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Multi-scale analysis of the self-vibration of a liquid crystal
elastomer fiber-spring system exposed to constant-gradient light
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Abstract: Self-vibrating systems comprised of active materials have great potential for application in the fields of energy
harvesting, actuation, bionic instrumentation, and autonomous robotics. However, it is challenging to obtain analytical solutions
describing these systems, which hinders analysis and design. In this work, we propose a self-vibrating liquid crystal elastomer
(LCE) fiber-spring system exposed to spatially-constant gradient light, and determine analytical solutions for its amplitude and
period. First, using a dynamic model of LCE, we obtain the equations governing the self-vibration. Then, we analyze two
different motion states and elucidate the mechanism of self-vibration. Subsequently, we derive analytical solutions for the
amplitude and frequency using the multi-scale method, and compare the solutions with numerical results. The analytical
outcomes are shown to be consistent with the numerical calculations, while taking far less computational time. Our findings
reveal the utility of the multi-scale method in describing self-vibration, which may contribute to more efficient and accurate
analyses of self-vibrating systems.
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1 Introduction

Self-sustained motions are movements which
harvest energy from stable ambient motion to sustain
themselves (Li et al., 2003; Ge et al., 2018; Nocentini
et al., 2018; Wang et al., 2018). Self-vibrations are a
prominent example, and have recently garnered signif-
icant research attention (Ding, 2010; Preston et al.,
2019; Zeng et al., 2019). As opposed to forced oscilla-
tions, self-vibrations can maintain continuous oscilla-
tion without the need for external control or energy
input. This property makes self-vibrating systems ex-
tremely useful for micro-controller applications (White
et al., 2008; Baumann et al., 2018; Kageyama et al.,
2020; Liao et al., 2020). Self-vibration is a character-
istic nonlinear dynamic process (Fang et al., 2019),
and its study can lead to a deeper understanding of
synchronization (Pivnenko et al., 1999; Thomson and
Dahleh, 2005; Wu et al., 2024b), chaotic, and bifurcation
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(Kumar et al., 2016; Xu et al., 2024a, 2024¢) behavior
in nonlinear systems. Moreover, it finds application in
diverse areas such as autonomous separators (Shastri
et al., 2015), soft robotics (He et al., 2023; Wang YC
et al., 2023), motors (Yu et al., 2024b), and bionic de-
vices (Sun et al., 2021).

Recently-developed self-vibrating systems have
been constructed from a range of materials, includ-
ing ionic gels (Boissonade and de Kepper, 2011; Hua
et al., 2021), hydrogels (Yoshida, 2010), polymers
(Chen et al., 2021; Hu et al., 2021; Wang and Xiao,
2021; Wang et al., 2022), and liquid crystal elastomers
(LCEs) (Wang YC et al., 2020; Dai et al., 2023; Wang
LQ etal., 2023; Yang et al., 2023; Bai et al., 2024; Chen
et al., 2024). When exposed to light (Kumar et al.,
2016), heat (Cui et al., 2019; Guo et al., 2022), elec-
tricity (Liao and Yang, 2022), magnetism (Haber et al.,
2013), chemical reactions (Harris et al., 2005; Wang
et al., 2022), or other external stimuli, these systems
can change shape or display different kinematic modes.
Considering the various reactions of different mate-
rials to external stimuli, self-vibrating systems such as
oscillating (Wu et al., 2023, 2024b; Zuo et al., 2023;
Liu et al., 2024), chaotic (Xu et al., 2024b), rotating
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(Yu et al., 2024a), buckling (Ge et al., 2023), bending
(Lietal., 2021; Manna et al., 2021), rolling (Bazir et al.,
2020), vibrating (Zhou et al., 2024), shuttling (Yu et al.,
2022), jumping (Kim et al., 2021), galloping (Yu et al.,
2024c), floating (Cheng et al., 2023), and swimming
(Serak et al., 2010) forms have been proposed. More-
over, self-oscillators originating from distinct feedback
mechanisms have seen extensive development; some
of these mechanisms include the coupling of liquid
volatilization with membrane deformation (Chakrabarti
et al., 2020), the coupling of large deformations with
chemical reactions (Boissonade and de Kepper, 2011),
the coupling of multiple processes involving water
absorption/desorption with film bending (Fu et al.,
2022), as well as self-shading mechanisms (Bazir et al.,
2020; Cheng et al., 2020). Such diverse self-vibrating
systems can be applied to develop actuators and micro-
controllers, harvest energy, and perform other functions.

At present, the primary research focus on self-
oscillating systems is understanding their characteris-
tics, such as amplitude, frequency, and equilibrium
position (Wu et al., 2023; Xu et al., 2024c). To obtain
such properties, computational software is often used
to numerically simulate the governing equations, allow-
ing the determination of time-history curves and phase
diagrams. These numerical results allow analysis of
the motion regimes of self-oscillating systems, as well
as estimation of their characteristic amplitude and fre-
quency. Understanding these properties aids the design
of other self-oscillators and informs motion regulation
strategies. Research has shown how system parameter
adjustment can regulate the behavior of self-oscillators;
for example, the damping factor can suppress the
amplitude and enhance the period (Wu et al., 2024b;
Zhou et al., 2024), while the elastic factor can en-
hance the amplitude and suppress the period. In addi-
tion, for LCE-based self-vibrating systems, their ampli-
tude and frequency rise when the light intensity and
contraction factor are increased (Yu et al., 2024c).
Changing certain system parameters can even give rise
to new self-vibrating properties, such as synchroniza-
tion (Pivnenko et al., 1999; Thomson and Dahleh,
2005; Wu et al., 2024b) and chaos (Kumar et al., 2016;
Xu et al., 2024a, 2024c).

Various numerical methods have been applied to
self-oscillating systems, including the Runge-Kutta
(McLachlan et al., 2011), shooting and multi-shooting
(Mirz, 1984), finite difference (Patidar, 2005), and
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continuation methods (Allgower and Georg, 1990).
Among these, the Runge-Kutta method is currently the
most popular, but it has limitations such as high com-
putational complexity and difficult programming im-
plementation. To solve nonlinear systems such as self-
oscillators, many analytical or semi-analytical methods
have been explored, including the average method,
multi-scale method (Li et al., 2004; Wen et al., 2007;
Fan and Shen, 2022), asymptotic method (Panton,
2013), and others (Cheung et al., 1990; Vestroni et al.,
2008; Yan et al., 2023). From these, the multi-scale
method has been most widely used due to its high effi-
ciency and accuracy. The multi-scale method is a math-
ematical approach first proposed by Ali H. Nayfeh
(Nayfeh, 1965), which he has since used for applica-
tions in mass spectrometry, perturbed nonlinear systems
(Nayfeh and Mook, 1979; Nayfeh, 1993), and astron-
omy (Nayfeh and Pai, 2008). In addition, Sturrock
(1957) applied the perturbation method to dynamically
analyze electron plasma.

He et al. (2021) have recently reported the occur-
rence of self-vibrations in LCE microfibers in a steady
temperature field. In their experimental setup, LCE
microfibers were suspended from a rigid plate. These
microfibers experienced an irregular yet constant tem-
perature field, created by a heat source at the base.
Within a short time, the attached mass block demon-
strates continuous vibration (Fig. 1). To analyze the self-
vibrational properties of analogous LCE fiber-mass
systems, we first construct a model of an LCE fiber-
spring system. Analytical solutions are then derived for
the amplitude and frequency of the self-vibration. Our
goal is to improve the understanding of LCE fiber-spring
systems and provide a useful reference for those devel-
oping new self-vibrating systems using active materials.

2 Theoretical model and formulation

We present an LCE fiber-spring self-oscillator ex-
posed to spatially-constant gradient light. Utilizing a
dynamic LCE model, we derive the governing equa-
tions for the system. Finally, we nondimensionalize the
governing equations and introduce the solution method.

2.1 Dynamics of the LCE fiber-spring system

Fig. 2 shows a model diagram of the system,
which is comprised of an LCE fiber, a linear spring,
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Fig. 1 Self-vibration of an LCE microfiber on a heated platform: (a) LCE fiber on a heat source; (b) temperature
distribution; (c) sequential images showcasing the continuous oscillation of the mass block under steady thermal
conditions. Fig. 1c is reprinted from (He et al., 2021), Copyright 2021, with permission from The American Association
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Fig. 2 System exposed to spatially-constant gradient light:
(a) reference state; (b) current state; (c) force analysis. The
heat flux from the constant gradient light is ¢_ (x)=bx+Q,
where b is the gradient of the heat flux and Q is the heat
flux at x=0

and a mass block. Fig. 2a shows the LCE fiber-spring
system in its reference state, where the LCE fiber and
the linear spring are at their original lengths. A spatially-
constant gradient light is shone on the LCE fiber. This
illumination heats the LCE fiber, causing it to undergo
contraction in the vertical direction. The initial defor-
mation alters the light distribution across the LCE fiber,
thereby facilitating greater deformation of the fiber.
Gravity also stretches the fiber, and the spring and
the LCE fiber produce restoring forces in response.
Under this combination of factors, self-vibration may
occur. Fig. 2b shows the displacement w(z) (¢ is the
time) of the LCE fiber’s end in the vertical direction.
Fig. 2c illustrates the force analysis of the mass block.
Here, F| denotes the tension of the LCE fiber, F| re-
presents the elastic force of the spring, F';, signifies the
damping force, and mg is the gravitational force, where

m 1is the mass and g is the gravitational acceleration.
We derive the dynamic governing equation of the
system:

mw(t) =mg+F, +F,+Fj, €))

where w (¢) denotes the acceleration.

The elastic force of the spring and the displace-
ment of the LCE fiber end comply with Hooke’s law,
which is calculated by

Fy(w) =Ksw(1), 2

where w () is the end displacement of the LCE fiber,
and Kj is the elastic factor of the spring.

2.2 Dynamics of the LCE fiber-spring system

For ease of derivation and explanation, a La-
grangian coordinate system X and a Eulerian coordi-
nate system x are established for the reference state and
current state, respectively. This is depicted in Fig. 2.
The instantaneous position and displacement of a par-
ticle in the LCE fiber are denoted as x(#) and u(?),
respectively. The relationship between x (¢) and u(¢)
isx(t) =u(t) +X.

We hypothesize that elastic force is proportional
to the amount of elongation, and can be written as:

Fi=K Lle(X1) —e(X0) ], (€))

where K| and L are the elastic factor and original
length of the fiber, respectively, ¢ (X, ¢) indicates the



total strain, and &,(X;¢) denotes the photothermally-
driven strain. The total strain can be expressed as:

ou(X.1)
e(X1)=—7v—" “
The photothermally-driven strain of LCE fiber
with temperature is generally nonlinear. Here, it is
assumed that the deformation is small, and the change
of photothermally-driven strain with temperature is
approximately linear, i.e.,

er(X.1) =CT (X1), 6]

where C denotes the thermal contraction factor of
LCE, and T (X,¢) indicates the temperature of the
LCE fiber at x=X.

For simplicity, we assume a uniform distribution
of tension across the LCE fiber, being equal every-
where. Consequently, the fiber tension at X=L can be
expressed as:

F.(1) :KL[w(t) —chT(X,z)dx] ©6)

For simplification, we assume uniform heating
across a given cross section. The system constantly
exchanges heat with the external environment, and the
temperature therefore satisfies:

d7 (X.2)

Pc dr :qext(x) _KHT(AX;t)v (7)

where p. represents the specific heat capacity, K, de-

notes the heat transfer factor, and 7= % indicates the

H
characteristic time. The heat flux from the constant-

gradient light is ¢, (x) =bx+Q, where b is the gradient
of the heat flux and Q is the heat flux at x=0.

2.3 Asymptotic analysis

We define the following dimensionless parame-
ters: 7= t/ L/g, F=F, /(mg), i=u/L, w=w/L, X=X/L,
w=v/L, =1/\/1/g, K=K, L/(mg), K&K,L/(mg), C=CT,
T=T/T,, Gext = Gext/(Ku 1L ), B=bL/Tu and Q= O/KuT),)
(T, is the temperature at x=1).
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Combining Egs. (4)—(7), we can obtain the tension
of the LCE fiber (details of the derivation can be found
in Section S1 of the electronic supplementary materials
(ESM)):

2 ailn _ Ch ~7. .Ch _
Fui) =5 50y vk G = iy 4
e’ -1 (e®-1)
(b -
KL( CCB— 1 - 1 - CQ)’ (8)

where w (7) is the dimensionless velocity.
2.4 Solution method

Inserting Egs. (2), (3), and (8) into Eq. (1), we
obtain the dimensionless form of Eq. (1) as:

K, Ch

w(t) -1+ O w(t) +
_ aCh ~1 . Ch _ _ B
R Che =S T 5@y s R (D) + ©
(e 1)

er

Fo(0) +1€L(C”1 1 —CQ‘) —0.

In practical scenarios, damping typically depends

on the velocity w (7). Therefore, we conduct a Taylor

series expansion and keep the second-order term, ob-
taining the damping force as:

Fo) = (B+BIw @D )w(@.  (10)

where f, and f3, are the first and second damping

factors, respectively.
Combining Egs. (9) and (10) yields:

K, Ch

@O -1+ 5 5 4
er_ﬁfl o
R.Chr 1= 5 ) R (D) +
(e”=1)
(v )it + [ -1-col o
(an

By substituting the system parameters into Eq. (11)
and solving the equation numerically, we can obtain
the system’s time response curve.
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3 Two motion states and mechanism

First, the static and self-vibrating regimes are de-
lineated in this section. Then, the mechanism of the
self-vibration is investigated based on the dynamic
properties.

3.1 Solution method

To understand the system’s self-vibrational pro-
perties, it is imperative to determine the dimensionless
parameters. Sourced from existing literature (Nagele
et al., 1997; Liu et al., 2024), Table 1 outlines the stan-
dard values of system parameters, while Table 2 show-
cases dimensionless ranges of these parameters.

We take the first damping factor /8, as an example,
where K, =10, K;=5, C=-0.3, b=1, ,=0.05, and
7=0.01. With $,=0.05, the system amplitude decays
until it reaches zero as shown in Figs. 3a and 3b; i.c.
the system is in the static regime. With £, =0.01, the
system is in a self-vibration regime as depicted in
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Fig. 3 Two motion regimes of the system: (a) variation of displacement with time for $,=0.05; (b) phase diagram for

Table 1 Standard values of system parameters

Parameter Value
Original fiber length, L (m) 0.1
Gravitational acceleration, g (m/s”) 9.8
Elastic factor of LCE fiber, K, (N/m) 0.1-15
Elastic factor of spring, K (N/m) 0.1-15
Thermal contraction factor, C (°C™") -0.05—0.01
Gradient of heat flux, b (°C/m) 0-150
First damping factor, S, (kg/s) 0.001-0.004
Second damping factor, S, (kg/s) 0.00-0.02
Characteristic time, 7 (s) 0.0-0.2
Mass, m (kg) 0.01

Table 2 Dimensionless range of system parameters

Parameter Value Parameter Value
K, 0-10 3 0.00-0.04
K 0-16 B, 0.0-0.2
C -0.5—-0.1 T 0.00-0.02

b 0.0-1.5
0.30
Static

= 0.00

-0.151

-0.30

-0.10 -0.08

0.30

-0.02 0.00

Self-oscillation

= 0.00

-0.15
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-0.10 -0.08 -0.06 -0.04

w
©)

$,=0.05; (c) variation of displacement with time for £,=0.01; (d) Phase diagram with $,=0.01

-0.02 0.00



Figs. 3c and 3d. Similar to existing experimental re-
sults (He et al., 2021), the LCE fiber-spring system
has two regimes: static regime and self-oscillation re-
gime. Notably, the total strain of the LCE fiber is less
than 10% during the simulation, which agrees with
existing experiments (He et al., 2021). This is because
the LCE fiber absorbs heat energy from the constant-
gradient light, and gains kinetic energy to compensate
for the damping dissipation. When the first damping
factor is 0.05 or greater, the damping dissipation pre-
vails, and the energy acquired by the LCE fiber can-
not offset this dissipation. Consequently, the system’s
motion eventually halts, entering a static regime. This
behavior is illustrated in Fig. 3b where the phase trajec-
tory converges to a singular point. Conversely, when
the first damping factor is 0.01 or lower, the damping
dissipation is minimal, enabling the energy from the
light field to compensate for the dissipation. Thus, the
system sustains continuous motion, characterized as a
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self-vibrating regime. Fig. 3d demonstrates this with
the presence of a stable limit cycle.

3.2 Solution method

Fig. 4 elucidates the mechanism underlying the
self-vibration. The evolution of the tension is depicted
in Fig. 4a, where it displays periodic changes. Fig. 4b
illustrates the correlation between the tension of the
LCE fiber and the end displacement, revealing a hystere-
sis loop representing the net work done by the tension.
Similarly, as shown in Fig. 4c, the damping force varies
periodically with time during the motion. Fig. 4d illus-
trates the dependence of the damping force on the end
displacement, where the area of the closed curve repre-
sents the damping dissipation. Notably, the net work
performed by the tension precisely matches the dissipa-
tion energy. Therefore, the heat absorbed by the LCE
fiber compensates for the energy expended during self-
oscillation, thus enabling self-oscillation to proceed.
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Fig. 4 Mechanism of self-vibration: (a) time variation of the tension; (b) time variation of the damping; (c) plot of the
tension versus the end displacement of the LCE fiber; (d) plot of the damping versus the end displacement of the LCE
fiber. The stability of the self-vibration relies on the net work performed by the tension of the LCE fiber
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4 Stability analysis

In this section, we derive analytical solutions for
the amplitude and period of the system, and then in-
vestigate the system parameters.

4.1 Amplitude and frequency

To facilitate further investigation, we establish
the following parameters:

K, Cb(e”—1-Che®)  _
_ -

&= — 2 B (12)
(e-1)
_ 2
1—ef
— .0 I L. (13)
7ChK, (e — Che— 1) — B,(1— )
K.Ch -
a,= eCI;—l +K57 (14)
_ [ Cb 1
a3:KLe@_1-—1—CQ—vE5. (15)

L

By substituting the system parameters into Eq. (12),
&, can be obtained. For ¢,< 0, the oscillator cannot os-
cillate continuously and eventually enters a stationary
state. For ¢,>0, the system can vibrate continuously
and periodically (Ho et al., 1998; Heller, 2005).
From these, Eq. (11) can be re-expressed as:
w—e,(W—a,|w|w) +a,w+a,=0. (16)
The amplitude is (details of the derivation can be
found in Section S2 of ESM):

A= 3n . - ’
Y (h _ 1_ Ch
T Ty
el 7ChK, (e“~Che™-1) B, (1-e%)
a7
and the frequency is:
K.Ch
f= ef"g—l +Ks. (18)

By incorporating specific system parameters, we
can ascertain both A4 and f of the self-vibration. Subse-
quently, we shall employ the analytical solutions pro-
vided by Egs. (17) and (18) to quantitatively analyze

how various parameters affect 4 and f. We also com-
pare these results with those obtained from numerical
calculations.

4.2 Effect of the elastic factor of LCE

This section investigates the impact of K, on self-
vibration. Here, we set the other dimensionless param-
eters as Ky=5, C=—0.3, b=1, §,=0.01, 3,=0.05, and
7=0.01. Fig. 5 shows that the elastic factor can affect
the motion regime of the system. When K, <6.058 and
&,<0, the system is in the static regime, and when K, >
6.058 and ¢,> 0, the system is in the self-vibrational
regime. Fig. 5a shows that the amplitude exhibits a
gradual upward trend with increasing elastic factor.
This is because when the elastic factor increases, the
photothermally-driven deformation of the LCE fiber
is larger, which can increase the amplitude. On the
other hand, when the elastic factor decreases, the
photothermally-driven deformation is reduced, and so
is the amplitude. Fig. 5b showcases how K, can en-
hance £, which is an intuitive result. When the elastic
factor rises, the driving force increases, which increases
the oscillation rate of the system. It is also apparent in
Fig. 5 that the numerical results are quite close to the
analytical solutions.

4.3 Effect of the elastic factor of the spring

Fig. 6 shows the effect of K on the self-vibration,
when K, =10, C=-0.3, b=1, 5,=0.01, 5,=0.05, and
7=0.01. It is possible to show that no matter how the
elastic factor of the spring is adjusted, the system can
always self-vibrate. This is because the motion regime
is determined by &,, which is not dependent on K, and
thus changing K, does not affect the motion regime.
Fig. 6 suggests that the amplitude decreases with the in-
creasing elastic factor of the spring, while the frequency
increases. This result is consistent with a classical
vibrating spring system. Boosting the elastic factor of
the spring translates to a heightened restoring force,
which in turn quells the system’s oscillation, as shown
in Fig. 6a. In contrast, when the elastic factor decreases,
the restoring force decreases, and then the amplitude
increases. When the amplitude decreases, the oscillation
distance decreases, and the corresponding time also
decreases, thus increasing the frequency, as depicted
in Fig. 6b. Fig. 6 demonstrates that when the system
is in the self-vibrating regime, the numerical results
match those derived from the analytical solutions.
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Fig. 6 Effect of K on the self-vibration: (a) effect of K on amplitude and ¢,; (b) effect of K, on frequency and &,

4.4 Effect of the thermal contraction factor

Fig. 7 presents the effect of C on the self-vibration,
when K, =10, K;=5, b=1, §,=0.01, 5,=0.05, and
7=0.01. We can see how the thermal contraction factor
significantly influences the system’s motion regime.
The critical value that bifurcates the two motion re-
gimes is shown as C=—-0.1833. When this critical
value is exceeded, ¢, is less than zero according to the
Hurwitz criterion, and the system evolves into a sta-
tionary state. Conversely, ¢, is greater than zero when
the thermal contraction factor is lower than the critical
value, and the system is in a self-vibrating regime.
Fig. 7a shows how the amplitude decreases with in-
creasing C. When the thermal contraction factor is
small, the fiber can harvest the light energy more effi-
ciently, thus enlarging the amplitude. Conversely, when
the thermal contraction factor is large, the absorption of
light energy is less efficient, which results in a smaller

amplitude. As one can observe in Fig. 7b, as the thermal
contraction factor increases, the self-vibration frequency
declines. The plots in Fig. 7 further demonstrate the
similarity between the numerical results from the
Runge-Kutta method and those derived from analytical
solutions. When the system is in the static regime (that is,
£,<0), the results of the numerical and analytical calcu-
lations no longer align.

4.5 Effect of the gradient of heat flux

Fig. 8 demonstrates how b affects the self-vibration,
when K, =10, K;=5, C=-0.3, 5,=0.01, $,=0.05,
and 7=0.01. b effectively determines the motion re-
gime of the system, where »<0.627 and &,<0 corre-
sponds to the static regime, 5>0.627 and &,> 0 corre-
sponds to the self-vibrating regime. This can be under-
stood by considering the case of constant-gradient light,
where the LCE fiber continuously contracts until it
reaches the maximum strain and then enters a static
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Fig. 8 Effect of b on the self-vibration: (a) effect of 5 on amplitude and ¢,; (b) effect of b on frequency and &,

regime. Fig. 8a shows how the heat flux affects the
amplitude of self-oscillation, where the larger b is, the
greater the amplitude of self-oscillation. This aligns with
physical intuition and mirrors observations in other self-
oscillating systems, where increased light intensity re-
sulted in a higher amplitude of self-oscillation (Zeng
et al., 2019). The underlying reason for this phenomenon
is that a larger gradient of heat flux drives the system to
absorb more light energy, which enhances the amplitude.
Fig. 8b shows that the frequency essentially remains con-
stant as the gradient of heat flux changes. Essentially,
the self-vibration frequency is determined by its natural
frequency, and a change in the gradient of heat flux
cannot influence the natural frequency. Again, a compar-
ison between the numerical and analytical calculations
shows that the amplitudes and frequencies are almost
the same in the self-vibrating regime. On the other
hand, the results obtained by the two methods diverge
when the system is in the static regime, with &,<0.

4.6 Effect of the first damping factor

This section delves into the impact of 3, on self-
vibration, when K, =10, K,=5, C=-0.3, b=1, f,=
0.05, and 7=0.01. Fig. 9 shows that the motion regime
of the system is significantly influenced by the first
damping factor. The critical value of this first damping
factor, required to switch between the self-vibrating and
static regimes, is #,=0.0165. This is because the critical
value is related to the Hurwitz criterion: when S, <
0.0165 and ¢,< 0, the system is asymptotically stable
(i.e. in the static regime), and when f,>0.0165 and
£,>0, the system evolves into the self-vibrating regime.
From Fig. 9a, it is evident that 8, can inhibit self-
vibration, with a larger factor value corresponding to
smaller amplitudes. Energy compensation explains this
phenomenon. With a larger f8,, the damping dissipa-
tion increases, resulting in a reduction in the system’s
kinetic energy and a decrease in amplitude. Conversely,
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a smaller first damping factor reduces the damping
dissipation, allowing more light energy to be converted
into kinetic energy, and leading to a larger amplitude.
Fig. 9b indicates that 3, does not significantly impact
the frequency. Again, we can see that the numerically-
calculated results match the analytical solutions.

4.7 Effect of the second damping factor

This section investigates how f3, affects the self-
vibration, when K, =10, K;=5, C=-0.3, b=1, ,=
0.01, and 7=0.01. Fig. 10 shows how the motion re-
gime remains unaffected by the second damping factor.
The reason for this is similar to the case of the spring’s
elastic factor. According to the Hurwitz criterion, the
motion regime is determined by &,, which is not de-
pendent on f3,, and thus the changing of /3, does not
affect the motion regime. It is evident from Fig. 10a
that as the second damping factor increases, the ampli-
tude gradually declines, while the frequency remains
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the same. This is because a smaller /5, reduces the
system’s damping dissipation, and thus more light
energy is converted into kinetic energy, leading to a
larger amplitude. On the other hand, a larger second
damping factor increases the system’s damping dis-
sipation, and the kinetic energy converted from light
energy is reduced, consequently reducing the ampli-
tude. As shown in the plots in Fig. 10, the numerical
results closely match the analytical solutions.

4.8 Effect of the characteristic time

In this section, we delve into how 7 influences
self-vibration, when K, =10, K,=5, C=-0.3, b=1,
£,=0.01, and $,=0.05. As illustrated in Fig. 11, the
critical characteristic time 7=0.0061 is the value at
which the self-vibrating regime is entered. When 7<
0.0061 and &,<0, the system is in the static regime,
and when 7>0.0061 and ¢,> 0, the system is in the self-
vibrating regime. Fig. 11a depicts how the amplitude
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Fig. 10 Effect of §, on the self-vibration: (a) effect of 5, on amplitude and &,; (b) effect of §, on frequency and ¢,
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increases as the characteristic time grows. This is be-
cause as 7 increases, the LCE fiber absorbs more light
energy, facilitating greater conversion into kinetic
energy and larger amplitude. Fig. 11b shows that the
effect of the characteristic time on the frequency is
almost negligible. Additionally, we can see that the
numerical outcomes from the Runge-Kutta method
closely resemble the analytical results from the multi-
scale method in the self-vibrating regime. However, a
discrepancy arises between the numerical and analyti-
cal results when the system enters the static regime,
with ¢,<0.

5 Conclusions

Current research on self-vibrating systems tends
to focus on determining the amplitude, frequency, equi-
librium position, bifurcation points, and other charac-
teristics. The conventional approach to solving for
these characteristics is using numerical methods, how-
ever, such methods suffer from limitations such as
high computational complexity, which have impeded
advancements in the design and utilization of self-
vibrating systems. Thus, in this study, we aimed to an-
alytically describe an LCE fiber-spring system, which
generates periodic oscillations when exposed to spatially-
constant gradient light. Utilizing a dynamic model for
LCE, we derived and linearized control equations for
the self-vibrating LCE fiber-spring system. Two modes
of motion, the static regime and the self-vibrating re-
gime, were revealed with numerical methods, along
with the mechanism of energy compensation. Next,

we analyzed the system using the Hurwitz criterion,
and an analytical method was utilized to determine the
frequency and amplitude.

The results demonstrate that the elastic factor,
the thermal contraction factor of LCE, the gradient of
heat flux, and the characteristic time can all promote
the amplitude, while the elastic factor of the spring, the
first damping factor, and the second damping factor
can all inhibit the vibration. The elastic factor of LCE,
the thermal contraction factor of LCE, and the elastic
factor of the spring can increase the system’s vibra-
tional frequency. Furthermore, we demonstrated that the
amplitudes and frequencies calculated by the Runge-
Kutta numerical method and the multi-scale analytical
method are consistent. Overall, the multi-scale method
enables accurate mathematical description and analy-
sis of self-vibrating systems, particularly those with
stimulus-responsive active materials.
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