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Numerical simulation of 3D supersonic asymmetric truncated nozzle
based on k-kL algebraic stress model
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Abstract: The nozzle is a critical component responsible for generating most of the net thrust in a scramjet engine. The quality
of its design directly affects the performance of the entire propulsion system. However, most turbulence models struggle to
make accurate predictions for subsonic and supersonic flows in nozzles. In this study, we explored a novel model, the algebraic
stress model k-kL-ARSM-+], to enhance the accuracy of turbulence numerical simulations. This new model was used to conduct
numerical simulations of the design and off-design performance of a 3D supersonic asymmetric truncated nozzle designed in
our laboratory, with the aim of providing a realistic pattern of changes. The research indicates that, compared to linear eddy
viscosity turbulence models such as k-kL and shear stress transport (SST), the k-kL-ARSM+]J algebraic stress model shows
better accuracy in predicting the performance of supersonic nozzles. Its predictions were identical to the experimental values,
enabling precise calculations of the nozzle. The performance trends of the nozzle are as follows: as the inlet Mach number
increases, both thrust and pitching moment increase, but the rate of increase slows down. Lift peaks near the design Mach
number and then rapidly decreases. With increasing inlet pressure, the nozzle thrust, lift, and pitching moment all show linear
growth. As the flight altitude rises, the internal flow field within the nozzle remains relatively consistent due to the same
supersonic nozzle inlet flow conditions. However, external to the nozzle, the change in external flow pressure results in the
nozzle exit transitioning from over-expanded to under-expanded, leading to a shear layer behind the nozzle that initially
converges towards the nozzle center and then diverges.
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1 Introduction

With the rapid development of hypersonic tech-
nology, air-breathing hypersonic propulsion systems
have attracted increasing attention from researchers
(Lv et al., 2017; Liao et al., 2018; Wen et al., 2019).
Air-breathing hypersonic propulsion systems do not
require oxidizers to be carried and can provide a higher
specific impulse, making them a more suitable power
solution for hypersonic aircraft than rocket propulsion
systems (Edwards et al., 1975). In air-breathing hyper-
sonic propulsion systems, the nozzle plays a critical
role in producing most of the thrust, and its design
significantly affects the overall performance of the
propulsion system. Studies have shown that when
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cruising at speeds near Mach 6 (Ma=6), the nozzle
contributes about 70% of the total thrust generated by
the entire propulsion system (Edwards et al., 1975). A
mere 1% reduction in the nozzle thrust coefficient can
result in about a 4% decrease in the overall thrust per-
formance of the entire propulsion system (Lederer
and Kriiger, 1993). Hence, achieving a highly effi-
cient and high-performance engine necessitates metic-
ulous design considerations for the nozzle. Given the
design demands for integrated airframe and propul-
sion (Zhang et al., 2019; Zheng et al., 2019; Yu and
Wei, 2023), the single expansion ramp nozzle (SERN)
has emerged as the most widely used nozzle configu-
ration (Li et al., 2021). The SERN uses the aft body
of the aircraft as an extension of the expansion surface,
accelerating high-temperature and high-pressure gases
to generate most of the thrust. This approach reduces
the weight of the airframe and decreases the frictional
drag. Furthermore, the SERN shows good adaptability
under off-design conditions and can achieve favorable
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aerodynamic performance (Nickerson et al., 1988;
Herrmann and Rick, 1991).

Extensive research has been conducted on single
expansion ramp nozzles, leading to the formulation of
various design approaches, including methods for
achieving maximum thrust and minimizing length
(Nickerson et al., 1988; Going, 1990; Baysal, 1992).
Yu et al. (2020) proposed a nozzle inverse design
method based on the maximum thrust theory and the
method of characteristic (MOC). This method, com-
pared to typical maximum thrust nozzle design ap-
proaches, not only leverages the maximum thrust the-
ory but also offers greater flexibility under geometric
constraints. Miao et al. (2023) proposed an over-under
turbine-based combined cycle engine (TBCC) nozzle
design method optimized for thrust under given geo-
metric constraints, focusing on the strong coupling be-
tween the wide-speed-range aircraft body and propul-
sion. Extensive numerical and experimental research
has also been conducted to obtain detailed perfor-
mance characteristics of such nozzles. Koschel and
Rick (1991) used numerical methods to compare the
performance of SERN-type nozzles and plug nozzles.
The computational results indicate that, under hyper-
sonic flight conditions, 2D SERN nozzles can achieve
similar performance to plug nozzles. However, at
lower flight states, particularly during transonic flight,
the axial thrust coefficient significantly decreases.
Gruhn et al. (2000, 2002) investigated the flow at the
SERN ramp region using numerical and experimental
methods. Their research suggested that optimizing the
contour of the ramp could be used to enhance the axial
thrust of the nozzle. Hirschen et al. (2008, 2009) and
Hirschen and Giilhan (2009) conducted experimental
research on SERN in a hypersonic wind tunnel with
a free-stream Mach number of Ma=7. The study re-
vealed that the flow characteristics of a single expan-
sion ramp nozzle are significantly influenced by its
geometric shape. The internal flow within the nozzle
is greatly affected by the nozzle’s geometry, and the
interaction between the internal and external flows de-
pends on the nozzle pressure ratio and free-stream
Reynolds number. Therefore, during the early design
phase, nozzles should be designed to operate as closely
as possible to their intended working range.

Research on 3D nozzles holds significant impor-
tance in advancing air-breathing hypersonic aircraft
technology. In our laboratory, a 3D supersonic asym-
metric truncated nozzle was designed based on the
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MOC and streamlined tracing techniques (Billig and
Kothari, 2000). To achieve the appropriate length,
nonlinear truncation techniques (Quan et al., 2012)
were used in the nozzle compression process. Using
orthogonal design and Kriging surrogate models, a
multi-objective optimization design (Zhu et al., 2018)
was executed, focusing on thrust and lift as the key
objectives. The application of computational fluid dy-
namics (CFD) and multi-objective design (MOD)
techniques in the conceptual design phase significantly
improved both the efficiency and accuracy of the noz-
zle design. Due to the asymmetry of the single expan-
sion ramp nozzle in the pitching direction, variation
in the thrust and thrust vector under different condi-
tions has a significant impact on the aircraft. There-
fore, the study of off-design conditions for the nozzle
is of great importance.

With the advancement of numerical simulation
techniques, numerical computation has become an in-
dispensable tool in research. Currently, the main nu-
merical simulation methods for studying flow phe-
nomena include direct numerical simulation (DNS),
large eddy simulation (LES), and Reynolds-averaged
Navier-Stokes (RANS) equations (Wang et al., 2021).
Although DNS and LES are capable of accurately cap-
turing fine details of real flow fields, these methods
are impractical for engineering applications due to the
extensive computational grids they demand. There-
fore, RANS remains the preferred numerical simula-
tion method for complex geometries, offering the pre-
cision required for engineering applications while keep-
ing computational costs manageable. RANS relies on
advanced turbulence modeling theories to close the
equations, and numerous turbulence model theories
and their modified versions have been proposed. For
subsonic and supersonic flow in nozzles, accurate pre-
dictions are challenging for most turbulence models.
To enhance the accuracy of turbulence numerical simu-
lations, in this study, we explored a novel turbulence
model, namely the algebraic stress model k-kL-ARSM+
J (Abdol-Hamid, 2019). This model was applied to
perform numerical calculations of the performance of
the 3D supersonic asymmetric truncated nozzle under
off-design conditions, with the aim of providing real-
istic patterns of change. This study enhances the un-
derstanding of the performance of 3D asymmetric
nozzles, providing valuable insights for the design of
aircraft engines.
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2 Design methodology

The design of the nozzle involves four key steps:

(1) Use the minimum length nozzle theory (Ar-
grow and Emanuel, 1988) to design an axisymmetric
nozzle.

(2) Use streamlined tracing techniques to obtain
a 3D asymmetric nozzle based on the shape at the
combustion chamber exit.

(3) Implement a nonlinear compression trunca-
tion method to shorten the length of the 3D asymmet-
ric nozzle.

(4) Use the Kriging surrogate model and the non-
dominated sorting genetic algorithm (NSGA2) for
multi-objective optimization of the nozzle.

Since this paper does not delve into the detailed
nozzle design, only a brief introduction to the design
methodology is provided below. For specific design
methods, please refer to Zhu et al. (2018).

Fig. 1 depicts the specific design process for a
3D supersonic asymmetric truncated nozzle. The pro-
cess begins by establishing a baseline flow field,
using the MOC and minimum length nozzle (MLN)
methods to derive an axisymmetric minimum length
nozzle. Subsequently, a pressure ratio (PR) (represent-
ing the ratio of nozzle exit pressure to external flow
pressure) is specified. Once the gas within the nozzle
reaches a certain pressure, truncation is carried out
from the nozzle’s rear end. Simultaneously, a nonlin-
ear truncation method is applied to further reduce the
nozzle’s length. CFD simulations are then used to
obtain the flow field of the truncated nozzle, which
serves as the baseline. A closed curve is selected at a
specific location away from the center at the inlet of
the baseline flow field. Through the use of discrete
points from this curve, streamlined tracing techniques

optimized to generate a truncated offset supersonic
nozzle. Note that boundary layer corrections are nec-
essary due to the effects of the boundary layer on the
wall surfaces.

3 Turbulence model validation

The commonly used CFD method is founded on
the RANS equations, which encompass two main cat-
egories of physical models: Reynolds stress models
and eddy viscosity models. However, RANS methods
based on eddy viscosity models have various short-
comings due to the limitations of linear eddy viscos-
ity models. For example, in these models, the Reyn-
olds stress tensor is proportional to the strain rate
tensor (implying isotropic Reynolds stresses), lead-
ing to significant deviations between predicted re-
sults and experimental data (Su and Yuan, 2017).
Wilcox (1998) summarized some types of applica-
tions in which linear eddy viscosity models have
failed and are noteworthy, including flows with sud-
den changes in mean strain rate, flows over curved
surfaces, rotational flows (vortical flows), and 3D
flows. Due to the inherent limitations of linear eddy
viscosity models, many researchers have begun to in-
vestigate nonlinear eddy viscosity models and Reyn-
olds stress models in pursuit of obtaining more accu-
rate numerical simulation results.

3.1 k-kL turbulence model

The k-kL model is a linear turbulence model, and
its constitutive relations are based on the Boussinesq
hypothesis, expressed as follows:

are used to extract streamlines from the flow field. T[,:2ﬂt( S, - ;tr{S}ﬁﬁ) — % pko,;, (1)
These streamlines are then subjected to surface fitting
to create the modified 3D nozzle geometry. Through- pk + Opuk P+ 0 (u+o,u )aﬂ‘) _
out the design process, the primary objectives are ot ox; C oy, o, )
to optimize the lift and thrust of the offset nozzle. The k k*?
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Fig. 1 Three-dimensional supersonic asymmetric truncated nozzle design process
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where 7, is the component of the Reynolds stress ten-
sor, u, is the turbulent eddy viscosity, S is the compo-
nent of the symmetric strain rate tensor S, v is the ve-
locity component in the j-direction, x; is the coordi-
nate in a specific direction, ¢, is the Kronecker delta
function, p is the density, & is the turbulent kinetic en-
ergy, t is the time, P, is the production of turbulent ki-
netic energy, P, is the production of turbulent kL, L is
the turbulent length scale, x is the bulk viscosity, d is
the distance normal to surface, o, 0,,, C,, C,, and C,,

are constant coefficients, and f£,, and C,, are the auxili-
ary functions in kL transport equation (Abdol-Hamid
et al., 2016).

To streamline the content, please refer to Abdol-
Hamid et al. (2016) for the specific parameters of the
equations.

3.2 k-kL-ARSM++J nonlinear model

In addition to proposing the k-kL turbulence
model with the eddy viscosity assumption, Abdol-
Hamid (2019) introduced the k-kL-ARSM+J model,
using an algebraic stress model to represent the Reyn-
olds stress tensor. Their studies indicate that this model
has the potential to improve the precision of numeri-
cal simulations, more closely mirroring the intricacies
of turbulent motion, while maintaining computational
resource requirements comparable to conventional two-
equation turbulence models. The following introduces
the algebraic stress model based on the k-kL model.

In the k-kL-ARSM+J model, the turbulent stress
relationship is a blend between a linear model and an
explicit algebraic stress relationship based on a three-
basis approximation. Its stress constitutive relationship
is as follows:

1=+ (1-£,) 1), O]

where f, is the blending function for model correc-
tions, similar to the one used by shear stress transport
(SST) to switch between k- and k-¢. 7" represents
the linear constitutive relationship for this model, and
the algebraic stress relationship 7;***"" is expressed as:
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where 7" represents the linear portion of this expres-
sion, while 7>
terms used to simulate the anisotropy of Reynolds

stresses. In the above equations,

and 7" correspond to the nonlinear
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where 7, a, C,, and a, are variable coefficients, and a,,
a,, and C, are constant coefficients. In this model, C,
is constrained to be not less than 0.0005, and C, =—a
is obtained through the following cubic equation:

o +pa’+qo+r=0, ©)

where p, ¢, and r are coefficients. The coefficients in
the equations are:
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C,=144, C,=1.83, C/=1.8, C'=34,
C,=0.36, C,=125, C,=0.6.

The correct root selected from this cubic equa-
tion should be the one with the smallest real part:
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In this algebraic stress model, the coefficients in
Egs. (2) and (3) are modified as follows:
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where v is the kinematic viscosity, ¢, is a constant co-
efficient with a value of 0.13, and H [ M- M, ] is the

Heaviside function.
3.3 Verification

To verify the accuracy and effectiveness of this
turbulence model in nozzle flow calculations, a Na-
tional Aeronautics and Space Administration (NASA)
standard case was selected as the validation case. The
calculation accuracies of different turbulence models
were compared. The experimental data referenced in
this study were obtained from Seiner’s experiment
(Seiner et al., 1992).

The geometric model of the case is shown in
Fig. 2. Given the difficulty of achieving flow conver-
gence into quiescent air in this high-shear flow scenario,
simulations were performed under background envi-
ronmental conditions with an incoming flow of Ma, =
0.01, where Ma,, is the incoming Mach number.

The inflow conditions used for the simulation
were as follows: Ma,=0.01, T,=278 K, and Re, =
22150, with inlet conditions of P,/P,=7.824 and T,/T,=
1.127, where Re,, ., is the unit Reynolds number, P,/P,
is the ratio of total pressure to static pressure, and
T,/T, is the ratio of total temperature to static temper-
ature. The governing equations use the RANS method,
and the low-diffusion flux-splitting scheme (LDFSS)
is used for the inviscid flux term and the Vanalbada
flux limiter. Three turbulence models, namely k-kL,

Adiabatic
viscous walls

7

PJP.=7.824,

T/T.=1.127 Jet exit: x=0

other quantities
from interior

Axis of symmetry

Fig. 2 Explanation of boundary conditions



k-kL-ARSM+J, and SST, were compared. Fig. 3 rep-
resents the grid independence verification for the case,
using three sets of grids, namely Gridl (3500), Grid2
(14000), and Grid3 (56000). The height of the first
layer of these meshes ensures that y'<1. The turbulence
model used for the calculation was k-kL-ARSM+].
Fig. 3 shows that Grid2 was a suitable grid, and so
for subsequent simulations, to balance computational
cost and accuracy, Grid2 was chosen for numerical
simulation.

22

2.0-
1.8
1.6-
1.4-
1.2-

Mach number

1.0
0.8
0.6

0.4
ool b v v

Fig. 3 Grid independence verification (EXP represents the
experimental data)

Fig. 4 shows velocity distributions and Fig. 5
shows pressure distributions under different turbulence
models. Fig. 4 shows that the numerical simulation re-
sults of the k-kL-ARSM+J model align most closely
with the experimental data, accurately predicting the
jet core region. In contrast, both the SST and k-kL
models fail to correctly predict the jet core region,
providing shorter predictions. Similar trends can be

2.2
- O EXp

20 —8— k-kL-ARSM+J
B —8— k-kL

187 —A—SST

[N
> o
T 0

-
S i
T

Centerline Mach number
N
T

2 o
o o

=4
'S
I

0 10 20 30 40

Fig. 4 Velocity distribution under different turbulence
models
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Fig. 5 Pressure distribution under different turbulence
models (P, is the total pressure at the exit)

texit

observed in the axial pressure distributions depicted
in Fig. 5.

The jet flow can be categorized into inner and
outer boundaries, with the region between them known
as the jet boundary layer. This boundary layer expands
as the flow progresses in the x-direction, allowing
more ambient medium to enter the boundary layer. As
it progresses inward, it interacts with the region retain-
ing the initial velocity (the jet core region), exchang-
ing both momentum and mass, and gradually dimin-
ishing this region. Consequently, as the distance along
the x-direction increases, the jet boundary layer wid-
ens. Further analysis, in combination with Fig. 6, re-
veals that both the SST and k-kL turbulence models

Mach number

0.0 0.5 1.0 15 20
— B |

(€)

Fig. 6 Mach number contours under different turbulence
models: (a) k-kL-ARSM+J; (b) k-kL; (c) SST. References
to color refer to the online version of this figure
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predict a shorter jet core region. This is due to an over-
estimation of the mixing rate at the inner boundary, re-
sulting in an inaccurate estimation of momentum and
mass exchange with the surrounding medium in the
core region. Cloud maps indicate that these two turbu-
lence models overestimate mixing rates in the main
section, leading to a rapid decrease in Mach number
in the center of the main section.

In summary, the k-kL-ARSM+] algebraic stress
model provides more accurate predictions of the inter-
action between the inner and outer flows at the jet
nozzle exit and allows for precise calculations of the
jet nozzle’s performance.

4 Numerical simulation of 3D supersonic
asymmetric truncated nozzle

4.1 Numerical simulation analysis of the nozzle
under design conditions

The designed and optimized 3D supersonic asym-
metric truncated nozzle (Fig. 7) was computed using
an in-house code developed in the laboratory. The cal-
culation uses the previously validated algebraic stress
model, the k-kL-ARSM+J turbulence model. To re-
duce computational time and cost, symmetric bound-
ary conditions are used for the nozzle. The nozzle
walls have been set to adiabatic and no-slip boundary
conditions, while design parameters of the nozzle are
outlined in Table 1. The calculations are performed by
the RANS governing equation, which is discretized
using the LDFSS scheme and Vanalbada flux limiter.

In this study, three sets of unstructured grids were
designed for grid independence verification, with
1469487, 3638927, and 6103683 grid elements, respec-
tively. The first layer grid height was set to 1x107° m,
ensuring the y" value was less than 1. Fig. 8 shows the
grid independence verification. The curves for medium
and fine grids coincide, indicating that the medium
grid meets the requirements for grid independence.
Therefore, the computations in this study were con-
ducted using the medium grid. Fig. 9 shows a sche-
matic representation of the medium grid.

The numerical calculations were carried out using
the parameters for the designed conditions outlined
in Table 1. Fig. 10 presents the Mach number contour
obtained from the calculations, clearly showing the
expansion wave system in the flow field, as indicated

-~

Fig. 7 Geometry of the nozzle

Table 1 Design parameters of the nozzle for the boundary

conditions

Parameter Value
Inlet pressure, P, (Pa) 71700
Inlet Mach number 1.5
Inlet temperature (K) 2344
Far field pressure (Pa) 2511
Far field Mach number 5
Far field temperature (K) 221.65

—#— Lower wall, coarse grid
—&— Upper wall, coarse grid
—@— Lower wall, medium grid
—6— Upper wall, medium grid
—A— Lower walll, fine grid
—A— Upper wall, fine grid

PIP,,

0

000
AAAAAAA
AAAAAAAAAAAAAAAAAAAAAAA

00 01 02 03 04 05 06 07 08
x(m)

Fig. 8 Grid independence verification

Fig. 9 Computational domain

by the dashed lines in the figure. Due to the mismatch
in velocities between the external flow and the fluid
ejected from the nozzle, the contact point between the



external flow and the jet’s outflow creates a viscous
shear layer at the nozzle’s trailing edge. Fig. 11 shows
a comparison of the pressure distribution on the up-
per and lower walls of the nozzle’s symmetric sur-
face. The numerical simulation results align with the
designed wall pressures, providing evidence that this
computational approach is capable of accurately simu-
lating the designed 3D supersonic nozzle.

Mach number [T R |
0 1

Shear layer

Fig. 10 Mach number contour for the designed conditions

1.2
1.0 Norg O Upper wall, design
X = === Upper wall, simulation
i E O Lower wall, design
08 , Lower wall, simulation
m@
L \
v}
o 0.6
- =
04
0.2
0.0
| | | | 1 | | |

Fig. 11 Comparison of upper-wall and lower-wall pressures
with design pressures

4.2 Numerical simulation analysis of the nozzle
under off-design conditions

The results above show that the performance of the
3D supersonic asymmetric truncated nozzle under de-
sign conditions was accurately simulated and analy-
zed. However, in most cases, the nozzle operates
under off-design conditions. To investigate the perfor-
mance of the nozzle under off-design conditions, we
considered variations in inlet velocity, inlet pressure,
and operation height. The aim was to comprehensively
understand the behavior of the designed nozzle under
various off-design conditions. Some aerodynamic per-
formance parameters, including thrust, lift, and pitch
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moment, were introduced to quantify the performance
of the afterburner nozzle of a supersonic engine under
different operating conditions. The reference point of
the pitching moment was the center of the nozzle en-
trance. Thrust and lift were obtained by integrating
the pressure difference and viscous drag on the entire
numerical model’s surfaces in the x and z directions,
respectively. The formulas were as follows:

Fthrust:f(pw_pamb_rw.nx)dsl7 (15)
Fi= f(pw_pamb)(dsyper_dslzowsr) + f(Tw’nz)dsza
(16)

where F., is the thrust, F,, is the lift, p, is the wall
pressure, p,. is the atmospheric pressure, 7, is the
wall shear stress, s, represents the projected area of
the nozzle surface on the yoz plane, and s, represents
the projected area of the nozzle surface on the xoy
plane. n_ and n, correspond to the unit orthogonal
vectors.

4.2.1 Influence of inlet parameters on nozzle
performance

The inlet parameters of the nozzle are contingent
upon the performance of the scramjet engine’s inlet
and combustion chamber. When these components op-
erate under unstable conditions, the inlet parameters
of the nozzle undergo significant variations. To inves-
tigate the effect of changes in inlet parameters on the
nozzle’s performance, we focused on the variations in
inlet velocity and inlet pressure.
4.2.1.1 Effect of inlet velocity

In this section, we explore the influence of the
inlet Mach number (Ma,) on the nozzle’s performance.
The inlet Mach numbers selected were 1.0, 1.2, 1.4,
1.6, 1.8, and 2.0, with other boundary conditions set
according to Table 1, and numerical simulations con-
ducted for each case. Figs. 12 and 13 depict the varia-
tion of the thrust coefficient, lift, and pitching mo-
ment for the nozzle with changing inlet Mach num-
bers. Analysis shows that as the inlet Mach number in-
creases, there is a corresponding increase in thrust co-
efficient. Notably, the maximum increase observed is
55.68% compared to the thrust coefficient at Ma,=
1.0. However, lift initially increases with the inlet
Mach number, reaching its peak at Ma,=1.4, and then
decreases. Thrust coefficient experiences a significant
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Fig. 12 Variation of thrust coefficient with inlet Mach
number
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Fig. 13 Variation of lift and pitching moment with inlet
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increase as the inlet Mach number increases from Ma,=
1.0 to 1.2. To explore this phenomenon, Mach num-
ber contours were generated (Fig. 14). At an inlet
Mach number of 1.0, there was a thick boundary layer
along the nozzle wall. This occurs because when the
inlet Mach number is at the critical Mach number of
1.0, there is still a local subsonic region near the inlet
wall, resulting in a thicker boundary layer and conse-
quently a smaller core nozzle area, which limits gas
expansion and thus reduces thrust. However, as the in-
let Mach number increases to 1.2, the entire inlet re-
gion transitions to supersonic flow, leading to a signif-
icant increase in thrust. Additionally, the velocity con-
tours within the flow field become more symmetric
with increasing inlet velocity. Consequently, the pres-
sure difference between the upper and lower walls of
the nozzle decreases, resulting in an initial increase
followed by a decrease in lift. Fig. 14 reveals that
with increasing inlet velocity, compression waves form

Mach number [N - m

00 05 10 15 20 25 3.0 35 40 45 50

Fig. 14 Mach number contours on the symmetric plane
for different inlet Mach numbers

near the lower wall of the nozzle. This is attributed to
the nozzle’s nonlinear truncation and biased design,
resulting in a longer upper wall with a smoother pro-
file and a shorter lower wall with a more abrupt pro-
file. Therefore, as the flow expands in the nozzle’s ex-
pansion region and undergoes redirection, it encoun-
ters more abrupt changes near the lower wall, leading
to the formation of compression waves, particularly
as the inlet Mach number increases.

For a more in-depth examination of the changes
in the flow field with variable inlet Mach numbers,
contours of the flow field were generated for each
Mach number. Fig. 15 reveals that, with an increase
in the inlet Mach number, the core region expands
and the uniform region shifts backward. This leads to
an overall increase in high-pressure regions (>5 kPa)
within the nozzle, resulting in a greater net force from
the gas pressure inside the nozzle and an increase
in thrust. The contour lines in the figure show that
the pressure increase on the lower wall of the nozzle
is faster than that on the upper wall (this is due to the
presence of compression waves). This difference in
pressure growth causes an initial increase in lift,
reaching its maximum value at a Mach number of
1.4, followed by a decrease. As the uniform region
shifts backward, the point at which the lift force is ap-
plied by the nozzle also moves backward. Conse-
quently, this leads to a continuous increment in the
pitching moment of the nozzle. The backward move-
ment of the uniform region also leads to incomplete
expansion, resulting in higher exit pressures. To match
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Fig. 15 Pressure contours on the symmetric plane for
different inlet Mach numbers

the external flow pressure, the strength of the expan-
sion wave system increases, which is more evident in
the contours.
4.2.1.2 Effect of inlet pressure

The inlet pressure of the nozzle also has a cru-
cial impact on its performance. To investigate the ef-
fect of variable inlet pressure on the designed nozzle,
five different inlet pressures were chosen for numeri-
cal simulations: 50, 60, 70, 80, and 90 kPa. The other
boundary conditions for the calculations are shown in
Table 1. Fig. 16 shows the variation of the thrust coef-
ficient with changing inlet pressure, while Fig. 17
shows the variation of lift and pitching moment with
changing inlet pressure. The figures show that as the
inlet pressure changes, the thrust coefficient, lift, and
pitching moment all increase approximately in propor-
tion. With every 10 kPa increase in inlet pressure, the

1.0
(0.96086, +72.93%)
09
£
K9] - (0.8599, +54.8%)
S 08l
2o
8
S (0.7584, +36.53%)
307¢f
L
[
(0.6572, +18.31%)
0.6
(0.5555)
05 1 1 1 1 1
5 6 7 8 9

Inlet pressure (x10* Pa)

Fig. 16 Variation of thrust coefficient with inlet pressure

J Zhejiang Univ-Sci A (Appl Phys & Eng) 2025 26(3):238-251 | 247

160 T 160
(152.56 N-m, +74.39%)
140 - (136.27 N-m, +55.77%) 1140
-m- Lift g
120 F—e— Pitchi 41120 £
Pitching moment 5 55 N.m, +37.08%) =
2 [}
<100t 0 {100 §
= (103.68 N-m, +18.52%) 5
= €
(o2}
g0l (©7.48%m) (956 N, segd0%) | 2
(71.19 N, +51.63%) g~~~ S
s o
60 _.--BE273 N, +33.61%) {60
P is
(48.95 N)..--~"(54.46 N, +15.99%)
40 . ; 40
4 6 8 10

Inlet pressure (x10* Pa)
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total thrust coefficient increases by about 18.3%, lift
increases by about 17.3%, and the pitching moment
increases by about 18.5%.

When the airflow enters the nozzle, it expands,
leading to an increase in velocity and a gradual de-
crease in pressure as the flow progresses. Fig. 18
shows the distribution of velocity contours on the sym-
metric plane of the nozzle. According to the Prandtl-
Meyer flow relationship (Eq. (17)), when the airflow
passes through an external corner, expansion waves
are generated.

0=%(Ma,) —%(Ma,), (17)

Mach number ) 1705 1.0 1.5 2.0 25 30 35 40 45 50

=

P,=8x10* Pa

P,=9x10* Pa

Fig. 18 Mach number contours on the symmetric plane
for different inlet pressures (P,)
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where 6 is the external corner, and  is a function of
Mach number. The Mach number after the expansion
wave (Ma,) depends only on the upstream Mach num-
ber (Ma,) and the magnitude of the external corner.
Therefore, when the upstream Mach number remains
constant, the Mach number distribution after passing
through the expansion wave remains unchanged. Con-
sequently, the Mach number distributions for the five
cases shown in the figure are consistent. Thus, at this
point, the ratio of pressure inside the nozzle after ex-
pansion to the inlet pressure is determined. The forces
acting on the nozzle originate from the pressure exert-
ed by the gas on the nozzle wall after expansion, re-
sulting in a net force. Therefore, as the inlet pressure
increases in proportion, the thrust coefficient, lift, and
pitching moment of the nozzle also increase linearly
in proportion.

To analyze the change in gas pressure within the
nozzle resulting from the variation in inlet pressure,
pressure contours inside the flow field were created
(Fig. 19). With an increase in inlet pressure, the ex-
pansion of gas inside the nozzle intensifies, and the
pressure exerted on the nozzle walls after expansion
increases. Consequently, the nozzle provides more
thrust as a result of the increased inlet pressure. The
rate of pressure increase on the upper and lower walls
of the nozzle is not consistent with the increase in
inlet pressure. The increase in pressure on the upper
wall is greater than that on the lower wall, resulting in
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Fig. 19 Pressure contours on the symmetric plane for
different inlet pressures

an overall increase in lift. Apart from the increase in
lift, the point of action of the lift force shifts back-
ward. Therefore, the rate of increase in pitching mo-
ment is greater than that of lift.

4.2.2 Influence of external flow parameters on noz-
zle performance

At hypersonic speeds, there are rapid changes in
flight altitude. To gain a more comprehensive under-
standing of the impact of flight altitude on the designed
nozzle, we considered five different flight altitudes,
namely 20000, 22500, 25000, 27500, and 30000 m.
The external flow parameters corresponding to these
five flight altitudes are shown in Table 2. The other
boundary conditions were the same as those in Table 1.

Table 2 Atmospheric parameters at different altitudes

Altitude (m) Pressure (Pa) Temperature (K)
20000 5474.89 216.65
22500 3699.54 219.15
25000 2511.02 221.65
27500 1711.75 224.15
30000 1171.87 226.65

Table 2 reveals that the atmospheric pressure
values vary significantly with changes in flight altitude.
Atmospheric pressure decreases rapidly with an in-
crease in flight altitude, while temperature changes only
slightly and gradually increases. The rapid changes in
flight altitude lead to significant alterations in the flow
field structure after the flow exits the nozzle. Fig. 20

Mach number
00 05 1.0 15 20 25 30 35 40 45 50

e
h=20000 m

Fig. 20 Mach number contours on the symmetric plane at
various flight altitudes (%)



shows Mach number contours within the symmetric
plane of the nozzle at different flight altitudes. When
the flight altitude is lower than the design altitude,
such as 20 km, the far-field pressure is higher than the
nozzle exit pressure. For these over-expanded flows,
the shear layer converges towards the center of the
nozzle. As the flight altitude increases, the far-field
pressure decreases, and the flow field near the nozzle
exit becomes under-expanded. The shear layers in
these cases are horizontal or divergent, with divergent
shear layers causing increased interference with the
external flow. Consequently, as the altitude increases,
the shock waves generated by the external flow be-
come stronger.

Figs. 21 and 22 present thrust coefficient, lift,
and pitching moment curves for the nozzle at differ-
ent altitudes. With increasing altitude, the changes in
thrust coefficient, lift, and pitching moment of the
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Fig. 21 Variation of the thrust coefficient with flight
altitudes
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nozzle are relatively small: the maximum variation is
2.72% in the thrust coefficient, 8.05% in the lift, and
4.32% in the pitching moment. Fig. 23 also reveals
that, at the five different flight altitudes, the pressure
distributions on the symmetric plane of the nozzle are
generally consistent. This indicates that changes in al-
titude have a limited impact on the nozzle’s perfor-
mance. This is because the supersonic upstream flow
inside the nozzle influences the downstream flow. As
a result, variations in external flow pressure and tem-
perature have little influence on the internal flow field
of the nozzle, leading to minor changes in nozzle per-
formance parameters. Small performance changes orig-
inate from alterations in the boundary layer. Changes
in external flow pressure significantly affect the ad-
verse pressure gradient within the boundary layer,
which, in turn, impacts boundary layer thickness, re-
sulting in subtle variations in forces.

il |

Pressure (kPa) 7718 29 40 51 62 73

h=20000 m h=22500m

h=25000m h=27500m

h=30000m

Fig. 23 Pressure contours on the symmetric plane of the
nozzle at various flight altitudes

5 Conclusions

The object of this study was to numerically simu-
late a 3D supersonic asymmetric truncated nozzle,
which was designed using the MLN design method, a
nonlinear truncation method, and an optimization ap-
proach based on surrogate models. The study used the
latest k-kL correction model to analyze the nozzle’s
performance under both design and off-design condi-
tions. Off-design conditions included variations in
inlet Mach number, inlet pressure, and flight altitude,
with results and trends in nozzle performance obtained
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under these conditions. The following conclusions can
be drawn from this study:

(1) The NASA standard test cases showed that
the k-kL-ARSM++] algebraic stress model provides
accurate simulations of supersonic nozzles, closely
matching experimental data. This model enables pre-
cise calculations of nozzle performance.

(2) With increasing inflow Mach number, the
thrust and pitching moment increase while the rate of
increase decreases. The lift reaches its peak near the
design Mach number and then decreases rapidly. As
inlet pressure increases, the nozzle thrust, lift, and
pitching moment all show linear growth.

(3) With increasing flight altitude, the internal
flow field of the nozzle remains essentially the same
due to the consistent supersonic nozzle inlet condi-
tions. However, external to the nozzle, changes in ex-
ternal flow pressure cause the nozzle exit to transition
from over-expansion to under-expansion. As a result,
the shear layer behind the nozzle first converges to-
wards the center of the nozzle and then diverges.
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