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Abstract: This paper presents a quasi-static implicit generalized interpolation material point method (iGIMP) with B-bar ap-
proach for large deformation geotechnical problems. The iGIMP algorithm is an extension of the implicit material point method 
(iMPM). The global stiffness matrix is formed explicitly and the Newton-Raphson iterative method is used to solve the equilib-
rium equations. Where possible, the implementation procedure closely follows standard finite element method (FEM) approach-
es to allow easy conversion of other FEM codes. The generalized interpolation function is assigned to eliminate the inherent cell 
crossing noise within conventional MPM. For the first time, the B-bar approach is used to overcome volumetric locking in 
standard GIMP method for near-incompressible non-linear geomechanics. The proposed iGIMP was tested and compared with 
iMPM and analytical solutions via a 1D column compression problem. Results highlighted the superiority of the iGIMP ap-
proach in reducing stress oscillations, thereby improving computational accuracy. Then, elasto-plastic slope stabilities and rigid 
footing problems were considered, further illustrating the ability of the proposed method to overcome volumetric locking due to 
incompressibility. Results showed that the proposed iGIMP with B-bar approach can be used to simulate geotechnical problems 
with large deformations. 
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1  Introduction 
 
The material point method (MPM) originated 

from the particle-in-cell method in fluid mechanics, 

and was first developed and applied to solid 
mechanics by Sulsky et al. (1994). MPM shows 
great potential in simulating large deformation 
problems and therefore has attracted the interest of 
researchers from different fields for many years. 
MPM has been successfully applied in various 
applications, including granular flows (Bardenhagen 
et al., 2000; Cummins and Brackbill, 2002; Coetzee, 
2004), impact problem (Huang et al., 2011; Li et al., 
2011, 2014), metal forming (Lemiale et al., 2010), 
sea ice models (Sulsky et al., 2007), and mechanics 
of cells (Guilkey et al., 2006), and more recently has 
been applied in the geotechnical field (Wiȩckowski, 
2004; Coetzee et al., 2005; Beuth et al., 2011; 
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Bandara and Soga, 2015; Sołowski and Sloan, 2015; 
Yerro et al., 2015; Soga et al., 2016; Wang et al., 
2016a, 2016b; Zhao et al., 2021). 

MPM divides a continuum body into a set of 
Lagrangian particles, i.e. material points, which are 
tracked during the computation process. The infor-
mation of the continuum is associated with each ma-
terial point rather than the grid nodes. In MPM, a 
separate Eulerian grid (background mesh) is used to 
solve the governing equations. This is in contrast to 
other mesh-free methods where the governing equa-
tions are solved on the particles. As the background 
mesh carries no permanent information, it can be 
reset to its initial position, or other positions for the 
convenience of computation, after each time/loading 
step. Therefore, the mesh distortions that may occur 
when simulating large deformations in standard fi-
nite element method (FEM) are avoided. By using 
this mixed Lagrangian-Eulerian formulation, MPM 
combines the advantages of both Eulerian and La-
grangian formulations (Beuth et al., 2011). 

Despite some advantages in dealing with large 
deformations in solid mechanics, the traditional 
MPM with low-order shape functions suffers from 
so-called cell crossing instabilities. As the material 
points cross a cell boundary, the gradients of the in-
terpolation functions result in discontinuities be-
tween elements, which cause discontinuities in the 
stress calculation. In severe cases, this can abruptly 
terminate the simulation. Thus, many efforts have 
been conducted to improve the stress performance. 
Bardenhagen and Kober (2004) proposed the so-
called generalized interpolation material point 
(GIMP) method, in which each material point is as-
signed a domain and a characteristic function is in-
troduced in formulating the interpolation basis func-
tions. In this way, the GIMP method can reduce the 
cell crossing instabilities as it provides extra degree 
of smoothness to the solution. 

It is well-known that incompressible material 
behaviour or undrained conditions may lead to vol-
umetric locking of the low-order elements in the 
FEM. MPM suffers from the same issue since low-
order elements are typically used. Volumetric lock-
ing introduces a spurious increase in stiffness and 
numerical oscillations, which eventually lead to nu-
merical instability. To overcome the volumetric 
locking issue, various approaches have been devel-

oped in MPM. These include the use of higher-order 
interpolation functions (i.e. B-spline functions) 
(Steffen et al., 2008), mixed displacement-pressure 
formulations (Iaconeta et al., 2019), the B-bar ap-
proach (Bandara and Soga, 2015; Wang et al., 2018), 
the F-bar approach (Coombs et al., 2018), the frac-
tional step method (Jassim et al., 2013; Yamaguchi 
et al., 2020), the reduced integration method (Abe et 
al., 2014), and the enhanced volumetric strain ap-
proach (Jassim et al., 2013). 

Note that the GIMP method cannot overcome 
the volumetric locking issue; thus, many solutions 
have been proposed to solve this problem. For ex-
ample, Mast et al. (2012) adopted the Hu–Washizu 
multi-field method which applies a smoothing ap-
proach on deviatoric and volumetric components of 
the strain and stress fields. An F-bar approach was 
applied in quasi-static GIMP by Coombs et al. 
(2018). Although these approaches have been shown 
to overcome volumetric locking in GIMP, the Hu–
Washizu multi-field method introduces additional 
non-physical smoothing approaches, and the F-bar 
method needs additional linearization to the stiffness 
matrix. Both approaches add significant complexity 
to GIMP.  

MPM has so far been solved mostly using ex-
plicit time integration schemes. Thus, the time step 
size is limited by the Courant-Friedrichs-Lewy 
(CFL) condition (Yuan et al., 2019, 2020; Zhang et 
al., 2021). Moreover, for two-phase dynamic explicit 
formulation in MPM, the time step size is also lim-
ited by permeability (i.e. the critical time step size 
decreases with permeability) (Mieremet et al., 2016; 
Zheng et al., 2021). Meanwhile, the use of explicit 
time integration may results in inaccuracy for elasto-
plastic problems. Moreover, errors may accumulate 
over time. Increasing the number of sub-increments 
can improve accuracy, but the computational cost 
may then become unacceptable. Therefore, many 
implicit MPM formulations have been proposed. 
Cummins and Brackbill (2002) proposed a matrix-
free implicit-MPM method to simulate the quasi-
static loading of granular materials. Sulsky and Kaul 
(2004) developed a similar framework of MPM and 
discussed three Newton–Krylov solvers for numeri-
cal efficiency. Later, Nair and Roy (2012) extended 
this implicit algorithm to the GIMP method. In con-
trast, Guilkey and Weiss (2003) explicitly formed the 
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tangent stiffness matrix, and solved the discretized 
governing equations using the Newton-Raphson 
method. Beuth et al. (2011) proposed an MPM im-
plementation to simulate quasi-static problems using 
an implicit integration scheme. More recently, Wang 
et al. (2016c) provided a quasi-static and dynamic 
implicit MPM framework. Charlton et al. (2017) and 
Coombs et al. (2018) proposed an implicit GIMP 
method for large deformations. 

In this paper, a quasi-static implicit generalized 
interpolation material point method (iGIMP) frame-
work is proposed by combining the GIMP interpola-
tion function, the B-bar approach, and the implicit 
integration scheme. The quasi-static iGIMP with B-
bar scheme is computationally efficient and can 
greatly reduce cell crossing errors and volumetric 
locking, thereby improving the accuracy of the algo-
rithm. The rest of this paper is organized as follows: 
in Section 2, a brief introduction to the iGIMP for-
mulations is presented. In Section 3, the proposed 
approach is validated and thoroughly compared with 
implicit material point method (iMPM) and iGIMP 
via a 1D column compression problem, and then two 
slope failure problems and a rigid footing problem 
are used to further highlight the advantages and ca-
pabilities of the proposed approach in modeling large 
deformation geotechnical applications. 
 
 
2  Governing equations of the quasi-static 
problem 

2.1  Mechanical equilibrium equations 

In the update Lagrangian (UL) formulation, all 
variables must be transferred to the current geomet-
rical configuration of the continuum to solve the me-
chanical equilibrium equation. So the equilibrium 
equation for a deformable body of volume Vt at time 
t+∆t, bounded by surface St, can be written in its 
weak form as (Bathe, 1996; Wang et al., 2016c) 
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where S is the second Piola-Kirchhoff (PK2) stress 
tensor, E is the Green–Lagrange strain tensor, δu is 

the virtual displacement, and b and t are body forces 
and boundary tractions, respectively. Using the last 
known configuration at time t as a reference, the PK2 
stress tensor can be expressed in the incremental 
form as 

 

= ,t t t t     S S σ σ σ                   (2) 
 

where σt is the Cauchy stress. 
By considering the frame-independent Jaumann 

stress rate, and ignoring the high-order terms, the 
linearized governing equation for equilibrium is ob-
tained as 
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where Dep is the stress–strain matrix, d ε  
T( ( ) ) 2   u u  is the linear strain tensor, 
Td (( ) ) 2   η u u

 
is the nonlinear part of the 

Green strain tensor, and Ω is the non-objective spin 
tensor. 

2.2  Spatial discretization for MPM 

For a quantitative solution, Eq. (3) is discretized 
in space by finite elements using the Galerkin proce-
dure. By introducing the shape functions, the follow-
ing system of equilibrium equations in matrix form 
can be obtained as 
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where K is the global stiffness matrix, R is the residual 
vector, and the subscript j indicates the iteration num-
ber. Due to material and geometric nonlinearity, this 
equation must be solved using the Newton-Raphson 
method, and the iterative updating scheme is 
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Note that the nodal coordinates are reset to the 
initial position after each time/load step in the MPM 
approach.  

In MPM, the weak form is integrated at the ma-
terial points instead of Gauss points. For example, 
the material point based integration of the material 
stiffness matrix yields 
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where B is the linear displacement-strain transfor-
mation matrix, Np

 
is the number of material points 

inside the element, p is the pth material point, and Vp 
is the particle volume. Similarly, the global tangent 

stiffness matrix 1
t t
j

K  and the residual vector of the 

linear equation system 1
t t
j

R  can be obtained as 
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where pσ  and ˆ pσ  are the stress matrix related to 

rotation and the initial stress matrix, respectively, 

NLB  and LB  are the strain-displacement operators, 

and N is the shape function matrix, due to the non-
linear strain increment ∆η and the spin increment 
∆Ω. A list of the corresponding vectors and matrices 
for a 2D plane strain problem is shown below: 
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where Ni is the shape function of node i  in the back-

ground mesh, iN x   and iN y   are the space 

derivatives of the shape function with respect to x  
and y, respectively. Note that, both the shape func-
tion and its space derivatives are functions of the 
material position xp. 

2.3  Generalized interpolation material point 
method 

In the GIMP method, a general characteristic 
function χp is chosen to replace the Dirac delta in the 
original MPM, and the shape function Sip can thus be 
defined by the convolution of the characteristic func-
tion χp and the grid shape function Ni as 
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The choosing of these two functions is in gen-

eral arbitrary, while in practice, the tent-shaped grid 
function Ni is usually used in typical GIMP as 
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where xi is the node location and h denotes the cell 
spacing. The simplest choice of 1D particle charac-
teristic function is taken as 
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where lp is the half length of the particle. The initial 
particle length is determined by dividing the cell 
spacing by the number of particles per cell. The 
GIMP shape function can be written as (Bardenhagen 
and Kober, 2004): 
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The space derivative of the GIMP shape func-

tion is given as 
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Examples of the GIMP shape function and space 
derivatives of the shape function are given in Fig. 1. 
In multi-dimensional problems, the GIMP shape func-
tions are constructed based on the 1D shape functions, 
e.g. Si(x, y)=Si(x)Si(y) for 2D problems. 

2.4  Mitigating volumetric locking in GIMP 

To overcome volumetric locking, the B-bar 
concept splits the B matrix into the dilatational and 
deviatoric parts. The strain at material point locations 
can be calculated by replacing the B matrix with the 

B  matrix as (Hughes, 1980) 
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where d is the nodal displacement vector, in which 
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For the plane strain condition, the B  matrix is 
given by 
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where ciN x   is the gradient of the shape function 

evaluated at the centre of the element for the x direc-

tion, and iN x   is the conventional gradient of the 

Grid node 

Fig. 1  Typical GIMP shape function (a) and space de-
rivative of the shape function (b) 

Material point 
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shape function evaluated at the material point or 
Gauss point location. Moreover, the stiffness matrix 
and the internal forces at nodes are calculated simply 
by replacing the B matrix in Eqs. (7) and (8) with the 

B  matrix in Eq. (16), respectively. Note that unlike 
in the F-bar GIMP approach, no extra linearization to 
the stiffness matrix is needed (Coombs et al., 2018). 

Although the B-bar method has been success-
fully used in standard MPM, this is the first time it 
has been extended to the iGIMP method. For the 
standard MPM, the gradient of the shape function at 
the centre of the element can be calculated as in the 
FEM. However, in the GIMP method, a material 
point has an influence domain that may affect multi-
ple elements. The gradient of the generalized inter-
polation function at the centre of the element needs 
to consider the contributions of the influence ele-
ments they overlap. To evaluate the gradient of the 
generalized interpolation shape functions at the cen-
tre of the element, the approach proposed by 
Coombs et al. (2018) for the implementation of the 
F-bar GIMP method is used. The shape function at 
the centre of the element is given by 
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which can be further written as 
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Note that the derivatives of the 1D GIMP shape 
functions are unchanged. As mentioned in the previ-
ous section, the multi-dimensional GIMP shape 
functions are constructed as tensor products of the 
1D shape functions. Thus, derivatives of the 2D gen-
eralized interpolation functions at the centre of the 
element can be calculated as 
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By substituting Eq. (19) into Eq. (16) and con-
sidering the GIMP functions given in Section 2.3, 

the B  matrix for GIMP is given by 
 

 

 

   

4 6

4 6

4 6

,

,

,

, ,

i

i

i i

S x y
B B

x
S x y

B B
y

S x y S x y

y x

B B

 
  

 
   

  
   
  

B        (20) 

with 

   

   

c c

4

c c

6

, ,

,
3

, ,

.
3

i i

i i

S x y S x y

x xB

S x y S x y

y y
B

 


 

 


 

 

 
 

3  Numerical examples 
 
In this section four numerical examples of in-

creasing numerical complexity are presented: (a) 1D 
column compression, (b) slope failure in von Mises 
soil, (c) slope failure in Mohr-Coulomb soil, and (d) 
penetration of a rigid footing in Tresca soil. The per-
formance of the proposed method in reducing cell 
cross error and volumetric locking was evaluated. In 
the first two examples, a thorough comparison of the 
results from the iMPM and iGIMP methods high-
lights the improvement of iGIMP in reducing the cell 
crossing error. In the last two examples, the im-
provement of iGIMP with B-bar in overcoming 
stress oscillations due to volumetric locking is 
demonstrated. For the purpose of the development of 
the proposed iGIMP with B-bar formulation, an in-
house objected oriented MPM program was coded in 
C++. 

3.1  One-dimensional column in compression 

A 1D column in gravity compression as de-
scribed by Bardenhagen and Kober (2004) was simu-
lated here as a verification of iMPM and iGIMP im-
plementations. The column has an initial height of 
H=50 m and an initial width of L=1.0 m. The follow-
ing material parameters were used: Young’s modulus 
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E=1.0 MPa, Poisson’s ratio v=0.0, and the unit 
weight γ=10 kN/m3. The self-weight g of the column 
was increased from 0 to 10 kN/m3 in a total of 10 
load steps with linear load increments. The geometry 
and boundary conditions of the column are shown in 
Fig. 2. The column is divided into 50 four-node line-
ar elements. To validate the proposed approach, the 
iMPM and iGIMP results were compared with the 
analytical solution (Bardenhagen and Kober, 2004; 
Zhang et al., 2011). The analytical solution of the 
stress and displacement can be written as (Zhang et 
al., 2011) 

 

 
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x x
+ HH Hx = H
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                     (22) 

 
where x is the current coordinate of the column, and 
∆d is the displacement. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The initial positions of the material points did 

not have much influence on the accuracy of the re-
sult in MPM. The simplest way to initialize the loca-
tions of the material points is to use Gauss integra-
tion point positions. However, in this study the initial 
positions of the material points were evenly spaced 
over the domain instead of located at the Gauss inte-

gration point positions, as the gaps or overlaps in 
particle characteristic functions decrease the accura-
cy of the result in GIMP. 

The vertical stress against the column height us-
ing iMPM and iGIMP with various particle densities 
at the final load step is shown in Fig. 3. A significant 
stress oscillation was found in the iMPM results, 
with four particles per cell. Increasing the number of 
particles (i.e. 25 particles per cell) only slightly de-
creased the stress oscillation. However, when GIMP 
was used, the stress oscillation greatly decreased, 
even with four particles per cell being used. Increas-
ing the number of particles per cell to 25 greatly de-
creased the stress oscillation and improved the accu-
racy of iGIMP. Fig. 4 shows the vertical stress con-
tour profile along the column at the final load step 
using iMPM and iGIMP. The iMPM results (Fig. 4a) 
showed significant numerical noise. As discussed in 
previous sections, the numerical noise of the stress 
profile is caused by cell crossing of the material 
points; the error of displacement in iMPM is caused 
by this numerical noise as well. In contrast, the stress 
results of iGIMP (Fig. 4b) showed a much smoother 
stress profile. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

To quantitatively compare the performance of 
the various algorithms investigated in this paper, the 
tip displacement of the column was used as an accu-
racy check. The relative error of the tip displacement 
with various material point densities, is defined as 

 
ANA MPM

ANA
,

y y

y

u u

u



                       (23) 

Fig. 2  Geometry and boundary conditions of the column 

Fig. 3  Vertical stress plot along the column for iMPM, 
iGIMP, and analytical solutions 
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where ANA
yu  is the tip displacement of the analytical 

solution and MPM
yu  is the tip displacement of the 

iMPM or iGIMP analysis. Fig. 5 shows a plot of the 
relative error for the iMPM and iGIMP algorithms, 
with various particle densities. The simulation with 
four particles per element gave the largest relative 
error for all algorithms, whereas, as the number of 
particles per element increased, the relative error 
decreased, i.e. 25 particles per element gave almost 
10 times less error than when four particles per ele-
ment was used. One source of error in MPM is sub-
optimally located particles. Increasing the density of 
particles can reduce this error and increase the accu-
racy. Moreover, by putting more particles within an 
element, the magnitude of the cell crossing noise is 
reduced, thereby increasing accuracy. As shown in 
Fig. 5, iGIMP analysis gave 10 times less error com-
pared to MPM analysis when four particles per cell 
was used. To achieve the same level of accuracy, the 
iMPM analysis needs to use at least six times the 
number of particles per element required by iGIMP. 

3.2  Slope stability in von Mises soil 

In this section we describe the analysis of a 
slope stability problem using an elastic perfect-
plastic soil model. A similar problem was studied by 
Beuth et al. (2011) using the iMPM. The soil of the 
slope was modelled using the von Mises failure crite-
rion. To evaluate the performance of the proposed 
iGIMP with B-bar approach in simulating nearly-
incompressible material, an undrained condition was 
assumed. The following material parameters were 
used: Young’s modulus E=100 kPa, Poisson’s ratio 
v=0.495, and cohesion c=1.0 kPa. The selected mate-
rial parameters were the same as those used by Beuth 
et al. (2011), except that a Poisson’s ratio v=0.33 
was adopted by Beuth et al. (2011). The slope has a 
height (H) of 1 m, a base length (L2) of 2 m, and a 
slope angle (α) of 45° (Fig. 6). The following bound-
ary conditions were assumed: the bottom of the mesh 
is fixed, whereas the left and right boundaries are 
fixed only in the horizontal direction, and the rest 
boundaries of the slope are free. The slope was load-
ed by increasing the unit weight of the soil to a value 
of γ=10 kN/m3. The background mesh was made up 
of 4-node linear square elements with a length of 
0.05 m. The slope was discretized into 9760 and 

15 250 material points when using initially 16 and 25 
material points per element, respectively. The initial 
material point locations and background mesh of the 
slope are shown in Fig. 7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Fig. 4  Vertical stress of particles for iMPM (a) and 
iGIMP (b) analyses 

Fig. 6  Geometry and boundary conditions of the von 
Mises soil slope 

Fig. 5  Results of a convergence study for the iMPM and 
iGIMP analyses, for various particle densities 
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The soil unit weight as a function of the total 

displacement of the slope crest for both iMPM and 
iGIMP with 16 and 25 material points per element 
are presented in Fig. 8. Since the undrained condition 
was considered in this analysis, both the iMPM and 
iGIMP results were much “stiffer” than those with 
the B-bar approach, indicating that the volumetric 
locking issue was observed. Furthermore, it demon-
strated that the GIMP method cannot overcome the 
volumetric locking issue, and an extra solution such 
as the B-bar approach is necessary for iGIMP. The 
vertical stress along the center of the background 
mesh column 0.5 m from the left (see cross-section 
A-A in Fig. 6) at a gravitational loading of γ= 
10 kN/m3 is plotted in Fig. 9. The iMPM simulation 
shows clear numerical noise in the stress plot. In 
contrast, the iGIMP results are much smoother and 
show much less numerical noise. 

The vertical stress contours of the slope at the 
final load step for iGIMP, iGIMP with B-bar, and 
iMPM with B-bar with 25 particles per cell are 
shown in Fig. 10. Serious stress oscillations and a 
checkerboard pattern are observed for the iGIMP 
results due to the nearly incompressible constraints. 
On the other hand, excellent solution stability is ob-
served for both the iMPM with B-bar and iGIMP 
with B-bar analyses. Moreover, due to volumetric 
locking, the displacements of the iGIMP were much 
smaller than those of the iGIMP with B-bar and 
iMPM with B-bar. This clearly demonstrates that 
volumetric locking was eliminated using the B-bar 
approach. Although small stress oscillations could be 
found for both the iMPM with B-bar and iGIMP 
with B-bar analyses, the iGIMP with B-bar results 
were much smoother than those of the iMPM with 
B-bar. Note that the average iterations per step with 
16 particles per cell were 3.99 for iMPM and 5.58 

for iGIMP. In general, the Newton iterative proce-
dure showed a slower convergence rate for iGIMP 
analysis than for iMPM analysis. This is caused by 
the use of the non-physical modification of the gra-
dient of shape function in iGIMP. Note that a quasi-
static implicit formulation is not able to capture the 
whole dynamic failure process of landslides, and 
further extension to dynamic formulations is neces-
sary in future work. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3.3  Slope stability in Mohr-Coulomb soil 

In this section, the stability of a homogeneous 
slope is considered, to further verify and illustrate 
the capability of the proposed iGIMP with B-bar 
approach in solving slope stability problems. For this 

Fig. 7  Initial material points and background mesh 

Fig. 8  Load-displacement curves for iMPM and iGIMP 
analyses for various particle densities 

Fig. 9  Vertical stress along the cross-section A-A for 
iMPM and iGIMP analyses at a gravity loading of 
γ=10 kN/m3 
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purpose, a classical plane-strain slope stability prob-
lem using shear strength reduction technique, as pre-
sented by Smith et al. (2014) was considered. The 
geometry and boundary conditions of a homogene-
ous soil slope are shown in Fig. 11. The boundary 
conditions were as follows: horizontal displacement 
was restrained on the left and right vertical bounda-
ries and there was full fixed at the bottom of the 
mesh. The slope with elastic-perfectly plastic Mohr-
Coulomb soil was subjected to gravity loading. The 
factor of safety (FOS) of the slope was defined as the 
value by which the shear strength, i.e. friction angle 
 and cohesion c  must be divided gradually to bring 
the slope to failure with the gravity loading held  
constant. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The same material parameters were used for the 

Mohr-Coulomb model as shown in (Smith et al., 
2014): Young’s modulus, E=100 MPa; Poisson’s 
ratio, v=0.3; cohesion, c=15 kPa; friction angle, 
=20°; unit weight, γ=20 kN/m3. Moreover, the dila-

tion angle was Ψ=0°, thus, a non-associated rule was 
considered. The background mesh was made up of 
23 254 four-node linear square elements with a 
length of 0.2 m. The slope was initially divided into 
60 200 material points with four material points per 
element. The geometric configuration and the initial 
material point distribution of a homogeneous soil 
slope are given in Fig. 12. 

 
 
 
 
 

 
 

 
The gravity loading was divided into 100 load 

steps, and no initial stress field was considered. A 
series of shear strength reduction factors (i.e. 1.0, 
1.2, 1.4, 1.5, 1.55, 1.6, and 1.8) were simulated to 
obtain the FOS. The final maximum displacements 
of the slope versus strength reduction factors are giv-
en in Fig. 13. The maximum displacement increased 
rapidly at a strength reduction factor of 1.6, indicat-
ing an FOS of about 1.6. The calculated FOS is con-
sistent with those obtained from the limit equilibrium 
method (LEM) (1.60) and FEM (1.59) (Smith et al., 
2013). Furthermore, the maximum displacements of 
the slope for strength reduction factors (SRFs) 
smaller than 1.6 also agree well with those obtained 
using small strain FEM by Smith et al. (2013), which 
further verifies the proposed iGIMP with B-bar ap-
proach. The vertical stress distribution and the de-
formed material points obtained by iGIMP and 
iGIMP with B-bar at an SRF of 1.8 are given in 
Fig. 14. Again, strong oscillations were observed in 
the vertical stress field distribution simulated with 
the iGIMP method due to volumetric locking. The 
vertical stress field distributions show a typical 
checkerboard pattern (Fig. 14a). On the other hand, 
the checkerboard pattern caused by volumetric lock-
ing was mitigated by the iGIMP with B-bar approach 
(Fig. 14b). 

3.4  Penetration of rigid footing in Tresca soil 

The final numerical example given in this paper 
is that of rigid footing penetration into a weightless 
Tresca soil in the plane-strain condition. This 

Fig. 12  Initial material points and background mesh 

Fig. 11  Geometry and boundary conditions of the Mohr-
Coulomb soil slope 

Fig. 10  Contours of vertical stress for iGIMP (a), iGIMP 
with B-bar (b), and iMPM with B-bar at a gravity load-
ing of γ=10 kN/m3 
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benchmark example was considered by Sołowski and 
Sloan (2015) using an explicit GIMP approach, and 
the limit analysis solution based on rigid plastic is 
also available. Thus, it can be used as a benchmark 
to further validate the proposed iGIMP with B-bar 
approach in simulating large deformation problems.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Due to symmetry, only half of the problem do-

main was considered and the footing had a half 
width of 1.0 m. The soil domain had a height of 5B 
and a width of 5B, where B is the width of footing. 
The bottom boundary was fixed in both vertical and 
horizontal directions, and the left and right bounda-
ries were fixed only in the horizontal direction 
(Fig. 15). The background mesh had a height of 6B 
and a width of 5B, which is slightly larger than the 
soil domain to allow for deformations. A non-

uniform initial distribution of material points was 
used (Fig. 16); the same setups were adopted by 
Sołowski and Sloan (2015) for their analysis of rigid 
footing (note that the material point density was not 
identical to that used by Sołowski and Sloan (2015)). 
A prescribed vertical displacement of 2 m was ap-
plied on the footing, with an incremental displace-
ment of 0.001 m per step. The following Tresca ma-
terial parameters were considered: undrained shear 
strength, cu=1.0 kPa; Young’s modulus, E=100 kPa; 
Poisson’s ratio, v=0.495. The material parameters 
used were not identical to those used by Sołowski 
and Sloan (2015). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The normalized vertical resistance force (q/cu) 

versus penetration depth (z/B) curves obtained from 

Fig. 16  Initial material points and background mesh 
with different initial material points per element 

Fig. 15  Geometry and boundary conditions of the rigid 
footing problem 

Fig. 13  Maximum displacement versus SRF from 
iGIMP with B-bar and FEM analyses 

Fig. 14  Contours of vertical stress (σy) for iGIMP (a) 
and iGIMP with B-bar (b) with SRF=1.8 
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the iGIMP with B-bar approach are shown in 
Fig. 17. This result was compared with that obtained 
from the limit analysis solution (Silva et al., 2011), 
and from numerical solutions such as particle finite 
element method (PFEM) (Yuan et al., 2021) (which 
was implemented in the commercial software 
Abaqus) and explicit GIMP (Sołowski and Sloan, 
2015). In general, the result obtained by the proposed 
iGIMP with B-bar approach agrees well with the 
results of PFEM and explicit GIMP, whereas the 
standard iGIMP formulation provided a much stiffer 
response and failed to converge towards the refer-
ence results. To investigate the effect of mesh sensi-
tivity, three simulations with different mesh and par-
ticle densities were considered. The results obtained 
by the iGIMP with B-bar approach (Fig. 17) con-
verged towards the limit analysis solution of Silva et 
al. (2011) as the number of particles increased, 
which is consistent with the finding of Sołowski and 
Sloan (2015). 

The profiles of incremental displacement mag-
nitude, accumulated plastic strain invariant and the 
shear stresses are given in Fig. 18. The distributions 
of these fields obtained by the iGIMP with B-bar 
approach (the first row of Fig. 18) are consistent with 
those obtained by the Abaqus PFEM approach (the 
second row of Fig. 18) (Yuan et al., 2021). The  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

vertical stress distributions at the end of the analysis 
for the standard iGIMP and iGIMP with B-bar ap-
proaches are given in Fig. 19. Similar to the previous 
example, the iGIMP solutions contained strong stress 
oscillations caused by nearly incompressible con-
straints, and a typical checkerboard pattern can be 
observed in most of the computational domain 
(Fig. 19a). The stress contour shown in Fig. 19b il-
lustrates the correct compressive region underneath 
the footing, indicating that the checkerboard pattern 
caused by volumetric locking was mitigated by the 
iGIMP with B-bar approach. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 18  Contour of displacements (U) (a), accumulated plastic strain invariant (εq
p) (b), and shear stress (xy) (c) at a pene-

tration depth of 1B obtained from iGIMP with B-bar (up) and PFEM (down) solutions. Reprinted from (Yuan et al., 2021), 
Copyright 2021, with permission from Springer Nature 

Fig. 17  Normalized resistance force versus penetration 
depth 
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4  Conclusions 

 
A new iGIMP method framework with B-bar 

has been developed for large deformation geotech-
nical problems. The superiority of iGIMP with B-bar 
in terms of reducing the cell crossing error and over-
coming volumetric locking was highlighted through 
four numerical examples. Detailed descriptions of 
the approach formulation and implementation proce-
dures were provided. For the first time the B-bar 
method has been used to overcome volumetric lock-
ing in the GIMP method for near-incompressible 
large deformation geotechnical problems. It is 
straightforward to implement the B-bar method into 
existing iGIMP methods, without any extra re-
striction on the form of the constitutive model or 
additional linearization to the stiffness matrix.  

The performance of the iGIMP approach was 
first demonstrated via a compression study of a 1D 
column compression problem, in which the results 
obtained from iMPM and FEM analyses were com-
pared. The superiority of the iGIMP approach in re-
ducing cell crossing error, and thereby improving 
computational accuracy was illustrated. Additionally, 
an elasto-plastic slope stability problem was consid-
ered, to further illustrate the performance of the 
iGIMP method in overcoming cell crossing error in a 
2D case. Finally, the performance of the proposed 
iGIMP with B-bar approach in overcoming volumet-
ric locking was examined using two numerical ex-
amples: a slope stability problem with shear strength 
reduction and a rigid footing penetration. The results 
demonstrated that the proposed iGIMP with B-bar 
approach can overcome volumetric locking due to 
incompressibility and reduce stress oscillations. All 
the results show that the proposed iGIMP with B-bar 

approach can handle these large deformation prob-
lems well in geotechnical engineering. 
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