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1 Introduction

To date, in model-based gait-planning methods,
the dynamics of the center of mass (COM) of bipedal
robots have been analyzed by establishing their linear
inverted pendulum model (LIPM) or extended forms
(Owaki et al., 2010; Englsberger et al., 2015; Xie et al.,
2020). With regard to model-based gait-generation
methods for uphill and downhill terrain, Kuo (2007)
simulated human gait using an inverted pendulum,
which provided a circular trajectory for the COM rather
than a horizontal trajectory. He found that a horizontal
COM trajectory consumed more muscle energy. Massah
et al. (2012) utilized a 3D LIPM and the concept of
zero moment point (ZMP). They developed a trajectory
planner using the semi-elliptical motion equations of an
NAO humanoid robot and simulated walking on various
sloped terrains using the Webots platform.

In bipedal robot motion control based on the
LIPM, the COM, ZMP, and capture point (CP) are
crucial factors for achieving stable walking. Address-
ing the issue of implementing synchronized stabiliza-
tion control schemes for ZMP and COM, Choi et al.
(2007) introduced a kinematic decomposition method
for the COM Jacobian matrix, including embedded
desired task motion. Hof (2008) independently intro-
duced the CP concept, which defined the position where
a bipedal robot can step on the ground to achieve com-
plete stoppage, thereby providing a simple walking
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balance-control method. Building upon the CP concept,
Englsberger et al. (2011) developed a trajectory gener-
ator and feedback controller for bipedal robots. Joe
and Oh (2018) proposed an online walking-pattern-
generation algorithm based on footprint adjustment,
enabling bipedal robots to effectively restore walking
balance after external disturbances.

Yamamotoa et al. (2020) briefly surveyed the cen-
troidal dynamics and the zero-moment point based on
the LIPM and some of its variations; they reviewed
many representative standing and walking control tech-
niques based on the LIPM, and also discussed the con-
cept of capturability. Recently, Park et al. (2022) pro-
posed a new stability criterion for bipedal walking
systems based on the LIPM, in which the dynamic
relationship between the COM and the ZMP was dealt
with. Furthermore, the adaptive-network-based fuzzy
inference system (ANFIS) was combined with the
double deep Q-network (DDQN) to realize a fuzzy
DDQN (FDDQN), such that a bipedal robot could gen-
erate an LIPM-based gait pattern in real time. This not
only allowed the bipedal robot to correct its gait pat-
tern instantly but also improved its stability (Li et al.,
2022).

Kajita et al. (2014) ensured the simplicity and
flexibility of classical gait-planning methods, borrow-
ing the idea of “preview controllers” that optimize
current decisions based on future information to opti-
mize the inevitable foot-placement deviations in clas-
sical gait-planning methods. Based on the LIPM, we
proposed a closed-loop feedback-control method for
bipedal robot COM trajectory planning and resistance
to external force disturbances based on CP-ZMP-COM
dynamics. The method is based on our analysis of the
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COM motion trajectories in the sagittal and coronal
planes.

2 COM trajectory planning based on CP-
ZMP-COM dynamics

As shown in Fig. 1a, the LIPM maintains the
COM of a bipedal robot moving on a horizontal plane
with a height of z,, using a scalable and massless leg
with its pivot located at the robot’s ZMP. The oxyz is
the the world coordinate system {#}, o.x,y,.z, is the
ankle joint coordinate system {4}, and o,x,, is the
COM plane frame with its x- and y-direction aligned
to {B}. In the LIPM, the equations of motion for the
robot’s COM are linear and decoupled, and the dynami-
cal analysis can be equivalently and independently used
for the two components x and y of the robot. Fig. 1b
presents the decoupled model of the 3D LIPM in the
xz plane, where the position of the robot’s COM is
expressed as p,=[X.., Z,]", and the position of COM

(@)
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Fig. 1 LIPM for the bipedal robot: (a) 3D model; (b)
decoupled model in the xz plane
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in the xy plane is x,,,=[7,, r,], where r, and r, repre-

sent the COM coordinates along the x- and y-direction,
respectively; the pivot (i.e., ZMP point) position is
p.=[p.. p,1', where p_and p, represent the ZMP coor-
dinates along the x- and y-direction, respectively; the
ground reaction force F, acts through the pivot and
COM,; F, and F, are its components in the z and x direc-
tions, respectively; F, is the external force acting on
the COM in the x direction; F, is the gravity. Based
on Newton’s theorem and the relationship |F,|/|F,|=
|F|[/|F,| = (mX o, (M) = (X o — P )/Zo, Where m is the
mass of whole robot and g is the gravity constant, the
dynamic model of the bipedal robot’s CP-ZMP-COM
can be established as follows:

R

where a)0=\/% is the natural frequency of LIPM;
0=[x,,,, &]" is the state variable of this state-space
equation; ¢ is the CP position in the xy plane, and &=
[Eer & 15X omt Xeom/ @y, Where &, and ¢ represent the
CP coordinates along the x- and y-direction, respec-
tively. The detailed derivation for Eq. (1) is presented
in Section S1 of the electronic supplementary materials
(ESM).

The COM trajectory planning method for the bi-
pedal robot was based on CP-ZMP-COM dynamics
and can be briefly outlined as follows: by utilizing the
ZMP-CP dynamics é=w,(&—p,), the CP-COM dy-

namics X, =—w,(x,,—¢) automatically track the

CP. By adjusting the robot’s foot placement to control
the COM trajectory, as represented by the ZMP-COM
dynamics, the robot’s COM trajectory can be planned.
The kinematic relationship among ZMP, CP, and
COM is shown in Fig. 2, where & and &, are the ex-
pected initial and final position of the CP trajectory;
X.mo and x,,,, . are the expected initial and final posi-
tion of the COM trajectory; the specific steps are also
listed in Section S1 of the ESM.

It should be noted that due to the discrepancy be-
tween the real robot dynamics and the simplified in-
verted pendulum dynamics (Fig. 6 in Section 4),
using this controller will result in a non-constant ZMP
(Fig. 7). However, it still ensures that the robot’s
ZMP remains within a feasible range for walking con-
tinuously without falling when there is no external
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Fig. 2 Kinematic relationship among ZMP, CP, and COM.
The path of COM is represented by the red curve. References
to color refer to the online version of this figure

disturbance imposed on the robot (the screenshots
shown in Fig. 7).

3 Anti-disturbance feedback compensation
control

During walking, adults exhibit a swaying motion
of their COMs in the sagittal plane, resembling that of an
inverted pendulum, as they dynamically adjust their step
lengths. This allows for either short and quick steps or
long and slow steps, while maintaining constant COM
walking speed. Therefore, coordinating the foot place-
ment of the robot in both the sagittal and coronal planes
was crucial to counteracting external disturbances.

Inspired by this, further characterization of the
robot’s gait parameters during walking was required.
As shown in Fig. 3, the LIPM was placed in the ankle
joint coordinate system {4} of the stance foot (i.e., ZMP
point, as shown in Fig. 1a). In ideal conditions, the undis-
turbed trajectory of the robot’s COM serves as the
nominal gait reference trajectory, based on which the
gait parameters are explicitly defined to avoid confusion.

As shown in Fig. 3, the reference trajectory of the
bipedal robotic walking, which switches supporting
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Fig. 3 Gait parameters in sagittal and coronal planes of the
bipedal robot during walking process

legs, takes its COM state r=[r,, r,, r.]" as the ideal char-
acteristic gait, where r. is the z-coordinate of the COM,
depending solely on its walking velocity v and four
additional gait parameters («, f, 0, and ¢). o repre-
sents the distance between the origin of the ankle joint
coordinate system {4} and the COM in the y-direction
(lateral) when the COM is at the coronal-plane vertex
position (at which time the velocity ¢, of COM in the
y-direction is 0); S represents the distance in the
y-direction between the COM and the ankle joint
coordinate system when exchanging supporting feet;
o represents the distance between COM and the origin
of the ankle joint coordinate system in the y-direction
(in the sagittal plane) under the limit state of exchang-
ing support, at which time the velocity ¢, of COM in
the y-direction is at its maximum of v;™; ¢ represents
the magnitude of COM velocity in the x-direction ¢,
when COM is at the vertex position of the sagittal
plane (at which time v™ is the maximum velocity of
COM). Additionally, when the robot’s COM is at the
position defined by parameter a, the lateral component
of the COM velocity is zero. As long as « is greater
than zero, the COM will tend towards the direction of
the next foothold and ensure that the support exchange
position is reached within the ranges of f§ and J.

Let v=[v,, v, ]" denote the desired walking-velocity
input vector, where v, and v, represent the reference
walking speed in the forward and lateral directions, re-
spectively. According to the COM dynamics (Eq. (S2)
in Section S1 of the ESM), the ideal COM state during
support exchange is given by s=[s,, S, s,. 5,]", where

20 if A= ,
s,= ¢ ifi=sen(v) (2a)
S B, else,
§,=2C /s —a, (2b)
5, = AL sinh (C7), (2¢)
Cdex
S.= (0:; cosh(Cr), (2d)
{=p+v,(6-p) V™, (2¢)
R S S
T= Cln P /; ) (21)

In Eq. (2a), s, denotes the COM position in
y-direction; { denotes the lateral support-swapping
position required when the robot needs lateral walking



speed; Ae{—1, 1} represents the left-right sign of the
assumed supporting leg; in Eq. (2¢), s, denotes the COM
position in x-direction; 7 stands for the transition time of
COM from the vertex to the support-swapping position;
C is the parameter reflecting the gravitational influ-
ence on the point-mass trajectory (Pratt et al., 2006).
The COM state s at this ideal support-swapping position
defines the goal of the controller, aiming to adjust the
foothold to achieve this goal at the end of the next step.

Based on the above analysis, the specific steps
for the feedback compensation control method are as
follows:

Step 1 Input the initial desired walking velocity
vector v,, and calculate the ideal COM state trajectory
s=[s,, 8., 5,. §,]" using COM dynamics (Eq. (S2) in
Section S1 of the ESM), and then proceed to Step 2.

Step 2 Based on the actual COM state c¢=|[c,,
¢,. ¢,, ¢,]" in the current ankle joint coordinate system
of the biped robot and the ideal COM state s=[s,, 5.,
s,, 8, ]" during support switching, calculate the follow-
ing five compensation parameters, i.e., lateral ZMP
compensation y gy, support-switching time interval
d7, lateral step width L, forward ZMP compensation
Xomer and forward step length L. (which are listed in
Section S1 of the ESM), and then proceed to Step 3.

Step 3 Substitute the results of Step 2 into the

w,dT
gx.,d_ew drfx _ 1 E - b 2
[—e™ 1-b 1-b

(Eq. (S9) in Section S1 of the ESM), where p, is the
ZMP position in x-direction; ¢, 4 is desired destina-
tion of CP in x-direction and b=¢”". Update and re-
cord the coordinates of the support leg and the ideal
COM state, and then proceed to Step 4.

Step 4 Based on the results recorded in Step 3,
input the reference trajectories of each joint obtained
from inverse kinematics calculations into the prototype
servos to achieve walking control of the prototype.
Update and record the coordinates of the support leg
and the actual COM state of the physical prototype
using joint encoders and an inertial measurement unit
(IMU), and then proceed to Step 5.

Step S Compare and analyze the errors between
the coordinates of the support leg and the COM state
under ideal conditions, and the coordinates of the sup-
port leg and the COM state of the actual physical pro-
totype. Return to Step 2.

The algorithm flowchart for the feedback compen-
sation control method is given in Fig. 4.

CP controller: p, =
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Fig. 4 Algorithm flowchart for the feedback compensation
control method

4 Simulation and experimental validation

As shown in Fig. 5a, the bipedal robot consid-
ered in this study is the GTX-III prototype, with a total
mass and upright COM height of 4.8 kg and 25.6 cm,
respectively. Utilizing the 3D simulation model of
GTX-III built in Simulink (Fig. 5b), lateral walking,
diagonal walking, and turning in place in ideal envi-
ronments without disturbances or modeling errors were
accomplished based on the COM trajectory-planning
method proposed in Section 2. Typical lateral walking
is illustrated in Fig. 6 and lateral walking experimen-
tal video screenshots are shown in Fig. 7.

Fig. 5 Miniature bipedal robot GTX-III: (a) physical
prototype; (b) Simulink simulation model
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Fig. 6 Lateral walking simulation results based on the COM
trajectory-planning method with a lateral step width of
0.1 m and ideal walking cycle of 0.8 s

Fig. 7 Screenshots from lateral experiments based on the
COM trajectory-planning method

The following assumptions were made regarding
disturbances during the robot’s walking process: 1) ex-
ternal force disturbances were assumed to be impulse
forces directly acting through the COM of the robot
in three directions (generated by calling MATLAB’s
random number seed) with amplitudes varying between
—10 N and 10 N; 2) disturbances occurred only once
within a single complete gait cycle. The robot was set
to walk along a straight line with an ideal support-
switching interval of 0.8 s and an initial step length of
0.05 m. Simulation results are shown in Fig. 8. The
randomly generated impulse forces acting through the
COM of the robot at the beginning of each complete
gait cycle after three complete gait cycles, i.e., 4.8 s
later. Despite the presence of external force distur-
bances (random impulse forces varying between —10 N
and 10 N ), the designed disturbance-resistant control
method based on bidirectional coordination promptly
adjusted the foothold position to counteract the effects
of external force disturbances. Although the direction
of disturbance was random, similar to the characteris-
tics of LIPM motion described in Section 2, the robot
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Fig. 8 Simulation results of lateral walking with resistance
to random impulse disturbance based on foot placement
and COM state feedback compensation

had greater freedom in forward motion. Therefore,
deviations from the planned trajectory in the forward
direction were smaller. However, the robot’s robust-
ness to external force disturbances was weaker in the
lateral direction, necessitating adaptive adjustments in
step width to accommodate external force disturbances.
These adjustments allowed the COM to return to the
center between the two legs through the next support
switch, thus maintaining balance.

Building upon the aforementioned simulation ana-
lysis, we further conducted impact resistance tests on
the bipedal robot prototype GTX-III. Screenshots from
experimental video of the disturbance-resistant walking
control are shown in Fig. 9. As depicted in Fig. 9, the

Fig. 9 Screenshots from experimental video of lateral
walking with resistance to random impulse disturbances
based on foot placement and COM state feedback
compensation



disturbance-resistant control strategy based on foothold-
position adjustments maintained the robot’s balance
even in the presence of thrust disturbances. In con-
trast, using the COM trajectory-planning method pro-
posed earlier resulted in imbalance under external force
disturbances (omitted for brevity). Additionally, this
disturbance-resistant control method effectively coun-
teracted random external force disturbances with only
a single IMU, without relying on pressure sensors on
the foot sole or visual sensors. This not only provided
space for subsequent multisource sensor-information
fusion but also confirmed the strong robustness of the
proposed disturbance-resistant control method based
on foothold adjustments.

5 Conclusions

In this study, we first analyzed the sagittal- and
coronal-plane motion during robotic walking using the
LIPM, and established the CP-ZMP-COM dynamic
model for it. Based on this, we proposed an improved
COM trajectory-planning method to achieve flexible
robotic walking on flat terrain. When the robot is sub-
jected to external force disturbances, a disturbance-
resistant control strategy based on foothold and COM
position adjustments can be used: when the COM
reaches the support-leg swap position roughly centered
in the step width, the expected touchdown time is deter-
mined by the lateral COM trajectory. By selecting
appropriate lateral step widths, the COM can swing
back and transition to another direction; for the highly
flexible forward direction, suitable step lengths are
chosen to adapt to the variations in step time while
maintaining the desired forward velocity; finally, the
foothold is compensated for to achieve closed-loop
feedback control.

We validated the effectiveness of the COM
trajectory-planning method and disturbance-resistant
control strategy through experiments testing flexible
walking and resistance to random impulse external
force disturbances of the GTX-III prototype and its
simulation model, including lateral walking, diagonal
walking, and turning in place.

This work implements and experimentally vali-
dates the proposed method on the GTX-III robot, achiev-
ing closed-loop control with only a single IMU sensor,
thereby eliminating the traditional reliance on foot
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pressure or vision sensors. By leveraging the relation-
ship between the CP and ZMP, the control strategy
adaptively selects appropriate step lengths in the highly
flexible forward direction to accommodate variations
in step timing while maintaining the desired forward
velocity under external disturbances. In general, the
proposed method realizes closed-loop feedback con-
trol for disturbance rejection through foothold posi-
tion compensation.
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