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Abstract: The aim of this study was to develop robust tracking control schemes for the 3D leap trajectory of hypersonic gliding
vehicles using sliding mode theory. A predictor-corrector guidance method was applied to the generation of the reference
trajectory, and drag acceleration was selected as the profile of reference tracking. A combined super-twisting sliding mode
controller (CST-SMC) is proposed to decrease the tracking error and guarantee the tracking performance in the presence of
system nonlinearities compared to three other common controllers: the linear sliding mode controller (L-SMC), global fast
terminal sliding mode controller (GFT-SMC), and super-twisting sliding mode controller (ST-SMC). By using the developed
controller, the system state of a second-order drag acceleration tracking error system can approach the global fast terminal
sliding manifold in finite time. By using the Lyapunov approach, sufficient conditions are deduced to ensure that the tracking
performance is obtained for a closed-loop system. Furthermore, we show that the controller is robust to initial uncertain parameters
and other perturbations, as validated by simulation results with appropriate gains.
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1 Introduction control of trajectory tracking is the main focus of
this paper. Before studying the controller, the desired
trajectory is obtained using optimization algorithms,

guidance algorithms or path programming methods.

Hypersonic vehicles have become a hot research
field in recent years (Chen et al., 2020, 2021), and

their superior maneuverability and penetration will
enable great changes in future military combat. How-
ever, due to their complex flight environment, strict
parameter uncertainty, and strong model nonlinearity,
the design of their control systems has become a very
challenging research topic. A superior control system
is vital for a safe re-entry flight of hypersonic vehi-
cles. To ensure stable flight under complex constraint
conditions, the control system must have a rapid re-
sponse speed and disturbance rejection performance.
Hypersonic vehicle control problems are generally
divided into two types: trajectory tracking problems
and attitude control problems (An et al., 2020). The
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For hypersonic gliding vehicles, there are generally
two kinds of desired trajectory: quasi equilibrium re-
entry trajectories and skipping re-entry trajectories
(also known as leap re-entry trajectories). A quasi
equilibrium trajectory is smooth and stable without
large oscillations, which facilitates better track con-
trol and precision (Xu et al., 2012). Skipping gliding
flight is generally applied to long range missions,
which have serious trajectory oscillation amplitudes,
wide flight space, and rapid state change (Wen et al.,
2014). Thus, a skipping trajectory requires higher
accuracy and robustness in the design of the controller.
Since Sanger et al. (1952) first introduced the concep-
tual scheme, the skipping gliding trajectory has been
continuously studied and developed into the “Tsien H.
S. trajectory” by Tsien and others (Tsien et al., 1952).
After that, the skipping re-entry trajectory of aerospace
vehicles (ASVs) has been widely and deeply explored
by a large number of scholars (Harpold and Graves Jr,
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1979; Li et al., 2015; Zhao et al., 2019). In this paper,
the challenging skipping trajectory is considered as the
reference trajectory for controllers.

Then, a specific controller will be selected to
guide the hypersonic vehicle tracking the reference
states. Generally, the altitude and velocity sub-systems
are constructed as the reference states in the longitu-
dinal plane (Fiorentini et al., 2009; Liu et al., 2015;
Zong et al., 2015). However, a drag-based tracking
strategy is a typical acceleration guidance method for
shuttle entry guidance, and has proved very effective
for entry missions (Zhao et al., 2016). Du et al. (2015)
proposed a drag-vs-energy profile based on nonlinear
model predictive control in which the drag accelera-
tion was considered in the optimization performance
index for the entry guidance problem. Zhang et al.
(2016) proposed a three-dimensional acceleration pro-
file (TDAP) planner concept that extended the tradi-
tional drag planning approach into a 3D drag space.
Fu et al. (2021) also designed a drag acceleration-
energy profile for generating entry landing footprints.
Thus, drag acceleration has been used extensively as
the tracking profile in designing standard controllers.

Currently, the conventional control approaches
applied in hypersonic vehicles include linear quadratic
regulator (LQR) (Lu and Zhou, 2017), feedback lin-
earization control (An et al., 2016), proportional, inte-
gral, and derivative (PID) control (Zhao and Li, 2020),
fuzzy control (Wu et al., 2017), and back-stepping
control (Farrell et al., 2005). Furthermore, sliding
mode variable structure control (VSC) shows superior
performance in terms of the uncertainty of the system,
as a special nonlinear control approach. Utkin (1977)
first proposed the method which has been greatly
developed in the last 30 years. Research on VSC has
focused mainly on the sliding mode surface and reach-
ing law. The sliding mode surface determines the con-
vergence performance of the system, and the reaching
law settles the convergence mode. The classic linear
sliding hyperplane is generally chosen, where the error
system asymptotically converges to zero and the con-
vergence speed can be adjusted by some coefficients.
Nevertheless, the system error will not converge to
zero in finite time. Yu and Man (2009) designed a
novel global fast terminal sliding mode (GFT-SM) to
address the poor convergence of the nonlinear sliding
mode compared with the linear sliding mode (L-SM)
when the system states approached equilibrium in the
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traditional terminal sliding mode controller (T-SMC).
The GFT-SM combines the advantages of the T-SMC
and the L-SM controller (L-SMC) so that fast tran-
sient convergence can be obtained both at a distance
from, and within close range of, the equilibrium.
Truong et al. (2021) proposed an integral GFT-SM
surface to improve the dynamic performance of the
robotic manipulators compared with the terminal slid-
ing mode (T-SM) surface. The GFT-SM controller
(GFT-SMC) was also applied in the acceleration auto-
pilot design of the skid-to-turn (STT) nonlinear time-
varying missile model (Awad and Wang, 2016). Xiu
and Guo (2018) used the quick reaching characteris-
tics and applications of GFT-SMC to overcome the
disadvantages of the conventional sliding mode reach-
ing law. So, the GFT-SMC has been developed to
improve its performance and has been used in a wide
range of applications.

The super-twisting control (STC) algorithm
(Levant, 1998) is one of the most powerful second-
order continuous sliding mode control algorithms,
which drives the sliding variable and its derivative to
zero in finite time. This algorithm is widely used to
design controllers, observers, and exact differentiators
with finite time convergence characteristics (Moreno
and Osorio, 2012). Many studies of STC algorithms
have been carried out. Yan et al. (2019) proposed
an adaptive super-twisting sliding mode controller
(ST-SMC) method. The longitudinal model system
had less chattering and better robustness. The STC
worked better for the formation maneuvers of multi-
ple robots, and dealt well with uncertainties and dis-
turbances with unknown bounds (Zhang et al., 2020).
Humaidi and Hasan (2019) presented a robust control
algorithm based on an adaptive ST-SMC to guarantee
the sliding surface that could reach the equilibrium
point and avoid the chattering problem of a 2-DOF
(degree of freedom) helicopter.

In this study, the drag acceleration control prob-
lem of a 3D trajectory was investigated using four
controllers. Firstly, the L-SMC was obtained by com-
bining the L-SM surface and exponential reaching
law. Secondly, the GFT-SMC was incorporated and
compared with the L-SMC in the application of hyper-
sonic gliding vehicles. Thirdly, ST-SMC was investi-
gated to overcome the chattering effects on control-
lers that lead to bad performance. Due to the asymp-
totic convergence of L-SMC and the bad chattering
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attenuation of GFT-SMC, a novel combined super-
twisting sliding mode controller (CST-SMC) is pro-
posed for guaranteeing that the system can precisely
track the reference trajectory. The major contributions
of this study are as follows:

1. We consider and deduce a dynamic system of
drag tracking error with 3 DOFs.

2. A CST-SMC approach is proposed to improve
tracking performance in the total time series compared
with the three traditional sliding mode control methods.

3. Generally, in the process of controller perfor-
mance verification, the system response under various
uncertain disturbances (such as parameter perturbation,
state error, and environmental disturbance) can best
reflect the quality of the controller design and its anti-
interference ability. Thus, we discuss the robustness
of CST-SMC under parameter perturbation and initial
state measurement errors, and verify its effectiveness.

This paper is organized as follows. In Section 2,
we describe the generation of the reference trajectory
using a predictor-corrector algorithm. In Section 3, we
formulate the second-order drag acceleration tracking
error system model. Then, in Section 4, we describe
the four controllers. Finally, we report the results of
the simulation in Section 5.

2 Flight modeling and reference trajectory
generation

2.1 Flight modeling

Considering the curvature of the earth and the
ground inertial coordinate system, the 3D dynamics
of a hypersonic vehicle during the re-entry phase can
be precisely described by (Lu, 2014):
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where r describes the relative distance from the vehicle
to the center of the earth, 1 and ¢ represent the longi-
tude and latitude, respectively, V' is the flight speed, g
is the gravitational acceleration, and y is the flight path
angle. The azimuth y is defined as the angle of turn-
ing, measured clockwise from the local north. o is the
control variable that controls the flight direction in 3D
space, and o, is a constant representing the angular
velocity of the earth. The lift acceleration L=C,pV>S/
(2m) and drag acceleration D=C,pV>S/(2m) determine
the comprehensive flight capability of the vehicle,
where m is the mass of vehicle, S is the area of vehicle,
C, and C, denote the lift coefficient and drag coef-
ficient, respectively, p=p,exp[-(r—R,)/h ] is the at-
mospheric density, p, is standard atmospheric den-
sity, R, is the earth radius, and 4, is the atmospheric
parameter.

2.2 Reference trajectory generation

Considering the trajectory tracking problem, gen-
erally, the guidance law or the optimization method is
adopted in offline/online trajectory programming in
advance for a reference path. Then, the controller is
designed to control the vehicle to follow the reference
states strictly. Because the predictor-corrector guid-
ance approach has incomparable advantages in online
rapid trajectory planning, in this study, this approach
was used for a desired, feasible reference that satisfied
constraints. The main steps of the predictor-corrector
algorithm are as follows (Lu, 2014).

Step 1: Select the angle of attack expressed in
the given function and the bank angle which need to
be calculated iteratively as the control variables. In
every time step, the dynamic equations (Eq. (1)) are
integrated to obtain the actual flight distance informa-
tion from the current state of the vehicle to the terminal
conditions, which is called the prediction process.

Step 2: The space motion is divided into two
planes because the amplitude and sign of the bank
angle need to be solved separately. In the longitudinal



plane, the absolute value of the bank angle will be
updated by calculating the difference between the pre-
dicted range and the actual range. Meanwhile, con-
structing the azimuth error corridor for the sign of the
bank angle in the lateral plane, the judgment condi-
tions are calculated by the current azimuth and the
line-of-sight angle between the vehicle and the target.
The final limited re-entry trajectory can be solved
when the obtained bank angle is output to the dynamic
equation (Eq. (1)). This step is called the rectification
process.

Through the prediction process and the rectifica-
tion process, a satisfactory re-entry leap trajectory
under the complex constraint conditions can be sol-
ved, and was taken as the reference trajectory of the
tracking control in this study. The detailed proce-
dures of this algorithm are described in the follow-
ing parts.

2.2.1 Constraints transformation

First, the original dynamic equation with time ¢
as the independent variable is transformed into the new
model with energy e as the independent variable. The
energy expression is defined as

VZ
=\ @)
de
o =D ©)

where u is the constant of earth gravitation. The new
model can be obtained by combining Egs. (1) and (3),
which can be rewritten as

Efxoe) x=x(e,). 4)

where x is the reduced-order state vector, x, is the
initial condition of the state vector, and ¢, is the initial
energy.

In the re-entry phase, the vehicle is constrained
by several typical inequalities (Eq. (5)) such as path
constraints, which include the heating rate Q, over-
load n, and dynamic pressure ¢,.

q.=0.5pV°><q s
O=ko/p V<0, “
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where ¢, is the dynamic-pressure limit, anax is the
3
heating-rate limit, k,=9.4369 x 107 x (\ /gR, ) , and

n,.. is the overload limit. Several appropriate terminal
conditions, such as terminal velocity limit V.,g,, ter-
minal altitude limit H,,, terminal bank angle limit
Oy and terminal flight distance limit S, also
need to be considered (Eq. (6)). It should be pointed
out that the subscript TAEM represents terminal area
energy management. All the above constraints need
to be converted to the range of the bank angle related
to velocity.

Voaen =2000 m/s,

H; =25 km, ©)
O-min < O-TAEM < O‘max’
Srapm =50 km,

where ¢, and g, represent the maximum and mini-

mum values for o, respectively. The relationship
between flight altitude A and flight speed V' can be
obtained from Eq. (5):

k2 V6.3
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(7

H>H, =h, ln[
H;max{HQ(V), H,V), Hq(V)}’

where H,, H, and H, are the altitude constraints related
t0 Q.. Guwe and 7., respectively. Furthermore, the
altitude constraints are converted to the ranges of the
bank angle amplitudes (o,, 0,, and o,) respectively
(Eq. (9)) according to the quasi-equilibrium glide con-
dition (Eq. (8)):

Lcoso V2
- —(g—r)=0, ®
o<max{o,(V), o,(V). a,(V)}. )

2.2.2 Longitudinal guidance

Step 1: To meet the terminal range-to-go, the
angle of attack a, and bank angle magnitude ‘ ag(e) ‘
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profiles are designed as linear piecewise functions,
such as Egs. (10) and (11):
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where a,, a,, and a, are the segmented node variables
of the angle of attack model, and they are fixed when
the angle of attack model is given. V|, V,, and V, are
the corresponding speed node variables. o, is an

intermediate variable need to be found. The expres-
sionof|a(e) | is

(12)
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where e; is the final energy condition, e, is the cur-

real
rent energy, and o, is a sufficient constant.
Step 2: In each guidance cycle, the feasible value
of g, is solved so that the vehicle can be steered from
the current states to the final energy conditions e,, and
the entry trajectory needs to satisfy the terminal range-

to-go constraints:

swol @) =51 <& (13)
where ¢ is a positive constant, s, is the range-to-go
variable, and s; represents the desired range-to-go,
which is defined as the length of the great circle from
the current location to the target:

Sp= arccos[sin/lf sinA+cos/;cos i cos(¢f—¢)], (14)

where A, and ¢, are the target longitude and latitude,
respectively. The updated scheme is approximated by
a secant method, where z (o) =s,,, (e;)—s;, and £, is
a positive constant that controls the convergence rate:
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If the criterion condition (Eq. (13)) is not met, the cor-
rector step seeks to update o, (€) as the next iteration
ols7" by the secant method using the current energy e,

the kth iteration ¢'%), and the (k—1)th iteration o'%; ".
2.2.3 Lateral guidance

After o
determined by a classic bank-reversal logic in the lateral
guidance plane. Assuming that the current longitude is
Aars the line-of-sight angle ., can be expressed as

real

has been found, the sign of a(e) is
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Define the current heading offset Ay as
Al//: I//V_ l//cur’ (17)

where y, is the actual heading angle.

A velocity-dependent interval segmentation is
designed in the form of a piecewise function, where
Ay, and Ay, are the segmented node variables, and so
are V,, and V..

AWI’ V> V117
Ay, —Ay, | -\ V=V
Ay= Ay, + (4w, e 2_) V( “), Vp<V<V,,
11 22
Ay,, V<Vy,.

(18)

Once Ay increases from one direction and exceeds its
upper bound Ay, or lower bound Ay,,,, the bank
angle is commanded to change the sign, otherwise, it
will remain.

1, Ay >Ay,,,
Sgn(()‘(k)) = _1’ AI//<AWdown? (19)
sgn(c*"), others,

where sgn(o) is the sign of o.
Through the above algorithm, the components of
the reference states and control curves are obtained

(Fig. 1).
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Fig. 1 Components of reference states and control profiles:
(a) reference altitude profile; (b) reference velocity profile;
(c) reference drag profile; (d) reference control profile
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3 Drag tracking problem formulation

Commonly, the design of a tracking controller for
a hypersonic vehicle usually focuses on the longitudinal
and lateral plane motions. However, there are addi-
tional effects that need to be considered in controller
design if the dynamic formula is decoupled into the
longitudinal plane and the lateral plane. On the one
hand, because coupling factors exist in the longitudinal
and lateral channels, especially in the process of nu-
merical calculation, the accumulation of errors and
complex disturbance terms will increase the complexity
of controller design. Simplified dynamic models may
also produce inconsistent results. On the other hand,
the amount and complexity of controllers require a high
computation capacity because they could increase the
computational burden of the system.

The trajectory control variable is u=coso, and
the drag acceleration D is selected as the reference
tracking profile. Then, the 3D trajectory of the vehicle
can be controlled. The advantages of choosing drag
acceleration as the reference instruction are obvious.
First and foremost, the tracking problem can be sim-
plified as discussed above, and the drag profile can
control both longitudinal and lateral plane motions.
Secondly, the drag profile can determine the flight dis-
tance to a certain extent. To ensure that the lateral plane
motion is close to the desired trajectory, the same
strategy as used in the predictor-corrector guidance
algorithm is adopted. Therefore, the aim of this study
was to design a drag acceleration tracking controller
to guarantee that the vehicle can track the reference
drag profile rapidly and improve the robustness of the
system for the 3D leap trajectory of a hypersonic glid-
ing vehicle.

Define the drag acceleration tracking error e, as

e,=D-D,, (20)
where D, is the desired reference drag acceleration.
The drag acceleration tracking error dynamics can be
obtained by taking the time derivatives of the drag
acceleration error in Eq. (20), as follows:

e, =D-D,=e,,

. 1)
é,=D-D,.

The expression of drag acceleration is
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C,pV*S
D=2 (22)

Let B, = be the aerodynamic coefficient, which

_m_
C,S
is taken as a constant. Then, the first derivative of D

with respect to time can be obtained from
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Considering the flight characteristics of a hypersonic
vehicle, the second part Af, of Eq. (24) can be ignored.
Also, the flight path angle of the vehicle is always
less than 5° from the reference state curves, so we have
the approximations cosy~ 1 and siny~7.

Then, substituting Egs. (23) and (24) into Eq. (21),
the drag acceleration tracking error dynamic equations

can be written as

él =ﬁ _de
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The second-order system with respect to the drag
acceleration tracking error is constructed, and the goal
of controller design is to make the tracking error con-
verge to 0 in finite time.

4 Controller design
4.1 Traditional sliding mode controllers

There are two main assessment indices of con-
troller performance. The first includes rapidity and
accuracy, which can ensure that the system reaches
the reference point precisely in a limited time. The
second is the robustness of the system when subjected
to interference by some external disturbances. The
sliding mode theory has strong adaptability in the con-
trol of nonlinear systems, and comfortably meets these
two requirements with reasonable parameters. Accord-
ing to sliding mode theory, the sliding mode motion is
usually composed of two stages: the reaching mode
motion and the sliding convergence motion. The
system can move towards the sliding mode surface
no matter which initial state it remains in. That is,
when the system reaches the surface s=0, it has ac-
complished the first stage. After that, the controller
will force the system to move along the sliding mode
surface and converge to the equilibrium point (origin
point). The sliding convergence motion is the second
stage. Two kinds of sliding mode, L-SM surface and
T-SM surface, show better convergence quality with a
wide application range. These satisfy the reach condi-
tions §<0, s>0 or s>0, s<0, and guarantee that the
system can approach the equilibrium point in finite
time along the sliding surface. Yet, an unknown system
sliding trajectory limits the evaluation of controller
performance. The sliding mode reaching laws, such
as the constant velocity reaching law and exponential
reaching law, provide a solution to this problem.
Therefore, in the following sections we compare and
discuss the abilities of the two sliding mode surfaces



and two other approaches to control the leap trajectory
of a hypersonic gliding vehicle. Based on the analysis
of their characteristics, we propose a combined sliding
mode controller to improve global tracking performance.

Note that the following lemmas are needed in
the verification of control convergence.

Lemma 1 Considering a nonlinear sliding mode
surface s,

P
§= é.v+ae.c+ﬂe.?a a, ﬁ> 0, P, q (p< Q), (27)

where e, is the error variable, and a, £, p, and g are all
constants. If the condition s =0 has been satisfied, the
equilibrium point of the system is globally finite-time
stable in time ¢

a(es(tr))%ﬂb’
B )

q
a(g—p)

t.=t + In

s r

(28)

where ¢, is the reach time in which the system moves
from arbitrary initial states to the sliding surface s=0.

Proof The expression of convergence time can
be obtained by solving the differential equation s=0
analytically. As soon as the system reaches the sliding
mode surface from any initial states, Eq. (27) can be
written as

P

é,+ae,+pe’!=0. (29)
E
Dividing both sides by e! yields
_r -
e ‘e +ae, ‘=—p. 30)
_r — _r
Letting y= ei ‘, and deducing d_g-p e e

E = q s Co
Eq. (30) can be rewritten as
dv g-p

+ 7ay=—uﬂ.

m p p 3D

Obviously, Eq. (31) is a first-order differential equa-
tion, with the common form of

L P@y=0), (32)
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where P(x) and Q(x) are polynomial expressions, and
x represents the arbitrary variable. Then, the general
solution is

y:e‘f”"”‘(fg(x) Jraec), (33

where C is a constant.
Substituting the terms corresponding to P(x) and
O(x) in Eq. (31) into Eq. (33), we can obtain:

(4= ! — 4P g
y=e jof/ dlif(_qqp)ﬁejoq ddt-i—C:|:
0

—J’;qipadt ! q—p 97D 4 _
el jo S pe e |-
. (34)
I e — 47D o
e -4 Lp 4 . +y(0) | =
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p + e +y(0) e .
Then, fore,=0,y=0, and t=¢,
P +y(0) e =2
B ) re_ B
g V0 e =2 (35)
qfl’m
(1+;y(0))=e"

q-r
where y(0) =e,(0) ¢ . Hence, the total convergence

time is determined by

A ae(0)  +f
a(g-p) B

(36)

The system will reach the balanced states in finite
time through the appropriate parameters a, S, p,
and q.

Lemma 2 The non-Lipschitz continuous nonlin-
ear system is given as

xL=f(va t)v

(37)
xL( to) =X1o
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where x, is the continuous nonlinear system vector,
and ¢, is the initial time. Suppose there exists a contin-
uous and differentiable function ¥V (x,) and real
numbers a,>0 and 0<f,<1, and the conditions

VL(xL) >0 and VL(xL) +aVVLﬁ"(xL) <0 are satisfied.
Then, the origin is a finite-time stable equilibrium of

Eq. (37). If T, is the settling time, then for all x, in
some open neighborhood of the origin,

V! M x
T.< Li(L) (38)
av(l _,Bv)
Oncet=>T,s=s=0.
Lemma 3 For the system,
1
X, =x,—k,| x, ‘2 sgn(xl), (39)

xzz_kxz Sgn(xl)7

where &, and k, are constants. x,,x, € R indicates the
system states are continuous. Then, the system is
finite-time stable.

4.1.1 Linear sliding mode controller (L-SMC)

Let the L-SM surface be chosen in terms of drag
acceleration error e, such that

s=ce,+eé, (40)
where ¢ is a constant.
Differentiate Eq. (40),
§=ce,+éy=ces+ (f=Dy+bu). (41)

To ensure the sliding mode surface can converge to zero
in finite time, the following reaching law is considered:

s=—nsgn(s) —ks, n k>0, (42)
where 5 and k, are constants. Substituting Eq. (42)
into Eq. (41), the controller « can be obtained:

u:_l(fz—bﬁceﬁnsgn(s) +k.s).

. “3)

Theorem 1 For the dynamic model Eq. (1) of a
hypersonic gliding vehicle, if the L-SM manifold is

chosen as in Eq. (40), the reaching law is Eq. (42),
and the continuous L-SMC is designed as Eq. (43),
then the tracking error e, will converge to zero as time
t— oo, and the state variables will converge to their
desired values.

Proof Choose the following Lyapunov function
candidate V;:

1

V.= 2 5% (44)
Derivate Eq. (44) using Eq. (41),
VL=S$=S|:C€2+(fZ—Dd+bM):|. (45)

Substituting Eq. (43) into Eq. (45) yields,
Vi=s(—nsen(s) —ks)==nls| ks’ (46)

Since #, k,>0 in Eq. (46), and V, is negative definite,
then 7, <0, which implies that the system will reach
the sliding mode surface in finite time. Once the con-
dition s=0 is satisfied, the following equation can be
obtained:

ce,+e,=0. (47)
Solving Eq. (47) analytically,
e, (1) =e,(0) e (48)

Then, the tracing error e, will converge to zero as
time 7— oo with a convergence rate c. Note that the
system arrives asymptotically.

4.1.2 Global fast terminal sliding mode controller
(GFT-SMC)

Define the following sliding mode manifold:

P
s=é,+ae +pfe, ., a f>0,p, g(p<q). (49)
The same reaching law is applied:
n, k,>0.

s=-nsgn(s) —k,s, (50)

Then, the GFT-SMC law can be deduced from Eq. (50)
and the derivative of Eq. (49):



1 .. . Zor,
u:—z ﬁ—Dd+ael+ﬁ§e? ]e|+7]sgn(s) +kSS .

(51

Theorem 2 For system Eq. (1) and tracking
error dynamic Eq. (25) with the GFT-SM surface
Eq. (49), the designed controller Eq. (51) will force
the states e, and e, to converge to zero in finite time,
and then the system states will be consistent with the
desired states.

Proof Taking the time derivative of the surface
s, and applying the control law given by Eq. (51), we
have the following deduction:

BT

-1

s'=é2+aez+ﬁ§el e,=

. L
fz—Dd+bu+ae2+ﬁ§elq Iezz (52)

-nsgn(s) —k,s.
Let the Lyapunov function candidate be such that:

V=~ s (53)

Differentiating ¥, with respect to time and substituting
Eq. (52) yields

VLzs( —nsgn(s) —kis) =—n|s|—ks*. (54)
It is clear from Eq. (54) that ¥, <0 when 7, k,>0.
Therefore, the system can reach the sliding surface in
finite time under the reaching law Eq. (52). Once the
system remains on the sliding mode surface, the fol-

lowing dynamic is guaranteed with reasonable param-
eters a, f3, p, and g:

E
e, +oe, +pfe  =0. (5%5)
From Lemma 1, this dynamic ensures the finite-time
convergence of e, and e, to zero in time . Further-
more, the system states will be consistent with the de-
sired states.

4.1.3 Super-twisting sliding mode controller (ST-SMC)

The ST-SMC is a kind of second-order control
algorithm, which differs from the exponential reaching
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law used in Sections 4.1.1 and 4.1.2. The algorithm
consists of two parts: the discontinuous time differen-
tiation of the sliding mode variable, and the continuous
function in terms of the sliding mode variable. System
chattering can be effectively suppressed by this algo-
rithm compared with other first-order sliding mode
control laws, and the robustness of traditional sliding
mode controllers can be retained.

Considering the global fast terminal sliding man-
ifold in terms of e, and e,:

P

s=é1+ael+ﬁ61;, o >0, p, q(p<q). (56)

Then, the finite time ST-SMC is designed as

1 = . p Z-r.
u:—z(fz—Dﬁ—ae,—l-ﬂge? e +u,),
1 (57)
u,=—v|s[>sgn(s) +u,

u,=—w sgn(s),

where v >0 and @ > 0 are constants. The reaching con-
dition is ss < 0. Substituting Egs. (56) and (57) into it
yields:

P

sS=s é1+0cé1+ﬁ§elrlé1 =su,<0. (58)

Thus, the system satisfies the reaching conditions from
any initial state to the surface.

Theorem 3 For the dynamical vehicle model
Eq. (1) and the sliding surface Eq. (56), the system
tracking errors Eq. (25) will converge to zero eventu-
ally, and the vehicle will be situated at the desired
point in finite time by controller Eq. (57).

Proof (1) Prove the sliding mode variable s will
converge in finite time.

Taking the time derivative of Eq. (56), we can
obtain:

$=é2+aez+/3§el e,=

(59)
71e2.

N

f2—de+bu+oce2+[3§el

Substituting Eq. (57) into Eq. (59), we can obtain:

S=u,. (60)
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According to Lemma 3, the sliding mode variables can
converge to zero in finite time.

(2) Verity the convergence of the drag tracking
error in finite time.

Once the system reaches the sliding mode surface,
the condition will be satisfied, then

»
e, +oe, +pfe 1=0.

(61)
From Lemma 1, this dynamic ensures the finite-time
convergence of e, and e, to zero in time ¢. Further-
more, the system states will be consistent with the
desired states. The proof is finished.

4.2 Combined super-twisting sliding mode controller
(CST-SMC)

Considering the characteristics of the exponential
reaching law and super-twisting sliding mode algo-
rithm (see Remarks 1 and 2 for details), a novel com-
bined finite time super-twisting sliding mode controller
(CST-SMC) is designed, which also adopts the GFT-SM
surface:

P

s=é1+ael+ﬁ61;, a, >0, p, g(p<q). (62)

The CST-SMC is designed as
1 - . 2o,
u:—b(fz—Dd+ael+,B§ejl e+

nsgn(s) +kss+u,,), (63)
1
u,=-v|s|2sgn(s) +u,

u,=—wsgn(s) —k,u,,

where k£,>0 is a constant.

Theorem 4 For the hypersonic gliding vehicle
dynamic system Eq. (1), the T-SM surface Eq. (62)
and the CST-SMC Eq. (63) can ensure that all the
states information can track the reference trajectories
in finite time.

Proof (1) Prove the system error can reach the
sliding manifold s =0 in finite time.

Substituting Eq. (63) into Eq. (25), we have the
detailed expression:

e, =e,,

2y
P

e,=—oe,—f p e,—nsgn(s) —ks+u, (64)
The novel reaching law is designed as
1
o — _ — 2
s=-nsgn(s) —k.s—v|s|?sgn(s) +u, 65)
u,=—wsgn(s) —k,u,.
Dividing Eq. (65) into two sub-systems,
s=-nsgn(s) —k,s, (66)
1
o 1
s=—v|s|2sgn(s) +u,, 67)

,=—wsgn(s) —k,u,.

The exponential approach term s=—k.s in system
Eq. (66) has the solution s=s5(0) ™, which implies
that progress towards the sliding surface is a gradual
process and does not satisfy the condition of finite-
time arrival. In this case, if a constant speed reaching
term is included, the reaching speed will decrease to #
as soon as s is close to zero, so the finite-time arrival
of the system can be guaranteed.

We discuss mainly the stability of system Eq. (67).
Define a 2D vector w:

w=[w, Wz]T:[’S’ésgn(S) ul} . (68)

Derivate Eq. (68) according to the property of matrix

derivation:
1
w=-——Aw, (69)
i
v 1
where 4=| 2 2 . Choose the Lyapunov
—w —kz‘ w, ’
function
V.=w'Pw, (70)
2 —
where P= {D 1 Y } is a positive definite sym-
-0 o+l

metric constant matrix.



V, = LWTPAw— —LwTQw, (71)
[w | w |
where P, A, and Q are related by
A"P+PA=-0. (72)

Suppose 4,,,(@) is the minimum eigenvalue about

matrix @, then the following inequality holds:

Zain @) W | <wTOw. (73)
Substituting Eq. (73) into Eq. (71), then
1
L__inQW\ j‘mm(Q) || " . (74)
w, | \m
Similarly, we suppose 4,,.(P) and 4,,(P) are the

minimum eigenvalue and maximum eigenvalue about
matrix P, respectively, so the inequalities can be
obtained from Eq. (70):

Vi=w" Pw<i,.(P)|w]. (75)
1
V?
| <lwls (76)
mm( P)

In conclusion, we have the final expression reflecting
the properties of the Lyapunov function:

1 mm(P) Amin( Q)
W<— ————————=

papy 0P

According to Lemma 2, the system is finite-time stable
if the parameters v, w, and £, satisfy the Lipschitz con-
ditions. The convergence time 7, is

Zimx(P) VZ(X)
mm(P) Ain( Q)

T,< (78)

Suppose the convergence time (7)) of system Eq. (66)
meets the expression 7,<7, (where 7, is the fixed
time), and then the original system Eq. (65) has the
reaching time 7;:
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2imax(P) VZ(X)
mm( P) 2,,,(Q)

T.=T,+T,<T.+ (79)

The system will meet the condition s=0 because of
Eq. (79).

(2) Verify the drag acceleration error converges
to zero in finite time.

Once the error variables ¢, and e, reach the sliding
mode surface s=s5=0, Eq. (62) can be further repre-
sented as

P

s':é2+aez+ﬁ§el"7162=0. (80)

By Lemma 1, the above system Eq. (64) will show
finite-time stability to the equilibrium point.

Remark 1 The GFT-SM surface has unique ad-
vantages over the L-SM surface. It can ensure that the
system reaches the sliding mode surface rapidly and
guides the system to converge to the origin point
in finite time, compared with the asymptotic conver-
gence of L-SM. Also, the small enough index p/q con-
stricts system movement within a small neighborhood
of the sliding surface. Moreover, it is more robust in
response to system perturbation and disturbance.

Remark 2 The reaching speed decreases gradu-
ally from a huge number when the state errors of the
system are away from the surface in the exponential
approach law. We know the crucial factor is the linear
term. Considering the linear term in Eq. (42) can adjust
the convergence rate of the system, we added a linear
expression in terms of s to the dynamic formula u, of
the STC algorithm, to improve the dynamic response
of the higher-order term. In addition, the ST-SMC
algorithm can effectively suppress the chattering prob-
lem, so the system can quickly reach the sliding mode
surface.

The control scheme adopted in this study is shown
in Fig. 2. After the feedback control process, the track-
ing state parameters , 1°, ¢", y, ', and V" are finally
obtained.

4.3 Parameter discussion

For the leap gliding trajectory, the reference drag
trajectory is a continuous curve. However, the perfor-
mance of the tracking controller varies along the entire
time series. Taking GFT-SMC as an example (Fig. 3),



200 | JZhejiang Univ-Sci A (Appl Phys & Eng) 2022 23(3):188-207

CST-SMC

»
s=e;+ae+Be;, a, >0, p, q (p<q),

Error dynamic model
Dy, Dy, D, o~ e,=D-D,, e, &
'l €,=D-D¢=f,-D,,
é,=D-D=f,-Ds+bu Dy
D,D,D

. 2
u=—13 [f;—Dd+ae1+[3’6p ef 1e1+n sgn (s)+kss+unj,

1
u,=-ulslZsgn (s)+u,

l

Dynamic equation

nA¢ v, w v

E—— A P IR AT/ VA

Fig. 2 A block diagram of the drag tracking control problem using CST-SMC
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Fig. 3 Drag tracking profile of GFT-SMC. Ref represents
the reference drag trajectory

the tracking results of the middle segment are not ac-
ceptable compared to those of the initial and ending
segments. The reasons are as follows:

1. Adaptability of multi-parameters. The leap glid-
ing flight has more severe and frequent state changes.
Because the oscillation characteristics of the trajectory
differ from those of cruise flight and quasi-equilibrium
gliding flight, the constant gains cannot always meet
the tracking requirements accurately along the total
time series. Thus, adaptive parameters can be intro-
duced to match the system changes. It is vital to deter-
mine the influence of every parameter on the system,
to enable selection of feasible parameters. The param-
eters of controller Eq. (63) were analyzed. Increasing
k, could increase the velocity approaching the sliding
surface without being too large. On the contrary, the
gain 5 of the constant approaching term s=—7 sgn(.s)
needs to be small enough as s converges to zero in
order to meet the lower terminal speed. a and £ also
have clear physical meanings, which determine mainly

the convergence time in different phases. If the system
states are far away from the origin points, § will play
a major role in controlling convergence time, while o
works mainly if the system nears the points. The pur-
pose of adjusting o and f is to improve the approaching
velocity as soon as possible. In the STC algorithm,
parameters v and o can influence the steady-state error
and eliminate chattering. k, can change the dynamic
response of higher-order terms of the system. Before
the parameters are decided, the magnitude and range
need to be estimated according to the error system, and
then every parameter needs to be modified carefully.
In this study, the piecewise function was planned to
reduce the drag tracking error in the whole tracking
process.

2. Different controllers perform differently in the
same system. By comparing the CST-SMC with tradi-
tional controllers, the advantages of CST-SMC were
highlighted.

In addition, the CST-SMC proposed here theoret-
ically can be applied to any nonlinear system models.
However, considering the different characteristics
among the models, the control results may be worse
than those of the classical controllers, so it is not pos-
sible to guarantee that the performance is optimal for
all nonlinear models. In this study, we considered the
re-entry trajectory tracking control problems for a class
of hypersonic gliding vehicles. Of course, in addition to
the vehicle model (CAV-H, a generic high-performance
common aero vehicle) (An et al., 2020) and its refer-
ence trajectory used in the simulation, CST-SMC is
commonly used for other spacecraft and equilibrium
gliding trajectories (such as the Mars entry trajectory).
The above parameter discussion is crucial for designing



controller parameters rapidly, and provides a useful
reference for development.

5 Simulation results

In this section, we will conduct four simulations:
comparing tracking performance of the four control-
lers (L-SMC, GFT-SMC, ST-SMC, and CST-SMC)
for a drag reference trajectory, comparing tracking
performance of a PID controller and CST-SMC, veri-
fying the robustness under the influence of parameter
perturbation, and initial parameter measurement er-
rors. The initial conditions and parameters of the con-
trollers are shown in Tables 1 and 2, respectively. The
CAV-H model was considered in the simulations.

Table 1 Initial conditions for hypersonic vehicle simulation

Hkm) 2¢) ¢ 70  y() V(ws)
80 0 -5 0 60 6000

In Table 2, for ST-SMC,

05, =0.05, Bs;=0.015, vg;=0.0075,
0<t<420s,

45, =0.001, B;=0.01, vg;=0.002,
4205<¢<1000s,

45, =0.002, By =0.005, vgy=0.002,
t>1000s.

For CST-SMC,

0csr=0.08, Besr=0.05, v.:=0.0075,

Nest=5%x 107, ki er=2x 107,  0<t<400s,
Ocsr=0.001, Besr=0.001, veg;=0.002,

Hest= 3 X 107, kyesr=0.4, 400s<t<500s,
tesr=0.001, Bes;=0.005, vegr=0.002,

Hesr=3 X 107, kics7=0.05, 500s<t<800s,
Ocsr=0.00145, B;=0.002, v.5;=0.005,

Nest=5x 107, ky5;=0.2, t>800s.
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5.1 Case 1:
perturbation

simulation without parameter

With the proposed control law Eq. (63), the sim-
ulation results without parameter perturbation are
shown in Fig. 4. The tracking error of CST-SMC is
clearly less than those of the other three controllers
(Fig. 4h). A superior tracking performance is obvious
as the drag acceleration (Fig. 4g) always moves along
the desired profile, as with other longitudinal states
such as altitude trajectory (Fig. 4a), velocity (Fig. 4c),
and flight path angle (Fig. 4d). The lateral state errors
(Fig. 4b) in the longitude-latitude plane are obvious in
the process of tracking because of the poor fitting of
the bank angle (Fig. 4e) and azimuth (Fig. 4f) pro-
files, but the terminal longitude error and latitude
error are all less than 0.5°. This comparison of the
four controllers demonstrates the superior tracking
performance of the proposed method.

5.2 Case 2: simulation comparison with classical
controller

As one of the most classical controllers, the PID
controller has been widely applied in various control
fields. In this study, we compared the CST-SMC with
the PID controller, and the results are shown in Fig. 5.
The following conclusions can be drawn:

1. The PID controller has just three control param-
eters, which is convenient for adjustment, but more
difficult for obtaining appropriate parameters.

2. The PID controller with constant parameters
or piecewise constant parameters cannot track the ref-
erence drag curve well. The tracking errors for serious
states (Figs. 5a and 5b) and drag (Fig. 5c¢) are obvious
in the corresponding figures. For better control re-
sults, it is important to develop an adaptive PID con-
troller and further consider the problem of calculation
efficiency.

3. Although the expression of the CST-SMC is
not as simple as that of a PID controller, it has greater
control, higher control precision, and other obvious
advantages.

Table 2 Parameters of the controllers

Controller c n k, a s P q v k, 10}
L-SMC 0.002 5%10° 0.2 - - 5 3 - - -
GFT-SMC - 5%10° 0.2 0.0018 0.005 5 3 - - -
ST-SMC - - - Ogy P 5 3 Osr 0.2 5%107°
CST-SMC - Nesr kst Ocsr Pest 5 3 Ocst 0.5 5%107°
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Fig. 4 Comparison of simulation results of the four controllers: (a) altitude trajectory profile; (b) land trajectory profile;
(c) velocity profile; (d) flight path angle profile; (e) bank angle profile; (f) azimuth angle profile; (g) drag tracking profile;
(h) drag tracking error
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5.3 Case 3: simulation with parameter perturbation

Normally, the air density p, acrodynamic parame-
ters B,,, and lift-to-drag ratio k,,, will inevitably gener-
ate parameter perturbation due to the strict flight envi-
ronment and high re-entry speed. Here, we consider
constant parameter perturbation and stochastic param-
eter perturbation to verify the robustness of the pro-
posed controllers. The constant and random parameter
settings are shown in Table 3, where rand is a random
number taken from [-1, 1].

Table 3 Settings of constant parameter perturbation and
stochastic parameter perturbation
Item p B, k,,=C,/C,
(A) (1+0.15)p (1+0.2) B,, (1+0.1) &,
(B) (1+0.15xrand) p (1+0.2xrand) B, (1+0.1xrand) &, ,,

fn

(A) Constant parameter perturbation

The simulation results in Fig. 6 confirm that our
proposed method has better tracking robustness for the
reference states with constant parameter perturbation.
Figs. 6a, 6b, and 6d show that the system has lower
errors when using the CST-SMC, where the Y-axis is

1
calculated by E,= Eefi (i=H, V, D), and e, repre-

sents the tracking error of i. The land trajectory is
expressed by Fig. 6¢, which shows the differences in
the reference trajectory among all four controllers, but
they all reach the terminal constraint position (50°,
15°) in finite time. Note that the bank angle produces
severe tracking error, and thus the land trajectory is
different.

(B) Stochastic parameter perturbation

Note that the altitude error (Fig. 7a) and speed
error (Fig. 7b) of the L-SMC and GFT-SMC are several
times higher than those of the proposed CST-SMC.
Fig. 7d shows that, owing to the influence of stochas-
tic parameter perturbation, the curves exhibit oscil-
lation. Similarly, the system performs better using
the CST-SMC method under stochastic parameter
perturbation.

5.4 Case 4: simulation with the initial parameter
measurement error influence

The settings of the initial parameter measure-
ment errors are shown in Table 4. In setting 1, the alti-
tude H and velocity V suffer a small disturbance; in
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setting 2, the influence of changed lateral parameters
will be examined; in setting 3, all the initial states will
be disturbed.

From Figs. 8a and 8b, the curves of setting 1 and
setting 3 have obvious errors due to the initial distur-
bances of altitude and velocity. Fig. 8c shows that the
performance of our proposed controller is robust and
insensitive to initial altitude and velocity measurement
errors. The bank angle profile in Fig. 8d satisfies the
constraint scope.

Based on the simulation results of the three cases,
the proposed CST-SMC can adapt to different initial
parameter measurement errors and ensures that hyper-
sonic gliding vehicles can precisely track the reference
trajectory under constraints. Moreover, the CST-SMC
achieves faster convergence of the sliding surface in
finite time and reduces the tracking errors compared
with the other three controllers.
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6 Conclusions

This study was concerned with the 3D trajectory tra-
cking problem of hypersonic gliding vehicles. The ref-
erence trajectory was obtained by the predictor-corrector
guidance method. The drag acceleration was chosen as
the reference profile to be tracked and the bank angle
as the control variable. Then, a CST-SMC based on the
T-SM surface was proposed for guaranteeing the finite-
time convergence of the drag tracking error even with
parameter perturbation and initial parameter measure-
ment uncertainties. We also deduced three traditional
sliding mode controllers, the L-SMC, GFT-SMC, and
ST-SMC, and compared their control performance with
CST-SMC in simulations. The results showed that the
CST-SMC has much better tracking performance than
the other three controllers in the presence of various
uncertainties, and has great application potential.

Table 4 Settings of the initial parameter measurement errors

Setting H (km) 4 ) ¢ ) 7 ) v (©) V (m/s)
1 80-2 0 -5 0 60 6000+100
2 80 0-0.5 -5+0.5 0-0.005 60-0.05 6000
3 80+2 0-0.5 -5+0.5 0-0.5 60+1 6000+100

6 T 8000
Setting 1 Setting 1
— - —- = Setting 2 — - —- = Setting 2
""""" Setting 3 6000 sreeeeeees Setting 3
5_1 £ 40001
uf W
2000
'1500 0
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Fig. 8 Simulation results with the influence of initial parameter measurement uncertainties: (a) altitude tracking error;
(b) velocity tracking error; (c) drag tracking error; (d) bank angle profile
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