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Abstract: Sandy cobble soil exhibits pronounced heterogeneity. The assessment of the uncertainty surrounding its properties is 
crucial for the analysis of settlement characteristics resulting from volume loss during shield tunnelling. In this study, a series of 
probabilistic analyses of surface and subsurface settlements was conducted considering the spatial variability of the friction 
angle and reference stiffness modulus, under different volumetric block proportions (Pv) and tunnel volume loss rates (ηt). The 
non-intrusive random finite difference method was used to investigate the probabilistic characteristics of maximum surface 
settlement, width of subsurface settlement trough, maximum subsurface settlement, and subsurface soil volume loss rate through 
Monte Carlo simulations. Additionally, a comparison between stochastic and deterministic analysis results is presented to 
underscore the significance of probabilistic analysis. Parametric analyses were subsequently conducted to investigate the impacts 
of the key input parameters in random fields on the settlement characteristics. The results indicate that scenarios with higher Pv 
or greater ηt result in a higher dispersion of stochastic analysis results. Neglecting the spatial variability of soil properties and 
relying solely on the mean values of material parameters for deterministic analysis may result in an underestimation of surface 
and subsurface settlements. From a probabilistic perspective, deterministic analysis alone may prove inadequate in accurately 
capturing the volumetric deformation mode of the soil above the tunnel crown, potentially affecting the prediction of subsurface 
settlement.
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1 Introduction 

Sandy cobble soil represents a distinctive geologi‐
cal formation, composed mainly of cobbles, gravels, 
sand, and a minor proportion of clay (Wang et al., 
2023a). Numerous shield tunnels have been constructed 
within sandy cobble soil in various Chinese cities, 
including Beijing, Chengdu, and Lanzhou. The issue 
of ground movement induced by shield tunnelling in 
sandy cobble soil is always a hot topic and arouses ex‐
tensive concern. Di et al. (2022) conducted a series of 
model tests and numerical analyses to investigate the 
progressive settlement induced by the instability of the 
face of tunnels in sandy cobble soil. Cao et al. (2019) 
found that the longitudinal surface settlement of tunnel 

boring machine (TBM) tunneling in sandy cobble soil 
can be well predicted by the Attewell formula. Wang 
et al. (2023b, 2024) proposed methods for predicting 
subsurface and surface settlements induced by shield 
tunnels in sandy cobble soil, respectively. Based on 
numerical simulation and field data, Li and Geng (2024) 
studied the deformation response of an old building 
under-crossed by overlapping tunnels in sandy cobble 
soil. The settlement characteristics of twin tunnels in 
sandy cobble soil were also revealed by some research‐
ers through numerical analysis (He et al., 2012; Hao 
et al., 2021). These studies considered sandy cobble 
soil as a homogeneous material, and the material prop‐
erties were assumed to be constant when performing 
numerical analysis. However, the particle sizes of sandy 
cobble soil vary from small-sized sands to large-sized 
cobbles, showing noteworthy heterogeneity. Further‐
more, the spatial location of cobbles distributes ran‐
domly. Thus, the soil properties at different locations 
are bound to show significant spatial variability.
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Several researchers have used the random vari‐
able method to perform probabilistic analyses of the 
ground movements (Mollon et al., 2013) and face sta‐
bility (Mollon et al., 2009a, 2009b, 2011) of tunnels. 
This method treats the geomaterials as homogeneous 
bodies and considers material parameters as purely 
random variables. The statistical mean, variance, and 
coefficient of variation (COV) of material parameters 
within the whole research area are used to represent 
the overall probabilistic characteristics, failing to con‐
sider the differences in material parameters between 
different locations in space (Zhang et al., 2022) and 
overestimating the failure probability (Cheng et al., 
2019a). In reality, the spatial variability of geomaterials 
not only shows the characteristics of heterogeneity and 
randomness, but also the spatial correlation of soil 
properties at different locations.

Vanmarcke (1977) pioneered the use of random 
field theory to characterize the inherent spatial vari‐
ability of geomaterials and proposed the concept of 
“scale of fluctuation” to reflect the correlation of soil 
properties. Random field theory has been widely used 
in the field of tunnelling and underground engineering 
when considering the spatial variability of geomate‐
rials. Based on the existing failure mechanism of a 
tunnel face, some researchers have used the random 
limit analysis method (Cheng et al., 2019c, 2019d; Li 
et al., 2021) and the sparse polynomial chaos expan‐
sion method (Pan and Dias, 2017; Li et al., 2022) to 
study the stability of a tunnel face. Using numerical 
analyses, several researchers combined random field 
theory and finite element/difference method to investi‐
gate the probabilistic characteristics of tunnel deforma‐
tion (Huang et al., 2017; Lü et al., 2018; Wu YX et al., 
2021; Zhang et al., 2021) and assess the stability of 
tunnels (Ali et al., 2017; Pan et al., 2019; Pandit and 
Sivakumar Babu, 2021; Wu GQ et al., 2021). The 
random finite element/difference method is a popular 
approach to evaluate the effect of inherent spatial vari‐
ability of soil properties on tunnelling-induced ground 
movements (Cheng et al., 2019b; Wu et al., 2024; 
Zhang et al., 2024). However, its application in sandy 
cobble soil has rarely been reported. Although Zhang 
et al. (2023) adopted the random finite difference 
method to simulate the deformation of a tunnel in 
sandy pebble soil, the purpose was to propose a deep 
learning method for reliability analysis of tunnel conver‐
gence, rather than the probabilistic analysis of ground 

settlement. Due to the heterogeneity and randomness 
of sandy cobble soil, it is necessary to investigate the 
probabilistic characteristics of tunnelling-induced settle‐
ment considering the inherent spatial variability of soil 
properties.

In our previous research (Wang et al., 2024), con‐
sidering the ground loss variation with depth, we per‐
formed a series of deterministic numerical analyses 
under different cover depth ratios and cobble contents 
to discuss the variation of surface and subsurface set‐
tlement characteristics induced by volume loss of shield 
tunnelling in sandy cobble soil. In this study, from a 
probabilistic perspective, a series of non-intrusive ran‐
dom finite difference numerical analyses under differ‐
ent cobble contents and tunnel volume loss rates were 
performed to investigate the probabilistic characteris‐
tics of surface and subsurface settlements induced by 
volume loss of shield tunnelling in sandy cobble soil 
through Monte Carlo simulations. Then, comparisons 
between the results of deterministic and stochastic anal‐
yses were made to emphasize the significance of sto‐
chastic analysis to tunnelling-induced settlement in san‐
dy cobble soil. Finally, sensitivity analyses were con‐
ducted to discuss the effects of the key input parame‐
ters in random fields on the stochastic analysis results.

2 Random finite difference numerical analysis 

Considering the spatial variability of the properties 
of sandy cobble soil, the non-intrusive random finite 
difference method combining random field theory, 
finite difference method, and Monte Carlo simulation 
was adopted to investigate the probabilistic characteris‐
tics of surface and subsurface settlements induced by 
tunnel volume loss under different volumetric block 
proportions (Pv, i.e., cobble contents) and tunnel volume 
loss rates (ηt). The so-called non-intrusive random 
analysis method refers to a process in numerical simu‐
lation where the random field modeling is separate and 
not coupled with finite difference numerical computa‐
tions (Jiang et al., 2014). All the numerical simulations 
were performed using the finite difference program 
FLAC3D (Itasca Consulting Group, Inc., 2017).

2.1 Numerical modeling

A circular shield tunnel embedded in a spatially 
variable sandy cobble soil was considered here with a 
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common diameter D=6 m and the cover depth C=12 m 
(i.e., C/D=2.0) for urban subway tunnels (Fig. 1). To 
avoid boundary effects, the numerical model was set 
as 60 m in width and 36 m in depth. The thickness 
was set as 0.1 m to simulate the plane strain condi‐
tion. The lateral boundaries of the model were fixed 
in the normal direction, while the bottom boundaries 
were fixed in both the horizontal and vertical direc‐
tions. The ground surface was free. The multi-scale 
numerical analysis method was used here to improve 
computational efficiency. The region close to the tunnel 
circumference, which is significantly affected by the 
excavation, was considered as the “region of interest”. 
The sizes of this region were set as 30 m in width and 
21 m in depth. The elements in the region of interest 
were assigned material parameters generated by the 
random field modeling, while those in other regions 
were assigned the mean value of material parameters. 
To ensure computational accuracy, it is important that 
the element sizes in the region of interest should con‐
form to the principles related to element sizes in random 
fields (Ching and Phoon, 2013). The tunnel volume 
loss (Vt) induced by the gap between the excavation 
profile and external boundary of lining was simulated 
by applying a displacement boundary condition around 
the tunnel circumference (Zhang et al., 2016; Wang 

et al., 2024). Considering the classical non-uniform de‐
formation pattern of the tunnel wall, the relationship 
between the maximum gap (gmax) at the tunnel crown 
and the tunnel volume loss rate (ηt) is expressed by:

gmax = 2( R - r ) = 2r ( 1 + η t - 1)  (1)

where R and r represent the radii of the excavation 
profile and the external boundary of lining, respectively.

Due to the strain-hardening characteristic of sandy 
cobble soil, the Hardening-Soil model proposed by 
Schanz et al. (1999) was adopted to describe the over‐
all stress–strain behavior (Wang et al., 2024). The Pv 
of sandy cobble soil has a significant effect on the 
overall mechanical behavior. Here, the cases where Pv 
values are 30%, 50%, and 70%, corresponding to low, 
medium, and high Pv values, respectively, were con‐
sidered. The material parameters for different Pv values 
are shown in Table S1 of the electronic supplementary 
materials (ESM). The calibration of material parame‐
ters is described in Section S1 of the ESM. When per‐
forming random finite difference numerical simulation, 
only the spatial variability of the reference secant 
modulus (E ref

50 ) and friction angle (φ) was considered 
due to their significance on the ground settlement. Other 
parameters were assumed to be deterministic.

Fig. 1  Numerical model of non-intrusive stochastic analysis. References to color refer to the online version of this figure
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2.2 Random field modeling of material parameters

Considering the spatial variability of the reference 
stiffness modulus (E ref

50 ) and friction angle (φ), input 
parameters of random field modeling included the 
mean values (μE and μφ), coefficients of variation (CE 
and Cφ), horizontal and vertical scales of fluctuation 
(δh and δv), and cross-correlation coefficient (ρφ,E) of 
the material parameters. In general, input parameters 
should be obtained by statistical analysis based on ex‐
tensive field monitoring data. However, in geotechnical 
engineering, field monitoring data are often limited and 
not sufficient to obtain accurate values of each input 
parameter. To facilitate the comparison between deter‐
ministic and stochastic results, μE and μφ were taken 
from Table S1 of the ESM. Other input parameters, 
except for μE and μφ, were provided by referring to the 
statistical results from the literature (Cheng et al., 
2019a, 2019b; Wu YX et al., 2021; Zhang et al., 2021), 
as shown in Table 1. The effects of these key input 
parameters will be discussed in Section 4.

Autocorrelation functions are crucial for charac‐
terizing the degree of correlation between points in a 
random field. Exponential and Gaussian autocorrela‐
tion functions are two popular functions used in geo‐
technical engineering (Jiang et al., 2014, 2022; Chen 
et al., 2019; Pan et al., 2019; Li et al., 2021; Wu YX 
et al., 2021, 2024; Deng et al., 2022; Zhang et al., 
2024). Random fields that are formulated using the 
Gaussian autocorrelation function tend to show supe‐
rior properties in terms of stationarity and continuity. 
Moreover, fewer truncation terms are required to 
achieve the desired level of discreteness (Li et al., 2015). 
Therefore, the following Gaussian autocorrelation func‐
tion ρ is expressed by:

ρ (τx τy ) = exp
é

ë

ê
êê
ê - π ( τ 2

x

δ2
h

+
τ 2

y

δ2
v )ùûúúúú  (2)

where τx and τy are the distances between points in the 
horizontal and vertical directions, respectively.

The Karhunen-Loève expansion method (Huang 
et al., 2001) was used to discretize the random field, 
as shown in Section S2 of the ESM. Since soil param‐
eters cannot be negative, the lognormal distribution is 
generally used to characterize spatial variability (Huang 
et al., 2017). Furthermore, it is assumed that there is a 
certain degree of cross-correlation between E ref

50  and φ. 
In this case, the issue involves cross-correlated non-
Gaussian random field modeling. Details of the process 
are given by Jiang et al. (2014).

2.3 Implementation procedure

The random finite difference numerical analysis 
of surface and subsurface settlement characteristics was 
performed based on the Monte Carlo strategy. The 
flowchart is shown in Fig. 2, and the main implemen‐
tation procedure is as follows:

(1) Construct a multi-scale numerical model for 
shield tunnels in sandy cobble soil. Then, extract the 
centroid coordinates of each element in the region of 
interest using the Python code.

(2) Determine the input parameters in a random 
field, including the mean values, coefficients of varia‐
tion, scales of fluctuation, and cross-correlation coeffi‐
cient. Then, select the autocorrelation function and 
distribution function.

(3) Perform the Latin hypercube sampling in the 
independent standard normal space using the MATLAB 
code. Then, generate the random field of material param‐
eters through the Karhunen-Loève expansion method.

(4) Substitute the extracted centroid coordinates 
and obtain the values of material parameters for each 
element. Then, repeat the sampling N times to achieve 
N realizations of the random field and obtain N sets of 
values corresponding to each element.

(5) Assign the parameter values generated by the 
random field to the corresponding element of the numer‐
ical model using Python code in the FLAC3D program. 
The representation in the FLAC3D program of the 
random field modeling for E ref

50  and φ when Pv=50% is 
shown in Fig. S1 of the ESM. Then, perform the finite 

Table 1  Values of input parameters of random field modeling under different Pv values

Pv 
(%)

30

50

70

μE 
(MPa)

25

40

70

μφ (°)

27.6

35.0

49.0

CE

0.1, 0.2, 0.3, 0.4, 0.5

0.1, 0.2, 0.3, 0.4, 0.5

0.1, 0.2, 0.3, 0.4, 0.5

Cφ

0.05, 0.10, 0.15, 0.20

0.05, 0.10, 0.15, 0.20

0.05, 0.10, 0.15, 0.20

δh (m)

10, 20, 30, 40, 50, 60

10, 20, 30, 40, 50, 60

10, 20, 30, 40, 50, 60

δv (m)

1, 2, 3, 4, 5, 6

1, 2, 3, 4, 5, 6

1, 2, 3, 4, 5, 6

ρφ,E

0, 0.25, 0.50, 0.75

0, 0.25, 0.50, 0.75

0, 0.25, 0.50, 0.75
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difference numerical analysis of tunnelling-induced 
surface and subsurface settlements. Afterwards, extract 
the data of settlement.

(6) Repeat steps (3)–(5) above N times and extract 
the data of settlement in batches.

(7) Conduct probabilistic analysis of settlement 
characteristics using Monte Carlo simulations.

2.4 Number of Monte Carlo simulations

When performing probabilistic analysis of settle‐
ment characteristics, the number of Monte Carlo simu‐
lations should be determined first to ensure results 
converge and to improve computational efficiency. 
Taking the case of Pv=30% as an example, the varia‐
tion of the mean value and coefficient of variation of 
the maximum surface settlement against the running 
number N through 1000 times numerical simulations 
is shown in Fig. 3. The converged results of the mean 
value and coefficient of variation were achieved when 
the running number N reached 500. Therefore, N=500 
was taken as a sufficient number of Monte Carlo simu‐
lations for the subsequent random finite difference 
numerical simulations.

3 Results and comparisons 

In this section, probabilistic analysis of surface 
and subsurface settlements is described for different 
volumetric block proportions (Pv=30%, 50%, and 70%) 

and tunnel volume loss rates (ηt=0.5% and 4.0%). The 
mean values (i.e., μE and μφ) were taken from Table S1 
of the ESM, while other input parameters in the random 
field were as follows: CE=Cφ=0.1, ρφ,E=0, δh=40 m, and 
δv=4 m. In addition, the results of stochastic and deter‐
ministic analyses were compared to emphasize the 
significance of probabilistic analysis.

3.1 Surface settlement

The probability histograms of maximum surface 
settlement (Smax) obtained by the stochastic analysis 
are shown in Fig. 4. The deterministic analysis results 
are also given for comparison. Regardless of Pv and 
ηt, all the stochastic analysis results could be fitted by 
the probability density curves following the lognormal 

Fig. 2  Flowchart of random finite difference numerical analysis

Fig. 3  Variation of the mean value and coefficient of 
variation of the maximum surface settlement against the 
running number N
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distribution with the goodness of fit (R2) exceeding 
90%. As the Pv increases or the ηt decreases, the mean 
value (μS) of Smax by the stochastic analysis tends to be 
smaller, aligning with the patterns observed in deter‐
ministic analysis. However, the stochastic analysis re‐
sults exhibit a certain level of variability, as shown in 
Fig. S2 of the ESM. As the Pv or ηt increases, the 
COV of Smax (CS) by the stochastic analysis also in‐
creases, indicating a higher dispersion. Moreover, sce‐
narios with lower Pv or lower ηt tend to have a higher 
probability of the results of stochastic analysis exceed‐
ing those of the deterministic analysis.

Fig. 5 depicts the cumulative probability distribu‐
tion curves of the maximum surface settlement (Smax) 

obtained by the stochastic analysis exceeding the al‐
lowable value (S a

max). The dashed line represents the 
deterministic analysis results (S d

max), and the intersection 
of the dashed and solid lines gives the probability of 
Smax>S a

max. It is evident that the higher the Pv or the lower 
the ηt, the lower the probability of Smax>S a

max. If S
a
max=

20 mm, the probability of Smax>S a
max is 0% when ηt=0.5%, 

and it reaches 100% when ηt=4.0%. This indicates that 
for practical engineering, it is crucial to strictly control 
the quality of backfill grouting to minimize the tunnel 
volume loss, thereby controlling surface settlement. 
Moreover, from Fig. 5, when ηt=0.5%, the probabili‐
ties of Smax>S a

max are 92.22%, 83.62%, and 63.76% for 
Pv=30%, 50%, and 70%, respectively. When ηt=4.0%, 

Fig. 5  Cumulative distribution curves of the maximum surface settlements exceeding the allowable values: (a) ηt=0.5%; 
(b) ηt=4.0%

Fig. 4  Probability histograms of the maximum surface settlement obtained by stochastic analysis: (a) Pv=30%, ηt=0.5%; 
(b) Pv=50%, ηt=0.5%; (c) Pv=70%, ηt=0.5%; (d) Pv=30%, ηt=4.0%; (e) Pv=50%, ηt=4.0%; (f) Pv=70%, ηt=4.0%
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the probabilities are 67.36%, 59.24%, and 44.38%, 
respectively. Namely, the lower the Pv or the lower 
the ηt, the higher the probability of Smax>S a

max (the same 
result can also be found from Fig. 4). In this case, it is 
more likely that the surface settlement will be under‐
estimated if the deterministic analysis is conducted 
using only the mean values of material parameters and 
neglecting the spatial variability of soil properties.

3.2 Subsurface settlement

3.2.1　Width of subsurface settlement trough

The comparison between the stochastic and de‐
terministic analysis results of the normalized subsur‐
face settlement trough width (i(z)/z0) with normalized 
depth (z/z0) when ηt=0.5% and 4.0% is presented in 
Fig. 6. z0 represents the depth of the tunnel centerline. 
The stochastic analysis results fluctuate around the 
mean. Overall, for the same Pv, the higher the ηt, the 
smaller the stochastic analysis results, which is consis‐
tent with the deterministic analysis results. The deter‐
ministic analysis results, which were obtained using the 
mean values of material parameters, are not signifi‐
cantly different from the mean values of the stochastic 
analysis results. However, the stochastic analysis results 
exhibit dispersion.

The variation of the COV (Ci) of the subsurface 
settlement trough width (i(z)) with normalized depth 

(z/z0) from stochastic analysis results is shown in Fig. 7. 
The Ci varies greatly at different depths: as the depth 
increases, the Ci generally shows a trend of first decreas‐
ing and then increasing. When ηt=0.5%, the Ci at the 
same depth does not differ significantly for the cases 
of Pv=50% and 70%, and both are greater than the Ci 
for the case of Pv=30%. When ηt=4.0%, near the ground 
surface and the tunnel crown, the Ci at the same depth 
increases with increasing Pv.

3.2.2　Maximum subsurface settlement

Fig. 8 compares the results of the normalized max‐
imum subsurface settlement (S b

max/D) with normalized 
depth (z/z0) from stochastic analysis and deterministic 
analysis when ηt=0.5% and 4.0%. The higher the Pv 
or the smaller the ηt, the smaller the stochastic analy‐
sis results. Fig. 8 also reveals that the probability of 
the stochastic analysis results exceeding the determin‐
istic analysis results is higher for the case of a lower 
Pv or lower ηt. This indicates that for a lower Pv or 
lower ηt, neglecting the spatial variability of soil prop‐
erties and relying solely on the mean values of material 
parameters for deterministic analysis will be more 
likely to underestimate the subsurface settlement.

The variation of the COV (C b
S) of the maximum 

subsurface settlement (S b
max) with normalized depth (z/z0) 

from stochastic analysis results is shown in Fig. 9. 

Fig. 6  Comparison of normalized subsurface settlement trough width between stochastic and deterministic analyses: 
(a) Pv=30%, ηt=0.5%; (b) Pv=50%, ηt=0.5%; (c) Pv=70%, ηt=0.5%; (d) Pv=30%, ηt=4.0%; (e) Pv=50%, ηt=4.0%; (f) Pv=
70%, ηt=4.0%. References to color refer to the online version of this figure

777



|    J Zhejiang Univ-Sci A (Appl Phys & Eng)   2025 26(8):771-786

Fig. 9  Variation of the COV of the maximum subsurface settlement with normalized depth from stochastic analysis 
results: (a) ηt=0.5%; (b) ηt=4.0%

Fig. 8  Comparison of normalized maximum subsurface settlement between stochastic and deterministic analyses: (a) Pv=30%, 
ηt=0.5%; (b) Pv=50%, ηt=0.5%; (c) Pv=70%, ηt=0.5%; (d) Pv=30%, ηt=4.0%; (e) Pv=50%, ηt=4.0%; (f) Pv=70%, ηt=4.0%. 
References to color refer to the online version of this figure

Fig. 7  Variation of the COV of subsurface settlement trough width with normalized depth from stochastic analysis 
results: (a) ηt=0.5%; (b) ηt=4.0%
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Regardless of ηt, the C b
S at the same depth increases 

with increasing Pv, and the C b
S for the case of higher ηt 

is always greater than that of lower ηt. When ηt=0.5%, 
the C b

S  for the same Pv but at different depths is not 
significantly different, and the C b

S does not change 
much with depth. Whereas, when ηt=4.0%, the C b

S for 
the same Pv but at different depths varies more signifi‐
cantly; as the depth increases, the C b

S first decreases 
and then increases, with a greater change in amplitude 
as the Pv increases.

3.2.3　Subsurface soil volume loss rate

For tunnelling in drained soil (e.g., sandy cobble 
soil), the volumetric deformation (i.e., contraction or 
dilation) of the soil occurs due to shear, meaning that 
subsurface soil volume loss rate ηs(z) varies with depth 
(z) and is not equal to the tunnel volume loss rate (ηt). 
According to the localized response of volumetric de‐
formation, Wang et al. (2024) proposed three volumet‐
ric deformation modes (modes I, II1, and II2) of sandy 
cobble soil, as shown in Fig. S3 of the ESM. Fig. 10 
compares the results of stochastic and deterministic 
analyses of the normalized subsurface soil volume loss 
rate (ηs(z)/ηt) with normalized depth (z/z0) when ηt=
0.5% and 4.0%. Overall, the soil above the tunnel 
crown tends to have a more dilative (less contractive) 
volumetric deformation response for the case of higher 
Pv or higher ηt. Conversely, the case with lower Pv or 

lower ηt tends to evoke a more contractive (less dila‐
tive) response. These results are consistent with the 
deterministic analysis results.

Furthermore, although the mean value of the sto‐
chastic analysis results does not differ significantly 
from that of the deterministic analysis results (i.e., the 
volumetric deformation mode of the soil obtained 
from the mean value of stochastic analysis results is 
consistent with that from the deterministic analysis), 
from the probabilistic perspective, there is still a cer‐
tain probability that the stochastic analysis results may 
yield a different volumetric deformation mode. As 
shown in Fig. 10c, both the deterministic analysis 
results and the mean value of the stochastic analysis 
results indicate that the volumetric deformation mode 
of the soil above the tunnel crown should belong to 
mode II1. Namely, only a small region of the soil close 
to the tunnel crown has a considerable localized dila‐
tive response, while the rest of the soil has a localized 
contractive response. Also, for the overall response, 
the soil close to the tunnel crown is dilative, while the 
rest of the soil is contractive. However, in Fig. 10c, for 
some of the stochastic analysis results, both the overall 
and localized volumetric deformation responses of the 
soil are contractive at any depth, indicating that the 
volumetric deformation mode of the soil should belong 
to mode I. Therefore, neglecting the spatial variability of 
soil properties and relying solely on the mean values of 

Fig. 10  Comparison of normalized subsurface soil volume loss rate between stochastic analysis and deterministic 
analysis: (a) Pv=30%, ηt=0.5%; (b) Pv=50%, ηt=0.5%; (c) Pv=70%, ηt=0.5%; (d) Pv=30%, ηt=4.0%; (e) Pv=50%, ηt=4.0%; 
(f) Pv=70%, ηt=4.0%. References to color refer to the online version of this figure
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material parameters for deterministic analysis may not 
be sufficient to accurately assess the volumetric defor‐
mation mode of the soil above the tunnel crown, poten‐
tially affecting the prediction of subsurface settlement.

The variation of the COV (Cη) of subsurface soil 
volume loss rate (ηs(z)) with normalized depth (z/z0) 
from the stochastic analysis results is shown in Fig. 11. 
Regardless of ηt, the Cη at the same depth always in‐
creases with the increase of Pv, and the Cη for the case of 
higher ηt is always greater than that of lower ηt. When 
ηt=0.5%, the Cη for the same Pv increases with depth. 
Whereas, when ηt=4.0%, as the depth increases, the Cη 
for the same Pv first decrease, then increase, and then 
continues to decrease with a relatively small magnitude.

4 Discussion 

The key input parameters in a random field, such 
as the COVs (CE and Cφ), horizontal and vertical scales 
of fluctuation (δh and δv), and cross-correlation coeffi‐
cient of material parameters (ρφ,E), are generally obtained 
based on statistical analysis of a large amount of field 
measurement data. However, in geotechnical engi‐
neering, the available field measurement data are often 
limited and insufficient to obtain accurate values of 
each input parameter. Therefore, considering the spa‐
tial variability of the reference stiffness modulus (E ref

50 ) 
and friction angle (φ) of sandy cobble soil, this section 
discussed the impacts of the key input parameters in a 
random field (CE, Cφ, δh, δv, and ρφ,E) on the stochastic 
analysis results of ground settlement. The values of 
the input parameters in the random field are shown in 
Table 1. Here, only the case of Pv=50% and ηt=2.0% 
was considered. When discussing the effect of an input 

parameter, other parameters were kept constant at their 
values indicated in bold in Table 1.

4.1 Effect of Cφ

The effect of Cφ on the variation of the COVs 
(C b

S  and Cη) of the stochastic analysis results for maxi‐
mum subsurface settlement (S b

max) and soil volume loss 
rate (ηs(z)) with normalized depth (z/z0) is depicted in 
Fig. 12. As the Cφ increases, both the C b

S and Cη at the 
same depth significantly increase. For the case of lower 
Cφ, both the C b

S  and Cη do not vary much with depth. 
Whereas, as the Cφ increases, the variation of the COVs 
with depth becomes more noticeable. Additionally, as 
the depth increases, both the C b

S and Cη slightly decrease 
near the ground surface and then gradually increase.

For the mean value of the normalized maximum 
subsurface settlement, as shown in Fig. S4a of the ESM, 
the mean value increases gradually with depth, and the 
mean value at the same depth slightly decreases as the 
Cφ increases. In Fig. S4b of the ESM, the mean value 
of the normalized subsurface soil volume loss rate does 
not differ significantly, and the corresponding volu‐
metric deformation modes of the soil are all mode II2, 
which is the same as the deterministic analysis result. 
In this case, the localized volumetric deformation re‐
sponse of the soil is identical to mode II1, while the 
overall response is dilative at any depth due to the cumu‐
lative effect of the volumetric deformation.

4.2 Effect of CE

The effect of CE on the variation of the mean value 
and COV (C b

S) of the stochastic analysis results for 
maximum subsurface settlement (Smax) with normal‐
ized depth (z/z0) is shown in Fig. S5a of the ESM and 

Fig. 11  Variation of the COV of subsurface soil volume loss rate with normalized depth from the stochastic analysis 
results: (a) ηt=0.5%; (b) ηt=4.0%
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Fig. 13a. The mean value of Smax at the same depth 
increases slightly with the increase of CE, while the 
C b

S  at the same depth increases significantly. Overall, 
except for depths near the ground surface and near the 
tunnel crown, the C b

S at different depths do not vary 
much. Comparing Figs. 12a and 13a, tunnelling-induced 
ground settlement is more sensitive to the variability 
of the friction angle than that of the reference secant 
modulus. This finding aligns with the result reported 
by Li et al. (2019). The reason may be that the fric‐
tion angle, a critical parameter for assessing soil shear 
strength, is directly related to the shear capacity of soil 
and the development of plastic zones. The variability 
of the reference secant modulus can influence the mag‐
nitude of soil deformation, but this effect is generally 
not as critical as that of the friction angle.

Fig. S5b of the ESM and Fig. 13b depict the 
effect of CE on the variation of the mean value and COV 
(Cη) of the stochastic analysis results for soil volume loss 
rate (ηs(z)) with normalized depth (z/z0), respectively. 

The mean values of the stochastic analysis results 
under different CE values do not differ significantly, 
and the corresponding volumetric deformation modes 
of the soil are all mode II2. Moreover, as the CE in‐
creases, the volumetric deformation mode of the soil 
tends more towards mode II1. The Cη changes slightly 
with depth. Additionally, the Cη at the same depth 
increases significantly as the CE increases.

4.3 Effect of δh

The effect of δh on the variation of the C b
S and Cη 

with normalized depth (z/z0) is depicted in Fig. 14. 
Both the C b

S  and Cη at the same depth increase gradu‐
ally with the increase of δh; after the δh reaches 30 m 
(five times the tunnel diameter), the C b

S  and Cη no 
longer increase significantly but fluctuates within a 
small range. Moreover, as the depth increases, the C b

S 
slightly decreases near the ground surface and then con‐
tinues to increase gradually, while the Cη continues to 
increase gradually.

Fig. 12  COVs of stochastic analysis results under different Cφ values: (a) maximum subsurface settlement; (b) subsurface 
soil volume loss rate

Fig. 13  COVs of stochastic analysis results under different CE values: (a) maximum subsurface settlement; (b) subsurface 
soil volume loss rate
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The variation of the mean value for maximum 
subsurface settlement and soil volume loss rate with 
depth under different δh values is shown in Fig. S6 of 
the ESM. The δh has a negligible effect on the mean 
value of the stochastic analysis results and can be dis‐
regarded. All the volumetric deformation modes of 
the soil belong to mode II2 (Fig. S6b).

4.4 Effect of δv

As shown in Fig. S7 of the ESM, the mean values 
of both Smax and ηs(z) are almost unaffected by the δv, 
and all the corresponding volumetric deformation 
modes of the soil are mode II2. Fig. 15 presents the 
effect of δv on the variation of the C b

S and Cη with nor‐
malized depth. The C b

S and Cη at the same depth sig‐
nificantly increase with the increase of δv. In addition, 
as the depth increases, the C b

S and Cη decrease slightly 
near the ground surface and then gradually increase, 
but the magnitude of change is not significant.

Fig. 16 illustrates the effects of δh and δv on the 
probability of maximum surface settlements exceeding 
the allowable values (Smax>S a

max). There is only a minor 
difference among the cumulative probability distribu‐
tion curves under different δh values, whereas there is 
a more significant difference among those under dif‐
ferent δv values. This indicates that the vertical scale 
of fluctuation δv has a more pronounced effect on the 
probabilistic characteristics of surface settlement than 
the horizontal scale of fluctuation δh.

4.5 Effect of ρφ,E

Engineering experience suggests that the friction 
angle tends to exhibit a positive correlation with the 
reference secant modulus. Fig. S8 of the ESM and 
Fig. 17 present the effect of ρφ,E on the variation of the 
mean value, C b

S , and Cη with normalized depth. The 
mean values of both Smax and ηs(z) are almost unaffected 
by the ρφ,E, while the C b

S  and Cη at the same depth 

Fig. 15  COVs of stochastic analysis results under different δv values: (a) maximum subsurface settlement; (b) subsurface 
soil volume loss rate

Fig. 14  COVs of stochastic analysis results under different δh values: (a) maximum subsurface settlement; (b) subsurface 
soil volume loss rate
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decrease with the increase of ρφ,E. However, the variation 
of ρφ,E has a relatively minor impact on the C b

S and Cη. 
The reason may be that the friction angle and reference 
secant modulus characterize different mechanical prop‐
erties of sandy cobble soil. The friction angle indi‐
cates the shear strength of the soil, while the reference 
secant modulus indicates the stiffness or deformation 
characteristics, exhibiting relative independence in their 
physical significance. Even if there is a certain corre‐
lation between the two parameters, the effect of the 
correlation on ground settlement may be overshadowed 
by the high sensitivity to the friction angle. In addi‐
tion, as the depth increases, the C b

S  and Cη decrease 
slightly near the ground surface and then gradually in‐
crease, but the magnitude of change is not significant.

5 Conclusions 

Considering the spatial variability of the friction 
angle and reference secant modulus of sandy cobble 

soil, this study employed the non-intrusive random 
finite difference method to investigate the probabilistic 
characteristics of surface and subsurface settlements 
induced by volume loss of shield tunnels based on 
random field theory and Monte Carlo simulation strat‐
egy. The main conclusions are as follows.

(1) The volumetric block proportion (Pv) and tunnel 
volume loss rate (ηt) have significant effects on the 
dispersion of the stochastic analysis results for settle‐
ment characteristics. The higher the Pv or the greater the 
ηt, the higher the dispersion of the stochastic analysis 
results. Moreover, the lower the Pv or the lower the ηt, 
the higher the probability of the stochastic analysis 
results exceeding the deterministic analysis results. In 
this case, the surface and subsurface settlements are 
more likely to be underestimated if deterministic anal‐
ysis is conducted using only the mean values of mate‐
rial parameters and neglecting the spatial variability 
of soil properties.

(2) Variation in the mean value of the stochastic 
analysis results for soil volume loss rate with depth 

Fig. 16  Effects of δh and δv on the probability of maximum surface settlements exceeding the allowable values: (a) δh; (b) δv

Fig. 17  COVs of stochastic analysis results under different ρφ,E values: (a) maximum subsurface settlement; (b) subsurface 
soil volume loss rate
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generally exhibits no significant deviation from the 
deterministic analysis results. Specifically, the volu‐
metric deformation mode of the soil derived from the 
mean value of stochastic analysis results aligns consis‐
tently with that obtained through deterministic analysis. 
However, from the probabilistic perspective, there is 
still a certain probability that the stochastic analysis 
results may yield a volumetric deformation mode differ‐
ent from that of the deterministic analysis. Therefore, 
neglecting the spatial variability of soil properties and 
relying solely on the mean values of material parame‐
ters for deterministic analysis may be insufficient to 
accurately assess the volumetric deformation mode of 
the soil above the tunnel crown, potentially affecting 
the prediction of subsurface settlement.

(3) The mean value of the stochastic analysis re‐
sults for settlement characteristics decreases slightly 
with the increase of Cφ, but increases slightly with the 
increase of CE. Relatively speaking, the values of δh, 
δv, and ρφ,E have a negligible impact on the mean value 
of the stochastic analysis results.

(4) The COVs of the stochastic analysis results for 
settlement characteristics at the same depth increase 
with the increase of Cφ, CE, and δv. For the effect of δh, 
the COVs at the same depth increase gradually; after 
the δh reaches five times the tunnel diameter, the COVs 
no longer increase significantly but fluctuate within a 
small range. Moreover, the impact of δv on the proba‐
bilistic characteristics of ground settlements is more 
significant than that of δh. Additionally, the COVs at 
the same depth decrease with the increase of ρφ,E.
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