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Abstract: Condition monitoring and fault diagnosis of gearboxes play an important role in the maintenance of mechanical 
systems. The vibration signal of gearboxes is characterized by complex spectral structure and strong time variability, which 
brings challenges to fault feature extraction. To address this issue, a new demodulation technique, based on the Fourier 
decomposition method and resonance demodulation, is proposed to extract fault-related information. First, the Fourier 
decomposition method decomposes the vibration signal into Fourier intrinsic band functions (FIBFs) adaptively in the frequency 
domain. Then, the original signal is segmented into short-time vectors to construct double-row matrices and the maximum 
singular value ratio method is employed to estimate the resonance frequency. Then, the resonance frequency is used as a criterion to 
guide the selection of the most relevant FIBF for demodulation analysis. Finally, for the optimal FIBF, envelope demodulation 
is conducted to identify the fault characteristic frequency. The main contributions are that the proposed method describes how to 
obtain the resonance frequency effectively and how to select the optimal FIBF after decomposition in order to extract the fault 
characteristic frequency. Both numerical and experimental studies are conducted to investigate the performance of the proposed 
method. It is demonstrated that the proposed method can effectively demodulate the fault information from the original signal.
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1 Introduction 

As one of the most crucial parts of mechanical 
systems, gearboxes are widely used in the machine 
tool, automotive, wind turbine, helicopter, and engi‐
neering machinery industries (Lei et al., 2014). Gear‐
boxes are crucial to the reliable operation of mechani‐
cal systems. Due to the harsh working environment, 
failures of gearboxes occur occasionally, which may 
cause shutdown of the machinery and the entire pro‐
duction line and even result in huge economic losses 
(Lei et al., 2013; Zhang et al., 2020). By analyzing vibra‑
tion signals from gearboxes, condition monitoring 
and fault diagnosis can prevent serious accidents and 
provide warning information in the early stages of fail‐
ure, ensuring machine safety, reliability, and stability, 

and minimizing unplanned machine downtime (Wang 
et al., 2020). Fault detection and diagnosis on gears 
have been attracting increasing attention and many 
publications on these studies appear in academic jour‐
nals and technical reports every year.

It is well known that signal processing lays the 
foundation for condition monitoring and fault diagno‐
sis (Wang et al., 2019; Shi et al., 2022), and that sig‐
nal decomposition is an effective method for decom‐
posing signals into several superposed components. 
In the late 1990s, Huang et al. (1998) put forward 
empirical mode decomposition (EMD) for decompos‐
ing a signal into a series of mono-components, called 
intrinsic mode functions (IMFs). The IMFs can be 
separated adaptively in a frequency order from high to 
low according to the waveform of the raw signal it‐
self. However, EMD has some known shortcomings, 
including mode mixing between adjacent components, 
end effects, and overfitting due to cubic spline interpo‐
lation (Rato et al., 2008; Feng et al., 2017; Li et al., 
2017). To improve the EMD method, enhanced ver‐
sions such as ensemble empirical mode decomposition 
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(EEMD) and complete ensemble empirical mode de‐
composition with adaptive noise, have been proposed 
to overcome the mode mixing problem and end ef‐
fects by incorporating white noise into the raw signal 
and treating the mean of a large ensemble as the true 
result (Wu and Huang, 2009; Torres et al., 2011). 
These improved methods take full advantage of the 
characteristics of white noise to eliminate the back‐
ground noise contained in the original signal. Further‐
more, Yeh et al. (2010) designed a complementary 
EEMD method by replacing the single noise in each 
decomposition with a pair of noises which are com‐
posed of a positive noise and a negative noise. The 
new method decreased the number of the ensemble 
and improved the computational efficiency compared 
to EEMD.

Recently, Dragomiretskiy and Zosso (2014) de‐
signed the variational mode decomposition (VMD) 
with a complete mathematical theory. This algorithm 
generalizes the classic Wiener filter to multiple and 
adaptive bands, and decomposes a complicated multi-
component signal into constituent mono-components 
non-recursively. VMD quickly became another popu‐
lar signal decomposition method. Researchers took 
advantage of various optimization algorithms to deter‐
mine the penalty factor and the number of compo‐
nents adaptively, thus contributing to the development 
of the theory of VMD. Yi et al. (2016) improved the 
determination of the penalty factor and number of 
components by combining VMD with a particle swarm 
optimization algorithm. To avoid the impact caused 
by over-decomposition or under-decomposition, Liu 
et al. (2016) designed a criterion based on detrended 
fluctuation analysis to determine the number of com‐
ponents in VMD. Zhang et al. (2018) proposed a 
weighted kurtosis index based on kurtosis and correla‐
tion coefficient and took advantage of the grasshopper 
optimization algorithm to obtain the optimal decom‐
position parameters. This improved method can deter‐
mine the parameters in VMD adaptively to achieve 
satisfactory analysis results. So far, EMD and VMD 
are still the most representative and widely used sig‐
nal decomposition methods.

Despite the considerable success of EMD and 
VMD, the components after decomposition are diffi‐
cult to interpret in terms of their physical meaning, 
and it is hard to select the optimal component to con‐
duct fault diagnosis. Drawing inspiration from the 

EMD algorithms and their filter bank properties, Singh 
et al. (2017) proposed a novel Fourier decomposition 
method (FDM) based on the mature Fourier theory to 
decompose a signal into Fourier intrinsic band func‐
tions (FIBFs). To extend the applications of the method, 
Singh (2018) introduced new formulations of the 
FDM using the discrete cosine transform and applied 
it to many real-life non-stationary signals, such as 
earthquake data, speech signals, and electrocardiogram 
data. Singhal et al. (2020) combined FDM with a 
zero-phase filtering to separate baseline wander and 
power-line interference from the electrocardiogram 
signal. Inspired by the empirical wavelet transform, 
Zhou et al. (2022) developed an improved segmenta‐
tion technique to produce more accurate spectrum 
segmentation results and proposed the empirical Fou‐
rier decomposition method to decompose a signal into 
mono-components accurately and effectively. In order 
to shorten convergence time, researchers developed 
Fourier spectrum bandwidth optimization to reduce 
the computational time and proposed a variable initial‐
ization method to accelerate the convergence process 
(Deng et al., 2019, 2020). For clarity, the representa‐
tive signal decomposition methods and their enhanced 
versions are summarized in Table 1.

We wanted to apply FDM to gearbox fault diag‐
nosis. Different from those low-frequency signals, the 
vibration signals measured from gearboxes contain 
many frequency components, and the quantity of 
FIBFs is large. Hence, selecting a proper FIBF con‐
taining rich fault information adaptively is of vital sig‐
nificance. The vibration impacts are thought to excite 
the structural resonance, and the fault characteristic 
frequency (FCF) is modulated to the resonance fre‐
quency (RF) and its surroundings (Wang, 2001; Wang 
et al., 2017). Our previous work (Tong et al., 2019, 
2020) has also verified the phenomenon. Thus, we 
will focus on how to determine the RF and pick out 
the optimal FIBF for fault diagnosis.

As the resonance phenomena are closely related 
to impulses, extracting the impulse signals is impor‐
tant for the calculation of RF. Since spectral kurtosis 
(SK) was proposed (Antoni, 2006, 2007; Antoni and 
Randall, 2006), it has been widely used to locate the 
impulses and calculate the RF. However, its perfor‐
mance is unsatisfactory when the signal-to-noise ratio 
is low (Moshrefzadeh and Fasana, 2018; Wang, 2018). 
Therefore, it is necessary to propose a new method 
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for determining the RF. For time-domain signals, sin‐
gular value decomposition (SVD) performs well in 
feature extraction and decomposition. Zhao and Ye 
(2011) put a forward-difference spectrum of singular 
values and applied the method to successfully sepa‐
rate the modulation signal caused by the fault gear 
from the complicated turning force signal. Li et al. 
(2019) studied the distribution of singular values with 
different frequency components. Zhao and Jia (2017) 
introduced the periodic modulation intensity index to 
select the decomposed components for the reconstruc‐
tion of the denoised signal. Yang et al. (2023) pro‐
posed an SVD-based strategy to extract the crack-
induced impulses and applied it to detect multiple 
tooth cracks successfully. Based on SVD, Cong et al. 
(2013) improved the construction method of short-
time vector series and proposed the singular value ratio 
(SVR) spectrum to identify the local impulses in roll‐
ing bearing vibration signals. To locate the RF, we pro‐
pose the maximum singular value ratios (MSVRs) of 
different windows and extract the impulse signals to 
calculate the RF. With the help of precise RF, one can 
pick out the FIBFs containing rich fault information 
and analyze the envelope spectra for fault diagnosis.

The rest of this paper is arranged as follows: In 
Section 2, the theory and principles of FDM are briefly 
reviewed. In Section 3, the proposed MSVR is intro‐
duced for the determination of RF, and an algorithm 
combining FDM and MSVR is described for the fault 
diagnosis of the gearbox. In Section 4, the perfor‐
mance of FDM-MSVR is illustrated by numerical sim‐
ulation. In Section 5, the proposed method is applied 
to the analysis of gear vibration signals measured from 
a test rig. In Section 6, conclusions are summarized 
and some discussion on future work is presented.

2 Discrete Fourier decomposition method 

Usually, the signals analyzed on computers are 
in discrete form, so FDM is introduced in discrete 
form with the help of the discrete Fourier transform. 
Assuming that x[n] is a discrete signal, it can be ex‐
pressed as

x[ n] = ∑
k = 0

N - 1

X [ k ]exp ( j
2πn
N

k )    0 ≤ k ≤ N - 1   (1)

Table 1  Representative decomposition methods

Method

EMD

VMD

FDM

Reference

Huang et al., 1998

Wu and Huang, 
2009

Torres et al., 2011

Yeh et al., 2010

Dragomiretskiy and 
Zosso, 2014

Yi et al., 2016

Zhang et al., 2018

Liu et al., 2016

Singh et al., 2017

Singhal et al., 2020

Zhou et al., 2022

Deng et al., 2020

Main finding

Proposed the original algorithm of EMD to decompose a signal into mono-components adaptively

Incorporated white noise into the EMD method and took the mean as the final result to overcome 
the mode mixing problem

Added a particular noise at each decomposition stage to reduce noise contained in the 
decomposition result

Replaced a single noise with a pair and reduced the residual noise in the result

Put forward the original algorithm of VMD with complete mathematical theory

Used particle warm optimization algorithm to determine the penalty factor and number of 
components

Combined VMD with grasshopper optimization algorithm to determine the parameters adaptively

Took advantage of detrended fluctuation analysis to design a criterion for determination of the 
number of components

Proposed the original algorithm of FDM to decompose a signal according to the definition of 
mono-component

Combined the FDM with a zero-phase filtering to remove power-line interference and baseline 
wander

Predefined the number of components and introduced a zero-phase filter bank to improve the 
accuracy of the decomposition result

Proposed a new bandwidth estimation and an improved variable initialization strategy based on 
spectral energy distribution
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where N is the length of the signal, X[k] is the discrete 
Fourier transform of signal x[n] and its formulation is 
as follows:

X [ k ] =
1
N ∑

n = 0

N - 1

x[ n]exp ( - j
2πk
N

n)   0 ≤ n ≤ N- 1.   (2)

Without loss of generality, N is assumed to be an 
even number. In this case, X[0] and X[N/2] can be 
simplified, and both of them are real values.

X [ 0] =
1
N ∑

n = 0

N - 1

x[ ]n    X é
ë
êêêêN

2
ù
û
úúúú =

1
N ∑

n = 0

N - 1

x[ n] × ( -1)
n
. 

(3)

Further, Eq. (1) can be expanded as

x[ n] =X [ 0] + ∑
k = 1

N
2
- 1

X [ k ]exp ( )j
2πn
N

k +

X é
ë
êêêê ù

û
úúúúN

2
× ( - 1)

n + ∑
k =

N
2
+ 1

N - 1

X [ k ]exp ( )j
2πn
N

k .  (4)

As x[n] is a real-value signal, the second and 
fourth parts must be complex conjugate pairs, which 
are denoted by z[n] and z*[n], respectively. Then, x[n] 
can be rewritten in a more concise form:

x[ n] =X [ 0] + 2Re[ z (n) ] +

X é
ë
êêêê ù

û
úúúúN

2
× ( )-1

nz[ n] = ∑
k = 1

N
2
- 1

X [ k ]exp ( )j
2πn
N

k    (5)

where Re(z[n]) denotes the real part of an analytic 
signal z[n].

z[n] can be regarded as the sum of P analytic sig‐
nals, which are analytic forms of FIBFs. It is obvious 
that such a decomposition always exists. The expres‐
sion of z[n] is

∑
k = 1

N
2
- 1

X [ k ]exp ( )j
2πn
N

k = ∑
m = 1

P

Am[ ]n exp( j ×φm[ n] ) 

(6)

where Am[n] and φm[n] are the instantaneous ampli‐
tude and instantaneous phase of the mth analytic sig‐
nal, respectively.

The mth analytic signal zm can be represented by

zm=Am[ n]exp( j ×φm[ n] ) = ∑
k=Nm-1+1

Nm

X [ k ]exp ( )j
2πn
N

k 

(7)

where Nm is the end index of component zm and N0=
0<···<Nm−1<Nm<···<NP<N/2−1. In this way, the analytic 
signal can be reconstructed as

z[ n] 

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

úz1


zm


zP

=

é

ë

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê

êêê
ê

ê

ê

ê

ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú

úúú
ú

ú

ú

ú

ú

ú

ú

ú

ú∑
k = 1

N1

X [ ]k exp ( )j
2πn
N

k



∑
k =Nm - 1 + 1

Nm

X [ ]k exp ( )j
2πn
N

k



∑
k =NP- 1 + 1

NP

X [ ]k exp ( )j
2πn
N

k

 (8)

where the symbol  means that the left can be repre‐
sented by the right. In order to obtain FIBFs, we can 
take the real parts of analytic FIBFs.

x[ n] 

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

úx1


xm


xP

=

é

ë

ê

ê

ê

ê

ê
êê
ê
ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú
úú
ú
ú

ú

ú

úRe[ ]z1


Re[ ]zm


Re[ ]zP

. (9)

For the FIBFs, they should satisfy the following 
conditions:

(1) Each FIBF xm is a zero-mean function, i.e., 
∑xm=0.

(2) The FIBFs are orthogonal functions, i.e., 
xp·xq=0 (p≠q).

(3) The instantaneous frequency (IF) fm[n] and in‐
stantaneous amplitude Am[n] of every FIBF xm should 
be non-negative for each n, i.e., fm[n]=(φ[n]−φ[n−1])/
(2π)≥0, ∀n and Am[n]=|zm[n]|≥0, ∀n.

Theoretically, the FIBFs are mono-component 
signals, as IF is defined for the signal that has a single 
frequency or a narrow range of frequencies. The phys‐
ical meaning of IF constraints is that IF fm[n] must be 
positive or zero and that phase φ[n] is an increasing 
or non-decreasing function of n. To minimize the num‐
ber of components, the end index Nm of the mth ana‐
lytic FIBF should be as large as possible, provided 
that the FIBF xm satisfies all the conditions.
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3 Fault diagnosis based on FDM and resonance 
demodulation 

3.1 Resonance frequency curve based on MSVR

In order to analyze the detailed information and 
locate the impulse in the original signal, a short-time 
vector series is obtained through intercepting the seg‐
mentation with length Nw (even number) along the 
time sequence. After segmentation of the original sig‐
nal, the short-time vector series can be expressed as 
[x T

1 x T
2 x T

m ]T. The number of vectors is calculated by

m = floor
é

ë
êêêê

N -Nw

p
+ 1

ù

û
úúúú  (10)

where Nw is the length of each segmentation, p is the 
moving step length, and floor [·] denotes the largest 
integer not greater than · . In this paper, we take p=1 
for an accurate determination of RF. Each vector can 
be transformed into a double-row matrix Dm as illus‐
trated in Fig. 1. According to SVD theory, Dm has on‐
ly two singular values σ1 and σ2 (σ1>σ2), which reflect 
the relationship between the two rows (Zhao and Ye, 
2009, 2011; Cong et al., 2013). However, the singular 
values are closely related to the energy of the corre‐
sponding vectors (Zhao and Jia, 2017; Yang et al., 
2023). The larger the length Nw of the short-time vec‐
tors, the larger the singular values obtained. Hence, 
to eliminate the effect of length Nw on the magnitude 
of singular values, SVR is introduced to represent 
the correlation between these two singular values, and 
the equation is

R =
σ1

σ2

  σ1 > σ2  . (11)

As each short-time vector corresponds to an 
SVR, the sequence of SVRs is given by SR= [R1, 
R2, ···, Rm]. The maximum value Rk indicates that the 

front segment and back segment of the short-time 
vector xk have the least similarity, which means that 
one is a noise signal and the other is a vibration signal. 
When a failure occurs in the gearbox (for example, a 
tooth crack), impulses will periodically appear in the 
vibration signal. For a proper Nw, there are two ideal 
vectors for intercepting the segmentation along the 
time sequence as illustrated in Fig. 2, and they are 
equivalent to each other in theory. Faults, in general, 
will excite gear resonance contained in impulses, and 
FCF is modulated to the RF and its surroundings.

The length of the short-time vector Nw is the key 
parameter for analysis. On the one hand, if Nw is too 
small, it is probable that the nonlinear relationship be‐
tween two rows in the constructed matrix will be mis‐
identified as a linear one, resulting in false peaks in 
SVRs. On the other hand, if Nw is too large, the vectors 
contain too much noise, and the capability of local iden‐
tification will decrease rapidly. According to our previ‐
ous work (Cong et al., 2013), two conditions must be 
satisfied to determine a range for the selection of Nw: 
one is that the vector should contain at least a quasi-
periodic oscillation and a noise with the same length, 
and the other is that the length of the vector should be 
smaller than the spacing between two successive im‐
pulses. These two conditions give lower and upper lim‐
its for the selection of Nw. The amount of data in a quasi-
period oscillation can be calculated by Fs/fn, where Fs is 
the sampling frequency and fn is the RF. The spacing 
between two successive impulses can be calculated by 
Fs/fc, where fc is the largest FCF to ensure the smallest 
spacing. To sum up, the length of short-time vectors Nw 
can be determined by the following equations:

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

( )Nw min
≤ Nw ≤ ( )Nw max



( )Nw min
= 2 ×

Fs

fn



( )Nw max
=

Fs

fc



(12)

herein Nw is an even number.

Fig. 1  Construction of double-row matrix
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For a specific length Nw, a series of vectors and 
SVRs will be obtained. The vector with maximum 
SVR is regarded as the ideal vector. Then the first 
half (for example, fs2 in Fig. 2) or the second half (for 
example, bs1 in Fig. 2) of the ideal vector is taken out 
to calculate its amplitude spectrum, and the frequency 
with the maximum amplitude is regarded as the RF. 
Similarly, we can calculate an RF for each length Nw. 
To be clear, it is necessary to plot the RF curve with 
different Nw, and the relationship between RF and Nw 
is shown in Fig. 3. It is obvious that when Nw is small‐
er, the calculated RF is unstable. In reverse, when Nw 
is larger, the calculated RF oscillates around the true 
value. It can be seen from Fig. 3 that in the late stage, 
RF oscillates around its true value of 2000 Hz. It is 
reasonable to regard the average of the last three oscil‐
lations as the true value of RF.

3.2 Procedure of the joint FDM and MSVR

For these practical vibration signals measured 
from rolling bearings and gearboxes, amplitude modu‐
lation and frequency modulation effects resulting 
from faults, assembly errors, and random speed fluctu‐
ations make frequencies very complex. FDM can de‐
compose these complex signals into a series of band-
limited FIBFs and guarantee that there is no mode 
mixing problem between different FIBFs. Although 

FDM decomposes these signals into simpler mono-
components, the number of components is so large 
that we cannot analyze the results directly, and they 
need to be further processed. Selecting representative 
components containing rich fault information is of 
great importance and essential for fault diagnosis. Ac‐
cording to previous studies (Wang et al., 2017; Tong 
et al., 2020), we believe that FCF is modulated to RF 
and its harmonics when there are impulses in the vibra‐
tion signal. Hence, we propose the MSVR method to 
calculate the RF. Then we can select the FIBF whose 
mean frequency is closest to the RF and utilize de‐
modulation through the envelope spectrum which ex‐
tracts FCF from sidebands around the RF. The whole 
procedure of the demodulation method based on 
FDM-MSVR is summarized in Fig. 4.

4 Numerical investigation 

4.1 Simulated signal

The synthetic signal contains three parts (Wang, 
2001; Man et al., 2012; Yang et al., 2022): the gear 
meshing part xm(t), the gear fault part xc(t) and a white 
Gaussian noise n(t) at a signal-to-noise ratio of −3 dB. 
Consequently, the synthetic signal is expressed as

x ( t) = xm( t) + xc( t) + n ( t) . (13)

The gear meshing part can be presented as

xm( t) =

[1+Am cos(2πf1t) ] × cos[2πfmt+Bm sin(2πf1t) ] +
[1+Am cos(2πf2t) ] × cos[2πfmt+Bm sin(2πf2t) ] +

∑
n = 1

fm

Dme-β ( )t - nTm sin [ ]2πfn1
( )t - nTm . (14)

For the gear fault part, it mainly reflects the am‐
plitude modulation-frequency modulation (AM-FM) 
phenomenon and impulses caused by the gear fault. 
The model can be expressed as

xc( t) = [ ]1 +Ac cos( )2πfct ×

cos[ ]2πfmt +Bc sin ( )2πfct +

∑
i = 1

fc

Dce
-β ( )t - iTc sin [ ]2πfn2

( )t - iTc .

(15)

Fig. 2  Two ideal vectors with proper Nw

Fig. 3  Resonance frequency curve
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The meaning and values of all the parameters are 
listed in Table 2.

The waveform and spectrum of the simulated 
synthetic signal are shown in Fig. 5. Although the fre‐
quency spacing between peaks in the envelope spec‐
trum can indicate FCF, the harmonics of FCF are also 
dominant frequencies, and their amplitudes are almost 
as high as that of FCF. Considering the fact that the 

amplitudes and decaying rates of impulses are various 
and that the envelope spectrum reveals the dominant 
modulation frequency in the overall frequency band, 
the relationship between FCF and its harmonics is in‐
consistent with the known law that the amplitude of 
harmonics decreases as the order increases. The enve‐
lope spectrum demodulation is incomplete, and the 
distribution of harmonic amplitudes may transfer 

Fig. 4  Demodulation method based on FDM-MSVR
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incorrect information, resulting in failure in the gear‐
box fault diagnosis.

4.2 Signal decomposition and envelope spectrum 
analysis

Compared to EMD, EEMD has a better effect in 
terms of removing mode mixing and reducing noise. 
In this section, the ratio of the standard deviation of 
the added noise to that of the original signal is set to 
0.2, and the ensemble number is set to 50. In total, 14 
IMFs are obtained through EEMD. The representative 

component, IMF2, is shown in Fig. 6. Although there 
is less residual noise left in the component after de‐
composition, the distribution and relationship be‐
tween harmonics in the envelope spectrum are no bet‐
ter than that of the original signal. VMD is another 
widely used decomposition method. There are five 
components in the result, among which IMF3 is the 
representative component and is illustrated in Fig. 7. 
Compared to IMF2 in the EEMD method, IMF3 in 
the VMD method contains less noise and has a higher 
amplitude. However, the structure of the envelope spec‐
trum in VMD is similar to that in EEMD.

Similar to EEMD and VMD, FDM is also a de‐
composition method. After decomposition by FDM, 
there are 69 FIBFs, and each FIBF is an independent 
component. To perform envelope demodulation, it is 
necessary to select the key component with the help 
of RF by MSVR. First of all, the range of vector 
length Nw needs to be determined, i.e., the calculation 
of the lower limit (Nw)min and the upper limit (Nw)max by 
Eq. (12). The FCF and the RF are estimated at ḟc=34 
and ḟn=3000 Hz, respectively. As a result, the range of 
the vector length is 10≤Nw≤750. It is worth mention‐
ing that the initial estimated value of RF ḟn has little 
influence on the result of RF because it determines 
the lower limit of Nw, and that the FCF ḟc should be es‐
timated as large as possible to ensure that there is only 
one impulse at most included in each vector.

Table 2  Definitions of the parameters

Parameter
Magnitude of the AM due to gear meshing, Am

Magnitude of the FM due to gear meshing, Bm

Amplitude of the impulses due to gear meshing, Dm

Period of gear meshing (Tm=1/fm), Tm (s)

Meshing frequency, fm (Hz)

Rotational frequency of input shaft, f1 (Hz)

Rotational frequency of output shaft, f2 (Hz)

Resonance frequency caused by gear meshing, fn1
 (Hz)

Structural resonance damping coefficient, β

Magnitude of the AM due to gear fault, Ac

Magnitude of the FM due to gear fault, Bc

Amplitude of the impulses due to gear fault, Dc

Period of impulses caused by gear fault, Tc (Tc=1/fc ) (s)

Fault characteristic frequency, fc (Hz)

Resonance frequency caused by gear fault, fn2
 (Hz)

Value
0.5

0.8

4

0.0008333

1200

33.3

16

2800

600

0.5

0.8

40

0.0625

16

2800

Fig. 5  Waveform and spectrum of original signal: (a) original signal; (b) amplitude spectrum; (c) spectrum in [0, 200] Hz; 
(d) envelope spectrum
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The RF curve is plotted in Fig. 8a. In the initial 
stage, the estimated RF oscillates so violently that we 
cannot take the estimated value as an approximation 
of the true value. Fortunately, in the later stages, the 
estimated RF reaches convergence. Therefore, it is 
reasonable to calculate the average of the estimated 

values in the last three quasi-periodic oscillations and 
regard it as the true RF. Consequently, the final esti‐
mated RF is 2791 Hz. For comparison, the Kurtogram 
by SK is also presented in Fig. 8b, and it indicates 
that the RF is 2933 Hz and the bandwidth (Bw) is 
533 Hz. Hence, the RF generated by MSVR is closer 
to the true value of 2800 Hz. To select the optimal 
FIBFs, the mean frequencies of FIBFs and the esti‐
mated RFs are plotted on the same graph in Fig. 9. 
We can see that the 21st and 22nd FIBFs are the opti‐
mal components for MSVR and SK, respectively.

The envelope spectra of optimal FIBFs are shown 
in Fig. 10, from which one can see that the frequency 
of 16 Hz at the largest peak is the FCF. It is obvious 

Fig. 7  Representative IMF (IMF3) in VMD: (a) waveform; 
(b) amplitude spectrum

Fig. 8  Resonance frequency and mean frequency curve: 
(a) resonance frequency curve; (b) Kurtogram

Fig. 9  Mean frequencies of FIBFs

Fig. 6  Representative IMF (IMF2) in EEMD: (a) waveform; 
(b) amplitude spectrum
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that the envelope spectra of optimal FIBFs perform 
better than those of EEMD and VMD. Not only does 
the largest peak in the envelope spectrum have a 
higher amplitude, but the relationship between har‐
monics is consistent with known laws, i.e., the ampli‐
tude of harmonics decreases rapidly as the harmonics 

order increases. Different from the envelope spectrum 
in EEMD and VMD, there is only one dominant peak 
in the envelope spectrum of optimal FIBF in the pro‐
posed method. It is apparent in Fig. 10 that the first 
peak or dominant peak at 16 Hz is the FCF. In addi‐
tion, the amplitude of the envelope spectrum of the 
21st FIBF is larger than that of the 22nd FIBF, indicat‐
ing that the FIBF selected by MSVR is a little better 
than that selected by SK.

5 Experimental validation 

In this section, we conduct the experiment 
using a gearbox with a cracked gear and collect the 
vibration signals from an accelerometer installed on 
the gearbox casing. To validate the performance of 
the proposed FDM-MSVR method, EEMD and VMD 
are also adopted to analyze the experimental signal.

5.1 Experimental setting

Fig. 11 shows the experimental equipment. The 
test rig consists of a motor, a torque-speed transducer, 
a gearbox, a magnetic powder brake, and three cou‐
plings, as illustrated in Fig. 11a. In the experiment, we 
created a crack in one tooth root of the gear to mimic 
gearbox damage, and a picture of the damaged gear is 

Fig. 11  Experimental equipment: (a) gearbox test rig; (b) cracked gear; (c) parameters of the tooth crack

Fig. 10  Optimal FIBFs: (a) envelope spectrum of the 21st 
FIBF; (b) envelope spectrum of the 22nd FIBF
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shown in Fig. 11b. The parameters of the tooth crack 
are illustrated in Fig. 11c, where α is the angle, d is 
the depth of the crack, and w is the width of the crack; 

the length of the crack is equal to the width of the 
tooth. An accelerometer is mounted on the top of the 
gearbox casing to collect the vibration signals, and 
the sampling frequency is 25600 Hz. In the experi‐
ment, the speed of the motor is set to 2500 r/min, and 
the parameters of the gearbox and characteristic fre‐
quencies are listed in Table 3.

5.2 Signal analysis

Fig. 12 presents the waveform and spectrum of 
the experimental signal. It can be observed that the ex‐
perimental signal is more complicated than the simu‐
lated signal. To find the fault characteristic frequen‐
cies, the spectrum in the low-frequency range is en‐
larged, as shown in Fig. 12c. It is surprising that the 
FCF of the pinion, 41.67 Hz, is the dominant fre‐
quency while the FCF of the gear, 20 Hz, does not 
arise, which is the opposite of what we expected. This 

could be due to assembly errors and the rotating fre‐
quency of the input shaft being higher than that of the 
output shaft. More importantly, the gear’s FCF is mod‐
ulated to the RF band. Further, envelope demodulation 
is conducted to analyze the signal, and the envelope 
spectrum is shown in Fig. 12d. From the figure, one 
can see that the largest peak occurs at the frequency 
of the fourth harmonic, 80 Hz, rather than at the fun‐
damental frequency of 20 Hz, which shows that the 
demodulation by envelope analysis is not thorough 
and may give wrong information.

In order to show the performance of the pro‐
posed method, EEMD and VMD are also applied to 
the experimental signal for comparison. In EEMD, 
the ensemble number and the standard deviation ratio 
are set to 50 and 0.2, respectively. There are 13 IMFs 
in total, and the first two are highly informative and 
occupy most of the energy of the original signal. Con‐
sequently, the envelope spectra of the first two compo‐
nents are shown in Fig. 13. IMF1 indicates that 80 Hz 
is the dominant frequency, while IMF2 shows that 
both 20 Hz and 80 Hz are the characteristic frequen‐
cies. Similarly, the decomposition results by VMD are 
presented in Fig. 14. IMF2, IMF3, and IMF4 are the 
major components. IMF3 is excluded for simplicity 
because its envelope spectrum has a structure that is 
nearly identical to that of IMF2. In terms of the enve‐
lope spectrum, IMF2 shows that 80 Hz stands out, 

Fig. 12  Experimental signal and its spectrum analysis: (a) original signal; (b) amplitude spectrum; (c) spectrum in [0, 
200] Hz; (d) envelope spectrum

Table 3  Gearbox parameters and characteristic frequencies

Modulus
2

FCF of pinion

41.67 Hz

Number of pinion teeth
36

FCF of gear

20 Hz

Number of gear teeth
75

Meshing frequency

1500 Hz
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while IMF4 indicates that both 20 Hz and 80 Hz are 
prominent frequencies. It seems that 80 Hz is the FCF. 
However, it is inconsistent with any of the theoretical 
characteristic frequencies.

To analyze the experiment signal more effectively, 
we conduct FDM and calculate the mean frequency 
of each FIBF. In total, there are 64 FIBFs after decom‐
position. To pick out the optimal component containing 
rich fault information, it is of vital importance to ob‐
tain the RF. The upper limit and lower limit of vector 
length Nw can be calculated by Eq. (12), and the corre‐
sponding range is 26≤Nw≤608. Finally, the RF curve 
is plotted in Fig. 15a. As mentioned above, the mean 
value (2021 Hz) of the last three quasi-periodic oscil‐
lations is taken as the final estimated RF. For compari‐
son, the Kurtogram of SK is shown in Fig. 15b. It is 
obvious that the center frequency is 4000 Hz at level 
4.6. To make it clear, the mean frequencies and the RF 
are plotted on the same graph shown in Fig. 16. It is 
apparent that the 17th and 24th FIBFs are the optimal 

Fig. 14  Decomposed signals by VMD: (a) envelope spectrum 
of IMF2; (b) envelope spectrum of IMF4

Fig. 15  Resonance frequency by MSVR and spectral 
kurtosis: (a) resonance frequency curve; (b) Kurtogram

Fig. 16  Mean frequencies of FIBFs

Fig. 13  Decomposed signals by EEMD: (a) envelope spectrum 
of IMF1; (b) envelope spectrum of IMF2
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components, according to MSVR and SK, respectively. 
Fig. 17 shows the envelope spectra of the optimal 
FIBFs, from which we can see that the frequency of 
20 Hz at the largest peak is the FCF. It coincides with 
the FCF of the pinion, so we can conclude that the 
pinion is damaged. In Fig. 17a, there is one major 
peak, which is exactly the FCF, and three minor peaks. 
However, the first four harmonics of FCF are all major 
peaks in Fig. 17b, although the first one is a little higher 
than the others. There is no doubt that the envelope 
spectrum of the 17th FIBF performs better than that 
of the 24th FIBF in terms of fault diagnosis. Hence, 
the proposed MSVR is superior to SK in selecting the 
optimal component.

In summary, the proposed FDM-MSVR method 
performs better than EEMD and VMD. On the one 
hand, the selection of the optimal component in EEMD 
and VMD relies on expert knowledge and experience, 
while the FDM-MSVR decomposes a signal accord‐
ing to its nature, and the optimal FIBF is determined 
by RF. The optimal FIBF selected by MSVR also per‐
forms better than that of SK. On the other hand, the 
algorithm of FDM-MSVR can select the optimal FIBF 
automatically; hence, it is well suited for embedding 
in a condition monitoring system.

6 Conclusions 

In this paper, a novel demodulation method named 
FDM-MSVR is proposed for the determination of the 
optimal demodulation component. A given signal can 
be decomposed adaptively into a series of FIBFs 
by FDM, and the IF of each FIBF is non-negative 
due to the superposition principle. Characteristic fre‐
quencies associated with gear faults (especially tooth 
cracks and missing teeth) are modulated by the RF 
band and its surroundings. MSVR is used to estimate 
the RF in order to select the best FIBF. The joint 
FDM-MSVR method can detect the optimal FIBF pre‐
cisely and demodulate the FCF effectively. The perfor‐
mance of FDM-MSVR is compared with the widely 
used envelope spectra, EEMD and VMD, through a 
simulated signal, and the results show that FDM-MSVR 
can accurately locate the optimal component contain‐
ing rich fault information. The FCF can be success‐
fully identified by the envelope demodulation analy‐
sis of the optimal component. In addition, the result 
by SK is also presented to demonstrate the superiority 
of the proposed MSVR method. The experimental 
signal analysis demonstrates its effectiveness and 
superiority over other decomposition methods. In the 
future, we are going to investigate how to extend the 
proposed method to the diagnosis of gearboxes in 
non-stationary working conditions.
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