Journal of Zhejiang University-SCIENCE A (Applied Physics & Engineering) 2024 25(8):618-630
www.jzus.zju.edu.cn; www.springer.com/journal/11582
E-mail: jzus_a@zju.edu.cn

JZUS

Research Article

https://doi.org/10.1631/jzus.A2300432 B eCheckioiuiies

New formula for predicting the plastic buckling pressure of steel
torispherical heads under internal pressure

Sheng YE', Keming LI'**, Jinyang ZHENG"*’, Shan SUN'

'Institute of Process Equipment, Zhejiang University, Hangzhou 310027, China
’Engineering Research Center for High Pressure Process Equipment and Safety of Ministry of Education, Hangzhou 310027, China
’State Key Laboratory of Fluid Power and Mechatronic Systems, Hangzhou 310058, China

Abstract: Thin-walled torispherical heads under internal pressure can fail by plastic buckling because of compressive
circumferential stresses in the head knuckle. However, existing formulas still have limitations, such as complicated expressions
and low accuracy, in determining buckling pressure. In this paper, we propose a new formula for calculating the buckling
pressure of torispherical heads based on elastic-plastic analysis and experimental results. First, a finite element (FE) method
based on the arc-length method is established to calculate the plastic buckling pressure of torispherical heads, considering the
effects of material strain hardening and geometrical nonlinearity. The buckling pressure results calculated by the FE method in
this paper have good consistency with those of BOSORS, which is a program for calculating the elastic-plastic bifurcation
buckling pressure based on the finite difference energy method. Second, the effects of geometric parameters, material
parameters, and restraint form of head edge on buckling pressure are investigated. Third, a new formula for calculating plastic
buckling pressure is developed by fitting the curve of FE results and introducing a reduction factor determined from experimental
data. Finally, based on the experimental results, we compare the predictions of the new formula with those of existing formulas.

It is shown that the new formula has a higher accuracy than the existing ones.
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1 Introduction

Torispherical heads are commonly used as end
closures of pressure vessels in a variety of fields, includ-
ing the petrochemical, aerospace, and food processing
industries. Fig. 1 shows the geometry of a torispheri-
cal head made up of a spherical crown, a toroidal
knuckle, and a short cylinder. These heads are sub-
jected to internal pressure in many actual engineering
situations. Due to compressive circumferential stresses
in the head knuckle, local buckling can occur in inter-
nally pressurized torispherical heads, especially thin-
walled ones. As a result, avoiding the failure of buck-
ling has become an important issue in their design.

The buckling of torispherical heads under internal
pressure is a classic problem. Galletly (1959) pointed out
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the existence of compressive circumferential stresses
in their knuckles, which may lead to buckling failure.
Fino and Schneider (1961) reported a case of bucking
of a large torispherical head with a diameter of approxi-
mately 18 m. Bushnell (1976, 1977a) developed the
BOSOR4 and BOSORS programs for bifurcation buck-
ling analysis. BOSOR4 is used to analyze the buckling
of elastic structures with large deformations. BOSORS
can solve problems involving large deflections, elastic-
plastic material behavior and creep, and it can be used
for the analysis of plastic buckling and creep buck-
ling. Bushnell (1977b), Bushnell and Galletly (1977),
Aylward and Galletly (1979), Galletly and Radham-
ohan (1979), and Galletly (1981, 1986a, 1986b) per-
formed a series of studies on the buckling of tori-
spherical heads under internal pressure with the use
of the programs BOSOR4 and BOSORS5. They inves-
tigated the buckling behavior of torispherical heads and
developed formulas for predicting their buckling pres-
sure. Recently, Li et al. (2017, 2019a, 2019b) and
Zheng et al. (2018, 2020, 2021) conducted a series of
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failure experiments and finite element (FE) analysis
on the failure of ellipsoidal and torispherical heads.
Based on the experimental results and FE analysis,
they developed new formulas for the prediction of
the buckling pressure and collapse pressure of ellip-
soidal heads under internal pressure. Recent research
on the new theory and design of ellipsoidal heads is
found in the book New Theory and Design of Ellip-
soidal Heads for Pressure Vessels (Zheng and Li,
2021). Although ellipsoidal heads can be geometri-
cally equivalent to torispherical heads in some pres-
sure vessel codes, research has shown that ellipsoi-
dal heads have higher buckling resistance compared
to equivalent torispherical heads (Zheng et al., 2021).
Btachut (2020) studied the impact of local and global
shape imperfections on the buckling of externally
pressurized domes. The results showed that the local
dimple created by a concentrated force at the point
of maximum deflection leads to a significant reduc-
tion of buckling pressure. Btachut (2023) investigated
the effect of auxetic material on the buckling of ex-
ternally pressurized torispherical heads and found
that the inclusion of auxetic material can lead to an
89% increase in failure pressure compared with an
auxetic-free configuration of the wall. Zhu et al. (2022)
studied the buckling characteristics of spherical shells
damaged by concentrated impact loads using experi-
ments and numerical calculations. They found that the
buckling load of spherical shells decreases with the
increase of impact velocity and impact angle. Yang et al.
(2021) deduced the thickness distribution of the con-
stant strength of ellipsoidal heads under external
pressure. The FE analysis showed that ellipsoidal
heads with variable thicknesses had a higher buckling
load than ellipsoidal heads with constant thickness.
Zhang et al. (2022) studied the buckling of externally
pressurized torispherical heads with uniform and step-
wise thicknesses and found that thickening the whole
knuckle and partial crown of the head was the best
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Fig. 1 Geometry of a torispherical head (D, is the inside
diameter, L is the cylinder length, r is the knuckle radius,
R, is the crown radius, and 7 is the head thickness)
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approach to strengthening them. Sowinski (2022, 2023a,
2023b) focused on stress distribution optimization of
dished heads under internal pressure and developed a
unique shape to minimize the von Mises stress.

The current formulas for predicting the buckling
pressure of torispherical heads under internal pressure
are summarized here. Using the program BOSOR4,
Aylward and Galletly (1979) developed a formula for
the elastic buckling pressure of torispherical heads, as
given by

D.

i

B
Pb:167Ea1a2a3(t) , (1

where E is the elastic modulus, P, is the buckling
pressure, a,=1.1(R/D) - 1.5R/D+1.0, a,=48.0(r/D,)’ -
6.0r/D+1.0, a,=[—35.0(+/D)*+8.0r/D,—0.32])(R/D,)+
1.0, and p=2.05+0.4R/D..

The ranges of applicability of Eq. (1) are 500<
D/t<2000, 0.75<R/D<1.50, and 0.06<7/D<0.15. For
torispherical heads with R/D=1.0, Eq. (1) can be
reduced to:

245
3.7r t
Pb—100E( D, 0.68)(0) . 2)

Galletly and Radhamohan (1979) developed a
formula for the plastic buckling pressure of torispheri-
cal heads using an elastic perfectly plastic material
model, as given by

125S 0.84
285Sy(1— - y)(Dr)

Pb: . l ” (3)

where S, is the yield strength. The ranges of applica-
bility of Eq. (3) are 500<D/t<1500, 0.75<R/D<1.5,
0.06<r/D<0.18, and 138 MPa<§,<517 MPa. According
to the mechanical properties of steels used for most
torispherical heads, the average values of yield strength
S, and Young’s modulus £ are 310 MPa and 200 GPa,
respectively. Eq. (3) then becomes:
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Galletly and Btachut (1985) expanded the para-
metric analysis ranges of head geometric parameters
and material yield strength. In particular, the diameter-
to-thickness ratio (D/f) was decreased to 300. The pre-
diction formulas were obtained by fitting the buckling
pressure results calculated by the BOSORS computer
program. Two formulas for predicting the buckling
pressure were developed by Egs. (5) and (6). Eq. (6)
has a smaller fitting error than Eq. (5) but is more com-
plex in form.

®)

To predict the buckling pressure of torispherical
heads with high strength (517 MPa<S§, <724 MPa),
Galletly (1981) developed a formula for the buck-
ling pressure of torispherical heads with R/D=1.0, as
given by

P,
1“( 100

0.42B°+0.334’B+0.3054C+0.784BC,  (7)

) =—0.60+0.89(A+B) —1.49C+

where 4=In(S,/60000), B=In(87/D,), and C=In[D/
(10007)]. The ranges of applicability of Eq. (7) are
500<D/t<1250 and 0.06<7/D<0.2, and P, and S, are
in Ibf/in’ (1 Ibf=4.45 N, and 1 in=2.54 cm).

Miller (1999, 2001) developed formulas for pre-
dicting the failure pressure of torispherical heads under
internal pressure. The formulas corresponding to the
yielding pressure and elastic buckling pressure are
given by thin shell theory and elastic buckling theory.
The formulas for the buckling pressure are derived by
applying reduction factors to the formulas corresponding
to the yielding pressure and elastic buckling pressure.
The reduction factors obtained from test data account
for the effects of geometric imperfections, residual
stresses, and nonlinear material properties. Miller (1999,
2001)’s formulas are presented below.

(a) Elastic buckling stress S,

se:clE(f,), (®)
where
r r
9.31( Di) ~0.086, <008,
C =
0.692| | +0.605, = >0.08
692| 5| <0605, 5 >0.08.

(b) Maximum membrane stress in the knuckle S,
(negative value is compression)

Sk:C2(0.5 ]ie —l)p%, )

where p is the internal pressure, and
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where R, is the stress radius at the point of maximum
stress in the knuckle, and S, and ¢, are parameters.

(c) Elastic buckling pressure P, and yield pres-
sure P,

S.t

pP.= 0.5R ’ (10)
o [055 )
St
P,= o5 . (11)
(35|

(d) Buckling pressure of torispherical heads assem-
bled from formed segments

P
< <.
06P., p* <10,
P,=10.408P,+0.192P,. 1.0< f} <8.29, (12)
y
P,
Z.OPy, ?y>829




(e) Buckling pressure of the pressed and spun tori-
spherical heads

P

<1
0.6P. 5 <1667
P,=10.748P,+0.151P,, 1.667< 11} <829, (13)
Yy
L
20P,, 5 >8.29.

y

Based on the formulas for calculating buckling
pressure, ASME VIII-1 (ASME, 2023b), ASME VIII-2
(ASME, 2023c), and EN 13445-3 (CEN, 2021) pro-
vide design formulas for preventing the buckling of
internal pressurized torispherical heads. The design for-
mulas used in ASME VIII-1 and VIII-2 are based on
the formulas of Miller (1999, 2001). The design for-
mulas used in EN 13445-3 are based on the work by
Galletly (1986a, 1986b).

As described above, the existing formulas were
developed using elastic or perfectly plastic theories,
in which material strain hardening is not considered.
In addition, the formulas developed by Galletly et al.
(1979, 1981, 1985) are not applicable to a sufficient
range. Miller (1999, 2001)’s formulas are quite compli-
cated and thus inconvenient to use. The objective of
this paper is to develop a new formula to predict the
buckling pressure of steel torispherical heads using
elastic-plastic analysis and experimental results. First,
the nonlinear FE method is established to calculate the
buckling pressure of torispherical heads, taking into
account the effects of stress hardening and geometrical
nonlinearity. Second, the effects of geometrical parame-
ters, material parameters, and restraint of head edge on
the buckling pressure of torispherical heads are inves-
tigated. Third, a new formula for calculating plastic
buckling pressure is developed by fitting the curve of
FE results and introducing a reduction factor deter-
mined from experimental data. Finally, the predictions
of the new formula and existing formulas are com-
pared with experimental results.

2 Numerical simulation of buckling of
torispherical heads

2.1 FE model

The nonlinear FE analysis using the arc-length
method is used to simulate the buckling of torispherical
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heads under internal pressure. In this study, we used
the ANSY'S software to perform the FE buckling anal-
ysis including the effects of material and geometrical
nonlinearities. Fig. 2 shows the geometrical model
of a torispherical head with a cylinder. The model is
assumed to have a perfect shape. A torispherical head
is usually welded to a long cylinder in actual applica-
tions. For this model, it is assumed that the cylinder
and the torispherical head have the same inside diame-
ter and thickness. The cylinder has such a length that
the effect of boundary stresses due to displacement
constraint of the cylinder ends is negligible for tori-
spherical heads.

(b)

Fig. 2 Boundary condition (a) and meshes (b) of torispherical
heads with cylinders

An increasing uniform pressure is applied to the
inside surface of the model and the end of the cylin-
der is fully fixed, as shown in Fig. 2a. As buckling
mainly occurs in a thin-walled torispherical head with
a diameter-to-thickness ratio (D/f) greater than 100, the
model is meshed by element SHELL181, as shown in
Fig. 2b. The element SHELL181 is suitable for thin to
moderately-thick shell structures and for linear, large
deflection, and large strain nonlinear applications.

Most practical torispherical heads are constructed
from steel. The true stress—strain curves, including the
strain hardening characteristics, are used for the mate-
rial model, and von Mises yield criterion and the flow
rule are adopted. Table 1 presents the tensile proper-
ties of several typical sheets of steel commonly used
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for torispherical heads. These tensile properties, includ-
ing the elastic modulus, engineering yield strength, and
engineering tensile strength, are obtained from ASME
2023 BPV Code Section I, Part D (ASME, 2023a) and
Chinese standards GB/T 150.2—2011 (AQSIQ and SA,
2011) and GB/T 24511-2017 (AQSIQ and SA, 2017).
The true stress—strain curves of these steels are de-
termined by Annex 3-D of ASME 2023 BPV Code
Section VIII, Division 2 (ASME, 2023c), as shown in
Fig. 3. When the curve exceeds the true tensile strength,
the material is assumed to be perfectly plastic.

Table 1 Tensile properties of typical steels

Elastic Engineering Engineering
Material modulus, yield strength, tensile strength,

E (GPa) S, (MPa) S, (MPa)
S30408 195 220 520
S22053 200 450 620
Q345R 201 345 510
SA-516 Gr.70 202 260 485
SA-738 Gr.B 202 415 585

2.2 FE results
2.2.1 Determination of the buckling pressure

A torispherical head with a crown radius-to-
diameter ratio (R/D;) of 1.0 and a knuckle radius-to-
diameter ratio (7/D,) of 0.1, is commonly used in engi-
neering. For example, the head and cylinder have the
same inside diameter of 5000 mm and the same thick-
nesses (7) of 5 mm, and the cylinder has a length (L)
of 500 mm. The true stress—true strain curve of S30408
is used in the material model. The FE results on buck-
ling of the torispherical head are shown in Fig. 4. It is

T T T T
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17 '
o !
£ 400
(]
=
= - - - Q345R
200 e $22053 i
SA-738 Gr.B
-~ SA-516 Gr.70
O 1 1 1 1
0.0 0.1 0.2 0.3 04 0.5
True strain

Fig. 3 True stress—strain curves of typical steels

shown that local buckles occur in the knuckle of the
head. The radial displacements of points 4, B, and C
of a buckle were obtained to determine the buckling
pressure. The pressure—displacement curves of points
A, B, and C are nearly identical when the pressure is
lower than 0.21 MPa. When it exceeds 0.21 MPa, the
radial displacement of point B starts to develop differ-
ently from those of points 4 and C, which indicates the
start of buckling. The buckling pressure of the model
is thus determined as 0.21 MPa.

In addition, the pressure—displacement curves are
linear when the pressure is lower than 0.12 MPa, indi-
cating that the torispherical head is in elastic deforma-
tion. As the pressure increases, plastic deformation
occurs and causes the pressure—displacement curves
to become nonlinear. Buckles subsequently occur, as
shown in Fig. 4. Therefore, the buckling of internally
pressurized torispherical heads occurs in the plastic
region of the material, as mentioned in (Galletly and
Radhamohan, 1979; Galletly, 1981).

Elastic deformation

= Plastic deformation
€ -5| Radial displacement 1
é (mm)
g -19.900 Buckling pressure
£ -17.500
[0} &=
S —10f 15.100 4
= -12.700
2 -10.300
3 | -7.870
B -5.460
€ 1 || 3040 I
-0.634
¥ 1780
-20 1 1 1 1 I
0.00 0.05 0.10 0.15 0.20 0.25

T T T

T
— — PointA —— Point B — - - Point C

0.30

Pressure (MPa)

Fig. 4 FE results on buckling of torispherical heads



The FE method in this paper is compared with
that in reference (Galletly and Radhamohan, 1979),
which uses BOSORS to calculate the elastic-plastic
bifurcation buckling pressure of torispherical heads.
BOSORS is a computer program for the buckling of
elastic-plastic complex shells of revolution includ-
ing large deflections and creep (Bushnell, 1976). The
pre-buckling and elastic-plastic bifurcation analyses of
the program are based on the finite difference energy
method. Bifurcation buckling load is computed corre-
sponding to buckling modes. For the initial circumfer-
ential wavenumber of the shell (chosen by the user),
BOSORS calculates the determinant of the global sta-
bility matrix for each load increment. The load increases
until the sign of the stability determinant changes, which
indicates the occurrence of bifurcation buckling. Once
the bifurcation load is determined with the initial wave-
number, BOSORS5 computes the eigenvalues in wave
number increments, and the minimum eigenvalue is
used to decide on the proper wavenumber.

The nonlinear FE analysis in this paper is based
on the arc-length method. This method is a highly ef-
ficient numerical method for structural nonlinear anal-
ysis. It has good adaptability and high efficiency in the
pre- and post-buckling analyses of structures for trac-
ing the whole load-deflection path and capturing the
buckling load.

Three torispherical head models were used for
comparison, using an elastic perfectly plastic material
model with a yield strength of 207 MPa and an elastic
modulus of 207 GPa. The comparison between the
calculated buckling pressure in this paper and the lit-
erature (Galletly and Radhamohan, 1979) is shown in
Table 2. The difference between them is within 5%.
The buckling pressure results of torispherical heads
calculated by the FE method in this paper are consis-
tent with those of BOSORS.

The BOSORS5 and FE methods in this paper are
capable of calculating the buckling pressure and the

Table 2 Comparison of buckling pressure results calculated
by the FE method and BOSORS

Buckling pressure,

Djt D, R/D; g meti;;fiMPa) lef(i;)(;nce
. BOSORS5
(this paper)
1000 0.15 1 0.255 0.258 -1.2
1500 0.10 1 0.099 0.095 42
1000 0.08 1.25 0.122 0.117 43
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number of circumferential waves of heads at buck-
ling. For example, for a head with D,/=1000, /D=
0.15, and R/D=1, both BOSORS and the FE method
calculate a circumferential wavenumber of 40 at buck-
ling. However, the FE method can further simulate the
post-buckling behavior of the heads, while BOSORS
cannot.

2.2.2 Effect of geometrical parameters

The effects of the head diameter-to-thickness ratio
(D/f), crown radius-to-head diameter ratio (R/D,), and
knuckle radius-to-head diameter ratio (#/D,) on the
buckling pressure (P,) of torispherical heads are studied
using the FE model. Fig. 5 shows the FE results of the
buckling pressure for some heads with different geo-
metrical parameters. According to the FE results, the
buckling pressure of heads decreases with the increases
of D/t and R/D,, and increases with the decrease of 7/D,.

Taking torispherical heads (D=5000 mm, D/t=
2000) with different knuckles and crown radii as an
example, the FE method was used to conduct stress
analysis of the head. The heads were attached to cylin-
ders with the same diameter and thickness as the head,
and the head and cylinder were assumed to be made of
S22053. Fig. 6 shows the distribution of circumferen-
tial stress in the middle surface of the head and cylin-
der under an internal pressure of 0.09 MPa. The circum-
ferential stress in the crown of the head is constant.
However, the circumferential stresses fluctuate greatly
in the head knuckle because of the curvature disconti-
nuity in the junctions between the crown, knuckle, and
cylinder. There are significant compressive stresses
in the head knuckle, which is the cause of buckling.
The maximum compression stresses increase with the
increase of R/D, and decrease of r/D,, which results
in a decrease of buckling pressure.

2.2.3 Effect of material parameters

In order to study the effect of material parameters
on the buckling pressure of torispherical heads, the
true stress—strain curves of five kinds of typical steels
are used in the FE model, as shown in Fig. 3. The FE
results show that buckling occurs in the plastic region
of materials for the proposed heads. Thus, the effect
of yield strength (S,) on buckling pressure (P,) is stu-
died, as shown in Fig. 7. It is shown that the buckling
pressure increases approximately linearly with the
increase of yield strength.



624 | JZhejiang Univ-Sci A (Appl Phys & Eng) 2024 25(8):618-630

1.6 T T T T T
! —=— RID=1.0, 1D=0.10
14 —e— R/D=0.8, iD=0.06

0.2
)
OO 1 1 1 1 1
500 750 1000 1250 1500 1750 2000

Dyt
(a)

11 T T T T T

q —&— D/t=2000

—®— D/t=1000

0.2
0.70 0.75 0.80 0.85 0.90 0.95 1.00
R{ID;

(b)

0.6 T T T T T T
—&— R/D=1.0

0.0
0.06 0.08 010 012 0.14 0.16 0.18 0.20
1D,

(©)

Fig. 5 Effects of geometrical parameters D/t, R/D, and r/D,
on buckling pressure of torispherical heads: (a) D/t; (b) R/D;;
(¢) r/D;

2.2.4 Effect of restraint forms of head edge

Torispherical heads are mainly attached to cylin-
ders, but in some applications, they may also be con-
nected to bolting flanges. When connecting with the
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Fig. 6 Circumferential stresses of torispherical heads under
internal pressure
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Fig. 7 Effect of yield strength on buckling pressure of
torispherical heads under internal pressure

cylinder, a cylinder with the same thickness as the head
and sufficient length is considered in the FE model.
When connecting to the bolting flange, the cylinder is
not considered in the FE model, and the edge of the
torispherical head is fully fixed. The effects of restraint
forms on the buckling pressure of torispherical heads are
shown in Table 3. When the head diameter-to-thickness
ratio (D/f) is large, the restraint form of the head edge
has little effect on the buckling pressure. When the
head diameter-to-thickness ratio (D,/f) decreases, the
fixed constraint of the head edge will enhance the buck-
ling resistance of the torispherical heads.

As shown in Table 3, for a torispherical head with
D/t=2000, »/D=0.06, and R/D=0.7, the buckling pres-
sure is 0.14 MPa without a cylinder, and it decreases to
0.11 MPa when attached to a sufficiently long cylinder

with L=5,/D,t/2. To further investigate the influ-

ence of the cylinder length on the buckling pressure,



Table 3 Influence of restraint forms on the buckling pressure
of the torispherical head

Buckling pressure, P, (MPa)

r/D=0.06, r/D=0.20, r/D=0.06,
D/t R/D=1 R/D=1 R/D=0.7
With No With No With No

cylinder cylinder cylinder cylinder cylinder cylinder
500 091 NB NB NB NB NB
2000 0.07 0.07 0.22 0.22 0.11 0.14
NB: no buckling

additional calculations were performed for cylinder

lengths of 0.5/Dt/2, \/Dt/2, and 2,/Dt/2, and
the buckling pressures were 0.12, 0.11, and 0.11 MPa,
respectively. It is evident that the buckling pressure
increases as the cylinder length L decreases; however,
beyond a certain value of L, the buckling pressure is
no longer affected.

3 Development of formulas for the buckling
pressure of torispherical heads

3.1 Formula by curve fitting of FE results

To develop a formula for predicting the buckling
pressure of torispherical heads under internal pressure,
more FE models were generated for further paramet-
ric studies. As discussed in Section 2.2.4, such heads
attached to long cylinders have lower buckling pres-
sures than those with a fixed edge, and the restraint
form of the head edge has little effect on the buckling
pressure when D/t is large. Therefore, a long cylinder
attached to a torispherical head is considered in the
FE models to obtain conservative results. The ranges
of the geometric parameters in this study are deter-
mined as 200<D,/t<2000, 0.7<R/D<1.0, and 0.06<
r/D<0.2, covering the range of applicability of the tori-
spherical heads commonly used in engineering. The five
kinds of typical steels are considered in the FE models,
and their true stress—true strain curves are shown in
Fig. 3.

A total of 149 FE models for torispherical heads
with different geometrical parameters and material pro-
perties were generated to determine the buckling pres-
sures. The FE results are plotted in Fig. 8. According
to the FE results, the buckling pressure has a positive
linear correlation with S, an exponential decay rela-
tionship with D/t and R/D, and an exponential growth
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relationship with 7/D,. Based on these relationships, a
formula is obtained by nonlinear curve fitting of these
FE results, as shown in Fig. 8. The coefficient of deter-
mination is 0.94, showing a good fitting. Therefore, a
new formula for prediction of buckling pressure of
perfect torispherical heads under internal pressure is
given as

D -1.67 R -1.32 0.47
Pb:SOSSy( Zi) (Di) (g) L (14

According to the parameters of the heads used in
the FE simulation, Eq. (14) is applicable for torispher-
ical heads with 200<D/t<2000, 0.7<R/Dx1.0, and 0.06<
r/D<0.2.
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Fig. 8 Curve fitting of FE results for the buckling of
torispherical heads

3.2 Formula modified by experimental results

Shape imperfections are inevitable during the man-
ufacturing process of the head, especially for large-
scale thin-walled heads. Li et al. (2017) calculated the
buckling pressure of a large-scale thin-walled head by
nonlinear FE analysis considering the initial measured
and the initial perfect shapes. The experimental buck-
ling pressure of the head agrees well with that predicted
by the analysis considering the initial measured shape.
Zheng et al. (2018) found that shape imperfections
have significant effects on the buckling pressure of
large-scale thin-walled heads assembled from formed
segments. Wagner et al. (2021) validated a wide variety
of empirical designs and numerical geometric imperfec-
tion approaches for torispherical shells under external
pressure and developed new design factors for them.
Therefore, to develop a new formula for the buckling
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pressure of actual torispherical heads, Eq. (14) should
be modified to take into account shape imperfections.

Experimental results on the buckling of 49 inter-
nally pressurized torispherical heads, including 30 heads
formed by spinning and pressing and 19 heads assem-
bled from formed segments, are summarized in Sec-
tion S1 of the electronic supplementary materials. The
ranges of the geometric parameters of these tested
heads are 238<D/t<2304, 0.722<R/D<1.093, and 0.04<
r/D<0.21. These heads are constructed in carbon steel,
low alloy steel, and stainless steel. We have conducted
a series of internally pressurized buckling experiments
for heads (Li et al., 2017, 2019a, 2019b; Zheng et al.,
2018; Zheng and Li, 2021). The tested heads were
welded to reusable test vessels, and the test vessels
were pressurized with water until the heads burst. Four
heads formed by cold spinning (ZJU-X1-ZJU-X4)
and four heads assembled from formed segments
(ZJU-CAP1, ZJU-CAP2 and ZJU-STD1, ZJU-STD2)
are torispherical heads which are equivalent to ellip-
soidal heads. For heads ZJU-X1-ZJU-X4, the experi-
mental buckling pressure was determined by the oc-
currence of the first buckle using video monitoring.
For large-scale heads (ZJU-CAP1, ZJU-CAP2 and
ZJU-STD1, ZJU-STD?2), the strain in the knuckle was
measured by strain gauges, and the deformation was
measured by 3D laser scanners (Li et al., 2017; Zheng
et al., 2018). The buckling pressure was determined by
the circumferential strain—pressure curves of the first
buckle, and the initiation of waves were detected by
the 3D laser scanners. The experimental results show
that buckles form in the knuckles of heads and gradu-
ally evolve with increasing pressure. Some typical
buckles of tested heads are presented in Fig. 9. For
example, for head ZJU-STD2, two buckles were formed
at a pressure of 0.72 MPa. Subsequently, as the pres-
sure reached 0.95 MPa, the number of buckles increased
to 10 and, finally, 14 buckles occurred on this head (Li
et al., 2019a). For head ZJU-X3, a total of 13 buckles
were finally formed. The rest of the experimental results
are obtained from the literature reported by Miller
(1999). The experimental buckling pressure of most
heads is the pressure at which the first buckle is de-
tected visually. However, for some heads, such as T11
and T13, it is the pressure at which the first buckle is
detected by a pressure drop.

Table S1 summarizes the experimental results for
torispherical heads formed by spinning and pressing,

Buckle

Buckle

[ AR S O | | S

(b)

Fig. 9 Photograph of typical buckles in torispherical heads
under internal pressure: (a) ZJU-X3; (b) ZJU-STD2

and gives a comparison of the experimental results and
predictions of Eq. (14). It can be seen that the relative
error between the experimental and computational
results ranged from —33% to 38%, which is in rela-
tively good agreement.

Table S2 summarizes the experimental results for
torispherical heads assembled from formed segments
and gives the comparison of buckling pressures between
the experimental results and predictions of Eq. (14).
The relative error between the experimental and com-
putational results of Eq. (14) ranges from —14% to 57%.
The relative error of the heads with small diameters is
small, but for large heads with a diameter of 4-5 m,
the relative error is relatively large, and mostly above
40%. This is because large shape imperfections occur
in torispherical heads assembled from formed segments
due to welding residual deformation, which causes a
decrease of buckling pressure (Li et al., 2019a). There-
fore, a formula for predicting the buckling pressure of
torispherical heads assembled from formed segments
is obtained by introducing a reduction factor of 0.8 into
Eq. (14), as given by



-1.67 -1.32 0.47
Pb:244Sy(Dti) (gi) (z;) . (15)

i i

As shown in Table S2, the relative error between
the experimental and computational results of Eq. (15)
ranged from —31% to 24%, which is in relatively good
agreement.

Combining Egs. (14) and (15), a new Eq. (16)
for calculating the buckling pressure of torispherical
heads is proposed as follows:

Pb=305,[)’tSy(Di )1'67(5; )].32(5)0.47’ (16)

t i i
where
1.0, for steel torispherical heads fabricated
5 by spinning and pressing,
=

0.8, for steel torispherical heads assembled
from formed segments.

Eq. (16) is applicable for steel torispherical heads
with 200<D/t<2000, 0.7<R/D<1.0, and 0.06<r/D<
0.2. For the tested heads beyond that scope, the rela-
tive error between the calculated buckling pressure of
Eq. (16) and the experimental results is analysed. For
head Nos. Fino (D/=2304), ZJU-X2 (R/D=1.01), T1-
T4 (R/D=1.093), and ZJU-CAP1 and CAP2 (»/D=
0.21), the relative errors range from —13% to 16%, as
shown in Tables S1 and S2. For head Nos. T1-T4 (/D=
0.04), and SC12 (#/D=0.056), the relative errors range
from —33% to 38%, as shown in Table S1. Thus, for
tested heads with D/r>2000, R/D>1.0, and »/D>0.2,
Eq. (16) is still relatively accurate, but for heads with
r/D<0.06, the calculation error is slightly high.

Tables S1 and S2 and Fig. 10 show the comparison
between the new Eq. (16) and experimental results.
Stripping out heads (7/D=0.04) beyond the range of the
formula, the relative error between the prediction of the
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Fig. 10 Comparison of experimental results and Eq. (16)

new formula and the experimental results ranges from
-31% to 24%, and the average absolute relative error
is 14%, which shows that the predicted buckling pres-
sures of the proposed new formula for calculating the
buckling pressure of the torispherical head agree well
with the experimental results.

4 Comparison with other formulas

Table 4 lists the formulas for predicting the buck-
ling pressure of torispherical heads subjected to internal
pressure. Aylward and Galletly (1979)’s formula is used
for elastic buckling although the buckling type of com-
monly used steel heads is usually plastic buckling. There-
fore, the calculated buckling pressures of Aylward and
Galletly (1979)’s formula are 2.9—7.1 times the exper-
imental results for steel heads, as shown in Table S3.

Table S4 presents a comparison of the buckling
pressure between the existing formulas and the experi-
mental results. Galletly et al. (1979, 1981, 1985) de-
veloped formulas for the plastic buckling pressures of
torispherical heads, as described in Section 1. Eq. (7)
has a limitation in the scope of applicability (it is only

Table 4 Summary of formulas for the buckling of torispherical heads under internal pressure

Formula Eq. No. Limitation Buckling type
Aylward and Galletly (1979)’s formula ) 500<D/t<2000, 0.75<R/D<1.5, 0.06<r/D<0.15  Elastic buckling
Galletly (1981)’s formula @) 500<D/t<1250, R/D=1.0, 0.05<7/D<0.2 Plastic buckling
Galletly (1986a)’s formula @) 500<D/t<1500, 0.75<R/D<1.5, 0.06<r/D<0.18  Plastic buckling
Galletly and Btachut (1985)’s formulas  (5), (6)  300<D/t<1500, 0.8<R/D<1.0, 0.05<r/D<0.2 Plastic buckling
Miller (1999, 2001)’s formulas (8)—(13)  20<D/t<2806, 0.72<R/D<1.82, 0.04<r/D<0.35 Elastic/plastic buckling
Proposed in this paper (16) 200<D/t<2000, 0.7<R/D<1.0, 0.06<r/D<0.2 Plastic buckling
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applicable to torispherical heads with R/D=1.0); thus,
it is not discussed here.

The relative error range between the prediction of
Galletly (1986a)’s Eq. (4) and the experimental results
is =54% to 53%. As for heads formed by spinning and
pressing, the predicted buckling pressure of the formula
is 6% to 54% lower than the experimental results, and
it is 40% to 53% higher for some heads assembled
from formed segments. In addition, this formula is not
applicable to heads with D/t<500 and D/>1500.

The relative error between the predicted buckling
pressure of Galletly and Btachut (1985)’s formula
Eq. (5) and experimental results ranges from —59% to
37%. For heads formed by spinning and pressing, the
predicted buckling pressure of the formula ranges from
21% to 59% lower than the experimental results, and
the relative error is —37% to 37% for heads assembled
from formed segments. In addition, this formula is not
applicable to heads with D/>1500.

The relative error between the predicted buck-
ling pressure of Galletly and Btachut (1985)’s formula
Eq. (6) and the experimental results ranges from —-63%
to 34%. For heads formed by spinning and pressing,
the predicted buckling pressure of the formula is 22%
to 63% lower than the experimental results, and the
relative error is —44% to 34% for heads assembled from
formed segments. In addition, this formula does not
apply to heads with D/~1500.

The relative error between the predicted buckling
pressure of Miller (1999, 2001)’s formulas and the
experimental results ranges from —57% to 23%. The
predicted buckling pressure of Miller’s formulas is
much lower than the experimental results for most
tested heads. The reason is that Miller’s formulas pro-
vide a conservative prediction for experimental results
in order to further develop a safe design method for pre-
venting the buckling of torispherical heads. However,
for heads ZJU-X3, ZJU-CAP2, SC7, and K1-K4, the
predicted buckling pressures of Miller’s formulas are
higher than the experimental results.

Fig. 11 shows a comparison of the prediction accu-
racies of existing formulas and the new formula pro-
posed in this paper. The new formula has the smallest
average absolute relative error of 14%, which is approx-
imately half that of the other formulas. The root mean
square error (RMSE) of the new formula is also the
smallest. In general, the prediction accuracy of the new
formula is the best among these formulas.
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Fig. 11 Comparison of different formulas for buckling
pressure of torispherical heads

5 Conclusions

This paper investigates the formulas of plastic
buckling pressure for steel torispherical heads under
internal pressure. A nonlinear FE method based on the
arc-length method is established to calculate the buck-
ling pressure of torispherical heads, taking into account
the effects of stress hardening and geometrical nonlin-
earity. The buckling pressure results calculated by the
FE method are consistent with those of BOSORS, which
is a program for calculating the elastic-plastic bifurca-
tion buckling pressure based on the finite difference
energy method. The effects of the geometry, material
parameters, and restraint forms of the head edge on the
buckling pressure were investigated. It shows that the
buckling pressure of the torispherical heads decreases
with the increase of D/t and R/D,, and increases with the
decrease of 7/D.. Buckling pressure increases approxi-
mately linearly with the increase of yield strength. The
fixed constraint of head edge will enhance the buckling
resistance of torispherical heads, but has little effect on
heads with large D/t.

By fitting the curve of elastic-plastic FE results
and introducing a reduction factor determined from
experimental results, a new formula of plastic buckling
pressure for steel torispherical heads under internal
pressure is proposed. This formula is applicable for steel
torispherical heads with 200<D/¢t<2000, 0.7<R/D<
1.0, and 0.06<7/D<0.2. Compared with Galletly’s
formula, Galletly and Btachut’s formulas, and Miller’s
formulas, the new formula has a comprehensive advan-
tage in terms of its accuracy and applicability.
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