of the ordinary dif-
ferential equation (Eq. (7)) can be expressed as 
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T is a constant vector,  
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with wave numbers k1, k2, k3 sought from the char-

acteristic equation 2det[ ] 0.   A Π Γ  j and j 

are respectively the amplitudes of axial displacement 
and deflection related to the wave number kj. 

It is supposed that the beam has been cracked at 
position ej and the crack is modeled by two springs, an 
axial spring of stiffness T and a rotational spring of 
stiffness R as shown in Fig. 2. Therefore, the contin-
uous conditions at the cracks are (Jin and Batra, 1996; 
Banerjee et al., 2016): 
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The magnitudes γaj, γbj are calculated from the 
crack depth aj (Khiem et al., 2017). 

 
 
 
 
 
 

Obviously, the solution Eq. (8) of Eq. (7) is 
continuous along the whole beam length and it is a 
general solution of free vibration in uncracked FGM 
beam. However, the solution satisfying additionally 
conditions Eq. (10) and acknowledged as general 
solution for free vibration in multiple cracked FGM 
beam can be represented as (Lien and Duc, 2019) 
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The 3×6 matrices Ωj introduced in Eq. (12) are de-
termined from the recurrent relationship 
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Fig. 2  Model of two equivalent springs 
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2.2  Dynamic stiffness matrix for the cracked 
FGM Timoshenko beam element 

 

The nodal displacement Ue and force vector Pe 
of a multiple cracked Timoshenko beam element 
(Fig. 3) are given by (Lien et al., 2019b) 
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Rewriting the equations in matrix form, we can 
obtain: 
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where   is the differential operator: 
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Substituting Eq. (11) into Eq. (15) yields 
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Eliminating vector C from Eq. (16) leads to 
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is the dynamic stiffness matrix for the FGM Timo-
shenko beam element. 
 
 
 
 
 
 
 
 
 
 
 

2.3  Natural frequencies and mode shapes of mul-
tiple cracked FGM frame 

In general, for a given structure that consists of a 
number (ne) of FGM beam elements, the total dy-
namic stiffness matrix for the structure is assembled 
by 
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where Te is the matrix of the co-ordinate transform for 
the eth element. After assembling the total dynamic 
stiffness matrix with total vector of displacements U, 
free vibration of the structure is described by  
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and the natural frequencies of the structure are com-
puted as positive roots of the equation 
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frequency ωk is calculated for every element as 

 

 
1

0 (0, ) ˆ( ) , ,
( , )

ke
k k k e k

k

x C x
L


 




 

  
 

Φ
Φ T U

Φ
     (22) 

 

where 0
kC  is an arbitrary constant and ˆ

kU  is the 

normalized solution of Eq. (20) for a given ωk. 

Fig. 3  Nodal displacements and forces 
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3  Stationary wavelet transform 
 

The wavelet transform (WT) and discrete 
wavelet transform (DWT) were proved in (Deng and 
Wang, 1998; Liew and Wang, 1998; Quek et al., 2001; 
Douka et al., 2003; Chang and Chen, 2005) to be an 
efficient tool for structural crack detection. That is 
because the WT and DWT of a signal enable the rev-
elation of a small change in the signal such as sharp 
transitions usually caused by a crack in a structure. 
Despite the success of the DWT-based technique for 
crack detection in structures, the non-invariance in 
time/space and noise-sensitivity of DWT are still 
drawbacks of the technique. To overcome these re-
strictions, the so-called SWT was introduced (Pesquet 
et al., 1996) and applied for crack detection in beams 
(Zhong and Oyadiji, 2007) and frame structures 
(Ovanesova and Suarez, 2004). The SWT consists of 

modified approximation ,j kA  and detailed coeffi-

cients ,j kD  (Zhong and Oyadiji, 2007): 

 

 

 

/2
,

/2
,

2 d ,
2

2 d ,
2

j
j k j

j
j k j

x k
A f x x

x k
D f x x















   
 

   
 








           (23) 

 

where (x) is the DWT, (x) is the scaling function, 
and j and k are integers. 

In this study, the SWT from mode shapes of a 
simple portal frame made of FGM is applied. The 
detailed coefficients of the mode shapes are examined 
to detect cracks in the structure. 
 
 
4  Multiple crack detection by the neural 
networks 
 

The NNs have been proved to be a reliable 
technique not only for solving the inverse/ 
optimization problems such as image processing, 
object recognition, speech recognition, and structural 
damage identification owing to their capabilities of 
pattern recognition and classification (Wu et al., 1992; 
Liu et al., 2002; Yam et al., 2003; Zapico et al., 2003; 

Mehrjoo et al., 2008; Nematollahi et al., 2012; Aydin 
and Kisi, 2015; Hakim et al., 2016) but also for  direct 
problems in engineering such as finding solutions of 
partial differential equations (Anitescu et al., 2019; 
Guo et al., 2019; Samaniego et al., 2020). They also 
have noise filtering capabilities that make them more 
robust in the presence of measurement noise and other 
uncertainties. The NN-based damage identification is 
completed with the model that correlates the behavior 
of a structure, such as modal parameters or response, 
with damage parameters via a training process. Once 
the relationship has been established, the trained NN 
model is capable of detecting damage from the 
measured quantities. 

NN is organized by layers. Each layer is made of 
nodes which consist of the active function. Data from 
an input layer is moved to one or several hidden lay-
ers where operation processes occur through the 
connection weights. Then hidden layers connect to an 
output layer (Fig. 4). The NN used in this study is a 
multi-layer feed-forward (MLFF) neutral network. It 
consists of an input, some hidden layers, and an out-
put. Transfer functions of neurons of the hidden and 
output layers are defined in Eq. (24) using the Tansig 
function (Nazari and Abolbashari, 2013). 

 

2
( ) 1.

1 exp( 2 )
f x

x
 

 
                    (24) 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

NN has learning rules to adjust connection 
weights based on input data. Among many learning 
rules, back-propagation is the best-known one. This is 

Fig. 4  Diagram of a typical NN architecture 
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a supervised process which is operated in each epoch, 
i.e. each time new data samples go into the network. It 
contains one forward-stage of neural going in and out 
of the network, and one backward-stage that adjusts 
connection weights based on calculation errors to 
reach the global minimum. As NN is trained to a 
suitable level, it can be used for analysis of other data, 
in what is called the test mode. In this mode, the 
connection weights are constants and the network 
only works in the forward stage; input data will be 
processed through trained layers to obtain the desired 
output values. The back-error propagation (BEP) 
algorithm is the most widely used learning algorithm 
for the MLFF neural network. This learning method 
was proposed by Rumelhart and Mcclelland (1986) in 
a ground-breaking study originally focused on cog-
nitive computer science. The BEP consists of three 
stages (Nazari and Abolbashari, 2013). Repeating 
these three stages led to a value of the error function 
that will be zero or a constant. 

The prediction accuracy of NN is based on mean 
square error (MSE) which is given by  
 

 2( ) ( )

1

1
MSE ,

M
i i

i

d y
M 

                 (25) 

 
where y(i) is the network output, d(i) is the desired 
output, and M is the number of training patterns  
(input-output pairs). 
 
 
5  Results and discussion 

5.1  Natural frequencies and mode shapes 

In this subsection, the natural frequency and 
mode shapes of a portal frame consisting of three 
beam members AB, BC, and CD as shown in Fig. 5 
are computed and compared to those obtained in 
previous study (Banerjee and Ananthapuvirajah, 
2018). The supports at both points A and D can be 
either simply supported (Fig. 5a) or clamped (Fig. 5b). 
All three members of the portal frame are assumed to 
have the same rectangular cross-section and a length 
of 1 m. The width and height of the cross-section are 
0.04 m and 0.02 m, respectively. Numerical compu-
tation is accomplished in the three following scenar-
ios: (1) AB and CD are made of isotropic material, BC 

is made of FGM; (2) AB and CD are made of FGM, 
BC is made of isotropic material; (3) AB, BC, and CD 
are all made of FGM. The isotropic material consid-
ered herein is steel with Young’s modulus E2= 
200 GPa and density 7500 kg/m3. The FGM is com-
posed of steel at the bottom and a ceramic with 
Young’s modulus 380 GPa and density 3960 kg/m3 
on the top. The frequency parameter λi computed 
herein is related to the natural frequency, ωi, of the 

structure by 4
b b/ ( ).i i AL E I    

The frequency parameter of the first three modes 
has been computed by the procedure proposed above 
and compared to that obtained by Banerjee and An-
anthapuvirajah (2018) in case of simple support at 
points A and D and different power law exponent 
values n (Table 1). Obviously, the discrepancy be-
tween the results does not exceed 1.8%. Mode shapes 
corresponding to the natural frequencies are shown in 
Fig. 6. Fig. 6 also demonstrates an excellent agree-
ment between numerical results obtained in the pre-
sent study and Banerjee and Ananthapuvirajah (2018) 
and validates the usefulness of the DSM developed 
above for modal analysis of a multiple cracked FGM 
frame. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Fig. 5  A portal frame: (a) simply supported; (b) clamped 
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Figs. 7a–7c show the deviation of the mode 
shapes from the intact ones computed for the portal 
frame with two cracks at positions 0.3 m and 0.6 m on 
the horizontal FGM member BC with relative depths 
of 10%, 20%, and 30%. Figs. 7d–7f present the mode 
shape deviations in the case of six cracks of equal 
depth (10%, 20%, 30%) appearing at all three mem-
bers AB (two cracks at 0.2 m and 0.5 m from the 
support A), BC (two cracks at 0.3 m and 0.6 m from 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

left node B), and CD (two cracks at 0.3 m and 0.7 m 
from the support D). 

We can find that the mode shapes are all smooth 
for the frame with intact (uncracked) beam members, 
but they have a sharp peak deviation at the crack 
locations because of cracks. Although the peak de-
viations may not be the maximum variation of the 
mode shapes themselves, such change in a signal can 
be easily discriminated by the wavelet analysis. Thus, 

Fig. 6  The first three mode shapes of the portal frame when the points A and D are simply supported (a)–(c) and clamped 
(d)–(f). Dashed line: undeformed frame; solid line: mode shape 

Table 1  Comparison of frequency parameter computed in present study with that given in reference (Banerjee and 
Ananthapuvirajah, 2018) for the portal frame 

Scenario 
AB, CD: isotropic; BC: FGM AB, CD: FGM; BC: isotropic AB, CD, BC: FGM 

1 2 3 1 2 3 1 2 3

n=0.5 
Present 1.7031 11.1714 16.4054 1.8361 12.6414 20.2246 2.1912 14.7740 22.2309 

Reference* 1.694 11.083 16.282 1.831 12.617 20.301 2.211 14.906 22.434 

n=1.0 
Present 1.6424 10.8728 16.0141 1.7446 11.9589 18.7312 1.9802 13.3635 20.1084 

Reference* 1.640 10.848 15.961 1.752 12.025 18.917 2.015 13.583 20.438 

n=5.0 
Present 1.5389 10.3528 15.3747 1.6004 10.8447 16.5509 1.6876 11.3785 17.1213 

Reference* 1.541 10.375 15.394 1.610 10.921 16.694 1.708 11.518 17.334 
* Banerjee and Ananthapuvirajah (2018) 
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the mode shapes of the cracked FGM frame would 
be analyzed below by using the SWT described 
above. 

5.2  Wavelet analysis of cracked FGM portal 
frame 

Fig. 8 presents the wavelet detail coefficients 
SWT dB4 of the three mode shapes in the case of two 
cracks at positions 0.3 m and 0.6 m on the beam BC of 
the FGM portal frame and Fig. 9 shows the wavelet 
coefficients of the mode shapes for the frame with six 
cracks. From the two figures, we can find that:  

1. Sudden changes in the wavelet detail coeffi-
cient are clearly visible at the crack positions for all 
the shape modes that are examined, while the coeffi-
cient is almost unchanged along the uncracked zones. 
Thus, any crack position can be confidently detected 
from the wavelet detail coefficient of only one mode 
shape of the cracked structure. Obviously, crack po-
sitions can be identified by the locations where the 
wavelet coefficient has a sudden peak change. 

2. The magnitude of the sudden change in the 
wavelet coefficient is more clearly shown for a crack 
of larger depth. This recalls the well-known fact that  
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

more severe cracks are easier to detect than the small 
ones and it is true also in crack detection in an FGM 
frame using wavelet transform of mode shapes. 

3. However, multiple cracks of the same depth 
located at different positions on the frame lead to 
different changes in the wavelet detail coefficient of 
mode shape. This implies that the change in magni-
tude of the wavelet detail coefficient is dependent not 
only on the crack depth but also on its position.  

4. Moreover, increasing the density of the grid 
used for computing or measuring the mode shapes 
leads to a significant increase of change in the wavelet 
coefficient, while the effect of crack depth is almost 
independent of the grid. 

5.3  Effect of noise on wavelet detail coefficient 

To assess the effect of unavoidable noise on 
measurements of mode shapes, in this subsection the 
wavelet detail coefficient is computed with mode 
shapes under noisy conditions. Thus, we consider the 
simply supported FGM portal frame (Fig. 5a) with 
two cracks of depth 30% at positions 0.3 m and 0.6 m 
on the beam BC. Input signals are mode shapes of the 
cracked FGM portal frame added by noise of different  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7  Deviation of the first three mode shapes of the simply supported FGM portal frame with two cracks on BC (a)–(c) 
or six cracks on AB, CD, and BC (d)–(f) of relative depths of 10%, 20%, and 30% 
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signal-noise ratio (SNR) levels of 95 dB, 100 dB, and 
105 dB. The computed wavelet detail coefficients 
SWT dB4 of the noisy mode shapes are shown in Fig. 
10 for the first three modes.  

The obvious effect of noise on the wavelet co-
efficient can be seen. However, sudden changes in the 
coefficient caused by cracks are still clearly visible at 
all the noise levels. This demonstrates again the de-
tectability of cracks in an FGM frame even from 
noisy measured mode shapes. 

5.4  Crack identification from SWT detail coeffi-
cient and NN 

In this subsection, a procedure is proposed to 
identify multiple cracks in an FGM frame using SWT 
detail coefficients of mode shapes in combination 
with the NN technique. As shown above, crack loca-
tions are easily detected from wavelet detail coeffi-
cients computed for any mode shape. Thus, supposing 
that crack locations are known and we need to predict 
the depth of the localized cracks from the wavelet  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

coefficient with the NN technique. Fig. 11 presents 
the flowchart of the crack identification in FGM using 
SWT and ANN. 

Two case studies are accomplished for the above 
FGM portal frame (Fig. 5a) as follows. 

Firstly, the frame with two cracks at 0.3 m and 
0.6 m on the beam BC is considered. Assuming that 
the SWT dB4 of fundamental mode shape has been 
given, an NN with input data of the SWT dB4 detail 
coefficient is created for crack depth prediction. 
Namely, MLFF NNs with an input layer consisting of 
100 neurons (corresponding to the number of SWT 
detail coefficients), 10 hidden layers, and an output 
layer consisting of two neurons (corresponding to the 
number of prediction crack depths) are generated. The 
SWT dB4 detail coefficients of the fundamental mode 
shape of the FGM portal frame in 64 different crack 
depth scenarios are applied to NNs as the input of the 
networks. Training the NNs is done by using the BEP 
algorithm with 1000 epochs. The BEP training pro-
cedure for depth prediction of the two cracks is 

Fig. 8  Wavelet detail coefficients of the FGM portal frame using the first (a), the second (b), and the third (c) mode 
shapes when the frame has two cracks on BC 

Fig. 9  Wavelet detail coefficients of the FGM portal frame using the first (a), the second (b), and the third (c) mode 
shapes when the frame has six cracks on AB, CD, and BC 
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plotted in Fig. 12. The trained NNs were used for 
predicting depths of cracks (in four different cases) as 
tabulated in Table 2 corresponding to different  
SNR noise levels of 95 dB, 100 dB, and 105 dB,  
respectively. 

Secondly, the frame has two cracks at column 
AB and two cracks at the beam BC. MLFF NNs with 
an input layer consisting of 200 neurons (corre-
sponding to the number of SWT detail coefficients of 
the column AB and beam BC), 10 hidden layers, and 
an output layer consisting of four neurons (corre-
sponding to the number of prediction crack depths) 

Fig. 11  Flowchart of the crack identification in FGM 
frames using SWT and ANN 

Fig. 10  Wavelet detail coefficients of the first (left), the second (middle), and the third (right) mode shapes with relative 
depths of 30% under different SNR levels: (a) 95 dB; (b) 100 dB; (c) 105 dB 
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are created. The SWT dB4 detail coefficients of the 
fundamental mode shape of the FGM portal frame in 
4096 different crack depth conditions are applied to 
NNs as the input of the networks. Training the NNs is 
done by using the BEP algorithm with epochs. BEP 
training procedure for prediction of depths of the  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

four cracks is plotted in Fig. 13. The trained NNs 
were used to predict depths of cracks in four different 
cases as tabulated in Table 3 without noise for  
simplification. 

As can be seen from Tables 2 and 3, errors in 
prediction of two cracks with noisy wavelet detail 
coefficient and four cracks without noisy wavelet 
detail coefficient are less than 5%. This is a good 
result in prediction of multiple crack depths. 

 
 
6  Conclusions 
 

This study allows one to make the following 
concluding remarks: 

1. The dynamic stiffness model developed herein 
for multiple cracked frames made of FGM provides 
an exact and powerful tool for modal analysis of 
multiple cracked FGM structures in an arbitrary high 
frequency band. 

2. It was demonstrated that the SWT as a filtered 
wavelet transform applied for mode shapes is an ef-
ficient technique in localizing cracks in frame FGM 
structures. The numerical example also shows that for 
accurate localization of cracks it is enough to use only 
the fundamental mode shape. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 3  Prediction of four crack depths using NN 

Case 
number 

Crack  
Actual 

 depth (cm) 
Prediction 
depth (cm) 

Error  
(%) 

1 

1st  0.2 0.2068 3.40 
2nd  0.3 0.2886 −3.80 
3rd  0.3 0.2917 −2.77 
4th 0.4 0.4159 3.98 

2 

1st  0.3 0.2913 −2.90 
2nd  0.2 0.1898 −5.10 
3rd  0.4 0.3939 −1.53 
4th 0.3 0.3279 9.30 

Fig. 12  Mean squared error of the NN training procedure 
for depth prediction of the two cracks 
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Fig. 13  Mean squared error of the NN training procedure 
for depth prediction of the four cracks 
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Table 2  Prediction of two crack depths using NN 

Case 
number 

Crack  
Actual 

depth (cm) 

SNR=95 dB SNR=100 dB SNR=105 dB 
Prediction 
depth (cm) 

Error (%) 
Prediction 
depth (cm) 

Error (%) 
Prediction 
depth (cm) 

Error (%) 

1 
1st 0.2 0.1927 −3.65 0.1955 −2.25 0.1991 −0.45 
2nd 0.3 0.3019 0.63 0.3010 0.33 0.3001 0.03 

2 
1st 0.3 0.3112 3.73 0.3069 2.30 0.3013 0.43 
2nd 0.3 0.3053 1.77 0.3030 1.00 0.3004 0.13 

3 
1st 0.2 0.1924 −3.80 0.1952 −2.40 0.1990 −0.50 
2nd 0.2 0.1983 −0.85 0.1989 −0.55 0.1997 −0.15 

4 
1st 0.3 0.3129 4.30 0.3080 2.67 0.3016 0.53 
2nd 0.4 0.4185 4.63 0.4111 2.78 0.4019 0.48 
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3. The NN technique in combination with the 
SWT of the mode shape is shown to be very effective 
for accurately assessing crack depth in composite 
structures such as one made of FGM, even with noisy 
measured mode shapes. 

4. The integrated procedure proposed for multi-
ple cracked identification of FGM frame in this study 
is useful in the case of a limited amount of measured 
data not only of the mode shape but also of static or 
dynamic deflection of the structures. 
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