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Abstract: Quantum simulation, as a practical application of noisy quantum computing, has aided the study of exotic quantum
matters and the implementation of algorithms that outperform classical approaches. Superconducting qubits, one of the most
promising candidates for realizing universal quantum computing, possess state-of-the-art features like easy integration of qubits,
long coherence time, and high-fidelity single- and two-qubit gates. These characteristics have enabled applications of digital
quantum simulation in the fields of physics, chemistry, and computer science. In this review, we first present the basic concepts
of superconducting qubits, quantum gates, and digital quantum simulations. We also explore recent progress in digital quantum
simulations using superconducting qubits, especially in relation to quantum chemistry, quantum matters, combinatorial
optimization, and quantum machine learning. Finally, we address the current challenges of digital quantum simulation with
superconducting qubits, and provide a perspective on the future of the field.
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1 Introduction

Quantum simulation (Georgescu et al., 2014) is
a promising method for tackling scientific and engi-
neering problems that cannot be effectively solved
even by the most powerful supercomputers (Preskill,
2012; Neill et al., 2018; Arute et al., 2019; Zhong et al.,
2020; Wu et al., 2021). Some of these challenging
problems include understanding the nonequilibrium
features of quantum many-body systems (Eisert et al.,
2015), addressing the black hole information problem
in cosmology (Bauer et al., 2023), and calculating the
reaction rates of chemical and pharmacological mole-
cules (McArdle et al., 2020). The potential advantages
of quantum simulation over classical computing have
been demonstrated preliminarily in random circuit
sampling problems of quantum systems containing 50—
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60 particles (Arute et al., 2019; Wu et al., 2021), as
well as in solving for the time evolution of the 2D
transverse-field Ising model (Kim et al., 2023). With the
rapid development of experimental platforms (Zhu QL
et al., 2022; Deng et al., 2023; Bluvstein et al., 2024;
Guo SA et al., 2024), the next goal for quantum sim-
ulation is to demonstrate its advantage on problems
with practical relevance (Daley et al., 2022). In this
way, it may have a revolutionary impact on funda-
mental research, applied science, and technology.
While there are no specific guidelines for imple-
menting quantum simulation, a common approach in-
volves using quantum two-level systems known as
qubits (Nakamura et al., 1999; Martinis et al., 2002;
Blais et al., 2004; Clarke and Wilhelm, 2008); these
qubits serve as the fundamental units for realizing
quantum computing. To form a qubit, several basic cri-
teria must be met (DiVincenzo, 2000). It should be
able to exist in well-characterized |0) and |1) states,
allow unitary operations to be performed between |0)
and |1), enable the determination of the qubit’s state,
and most importantly, have a long coherence time (or
the lifetime of the qubit). Since Feynman proposed the
concept of quantum simulation in 1982 (Feynman, 1982),
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a variety of experimental platforms have been devel-
oped, including the nitrogen-vacancy center (Weber et al.,
2010), cold atoms (Greiner et al., 2002; Browaeys and
Lahaye, 2020), trapped ions (Blatt and Roos, 2012),
superconducting circuits (Nakamura et al., 1999; Martinis
et al., 2002; Blais et al., 2004), quantum dots (Loss and
DiVincenzo, 1998), and photonic systems (Aspuru-
Guzik and Walther, 2012). Among these systems, super-
conducting qubits are one of the most promising can-
didates due to their relatively long coherence time (Place
et al., 2021) and the facilitation of high-precision quan-
tum operations (Ding et al., 2023). By leveraging micro-
nano fabrication technology, these qubits can be inte-
grated onto a chip at a large scale. State-of-the-art
superconducting quantum processors feature more than
one hundred long coherence qubits (Kim et al., 2023;
Xu et al., 2023). Utilizing radio-frequency microwave
technology (Krantz et al., 2019), the qubits can be pre-
pared and measured in the |0) or |1) state with high
fidelity. In recent years, the coherence time of qubits
has been improved from a few microseconds to several
hundred microseconds (Place et al., 2021; Wang et al.,
2022), enabling us to perform thousands of effective
operations (quantum gates). These achievements have
driven significant advancements in the use of super-
conducting qubits for quantum simulations.
Simulating a quantum system generally requires
explicit knowledge of the system’s Hamiltonian, i.e.,
the energy function of the system. Similar to the early
development of classical computers, problems can be
addressed using either analog (Cirac and Zoller, 2012) or
digital methodology (Lloyd, 1996). Analog approaches
involve constructing a Hamiltonian that can be analo-
gized to the target quantum system. The final simula-
tion results from such an approach are highly related
to the degree of correspondence between the Hamilto-
nians of the experimental platforms and of the target
system. As a result, for specific experimental platforms,
the quantum systems that can be simulated are highly
selective. In contrast, a digital approach involves de-
composing the target system’s Hamiltonian into a
sequence of unitary operations (or quantum circuits),
which are further decomposed into single- or two-
qubit gates. Theoretically, this decomposition method
is applicable to all local systems (Lanyon et al., 2011).
However, the final results rely heavily on the numbers
of qubits and gates, and most importantly, the perfor-
mance of the quantum gates. In the early days of the
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field, quantum gates had relatively low fidelities, so
analog quantum simulation often yielded more accu-
rate results. But with recent improvements in the per-
formance of two-qubit gates (Yan et al., 2018; Foxen
et al., 2020; Sung et al., 2021), the digital methodology
has enabled increasingly diverse quantum simulations
(Mi et al., 2022b; Zhang et al., 2022; Xu et al., 2023).
Moreover, a hybrid digital-analog approach allows for
more precise simulation results.

The goal of this review is to introduce near-term
applications of digital quantum simulation based on
superconducting qubits. The remainder of this review
is organized as follows: Section 2 covers the basic prin-
ciples of superconducting qubits, quantum gates, and
digital quantum simulation. Section 3 presents several
applications of quantum chemistry. Section 4 reviews the
latest experimental research on quantum matters based
on digital superconducting quantum circuits. Section 5
discusses the near-term applications of combinatorial
optimization and quantum machine learning. Finally,
Section 6 discusses the current challenges in digital
quantum simulation and provides a future outlook.

2 Basics of a superconducting qubit
2.1 Superconducting qubit

Connecting a capacitor and an inductor in parallel
can produce resonance, where the energy is mutually
converted between the capacitor and the inductor, sim-
ilar to the exchange of kinetic and potential energies in
a mechanical spring oscillator. After quantization, such
a system can be described using a harmonic oscillator.
However, the system’s energy levels are equally spaced,
making it impossible to distinguish between the lowest
two levels to form a qubit. When the inductor is re-
placed with a sandwich-like structure in a stack of
superconductor—insulator—superconductor (known as a
Josephson junction), the Josephson effect occurs. Due
to the nonlinear characteristics of the Josephson junc-
tion, the energy difference between the lowest two
levels differs from that of the adjacent higher levels
(Clarke et al., 1988). Thus, the lowest two energy levels
can be defined as the|0) and|1) states of a qubit. The
effective inductance of the Josephson junction is de-
termined by its resistance, which, along with the planar
capacitor, sets the energy difference w,, between |0)
and|1) of the qubit, also called the resonance frequency.
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When the capacitance is low, tiny electron noise
can cause frequency variations that lead to decoher-
ence. Similarly, low inductance makes the qubit more
sensitive to flux noise. The ratio between these two
quantities determines the qubit type. Of all types, the
transmon configuration is commonly used, whose in-
ductive energy is tens of times higher than its capaci-
tive energy (Koch et al., 2007). To flexibly control the
frequency of the qubit, practitioners generally replace
the single Josephson junction with two parallel junc-
tions, forming a superconducting quantum interference
device (SQUID) used to adjust the inductance, which
in turn adjusts the resonance frequency. This tunability
allows convenient control of the qubits.

By connecting qubits and other components through
capacitive elements, qubit control and readout can be
achieved. A single-qubit state can be represented using
a Bloch sphere, and thus single-qubit operations can be
categorized into rotations around the x-, y-, and z-axes.
Capacitively coupling a qubit with external microwave
driving and altering the driving strength can lead to
rotations around the x-axis, shifting the driving signal
phase by 90° enables rotations around the y-axis, and
tuning the qubit’s frequency through flux lines enables
rotations around the z-axis. Additionally, adjusting the
driving phase can enable a virtual-z rotation. The state
projection of a qubit can be measured by the capaci-
tively connected readout resonator’s frequency shift,
referred to as the “dispersive shift” (Schuster et al.,
2005; Krantz et al., 2019).

2.2 Quantum logic gates

Typically, the state of an arbitrary quantum system
is represented by a vector. For instance, the single-
qubit basic states of |0) and |1) can be represented as
[1, 0]" and [0, 17", respectively. The two-qubit basic
states of [00), [01), [10), and |11) are represented as
[1, 07", [0, 1, 0, O], [0, O, 1, 01", and [0, 0, 0, 17", re-
spectively. Note that the qubit can be in a superposi-
tion state, such as a|0)+b|1), where a and b are arbi-
trary complex numbers with |a[+]|b[’=1. When there are
N particles, the total number of basic states will be 2",
which is known as the exponential explosion; this com-
putational complexity is impossible for classical com-
puters to handle. Applying quantum gates to quantum
states enables digital quantum simulation. Quantum
gates are typically written in the form of a unitary matrix.
For example, the quantum NOT gate can be denoted

as X=[0, 1; 1, 0], which can transform [0) to |1) and
vice versa. An essential single-qubit gate for swap-
ping between basic and superposition states is the

Hadamard gate H= L[ 1, 1; 1, —1], which converts
V2

|0) into |0)+i[1) (i represents the imaginary unit) and
vice versa.

Two-qubit gates are depicted as 4 by 4 matrices.
For example, the widely used controlled-NOT (CNOT)
gate (Xu K et al., 2021) is represented as:

. (M

UCNOT =

S O O =
oS o = O
—_ o O O
oS = O O

where |00) and |01) are left unchanged, but [10) is
switched to [11) and [11) is switched to [10). Any
physical Hamiltonian can be implemented through
universal quantum gates. However, the universal quan-
tum gate set usually only consists of single- and two-
qubit gates, with more complex quantum gates being
approximated through combinations of these basic gates.
One universal quantum gate set is composed of X, Y,
Z, CNOT, and phase shift gates. The significance of
the phase shift gates lies in the fact that other gates be-
long to the Clifford group, which can be effectively
simulated by classical computers in polynomial time.
Capacitive coupling of superconducting qubits with
externally-driven microwaves allows the execution of
arbitrary single-qubit gates; this is accomplished by
modulating the amplitude and phase of the microwave
pulses. Two-qubit gates are realized through energy
exchange by tuning the frequencies of coupled qubits
until they reach resonance. The interaction between
two qubits can be accomplished through capacitance,
which can be replaced with tunable couplers to im-
prove the fidelity of single- and two-qubit gates (Yan
et al., 2018). Such improvement is primarily due to the
suppression of coupling between neighboring qubits
during single-qubit operations, as well as the reduction
of leakage error by engineering of the coupler’s wave-
form. Moreover, energy transfer between two qubits can
result in two-qubit gates (Krantz et al., 2019), such as
swapping |01)«>[10) to execute the iISWAP gate and
exchanging|11)—{20)—{11) to implement the CPHASE
gate. Two-qubit gates can also be realized by applying
microwave drives on two adjacent qubits, albeit with



extended gate times. Current quantum processors sup-
port dozens to hundreds of qubits. High-density inte-
gration of qubits, couplers, and other components em-
ploys flip-chip 3D packaging and advanced through-
silicon via (TSV) technology, facilitating the future
scalability of quantum processors.

2.3 Digital quantum simulation

Quantum simulation aims to map a target quan-
tum system to a quantum simulator so that we can em-
ulate and understand the generic quantum system in a
controllable manner. Implementation of such a meth-
odology in a programmable and digital strategy is re-
ferred to as digital quantum simulation.

To implement digital quantum simulation, we need
to construct a quantum circuit consisting of three main
components: initial state preparation, unitary quantum
evolution, and measurement, as depicted in Fig. 1a. Take
the simplest example of two spin-1/2 particles, where
only XY interaction exists. The spins can be directly
mapped to the states of qubits (T) maps to|0) and ||
maps to |1)). Initially, to prepare an antiferromagnetic
state (T 1)), we can apply an X gate to either of the
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Fig. 1 Digital quantum simulation: (a) schematic of the
quantum simulation, which involves three steps, i.e.,
preparation, evolution, and measurement (the initial state
is prepared by applying the single-qubit rotation gate, such
as X gate, to the corresponding qubit O, in the ground state
|0); after that, the system experiences unitary evolution U(?)
governed by the unitary Hamiltonian; finally, as the evolution
ends, the system’s state should be measured, as the meter-like
box indicates); (b) an example of the digital quantum circuits
with P cycles of the unitary Hamiltonian U(r) (each digital
cycle contains two layers of single-qubit gates and two layers
of two-qubit gates, serving as the local time Hamiltonian)

J Zhejiang Univ-Sci A (Appl Phys & Eng) 2024 25(10):854-876 | 857

qubits. Then, to realize XY interaction, a two-qubit
iISWAP gate can be applied between them. Lastly, we
can obtain the spin direction by measuring the z-axis
projection of the qubits. Usually, a quantum circuit can
be characterized in terms of the number of qubits, the
number of quantum gates, and the depth of the quan-
tum circuit. As depicted in Fig. 1b, some unitary oper-
ations can be decomposed into periodic circuits, such
as cross-entropy benchmarking (XEB) (Arute et al.,
2019) and Floquet engineering (Zhang et al., 2022).
In these applications, each period is referred to as a
cycle, and the total number of layers of simultaneously
applied gates is referred to as the depth of the circuits.
Note that in some literature, depth is also used to de-
scribe the number of layers in a unitary operator.

For more general quantum systems, the above pro-
cesses are significantly more complex. Initial states in
complex superpositions and entanglements are chal-
lenging to prepare, which can even nullify the advan-
tages of quantum simulation. For more general inter-
action Hamiltonians, representation using quantum
gates can be difficult. The Suzuki-Lie-Trotter (Trotter,
1959; Suzuki, 1976) decomposition offers an efficient
means of breaking down the unitary evolution operator
into a series of individual terms H, each capturing local
interactions within a short time interval Az. This de-
composition is mathematically expressed as U(At) =

s L
exp (— % zH At ), where L is the total number of local
!

interactions, / is the index of local interaction, and f is
the reduced Planck constant. As the time interval Az
approaches zero, indicating a significant increase in the
number of quantum gates, the results of the decompo-
sition gradually converge towards the actual evolution
states. This approach is generally utilized to decom-
pose the time evolution operator U into a sequence of
single- and two-qubit gates, as in the example presented
in Fig. 1b. However, it should be emphasized that find-
ing an efficient decomposition in terms of universal
gates is a tough task. Lastly, measuring the full infor-
mation of a circuit requires the use of quantum state
tomography, which is impractical for a system with more
than a dozen qubits. Fortunately, there is usually no need
for full information for specific problems, and local
observables are often convenient and satisfactory.

Due to the fact that any unitary operation can be
characterized by universal quantum gates, it is generally
accepted that digital quantum simulation is universal.
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In reality, only the finite-dimensional local Hamilto-
nian can be effectively simulated by digital quantum
simulation (Georgescu et al., 2014).

3 Quantum chemistry

Chemistry simulation is commonly performed to
determine the electronic structure of a molecule, which
can inform ideas for new functional molecules or
chemical reactions (McArdle et al., 2020). For classi-
cal computers and algorithms, it is difficult to calcu-
late the exact properties of large molecules, and many
approximations need to be adopted to simplify the evo-
lution of the full many-body wavefunction and dynam-
ics. Fortunately, describing the full space of the many-
body wavefunction and dynamics is the merit of quan-
tum computation and simulation. This can provide in-
sight into quantum chemistry by simulating the ground-
state energy of molecules and even the dynamics of
chemical reactions. There are several algorithms for
implementing quantum chemical simulation, such as
the variational quantum eigensolver (VQE) (O’Malley
et al., 2016; Kandala et al., 2017, 2019; Colless et al.,
2018; Ganzhorn et al., 2019; Sagastizabal et al., 2019;
Google Al Quantum and Collaborators et al., 2020;
Heya et al., 2023; Guo SJ et al., 2024), the quantum
phase estimation algorithm (QPE) (O’Malley et al.,
2016; O’Brien et al., 2019), and the quantum Monte
Carlo (QMC) simulation (Huggins et al., 2022), whose
performances are summarized in Table 1. In the follow-
ing sections, we introduce the VQE, QPE, and QMC
to reveal their applications for molecular simulations.

3.1 Canonical algorithms for quantum chemistry

The VQE algorithm (McArdle et al., 2020) is built
to find the ground-state energy of a given molecular
Hamiltonian, H,,. According to the Ritz variational
principle, the ground-state energy, £,, must obey

< <(0| Hy |(0>

o< 2
(plop) @)

where | @) is the trial quantum state. This indicates that
VQE aims to find the minimum expectation value of
H,, via variations of | ¢). Exemplary quantum circuits of

VQE can be found in Fig. 2, which consist of several
steps: trial state preparation with parameterized ansatz,
expectation value measurement, and parameter opti-
mization. The hybrid quantum-classical architecture,
wherein one uses a quantum processor in tandem with
a classical optimizer, exploits the available quantum
resources to the highest extent, while outsourcing the
optimization task to a classical optimizer. Nowadays,
VQE has become a popular algorithm for molecular
simulations due to the parallel development of high-
fidelity quantum gates.

QPE (Aspuru-Guzik et al., 2005; McArdle et al.,
2020) is a traditional algorithm requiring an initial state
that has a large overlap with the ground state, as well
as fully coherent evolution, so that the eigenvalue of the
unitary operator can act as a phase. Moreover, QPE
requires deep circuits in order for the controlled evolu-
tion to approach sufficient accuracy. QPE has been
utilized to simulate the energy surface of H, (O’Malley

Table 1 Main algorithms implemented in superconducting digital quantum simulators for quantum chemistry

Algorithm Molecule Maximum number of qubits Chemistry accuracy Reference
QPE H, 2 No O’Malley et al., 2016
QMC H, 8 Yes Huggins et al., 2022
QMC N, 12 No Huggins et al., 2022
QMC  Diamond 16 No Huggins et al., 2022
QMC H, 4 Yes Kandala et al., 2017; Guo SJ et al., 2024
VQE LiH Yes Kandala et al., 2017; Guo SJ et al., 2024
VQE BeH 6 Yes Kandala et al., 2017
VQE H,, H, 6,8 Yes Google Al Quantum and Collaborators et al., 2020
VQE F, 12 No Guo SJ et al., 2024
VQE H,, H, 10, 12 No Google AT Quantum and Collaborators et al., 2020

Chemistry accuracy benchmarks the experimentally simulated accuracy of the ground-state energy achieving the level of chemistry accuracy
(Yes) or not (No), where chemistry accuracy is approximated 1.6x10~ Hartree or 1 kcol/mol or 0.043 eV
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Fig. 2 Quantum circuits of VQE. There are three steps
for performing the quantum-classical hybrid QVE: trial
state preparation with variational ansatz, expectation value
measurement, and parameter optimization and feedback.
The first step is accomplished by the parameterized ansatz,
which is composed of local single-qubit rotation operators
U'(B), U/(B)), parameterized by phase 8 and the two-qubit
gates associated with the entanglement operator U,,. The
subsequent measurement obtains the expectation value of H,
which is transferred to the classical optimizer to yield the
optimized parameters f for the next iteration, according
to descent optimization algorithms. P is the number of cycles
of the parameterized circuits within the dashed box

et al., 2016). However, the estimated accuracy of the
ground-state energy is still far from the desired accu-
racy for chemistry applications (about 1.6x10~ Hartree).

QMC (Foulkes et al., 2001) aims to approach the
exact ground state under quantum imaginary-time evolu-
tion (QITE) (Motta et al., 2020) of an initial state, with
nonzero overlap with the ground state. Classical Monte
Carlo simulation is bounded due to the sign problem,
leading to divergence when simulating fermions. How-
ever, the version of QMC with unbiasing fermions
associated with QITE showcased promising results in
simulating N, molecules in 12-qubit and diamond in
16-qubit superconducting chains (Huggins et al., 2022).

3.2 Experimental progress

O’Malley et al. (2016) first implemented the VQE
algorithm in a 2-qubit superconducting system to sim-
ulate the surface energy of H, with robustness to certain
errors. The accuracy of simulating the ground-state en-
ergy of H, employing VQE reaches the so-called chem-
ical accuracy, which is the level required to make real-
istic predictions. Later, Kandala et al. (2017) from IBM
implemented a hardware-efficient ansatz preparation for
VQE in a 6-qubit superconducting chain to simulate
the ground-state energies of H,, LiH, BeH,, and quan-
tum magnets with a shallow quantum circuit. Addi-
tionally, Colless et al. (2018) experimentally demon-
strated an augmented VQE that uses a polynomial
number of additional tomographic measurements to
extract molecular excited-state energies of H, based
on the quantum subspace expansion. This showed that
the effects of incoherent errors could be mitigated by
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their extended protocol. Kandala et al. (2019) also
showcased a mitigation protocol for incoherent errors
in a 4-qubit system via perfect energy simulation of
H, and LiH, which enhanced the computational capa-
bility of superconducting qubits without requiring more
sophisticated hardware.

The emergence of Sycamore in 2019 has led to
significant progress. Google Al Quantum and Collab-
orators et al. (2020) reported two applications of quan-
tum chemistry using up to 12 qubits in Sycamore via
VQE with Hartree-Fock ansatz, as shown in Fig. 3a.
This includes simulating the binding energy of hydro-
gen chains with qubit numbers from 6 to 12 (Fig. 3b),
as well as modeling the isomerization mechanism of
diazene (Fig. 3c). In terms of more complex molecules
investigated in the Sycamore processor, Tazhigulov et al.
(2022) studied the simulation of the finite-temperature
dynamic correlation function of Fe-S clusters in 4-qubit
and 8-qubit systems, as well as a-RuCl, in 6-qubit and
10-qubit systems, associated with ancilla qubit and
QITE. Another ansatz called the unitary-coupled cluster
(UCC) (Bartlett et al., 1989; Romero et al., 2019; Anand
et al., 2022; O’Brien et al., 2023) also improved the
chemistry accuracy with a deep quantum circuit. Guo
SJ et al. (2024) demonstrated the implementation of
VQE with UCC for H,, LiH, and F, from 4 to 12 qubits
on the superconducting quantum processor Zuchongzhi
2.0; chemical accuracies for H, (at all bond distances)
and LiH (at small bond distances) were obtained, but
not for the large molecule of F,. In the experiments, to
both reduce the complexity of UCC and guarantee ac-
curacy, an effective symmetry verification of the parti-
cle number parity was employed. The ansatz of unitary
pair-coupled-cluster doubles (O’Brien et al., 2023) was
also effectuated for simulating the Richardson-Gaudin
model and a cyclobutene open ring.

In short, with the aid of high-precision manipula-
tion of superconducting quantum circuits and general-
ized optimization algorithms, the chemistry accuracy
of the ground state of small molecules can be obtained,
as shown in Table 1. For more complex molecules and
structures, more efficient algorithms involving a greater
number of qubits and deeper logical gates are required.
In addition to the ground state, for chemical dynamics
properties, Huang et al. (2022) implemented the first
simulation of the linear response properties of mole-
cules, such as H, and carbon monoxide, using the vari-
ational quantum response algorithm with shallow super-
conducting circuits. Their results revealed the ability
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Fig. 3 Performance of VQE with Hartree-Fock ansatz for quantum chemistry: (a) application of quantum chemistry
using 12 qubits (the left panel is the initial basis set describing the initial orbitals for the H,, chain with electron-electron
interactions; the right panel of the circuit diagram captures the basis rotation ansatz for a chain of 12 hydrogen atoms,
where the gray box labeled as rotation angle 0, is the set of two-qubit gates and single-qubit rotation gates with the angle
of -0 and 6+n); (b) binding curve simulation results for H,, with various types of error mitigation (the raw data (yellow
diamonds), applying postselection (+PS, green squares), and applying PS and purification (+Purification, blue circles)
are computed from a classical simulation with optimal 6;; +VQE (red triangles) means applying PS, purification, and
variational relaxation); (c) Hartree-Fock curves for diazene isomerization between ‘cis’ and ‘trans’ configurations with
different reaction coordinates (TS1 (with red curves and points) and TS2 (with blue curves and points) correspond to the
in-plane and out-of-plane rotated transition states, respectively; the nine points along the reaction paths are obtained
from Sycamore with VQE; the solid line and corresponding transparent line stand for the simulated energy of the 10-qubit
(10Q) and 12-qubit (12Q) systems, respectively). Reprinted from (Google AI Quantum and Collaborators et al., 2020),
Copyright 2020, with permission from the American Association for the Advancement of Science. References to color
refer to the online version of this figure

of superconducting quantum techniques to simulate
dynamic properties.

simulation. Here, we introduce several canonical models
and explore practical implementations of nonequilibrium
many-body physics and the topological phase of matter
with digital quantum simulation. In Table 2, we list some
implementations of quantum matters associated with
superconducting digital quantum simulation.

4 Quantum matters

Various physics models have been developed to
study quantum matters, such as the Hubbard model,
the Ising model, the Heisenberg model, and the Kitaev
model, which are all accessible for digital quantum

4.1 Typical models

The Hubbard model (Arovas et al., 2022; Qin
et al., 2022) is a pivotal framework for elucidating the
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Table 2 Main condensed matters implemented by the digital superconducting quantum circuits

Maximum

Total duration

Model Phase of matter number of qubits Fio Fao (1s) Reference
Hubbard TPs 16 0.999, 0.990 About 6 Koh et al., 2022a
Ising QMBS 19 0.999, 0.984 About 32 Chen et al., 2022
Ising SPT 47 0.999, 0.994 About 28 Mi et al., 2022a
Heisenberg Magnets dynamics 46 0.999, 0.994 About 3 Rosenberg et al., 2024
Floquet MBL-DTC 20 0.9992, 0.9890 About 6 Mi et al., 2022b
Floquet Scar DTC 60 0.999, 0.995 About 15 Bao et al., 2024
Toric-code Anyons 68 0.9991, 0.9940 About 1 Xu et al., 2023

TPs: topologically ordered phases of matter without symmetry protection; QMBS: quantum many-body scars; SPT: symmetry-protected
topological states; MBL-DTC: many-body localized discrete time crystal; Scar DTC: Scar discrete time crystal. 7, and .7, denote the average
fidelities of single- and two-qubit gates, respectively, adopted from the works with the maximum number of qublts Total duration refers to the

longest time of the digital circuit sequences

conducting properties of solid-state matters with strong
correlations. At low temperatures, electron wave func-
tions in tight-binding states predominantly localize
around atomic nuclei, but have the potential to hop
to adjacent nuclei. The system’s Hamiltonian can be
written as:

~V > (bLb,+blb ,I,)+Uznmnl¢, 3)

{ij.oy

Hubbdrd

with the hopping strength V; the repulsion strength U,
the fermionic annihilation (creation) operator b (b"),
the number operator n=b'b, and i and j covering all
adjacent sites, as well as oe{ T, }. Barends et al.
(2015) implemented the fermionic Hubbard model with
up to four fermionic modes with superconducting quan-
tum circuits. In excess of 300 single-qubit and two-
qubit CZ gates were employed to implement the re-
quired separately tunable XX, Y'Y, and ZZ couplings.
Practically, U is considered by the anharmonicity of
the qubit, to wit, Uxw,,~®,,. For a transmon qubit, U~
-200%x21t MHz.

The Heisenberg model captures the behavior of
a variety of quantum materials, including magnetic
crystals, low-dimensional magnets, and 2D layered
materials. The 1D Heisenberg model is given as:

H,

Heisenberg

E(Ja o', +Jolcl +J.0l0l  +h.o; )
“)

where J; (de {x, y, z}) is the strength of the corre-
sponding exchange couplings, 4, refers to the strength
of an external magnetic field, and o, is the element with
local index i of the Pauli matrix. This model describes

nearest neighbor exchange interactions between spin-1/2
particles. As J=J =/, the Heisenberg model describes
quantum magnetlsm with a global SU(2) symmetry.
Otherwise, it can be derived to the transverse Ising
model with J=J=0, the XY model with J=0, and the
XXZ model with J=J=J.. Salathé et al. (2015) simu-
lated the spin dynamics of the Heisenberg and Ising
spin models in two transmon-qubit systems with two-
qubit SWAP gates for XY interactions. The intricate
spin dynamics of a larger 1D system for the XXZ model
had been emulated in a superconducting chain with
46 qubits (Rosenberg et al., 2024), where the spin model
was implemented by periodic application of two-qubit
unitary fSim gates with low error rates (Foxen et al.,
2020).

The Kitaev model (Kitaev, 1997) was initially
proposed to describe a spin liquid state in frustrated
magnetic systems. However, it has also been adapted
to describe unconventional superconductivity and topo-
logical phases of matter with long-range entanglement
(Kitaev and Preskill, 2006; Wen, 2017). The Hamilto-
nian of the 1D Kitaev chain can be written as:

zc E(CC-FCC)

<ijy

Ae“’Z( c,ci+ cjc}),

<i.j)

KltaC\

)

where fermionic operators ¢, and ¢ represent the cre-
ation and annihilation of electrons at site i, u is the
chemical potential, V, is the tunneling strength between
nearest neighbor sites, and 4 and ¢ denote the super-
conducting pairing strength and phase, respectively. As
A=V #0 and =0, by introducing two Majorana opera-
tors (y,, and y,) for a fermion operator c=¢™(y, +iy, )/2,



862 | JZhejiang Univ-Sci A (Appl Phys & Eng) 2024 25(10):854-876

the model reduces to a topological phase character-
ized by the presence of Majorana edge modes (MEMs)
(Kitaev, 2001; Sarma et al., 2015), which are localized
at the boundaries of the systems with zero energy.
MEMs hold unique properties, such as robustness to
certain perturbations, making them promising can-
didates for topological quantum computing (Stern and
Lindner, 2013; Sarma et al., 2015; Lian et al., 2018).

4.2 Experimental progress

Analog quantum simulation has played a critical
role in exploring nonequilibrium many-body physics
(Yao and Xiang, 2024) and topological phases of mat-
ters (Roushan et al., 2014; Schroer et al., 2014; Tan
et al., 2017, 2018, 2019), for the tunable and strong
coupling between superconducting qubits. However,
for more complex and high-precision controlling, such
as Floquet systems, digital quantum circuits can pro-
vide more compelling results. Here, we highlight sev-
eral promising experiments implemented by supercon-
ducting digital quantum circuits, including discrete time
crystals (DTCs) and topological orders.

4.2.1 Nonequilibrium many-body physics

Emerging DTC (Else et al., 2020, 2016) is an
out-of-equilibrium phase of matter with broken dis-
crete time-translation symmetry by Floquet driving,
which holds w-periodic eigenenergies. The hallmark
of DTC is the oscillation of local observables in a
period twice that of the Floquet drive (U,), irrespec-
tive of the initial state, which is predicted to survive
in the ergodicity-breaking system (Else et al., 2016;
Yarloo et al., 2020; Bluvstein et al., 2021; Maskara
et al., 2021) or prethermalization system (Else et al.,
2017; Machado et al., 2020; Kyprianidis et al., 2021).
Here, we focus on the ergodicity-breaking protected
DTC, because of their extensive progress in supercon-
ducting digital quantum simulation applications. The
Hamiltonian of the many-body localization-protected
DTC with Floquet driving is given as (Else et al., 2016):

Hyy = > (Joios, +ho?), 0<t<t,,

Hy= (6)
' HFlip:gZ‘az:‘.’ L, <t<t,+t,

where H,,, ensures the eigenstates of individual o7
avoiding thermalization, H,, rotates spins with an
angle of gt,, and g is the rotation rate. The period of

such Floquet driving is 7=t,+t,. Specifically, in H,,
parameters J and 4 are drawn from certain random
distributions. As t,=t,=n/(2g), H,,, effectively func-
tions as a w pulse, resulting in a doubled periodicity
of local observables. This scenario makes the disor-
dered Floquet system remarkably resilient to minor
perturbations, maintaining a robust subharmonic re-
sponse even with minor variations in initial states and
Hamiltonian perturbations.

Many-body localized discrete time crystal (MBL-
DTC) has been implemented by various quantum sim-
ulators (Zhang et al., 2017; Xu HK et al., 2021; Frey
and Rachel, 2022; Mi et al., 2022b). Ippoliti et al.
(2021) pointed out that the genuine MBL-DTC can be
implemented in superconducting quantum simulators
with digital circuits due to its controllable short-range
interactions, Ising-even disorder, and various initial
states. Recently, the Google Al team (Mi et al., 2022b)
implemented MBL-DTC with a 20-qubit chain isolated
from the Sycamore processor with deep digital quantum
circuits. The Floquet drive consisted of longitudinal
fields, Ising couplings, and imperfect global spin flips.
The first and last terms are implemented by simultaneous
Z gate and X gate, respectively, as shown in Fig. 4a.
The strong and disordered Ising-even couplings are
controlled by the two-qubit controlled-phase gates. The
subharmonic oscillation of the autocorrelator persists
for up to 100 cycles of the Floquet drive (Fig. 4b).
Moreover, by tuning the parameter g of H,,, in Eq. (6),
a phase transition from DTC to thermalization was
observed. On the other hand, Xu HK et al. (2021) and
Frey and Rachel (2022) realized the DTC through an
analogous strategy in superconducting qubit chains,
where the long-time stroboscopic dynamics and signa-
tures of crossover between the DTC and thermal phase
were revealed.

Meanwhile, Zhang et al. (2022) successfully im-
plemented 1D Floquet symmetry-protected topologi-
cal phases (FSPT), also known as topological DTCs,
on a 26-qubit superconducting chain, as depicted in
Figs. 4c and 4d. In particular, the Floquet Hamiltonian
consists of two parts: H,= z(fr/Z —¢&) o} and H,=

k

S(Jy0i 0i0f.,+V.0i0}, +ha}), where k is the qubit
k

index, J, is the three-body interaction strength, and ¢,
V., and A, refer to the various perturbations. Such Ham-
iltonian features with Z,x7Z, symmetry and the discrete
time-translational symmetry in this phase are preserved



J Zhejiang Univ-Sci A (Appl Phys & Eng) 2024 25(10):854-876 | 863

Random bit strings Random g and 5y o Therma_l ) MBL-DTC _

' ' ' : ' Al = Al
HHE = Ao(Uecto) = Ag(Uecro)
Q: M @ R f2 H\“

. (5 | o | A | u \ ‘
Q10 @ Kl @ N 0|7 S ++.s TTER ‘ ’ \ ” “ J \H M\/ \“\/ MY\H,M \M”
Q10 0 N Uecro }‘ \‘\Hlllllvly i I
%110 > I I
Q0 0 1 . -1.0 9=0.60, Q;4 . 9=0.97, Qy

P — 0 10 20 0 20 40 60 80 100

t t

(a) (b)
—sa il e
--- (=) o
- -h )] L
- R
L m—— =3
— e
: l —"l'/~
- . e
- ———a. 7]

. .; E;» Y _
= b ’._ 2 :t; 0.0 4 o 3! * 3

—-— = "

X©) ®yve) " CRm " CR(m M 10 08 L"“‘""st
0 4 8 12 16 20 24 28 32 36 40 0.0 05 1.0
T wlwy

(c) (d)

Fig. 4 Digital quantum simulation of the DTC: (a) digital quantum circuits for implementing the MBL-DTC, where
random bit strings stand for the initial state for various realizations and the Floquet unitary U, involves disordered
single-qubit gates and controlled-phase gates; (b) experimental results of the averaged autocorrelators A=Z (0) Z (t))
at qubit Q,, provided for the thermal phase (g=0.6, left panel) and the MBL-DTC phase (g=0.97, right panel) (each phase
has been explored in the Floquet circuits (4(U})) and the echo circuits (4,(Ulcyo)), and the echo circuit Uyeyo=(U)'U}
reverses the evolution of Floquet after ¢ cycles, which can help quantify the impact of decoherence); (¢) schematic
illustration of the experimental circuits to achieve the Hamiltonian of the Floquet symmetry-protected topological
phases with an evolution time of n7T (¥, is the initial state of system, X(0) refers to the X gate, and M represents the
measurement); (d) experimental results of dynamics and the Fourier transform of disorder-averaged local magnetization
<ajz> in the FSPT phase (top panel) and thermal (bottom panel). Figs. 4a and 4b are reprinted from (Mi et al., 2022b),
Copyright 2022, with permission from Springer Nature; Figs. 4c and 4d are reprinted from (Zhang et al., 2022), Copyright
2022, with permission from Springer Nature. References to color refer to the online version of this figure

in the bulk, with disruptions occurring at the bound-  hard to consider this as a pure prethermal DTC, due

aries. Experimentally, the three-body interactions were
implemented by structuring sandwich-like circuits
CR (£m)-Y(#)-CR (x7), where CR (x7) is the combi-
nation of a two-qubit CZ gate and a virtual Z gate, and
Y(0) is the single-qubit Y gate with phase 6. Moreover,
the robustness of the FSPT phase to the symmetry-
preserving noise was demonstrated. Fundamentally,
the FSPT phase is safeguarded by the engineered many-
body localization, ensuring its robustness regardless
of boundary or bulk effects. Additionally, Ying et al.
(2022) investigated the Floquet prethermalization pro-
tected by approximate U(1) symmetry with digital-analog
quantum simulations, where the averaged magnetiza-
tion oscillates subharmonically with a prolonged life-
time as the Ising interactions turn on. However, it is

to the obstacle of technical control of long-range inter-
actions, which is critical to the realization of prether-
mal DTC (Else et al., 2020; Machado et al., 2020).
Beyond the strong ergodicity-breaking like MBL,
the weak ergodicity-breaking, such as quantum many-
body scar (QMBS) (Turner et al., 2018; Serbyn et al.,
2021), sheds light on safeguarding DTC (Bluvstein
et al., 2021). QMBS is achieved with the decoupled
subregion of eigenstates, which circumvents the eigen-
state thermalization hypothesis (ETH). QMBS is ex-
pected to exhibit resilience against perturbations and
abundant entanglement architectures, which also has
been implemented by digital circuits (Chen et al., 2022).
These attributes render QMBS a promising candidate
for deployment in quantum information processing
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tasks, offering potential advantages in terms of stability
and the capacity to accurately manipulate quantum
states. Practically, quantum many-body scarred DTC
(Yarloo et al., 2020; Haldar et al., 2021; Maskara et al.,
2021) has been proposed to prepare the Floquet system
within the subregions of QMBS. The hopping among
QMBS:s can lead to the long-lived stroboscopic dynam-
ics of DTC. Compared to MBL-DTC, quantum many-
body scarred DTC exhibits the phenomena of quantum
chaos, and does not encounter the dilemmas that MBL
does.

Cat scar DTC (Huang, 2023), a special kind of
quantum many-body scarred DTC (Mizuta et al., 2020;
Mukherjee et al., 2020; Haldar et al., 2021; Maskara
et al., 2021), is proposed through the engineering of
multiple pairs of cat eigenstates featuring robust Ising
interactions. This system exhibits remarkable resilience
against various perturbations and displays oscillatory
dynamics that persist for an exponentially increasing
duration. Recently, Bao et al. (2024) implemented the
cat scar-enforced DTC in a 2D grid superconducting
simulator with qubit numbers up to 60. The implemen-
tation involved a Floquet drive unitary, characterized
by two-qubit CZ gates serving as Ising couplings, com-
plemented by random single-qubit gates. Practically,
the cat scar DTC was leveraged to prolong the life-
time of a generic Greenberger-Horne-Zeilinger (GHZ)
state. This application not only underscores the poten-
tial of DTCs for quantum information processing, but
also opens novel avenues for the preparation of large-
scale GHZ states.

4.2.2 Topological phase of quantum matters

MEMs (Kitaev, 2001) emerge in the boundaries
of 1D topological phase systems, which can be well
described by the Kitaev model. Due to the degeneracy
of MEMs, they are thought to be immune to local parity-
preserving noise. Mi et al. (2022a) simulated MEMs
with a 47-superconducting-qubit chain under a drive
composed of quantum circuits for a kicked Ising model.
Meanwhile, the Kitaev model was mapped to a trans-
verse Ising spin model with Z, parity symmetry via a
Jordan-Wigner transformation. Each MEM also was
represented by a sum of local Majorana operators. Re-
markably, it was found that the symmetry protection
of MEMs against noise, such as local potential pertur-
bations, is still sensitive to the decoherence decay of
transmon qubits.

Topological insulators exhibit a unique type of
time-reversal symmetry, protecting topological quantum
matter that behaves as an insulator in its interior, but
supporting conducting states on its surface or edges.
These conducting states are protected by symmetry and
are immune to backscattering caused by impurities or
defects, making them robust to disorders. The discovery
of topological insulators has significantly expanded our
understanding of electronic states in condensed matter
physics and has opened up new avenues for applica-
tions in electronics and quantum computing. Experi-
mentally, a topological insulator at finite temperature
was tested by the topological Uhlmann phase simulated
by a 3-qubit entangled system in the IBM quantum
experience platform (Viyuela et al., 2018). The Uhlmann
phase is an extension of the Berry phase of pure-state
density matrices to mixed-state density matrices. By
simulating the simplified two-band model of topologi-
cal insulators with a qubit, and encoding the tempera-
ture of the system in the entanglement with ancilla
qubits by applying CNOT gates, the topological Uhl-
mann phases were successfully probed. However, more
deterministic and detailed simulations of topological
insulators at a large scale are lacking.

Specifically, the topological order can be realized
by anyonic exchange statistics of quasiparticles and
long-range entanglement (Wen, 2017). To characterize
the long-range quantum entanglement of a quantum
system, such as the toric code (Kitaev, 2003), topolog-
ical entanglement entropy (Kitaev and Preskill, 2006;
Levin and Wen, 2006) is introduced as S,,,=In D=

topo

—In | zd;, where d, is the quantum dimension of an
q

excitation with charge ¢g. 2 is called total quantum
dimension. Generally, S, is a topological invariant,
which is merely dependent on the topology of the joined
regions rather than the geometry. On the other hand,
S.0p.<0 is universal for topologically-ordered states.
For instance, S,,,,=—In2 for the Abelian anyons in toric
code architecture with four sectors (Kitaev and Preskill,
2006), due to d, being 1 for any Abelian anyon. How-
ever, for non-Abelian anyons, the quantum dimen-
sion d, is greater than 1. The main challenge for the
implementation of a topological order state is the ge-
neration of long-range entanglement. The topological
entanglement entropy was probed by Satzinger et al.
(2021) on a 2D 31-qubit lattice for testing the topo-
logical nature of the toric code eigenstates. Later,



non-Abelian braiding of anyons was investigated in
larger-scale lattices with surface code (Google Quantum
Al and Collaborators, 2023), a toric code model (Xu
et al., 2023), and a Fibonacci string-net model (Xu SB
et al., 2024).

Furthermore, thanks to the accessibility of noisy
quantum simulators from IBM, many explorations of
novel quantum matters have been carried out with dig-
ital quantum circuits, such as Chern topological states
(Koh et al., 2022a), fractional quantum Hall states
(Rahmani et al., 2020; Kirmani et al., 2022), and other
emerging symmetry-protected topological states (Choo
et al., 2018; Azses et al., 2020; Koh et al., 2022b; Smith
et al., 2022). Furthermore, we note that there exist other
cloud platforms based on superconducting qubits (Jin
et al., 2024; Xu HZ et al., 2024). These platforms have
contributed to simulating the topological phase (Xiang
et al., 2023) and to machine learning applications (Wang
etal., 2024).

5 Other applications
5.1 Combinatorial optimization

Combinatorial optimization (CO) has significant
applications in many real-world scenarios, including the
optimization of logistics and supply chains. In practice,
the global solution of a CO problem is usually difficult
to obtain directly due to disturbances from the massive
local solutions during optimization. To overcome such
obstacles associated with quantum circuits, the quantum
approximation optimization algorithm (QAOA) (Farhi
et al., 2014) has emerged.

QAOA can be viewed as the trotterized version
of quantum annealing (Streif and Leib, 2019) with the
aid of a classical quantum hybrid architecture. Gener-
ally, a QAOA contains three portions (Zhou et al., 2020):
initialization, functional evolution, and classical opti-
mization. The initial state is a symmetric superposition
state. The functional evolution is the ability of the
parameterized circuits to realize two-body interactions
and local rotations, which contributes to the exception
value of the problem-specific operator serving as the
cost function. Such an estimated cost function is dis-
sected by the classical optimizer, which then suggests
new parameters according to the typical parameter
optimization algorithms for reaching a minimum of the
cost function. In other words, QAOA seeks the ground
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state of the cost function with variational waveform
ansatz.

In terms of experimental implementation of
QAOA in superconducting digital circuits, Otterbach
et al. (2017) demonstrated the hybrid QAOA for the
weighted MaxCut problem with P=1 in the Rigetti
19-qubit superconducting quantum processor. This har-
nesses the Bayesian optimization of variational param-
eters with up to 55 steps to obtain the optimal parame-
ters. Later, Bengtsson et al. (2020) attained the QAOA
with two superconducting qubits, where small instances
of the NP-complete exact-cover problem were solved
with a success of 0.966 with P=2 circuits. Karamlou
et al. (2021) investigated the performance of variational
quantum factoring (VQF) in several qubits associated
with QAOA ansatz, where integer 1099551473989 is
factored via 3-qubit quantum circuits with a success
rate of around 0.8. Harrigan et al. (2021) executed
the QAOA for three canonical problems in the Syca-
more processor. The performance of such implemen-
tations decreases as the problem size increases for the
Sherrington-Kirkpatrick (SK) model (Sherrington and
Kirkpatrick, 1975) and the MaxCut problem (Zhou
et al., 2020). Even though the performance of QAOA
in the native graph of hardware grid problems with
shallow depth could follow the noiseless simulation,
there remains a challenge for scaling non-native graph
problems.

Overall, there is still no quantum optimization
algorithm implemented in superconducting quantum
circuits that can significantly outperform the classical
heuristic optimization. Many protocols have been pro-
posed to reduce the depth of quantum circuits (Abrams
et al., 2020; Zhou et al., 2020; Chai et al., 2022; Yu
et al., 2022, 2023; Zhu LH et al., 2022) to achieve
more effective applications.

5.2 Quantum machine learning

As an important branch of artificial intelligence
(Al), machine learning (ML) has become a powerful
tool to elucidate general patterns from limited data
(Dunjko and Briegel, 2018), providing predictions for
unknown data according to the learned patterns. Follow-
ing the rapid progress of quantum technologies (Schuld
et al., 2015; Preskill, 2018), implementing ML in the
quantum domain has attracted widespread attention,
and is often referred to as quantum machine learning
(QML). As opposed to classical ML, QML owns more
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powerful expression and stronger computing capability
thanks to quantum state superposition, which has many
important near-term applications in quantum devices
(Biamonte et al., 2017; Riste et al., 2017; Dunjko and
Briegel, 2018). In terms of the near-term implementa-
tion of QML in superconducting circuits (Bharti et al.,
2022), we mainly discuss the applications of the quan-
tum neural network (QNN) and quantum kernel esti-
mation (QKE) for supervised learning, as well as quan-
tum generative adversarial network (QGAN) for unsu-
pervised learning. The realization of reinforcement learn-
ing in superconducting circuits (Reuer et al., 2022) still
needs further exploration.

52.1 QNN

A classical neural network (NN) is an architec-
ture mimicking the biological neural system in terms
of structure, mechanics, and functions. In practice, an
NN is established by interlacing layers of linear and
nonlinear functions, where the linear function can be
interpreted as a full-connected layer (FC-layer) to cap-
ture the connection between the input neurons and
output neurons. Learning is accomplished by training
parameters in the NN. The perceptron is the earliest
NN with the ability of machine learning, and has been
implemented on a 2-qubit superconducting system with
controlled gates by Pechal et al. (2022). Gong et al.
(2023) implemented a QNN with the digital-analog
quantum framework on Zuchongzhi 1.0, where the MBL
states were distinguished with a success rate of ~95%
when just measuring one qubit.

During training an NN based on the backpropaga-
tion and gradient methods, the loss function gradients
tend to become exponentially more absent with problem
size, which is known as a barren plateau (McClean
et al., 2018; Wang et al., 2021). To mitigate this issue,
a convolutional neural network (CNN) was introduced
(Lecun et al., 1998) by selecting rectified neuron activa-
tion functions or multilayer training. Importantly, a CNN
replaces the FC-layer in an NN with a convolutional
layer (C-layer) to extract feature maps through a mov-
ing convolutional kernel. As a prototypical deep NN,
a CNN provides a worthy architecture for image pro-
cessing (Lecun et al., 1998; Krizhevsky et al., 2017)
and visual recognition (LeCun et al., 2015) tasks.

Inspired by the CNN, the quantum convolutional
neural network (QCNN) was proposed (Cong et al.,
2019; Henderson et al., 2020; Kerenidis et al., 2020;

Wei et al., 2022) for quantum phase recognition and
optimizing quantum error correction (QEC). In this
method, data is encoded in multiqubits as an initial quan-
tum state, followed by quantum circuits with multilayer
logical gates, and finally measurement. In 2022, the
capability of the QCNN for quantum phase recogni-
tion was demonstrated by Herrmann et al. (2022) on
a 7-qubit superconducting system. Specifically, the
C-layer is implemented as CZ gates and the nonlinear
mapping function is composed of a series of Boolean
logic circuits in terms of AND and XOR gates. Finally,
the enhanced performance of the QCNN was demon-
strated with measured expectation values approaching
0.7 in the symmetry-protected phase, and near zero
for the trial phase. This work paved the way for ex-
ploring a trainable parameterized QCNN and more
complex applications for QCNNs. Moreover, the hy-
brid quantum-classical convolutional neural network
(QCCNN) (Henderson et al., 2020; Liu et al., 2021)
was proposed to reduce the size of qubits required by
replacing the convolutional layer with non-parametric
random quantum circuits (Henderson et al., 2020) or
parameterized quantum circuits (Liu et al., 2021). Never-
theless, the application of QCCNNSs in near-term quan-
tum devices is still scarce.

52.2 QKE

As for binary classification problems, the percep-
tron (Pechal et al., 2022), support vector mechanics
(SVM) (Rebentrost et al., 2014; Li et al., 2015), and
the kernel method have been developed (Schuld and
Killoran, 2019; Schuld, 2021). A perceptron is the
simplest model for linear binary classification. SVM
is a typical binary classifier, which finds a robust
hyperplane for linear classification that has the maxi-
mum margin (Schuld et al., 2015). For nonlinear clas-
sification tasks, where the data shows an interlacing
distribution in feature space, it can be quite challenging
for SVMs. By introducing the kernel method, the data-
sets in feature space (F;,) can be mapped into a higher
dimensional space (F,) through the implicit feature
mapping function of ®, where the mapped datasets
can then be linearly classified by a hypersurface. The
key point is that the inner product in F, between O(x,)
and O(x) can be estimated by the symmetric positive
definite kernel method, which is called kernel estima-
tion (KE) (Jerbi et al., 2023). In a quantum setting,
the results of QKE could be simulated by measuring



the overlap between the pair of quantum states | @(x))
and | O(x,)», which are encoded from data x and x,
respectively.

Havlicek et al. (2019) experimentally materialized
the QKE and a variational quantum classifier with two
superconducting qubits, for a feature map that is hard
to estimate classically. This realization enables noisy
intermediate-scale quantum (NISQ) devices to fulfill
and extend the application beyond binary classification
for QKE. Peters et al. (2021) pushed the scalability of
QKE up to 17 qubits on the Sycamore. However, it is
claimed there is still an absence of quantum advantage
for QKE.

5.2.3 QGAN

Generative adversarial networks (GANs) (Good-
fellow et al., 2014) are a two-player minimax game
obeying Nash-equilibrium conditions. It aims to gen-
erate new samples obeying the distributions of real
samples via the implicit model of adversarial learning.
GANSs have applications in many fields, such as image
generation (Salimans et al., 2016), video generation
(Mathieu et al., 2016), image super-resolution (Ledig
et al., 2017), and synthetic data generation (Killoran
et al., 2017). In such GANSs, there are parameterized
discriminator networks and generator networks. QGAN
is the GAN commonly considered in the quantum
setting (Dallaire-Demers and Killoran, 2018; Lloyd and
Weedbrook, 2018), where the data input and output are
quantum state encodings in qubits, and both the gener-
ator and discriminator are implemented as quantum
circuits (Dallaire-Demers and Killoran, 2018).

The first proof-of-concept experimental demon-
stration of QGAN in superconducting circuits was
achieved by Hu et al. (2019) with a 1-qubit system.
Later, Huang KX et al. (2021) materialized a QGAN
in a 5-qubit superconducting system, where the gener-
ator and the discriminator were parameterized via layers
of single- and two-qubit quantum gates. Meanwhile,
Huang HL et al. (2021) devised a flexible QGAN to
solve the task of generation of handwritten digit images
with six superconducting qubits. Those experimental
works provide guidance for the use of QGANS in near-
term superconducting quantum processors. Further in-
spired by adversarial learning, Ren et al. (2022) first
experimentally demonstrated a quantum adversarial
learning algorithm on a 10-qubit superconducting chain
for both real-life images and many-body quantum states.
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6 Challenges and the future of digital quantum
simulation

6.1 Limitations of superconducting qubits

Nevertheless, advanced superconducting transmon
qubits still encounter several challenges. First, scaling
up to large-scale superconducting quantum computers
poses significant hurdles. The associated hardware
necessitates an ultracold cryogenic environment and
intricate microwave cabling, which collectively entail
considerable spatial requirements. Merely expanding the
physical footprint of a superconducting quantum com-
puter, however, is not a prudent strategy to accom-
plish this. Moreover, the extensive connections of
microwave wiring can induce unwanted thermal noise
and intricate signal interference.

Noise within quantum circuits poses another chal-
lenge. This noise is primarily attributed to decoherence
errors, a consequence of interactions with the environ-
ment, as well as leakage errors due to the limited an-
harmonicity of transmon qubits. Consequently, the
implementation of effective QEC codes and strategies
to mitigate leakage are imperative for the realization
of fault-tolerant superconducting quantum computing.
Addressing these issues is crucial for the progression and
viability of superconducting-based quantum technology.

6.2 QEC for superconducting qubits

In the NISQ era, errors are inevitable during quan-
tum logic operations due to imperfections in the physi-
cal hardware. In contrast to the case of classical com-
puters, quantum information cannot be cloned, making
error correction more complex. Here we discuss the
surface code and Bosonic code for QEC based on
superconducting qubits.

First, we consider the surface code (Bravyi and
Kitaev, 1998; Freedman, 2001; Dennis et al., 2002),
which is the planar version of the toric code (Kitaev,
2003). A notable advantage of surface code is its rela-
tively high tolerance to local errors (Wang et al., 2003),
due to the topological nature of the physical 2D system.
In 2012, Fowler et al. (2012) introduced the stabi-
lizer formed by two qubits for surface code quantum
computing implemented in a 2D array of physical
qubits, which aimed to perform parity measurements
via the XXXX and ZZZZ stabilizer operators; accord-
ingly, the errors occurring in the logical qubit could be
determined. For probabilistic errors in superconducting
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qubits, surface code is an efficient method for error
correction (Barends et al., 2013; Kelly et al., 2015;
Ataides et al., 2021; Krinner et al., 2022; Marques et al.,
2022; Zhao et al., 2022; Google Quantum Al, 2023).
Even though great progress has been achieved in the
implementation of surface code with a relatively toler-
ant error threshold (Google Quantum Al, 2023), what is
still formidable is the overhead of physical-to-logical
qubits.

Bosonic code is another important branch of QEC
with remarkable development (Cai et al., 2021; Ma
et al., 2021). In such code, quantum information can
be encoded into the infinite-dimensional subspace of
a bosonic superconducting cavity mode. Cat code and
binomial code are the two prototypical categories of
bosonic code. The former demonstrates the suppres-
sion of the break-even point by promoting the error-
corrected lifetime (Wang et al., 2016). The latter show-
cases the high-fidelity operations on a single logical
qubit. On the other hand, Bosonic-encoded qubits
can also build two-qubit gates, such as CNOT gates
and SWAP-like gates, to generate entanglement states;
this may pave the way for multiqubit fault-tolerant
protocols.

Recently, both the implementation of surface code
(Google Quantum Al, 2023) and Bosonic code (Ni
et al., 2023; Sivak et al., 2023) have reached break-
even points in a logical qubit, with the former result
indicating that the error correction performance based
on a larger-scale system is better. These breakthroughs
have undoubtedly pushed large-scale QEC research
forward. Newly, Google Quantum Al and collabora-
tors implemented a distance-7 surface code with 101
superconducting qubits (Acharya et al., 2024), which
further reduces the logic error rate below the critical
threshold. We should be aware that superconducting
quantum computing will likely stay in the NISQ era
for a long time, until the development of optimal solu-
tions for QEC.

6.3 Challenges for digital quantum simulation

In NISQ devices, the total operation duration of
an effective digital superconducting circuit usually ap-
proaches the coherence dephasing time of about 20 ps.
This extremely limits the power of quantum simula-
tion. The challenges for digital quantum simulation
comprise two aspects: logic gates and decomposition
algorithms.

As for the logic gates, they require speed and high
fidelity. At present, the fast single-qubit gate takes about
10 ns with a fidelity above 0.999, and the two-qubit
gate is about 20 ns (Arute et al., 2019) with a fidelity
of about 0.994. However, these performances are still
unable to help to achieve quantum advantage in more
practical applications. Investigating the relationship
between time duration and fidelity and finding a new
mechanism of two-qubit gates will require significant
further research.

In terms of the decomposition algorithm, we know
it generally possesses a high number of logic gates,
and thus the efficient compile algorithm has a smaller
number of logic gates for high-precision outcomes.
Due to the extensive resource requirements, the scal-
ability of digital quantum circuits is also limited.

6.4 Future improvements

Here we highlight several potential directions for
digital quantum simulation based on superconducting
quantum circuits.

6.4.1 Optimal performance of superconducting qubits

The coherence time of transmon qubits is at the
scale of 100 ps (Google Quantum Al, 2023; Kim et al.,
2023; Xu et al., 2023), which is still short compared
to other platforms, and far beyond the requirement
for deep quantum circuits. The simultaneous operation
fidelity of single-qubit gates can surpass 0.999 (Google
Quantum Al, 2023), while two-qubit gates are merely
around 0.995 (Wu et al., 2021; Google Quantum Al,
2023; Xu et al., 2023). Thus, continuing to reduce the
error rates of single-qubit gates and two-qubit gates
requires increasingly more effort. Under the premise
of long coherence time and high-fidelity logic gates,
it is relevant to push for intermediate-to-large-scale
superconducting quantum processors.

6.4.2 QEC and error mitigation

QEC is crucial for large-scale quantum devices,
which can effectively protect logic operations from
local errors. However, the resources for realizing fault
tolerance with the aid of QEC require more than hun-
dreds of thousands of qubits. Therefore, developing more
quantum resource-efficient QEC is of vital importance.
For the measurement error, this can be mitigated by
developing efficient quantum error mitigation (QEM)
algorithms (Cai et al., 2023).



6.4.3 Hybrid digital-analog quantum simulation

The alliance of digital and analog quantum simu-
lation (Lamata et al., 2018) effectively integrates digital
quantum gates and analog unitary blocks, leveraging
the scalability of analog blocks and the flexibility of
digital steps. Nowadays, digital-analog quantum simu-
lation (DAQS) is considered a promising candidate for
achieving quantum advantage with no requirement of
QEC (Lamata et al., 2018; Parra-Rodriguez et al., 2020).
In superconducting circuits, digital-analog quantum
simulation has shed light onto many-body physics pro-
blems (Gong et al., 2023; Andersen et al., 2024). Neve-
rtheless, there are numerous open problems in the way
of establishing a formal paradigm of DAQS, such as
the universality of DQAS, and the decomposition algo-
rithm within the DAQS framework.

7 Conclusions

This review focused on digital quantum simulation
applications implemented by superconducting quantum
circuits. For quantum chemistry, the developed VQE
with various ansatz contributes to the ground-state es-
timation of molecules, from simple H, to complex F,,
under the precision of chemistry accuracy. In terms of
emerging quantum matters which are unfeasible in
natural condensed-matter materials, the high-precision
digital strategy provides a way to generate and manipu-
late these unique quantum matters, such as DTCs and
non-Abelian anyons. In the emerging setting of quan-
tum combinatorial optimization and quantum machine
learning, many proof-of-concept applications have been
developed. These reveal the impressive ability of digital
quantum circuits to simulate chemical interactions and
materials. Nevertheless, these applications are still
achievable with classical computers.

We must be aware that superconducting digital
quantum simulation still faces significant hurdles, as
does superconducting quantum computing. Among
them, unavoidable noise errors can significantly limit
the duration of quantum logical operations. Therefore,
it is important to promote the resource-efficient QEC
and QEM, to enable more practical implementations
aided by digital quantum simulation. By tackling the
challenges of digital quantum simulation and supercon-
ducting qubits, superconducting digital quantum simu-
lation may help build an anticipated future, describing
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more complex and exotic quantum matters, simulating
molecules, and even leading to quantum optimization
algorithms.
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