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Abstract: We propose a three-neuron heterogeneous cyclic Hopfield neural network (het-CHNN) utilizing three different activation
functions: the hyperbolic tangent, sine, and cosine functions. The network’s globally uniformly ultimate boundedness is proved
theoretically, and its chaotic dynamics are explored through numerical simulations and analog experiments. The numerical results
demonstrate that the het-CHNN displays chaotic dynamics and multi-scroll chaotic attractors. Subsequently, the het-CHNN is
implemented in an analog circuit, and hardware experiments are performed to verify the previous numerical results. Notably, the
het-CHNN successfully resolves the issue of the absence of chaos in a three-neuron CHNN and currently appears to be the simplest
three-neuron Hopfield neural network (HNN) that can generate chaos.
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1 Introduction

Hopfield neural networks (HNNs) have attracted
considerable research attention due to their unique net-
work framework and their ability to produce complex
dynamics similar to those in the brain (Hopfield, 1982).
HNNSs are regarded as a specific type of dynamical
system (Lin et al., 2022). Similar to most dynamical
systems, HNNs exhibit complex dynamics due to their
inherent activation functions (Rech, 2015). Recently,
many improved versions of HNNs have been proposed,
such as the memristive bi-neuron HNN (Li et al., 2024b),
conventional three-dimensional (3D) HNN (Bao et al.,
2019; Njitacke et al., 2021), magnetized HNN (Wan
et al., 2023), memristor-driven HNN (Lai et al., 2023;
Lin et al., 2023; Yu et al., 2023), two-memristor-driven
HNN (Bao H et al., 2024; Li et al., 2025), locally active
memristive HNN (Tang et al., 2024), dual-neuron mem-
ristive HNN (Liu et al., 2025), fractional-order HNN
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(Xu et al., 2022), and diagonal rotor HNN (Kobayashi,
2020). These improved models have furthered the un-
derstanding of the intrinsic dynamics of HNNs (Danca
and Kuznetsov, 2017) and are beneficial for many HNN-
based industrial applications (Bao BC et al., 2024; Lai
et al., 2024; Yu et al., 2025a, 2025b).

In the aforementioned studies, the hyperbolic tan-
gent function is generally used as the activation func-
tion for the neurons in HNNs; moreover, the same ac-
tivation function is used for each neuron, indicating
that the neurons are homogenous. However, it is widely
believed that the brain contains a broad variety of com-
plex neurons, reflecting its sophisticated nature (Zhang
et al., 2021; Prescott and Liberles, 2022). Such charac-
teristics of neural network dynamics have been stud-
ied for various types of neurons (Chen et al., 2024). Fur-
thermore, the heterogeneity of HNNs is considered the-
oretically similar to the pathogenesis of some neurolog-
ical disorders (such as Parkinson’s disease) (Gratwicke
et al., 2015). Therefore, the study of heterogeneous
HNNs with varying neuron types holds great practical
significance in the field of biology. However, research
on heterogeneous activation functions in HNNs has not
received sufficient attention, with relatively few pub-
lished studies available (Wang et al., 2024).
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The unidirectional cyclic HNN (CHNN) has a rel-
atively simple connection structure. In the neurons of
an HNN, the unidirectional connection weights with a
gradient distribution of energy dominate, and through
adaptive connection weights, energy balance and phase
locking can be easily achieved (Xie et al., 2022; Ma,
2023; Lei et al., 2025). Unfortunately, it has been dem-
onstrated that the three-neuron CHNN fails to present
chaotic dynamics (Yang, 2008). To address this issue,
a four-dimensional memristive three-neuron CHNN
based on changeable connection weights was con-
structed to exhibit chaotic and coexistence behaviors
(Bao et al., 2022). In this study, we expand upon these
works and propose a novel 3D heterogeneous CHNN
(3D het-CHNN) with three neurons and without self-
connections, which employs three different activation
functions. Due to the plasticity of neurons (McFarlan
et al., 2023), connections between neurons may be dis-
rupted in certain diseases, such as epilepsy, schizophre-
nia, and Alzheimer’s disease (Korn and Faure, 2003),
resulting in the absence of self-connections; thus, our
proposed network emulates this biological phenome-
non. Although the network is unidirectional and has no
self-connections, it is capable of generating strange
multi-scroll chaotic attractors. We demonstrate that the
3D het-CHNN is a highly simple three-neuron HNN
that can generate chaos. Studying the dynamical be-
havior of this novel HNN architecture therefore has
both theoretical and practical significance.

Furthermore, compared with single-scroll attrac-
tors, multi-scroll chaotic attractors have more complex
motion trajectories and topological structures, with their
trajectories being able to randomly jump between mul-
tiple different attractor scrolls (Lai et al., 2024; Tang
et al., 2024). Neuronal firing behavior in the brain ex-
hibits similar complexity and diversity in terms of tra-
jectories and attractors. Therefore, the multi-scroll cha-
otic attractor discovered in the proposed 3D het-CHNN
reflects the complexity of brain dynamics.

The rest of this study is organized as follows. Sec-
tion 2 presents the architecture of the 3D het-CHNN
and investigates its boundedness and equilibrium point
stability. Section 3 explores its bifurcation dynamics,
multi-scroll chaotic attractor, and bi-stability through
numerical simulations. In Section 4, the 3D het-CHNN
is implemented with an analog circuit to validate the
numerical results. Finally, Section 5 summarizes the
findings.
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2 Heterogeneous CHNN with three neurons

In this section, we propose a novel 3D het-CHNN
with three different types of activated neurons. Based
on its mathematical model, the boundedness and equi-
librium point stability are investigated for the 3D
het-CHNN.

2.1 Model descriptions

HNNs have been widely studied due to their unique
framework and their ability to produce complex dynam-
ics similar to those in the brain. The 3D het-CHNN with
three neurons is described by:

x=-x+Gf (x), (1)
where x=[x,, x,, x,]'"e R’ is the membrane potential
vector, G=[g,]eR™ is the synaptic weight matrix, and
SO)=[fi(x), f,(x,), fi(x,)]'eR’ is the activation function
vector.

The 3D het-CHNN framework is illustrated in
Fig. 1. It is a 3D ordinary differential dynamical system
composed of three neurons that are unidirectionally
and cyclically connected. Three activation functions—
the hyperbolic tangent, sine, and cosine nonlinearities—
were used as the activation functions of the neurons.
Hence, the activation function vector is described as:

f(x) =[tanhx,, sinx,, cosxs]T.

2

Fig. 1 Framework of the three-neuron het-CHNN without
self-connections

These three diverse activation functions enable the
HNN to achieve heterogeneous connections.

Notably, the hyperbolic tangent function exhibits
monotonic nonlinear characteristics, while the sine and
cosine functions both have non-monotonic nonlinear
characteristics. The literature (Lin and Chen, 2009) has
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reported that using non-monotonic activation functions
in neural networks can enhance their memory capabil-
ities, and due to the resulting expansion in the number
of equilibrium points, diverse chaotic dynamics are
more likely to be triggered. These advantages have been
confirmed in neural networks that incorporate sine or
cosine activation functions (Chen et al., 2021; Zhou
et al., 2026).

In Fig. 1, one can see that none of the three neu-
rons have self-connections, so elements g,, g,,, and g,
do not appear in the synaptic weight matrix, i.e., g,=
0, g,,=0, and g,;=0. Furthermore, since the three neu-
rons are connected in a unidirectional, clockwise, and
circular manner, the elements g,,, g,,, and g,, do not
exist in the synaptic weight matrix, i.e., g,,=0, g,=0,
and g,,=0. Therefore, according to the framework, the
synaptic weight matrix can be written as:

gn 81 8n 0 g, O
G=|82y &» &»|=|0 0 g, 3)
831 8n 83 g 0 0

By combining the expressions in Egs. (1)—(3), the
mathematical model of the 3D het-CHNN can be re-
written in a concise form as:

X, =—Xx,+g,sinx,,

X,=—X,+g,; COS X;, 4)
X;=—X;+g; tanhx,.

This indicates that the 3D het-CHNN is a simple
dynamical system with three nonlinear coupling terms.
In particular, the 3D het-CHNN is the simplest three-
neuron HNN that can present chaotic dynamics, thus
successfully resolving the issue of the absence of chaos
in a three-neuron CHNN.

We set the synaptic weights as g,=4.2, g,,=12.0,
and g,=-8.6 and determine the initial states as IS=[x,(0),
x,(0), x,(0)]=(0.001, 0, 0). The fourth-order Runge-
Kutta (RK-4) method with a step size of 0.01 is used
for the numerical simulations in MATLAB, with Wolf’s
Jacobi algorithm with a step size of 1 and a time end of
15000 used for calculating the Lyapunov exponents
(LEs) (4,, 4,, 4,). The 3D het-CHNN can produce a multi-
scroll chaotic attractor with (4,, 4,, 4,)=(0.2380, —0.0001,
-3.2679), and its phase orbits in the x,-x, and x,-x,
planes are drawn in Fig. 2. Interestingly, the generated
chaotic attractor presents a complex multi-scroll geo-
metric structure.

Fig. 2 Phase orbits of the multi-scroll chaotic attractor in
the (a) x,—x, plane and (b) x,—x, plane for g,,=4.2, g,.=12.0,
2,=38.6, and I1S=(0.001, 0, 0)

2.2 Proof of boundedness

Consider a nonlinear dynamical system given by:
x=h(t x), %)

where 4: R, xD—R" is piecewise continuous in time ¢
and is locally Lipschitz in x on R,xD, and DCR" is a
domain that contains the origin. To demonstrate the
uniform boundedness and ultimate boundedness of the
system in Eq. (5), we use the following definition.
Definition 1 (Khalil, 2002, Definition 4.6) The so-
lutions of Eq. (5) are:

(1) uniformly bounded if there exists a positive
constant ¢, independent of >0, and for every ae(0, ¢),
p=F£(a)>0, independent of #,, such that

Ix() I <a= x| <p. Vizt,;

(2) globally uniformly bounded if Eq. (5) holds
for arbitrarily large a;

(3) uniformly ultimately bounded with ultimate
bound b if there exist positive constants » and ¢, inde-
pendent of 7,20, and for every ae(0, c), there is 7=T{(a,
b)=0, independent of #,, such that

[x(t) | <a=|x(@)| <b, Vt=t,+T;

(4) globally uniformly ultimately bounded if Eq. (5)
holds for arbitrarily large a.

With the mathematical model in Eq. (4), we can
prove that both the periodic orbits and chaotic orbits
of the het-CHNN are confined within a congruous
bounded region.

Since the absolute values of the derivatives of the
three nonlinear terms in the 3D het-CHNN described by
Eq. (4) are all less than or equal to 1, the 3D het-CHNN



is globally Lipschitz continuous. Furthermore, the piece-
wise continuity of the 3D het-CHNN with respect to
time 7 is a naturally established and self-evident prop-
erty. Here, we present the proof of the globally uni-
formly ultimate boundedness of the 3D het-CHNN.

In reference to Li et al. (2024a), a Lyapunov func-
tion is constructed as:

V(x) =V (x, x5 x3) =0.5(x]+x3+x3),  (6)

where V(x) is positive definite for xeR’ and is radially
unbounded. The derivative of Eq. (6) is obtained as:

V(X)) =X,%,+ X0, + X%, =—x’ = X2 —x2+v(x), (7)
where
v(x) =g,x, sinx,+g,,x, Cosx;+ g, x; tanhx,. (8)
Since |sin x,|<1, |cos x,/<1, and |tanh x |<1, we can
obtain the following by using the inequality |pg|<0.5p™+

0.5¢:

|g.,x, sinx,| <0.5g7,+0.5x],
| g,,x, cosx;| <0.5g5+0.5x3, )
| g, x, tanhx, | <0.5g7 +0.5x3.

Substituting Egs. (8) and (9) into Eq. (7) yields:
V(x) <=0.5(x+x2+x2) +0.5(gh+g5+g2). (10)

According to the boundedness theorem of Khalil
(2002), let 10, and when || x || > i, we have:

V(x) <=0.5] x|’ +0.5G2, (11)

gn+gntga
Next, we select Oe(0, 1) and split the above in-
equality of Eq. (11) into:

where G =

V(x)<=0.5(1-0)] x| ~0.50] x| +0.5G> (12)

Then,

; : G
V(x)<=0.5(1-0)| x|, Y| x| zu=——. (13
x) < <1 vlx]>u NG (13)

J Zhejiang Univ-Sci A 2026 27(3):306-316 | 309

This indicates that when || x || =, the derivative
satisfies the negative definite condition. We conclude
that the solutions are globally uniformly ultimately
bounded.

An extra step can be performed to calculate the
ultimate bound. In this case, the upper bound o, and
lower bound «, of the Lyapunov function are obtained
as a,(r)=0.57" and a,(r)=0.5/°, where r is a positive
constant. Thus, according to Theorem 4.18 of Khalil
(2002), the ultimate bound can be determined as:

b=a; (ay(p)) = /‘;((‘1‘)) -

For the synaptic weights g,,=4.2, g,,=12.0, and g, =
—-8.6, one obtains:

(14)

G= /4224122 + (-8.6) ~15.349.

Selecting 6=0.5, the ultimate bound is b=G/\/ 6=
21.703.
By constructing the Lyapunov function and ana-

lyzing its derivative, the globally uniformly ultimate
boundedness of the 3D het-CHNN is strictly proven by
Theorem 4.18 of Khalil (2002), and the ultimate bound
is determined jointly by the synaptic weights and the
designed parameters 6.

Remark 1 The Lyapunov function ¥(x) in Eq. (6) is
a standard quadratic positive definite function, which
can be expressed as the energy function of the 3D het-
CHNN. From the above proof of boundedness, it can be
seen that the energy function is helpful for understand-
ing the boundedness of the 3D het-CHNN.

Remark 2 The energy function can illustrate the dissi-
pative nature of the 3D het-CHNN. Observing Eq. (11),
for large values of ||x||, the negative quadratic term plays
a dominant role, causing V (x) to be less than 0. This
indicates that the 3D het-CHNN is dissipative and that
its energy will eventually decrease. Then, the system
trajectory is bounded and will eventually become an
attractor.

2.3 Equilibrium points with stability types

We set the equilibrium point of the 3D het-CHNN
as P=(X,, X,, X;). Thus, we obtain:
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-X,+g,sinX,=0,
-X,+g,, cos X;=0,
—X;+g; tanh X, =0.

(15)

For the given synaptic weights, several non-zero
equilibrium points exist, which are described as:

P= (X, X,, g, tanh X)), (16)

where X, and X, are acquired through the non-zero in-
tersections of the following two curves:

h(X,, X)) =—X,+g,sinkX,,
h (X, X,) =—X,+g, cos(g,, tanh X,).

)
(18)

The Jacobian matrix at P=(X,, X,, X,) is obtained
from Eq. (4) as:

J=-I+Gf'(X), (19)
and the characteristic equation is thus
P(2) =det(M-J) =0, (20)

where 1 is the characteristic root, Ie R* represents
the unit synaptic matrix, and f’(X)=[sech’X,, cosX,,
—sinX,]"eR’ represents the derivative of the synaptic
matrix fix) at P=(X,, X,, X;).

When the synaptic weights in Eq. (3) are fixed,
the equilibrium points and corresponding eigenvalues
can be solved numerically for the 3D het-CHNN. For
fixed g,,=4.2, g,,=12.0, g,=—8.6, and 1S=(0.001, 0, 0),
the equilibrium points with stability types are solved,
and their projections on the X,—X, plane are depicted in
Fig. 3. The equilibrium points marked with blue, red,
and green represent the index-1 unstable saddle focus
(USF-1), the index-2 unstable saddle focus (USF-2),
and the stable node focus (SNF), respectively. Thus,
under this set of parameters, there are a total of 41 equi-
librium points, including 20 USF-1 points, 20 USF-2
points, and an SNF point. Meanwhile, the phase orbit
of the multi-scroll chaotic attractor in the x,-x, plane is
also plotted in Fig. 3.

It is well known that the USF-2 point is a neces-
sary condition for a dynamical system to generate a
self-excited chaotic attractor. Following the Shil’nikov
theorem presented in Silva (1993), when a dynamical
system adopts appropriate parameters, several USF-1

- USF-1
> USF-2|
SNF

_12 L L L
-45 -30 -15 0.0 1.5 3.0 4.5

Fig. 3 Equilibrium points with stability types as well as the
phase orbit of the multi-scroll chaotic attractor for fixed g,,=
4.2,g,=12.0, g,=—8.6, and 1S=(0.001, 0, 0)

and USF-2 points will exist. In the neighborhoods of
some of these equilibrium points, the dynamical sys-
tem may produce corresponding attractor bonds and
scrolls, thereby generating complex-structured multi-
scroll chaotic attractors (Wang et al., 2019). Naturally,
the greater the number of USF-1 and USF-2 points, the
greater the number of attractor bonds and scrolls in the
self-excited chaotic attractor.

For the 3D het-CHNN, it can be seen from Fig. 3
that the attractor scrolls overlap with a portion of the
USF-2 points, indicating that the attractor scrolls are
extremely correlated with the USF-2 points. Further-
more, due to the existence of an SNF point, any mo-
tion trajectory departing from the neighborhood of this
SNF point gradually approaches a stable attraction do-
main, eventually forming a point attractor. Therefore,
the motion trajectories starting from different initial
states have at least two dynamical behaviors, namely,
the multi-scroll chaotic attractor and the stable point;
this demonstrates the emergence of bi-stability in the
3D het-CHNN.

3 Bifurcation dynamics and chaotic attractors

In this section, the bifurcation dynamics, multi-
scroll chaotic attractor, and bi-stability are explored in
the 3D het-CHNN.

3.1 Bifurcation dynamics

The synaptic weight g,, is considered the bifurca-
tion parameter, which increases within the region [11,
16], and the other synaptic weights remain consistent
with the synaptic weights in Fig. 2. Meanwhile, the
initial states are determined as IS=(0.001, 0, 0). Note
that the MATLAB RK-4 method with a step size of



0.01 and time range of [900, 1000] is used for the bi-
furcation plot, and Wolf’s Jacobi algorithm with a step
size of 1 and time end of 15000 is used for the LE
spectra.

For g,, varying in the region [11, 16], the result-
ing bifurcation plot of the variable x, and the three LE
spectra are shown in Figs. 4a and 4b, respectively.
Clearly, the bifurcation behaviors observed in the bi-
furcation plot are consistent with those described by the
LE spectra. Thus, various chaotic and periodic behav-
iors, as well as different types of chaotic and periodic
bubble behaviors, are observable in the 3D het-CHNN.

8 ‘ T U
11.0 11.5 12.0 12.5 13.0 13.5 14.0 145 15.0 155 16.0
g23

(@)
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b,y B WA B

-35 i h PTG R " il
11.0 11.5 12.0 12.5 13.0 13.5 14.0 14.5 15.0 15.5 16.0
923
(b)

Fig. 4 Bifurcation behaviors when g,, is varied in the region
[11, 16] for fixed g ,=4.2, g,,=—8.6, and 1S=(0.001, 0, 0): (a)
bifurcation plot of x,; (b) three LE spectra

The synaptic weight-related bifurcation behaviors
are illustrated by the results in Fig. 4. The chaotic orbits
with one positive, one zero, and one negative LE are
mainly located in the three regions of [11.44, 12.86],
[13.44,13.84], and [14.15, 14.79]. In these regions dom-
inated by chaotic behaviors, there are numerous inter-
spersed periodic windows, indicating the existence of
complex evolving dynamics. The periodic orbits with
one zero and two negative LEs are mainly distributed
in the four regions of [11.00, 11.43], [12.87, 13.43],
[13.85, 14.00], and [14.80, 16.00]. In these regions
dominated by periodic behaviors, there are multiple
chaotic and periodic bubbles, reflecting the emergence
of complete and incomplete period-doubling bifurca-
tion routes.

It is well known that by slowly changing bifurca-
tion control parameters, periodic orbits can be generated
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and then disappear in reverse period-doubling bifurca-
tion scenarios (Ding et al., 2024). This generation and
destruction of periodic orbits is a phenomenon called
anti-monotonicity, or bubble dynamics, and has been
observed in many nonlinear dynamical systems (Liu
etal., 2025).

The chaotic and periodic bubbles can be explained
in detail by referring to the local bifurcation behaviors
shown in Fig. 4. When g,, is varied in the regions of
[13.28, 13.33] and [15.34, 15.64], the bifurcation plot
of the variable x, and the first two LE spectra are shown
in Figs. 5a and 5b, respectively. In the LE spectra, when
4=0 and /4, increases from a negative value and reaches
zero, in the bifurcation plots, the trajectory splits from
one into two or merges from two into one path, and a
forward or reverse period-doubling bifurcation occurs
at this time. Fig. 5a presents the forward and reverse
complete period-doubling bifurcation scenarios, and
Fig. 5b shows the forward and reverse incomplete
period-doubling bifurcation scenarios, i.e., the anti-
monotonicity phenomenon.

1.8 -02 ——
T e——— i
>€ 12 T ee— < —06 =
0.6 -1.0 -
0.2 02— —— 5
y 0.0 | " 0.0
-0.2 i —02f ¥ N Ty
—04l—M Ao | 1) S S —
13.280 13.305 13.330 1534 1544 1554 15.64
02 02

(@) (b)

Fig. 5 Partial bifurcation behaviors described by the
bifurcation plots and the first two LE spectra when g, is
varied in two different regions: (a) [13.28, 13.33]; (b) [15.34,
15.64]

3.2 Multi-scroll chaotic attractors

According to the bifurcation dynamics shown in
Fig. 4, when g,,=12.0, a multi-scroll chaotic attractor is
generated in the 3D het-CHNN; its phase orbit in the
x,—x, plane is depicted in Fig. 3. When the other two g,,
values are selected, two multi-scroll chaotic attractors
similar to the previous case are also produced in the
3D het-CHNN; their phase orbits in the x,—x, plane are
drawn in Fig. 6.

Specifically, for g,,=13.5, Fig. 6a presents the
multi-scroll chaotic attractor with (4,, 4,, 4,)=(0.1809,
-0.0001, -3.2108), while for g,,=14.6, Fig. 6b shows
the multi-scroll chaotic attractor with (4, 4,, 4,)=(0.1206,
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Fig. 6 Equilibrium points with stability types as well as the
phase orbits of the multi-scroll chaotic attractor for fixed
g.,=4.2, g,=-8.6, and 1S=(0.001, 0, 0) with two different g,,
values: (a) g,,=13.5; (b) g,,=14.6

—-0.0003, —3.1503). Meanwhile, for the two g,, values,
the equilibrium points with stability types are solved
for, and their projections on the X,—X, plane are drawn
in Figs. 6a and 6b, respectively. For these two differ-
ent parameters, the positions of the equilibrium points
change slightly, but their numbers and stability types
remain unchanged.

3.3 Evolution of bi-stability

Because there is a stable point and a large num-
ber of unstable points in these equilibrium points, the
3D het-CHNN can show bi-stability with the coexis-
tence of two attractor types. To this end, we utilize the
variations in different stability distribution regions in
the basins of attraction to characterize the evolution of
bi-stability with the synaptic weights.

To explore the attraction domains of these two
types of coexisting attractors, a basin of attraction is
used to distinguish between the long-term dynamical be-
haviors of different initial states. By scanning each ini-
tial state on the x,(0)-x,(0) plane with fixed x,(0)=8.6,
the basins of attraction (marked in different colors) are
generated, and the results for three different g,, values
are shown in Fig. 7. Note that the red and blue zones

15 15 15
@ 5 5 5
x' -5 -5 -5
-15 -15 -15
=15 ' =5 5 15 ~-15 -5 5 15 ~-15 -5 5 15
x:(0) x(0) x:(0)

Fig. 7 Basins of attraction in the x,(0)—x,(0) initial plane
for IS=[x,(0), x,(0), 8.6] with different g,, values: (a) g,.=12.0;
(b) g,,=13.5; (c) g,,=14.6. The multi-scroll chaotic attractor
and the point attractor are marked with red and blue regions,
respectively

represent the attraction domains of the two types of
coexisting attractors.

As illustrated in Fig. 7, for these three different g,,
values, two different attraction domains exist in these
basins of attraction. Among them, the red zones for the
multi-scroll chaotic attractors play a dominant role, and
as the synaptic weight g,, increases, the blue zones for
the stable point attractors gradually shift upward. How-
ever, on the whole, the coexistence of multi-scroll cha-
otic attractors and stable point attractors can still be
maintained under different g,, values, indicating the ex-
istence of bi-stability in the 3D het-CHNN.

4 Analog circuit design and experiments

Using commercial electronic components, an ana-
log circuit is developed to implement the 3D het-CHNN
and validate the earlier numerical results.

4.1 Analog circuit design

Circuit implementation of HNNs is a crucial step
in promoting their practical application. To this end,
an analog circuit implementing the 3D het-CHNN is
established, which is depicted in Fig. 8. It has three inte-
gration channels, each of which is followed by an activa-
tion function module. Three integration channels are re-
spectively realized by operational amplifiers (U,, U,,
and U,), and they have the same time constant achieved

R
VAVA
1L
IIC
o—AW—e-
R, U,
R
VWA | ADB39 W I
om o L !
°=AVAVAV7 X2 H_—o\/b
Ve R, +U4 (; | _L__ m = |
L vl T wesin)
W T aosse v |
——% R: ;
oO—MA\ o—X, W -—o
Va R, U, = X | ~Ve
+ = =
L7 LT Y sl

Fig. 8 Analog circuit for implementing the 3D het-CHNN,
where two PN2222A transistors are used to implement the
hyperbolic tangent module, and two AD639AD chips are
used to implement the sine and cosine modules



by reference resistor R and reference capacitor C. Their
input resistances are R,, R,, and R,. The capacitor volt-
ages v,, v,, and v, in the three integrator channels cor-
respond to the state variables x,, x,, and x, in Eq. (4),
respectively.

The hyperbolic tangent module in the first inte-
gration channel can be designed with reference to Bao
et al. (2019), which consists of two operational ampli-
fiers (U, and U,), two PN2222A triode transistors (T,
and T,), a bias current source /,, a bias voltage source
E,, two collector resistors with the same resistance R,
a feedback resistor with resistance R,, and five resis-
tors with resistance R. Setting the element parameters
to R=10 kQ, R=1 kQ, R=520 Q, E=15V, and /=
1.19 mA, the hyperbolic tangent module model is thus
v=tanh(v,). The sine and cosine modules in the second
and last integration channels are designed with two
ADG639AD trigonometric function converters (U, and
U,) and two inverters (U, and U,) (Chen et al., 2019).
Here, E, is the bias voltage of U,, and R, and R, are
the input resistances of U, and U,, respectively. When
X, is connected to v, and X, is grounded, W outputs a
value of 10sin(v,). By setting R,=1 kQ and R=10 kQ,
the sine module model is v,=—(R,/R)*10sin(v,)=—sin(v,).
When X, is connected to v,, X, is connected to £,, and
X, is grounded, W outputs a value of Scos(v,). By set-
ting R=2 kQ, R=10 kQ, and E,=5 V, the cosine module
model is v=—(R/R)*5cos(v,)=—cos(v;).

Therefore, the circuit equations for implementing
the circuit in Fig. 8 can be established as:

r% =V + £sinv
dt - 1 R] 29
d R

T% =—V,+ ECOS Vs, (21)
dv R

TT; =—V;— Etanhvl,

where 7 is a time constant and 7=RC=10 kQ*10 nF=
100 ps. Using the synaptic weights shown in Fig. 2,
the resistances are calculated as R=R/g,,=2.38 kQ, R=
R/g,=833 Q, and R=R/|g,|=1.16 kQ. Thus, the multi-
scroll chaotic attractor in Fig. 2 can be realized by this
circuit implementation of the 3D het-CHNN.

4.2 Analog circuit experiments

Based on the analog circuit designed in Fig. 8, a
hardware circuit board can be fabricated, as shown in
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Fig. 9a. Here, TLO82CP and AD711JN operational am-
plifier chips, AD639AD trigonometric function con-
verter chips, chip capacitors, PN2222A triode transis-
tors, precision potentiometers, and chip resistors, as well
as +5 and £15 V voltage supplies, are utilized. Mean-
while, a digital oscilloscope is used to capture the phase
orbits in the X-¥Ymode. When tuning R =2.24 kQ, R,=
790 Q, and R,=1.16 kQ, the experimental hardware
setup with the captured multi-scroll chaotic attractor is
portrayed in Fig. 9b, thus verifying the numerical re-
sults shown in Fig. 2.

Main circuit

(a) (b)

cos() module

Fig. 9 Hardware setup: (a) hardware circuit board; (b)
experimental platform

Considering the numerical results of Fig. 6, the
multi-scroll chaotic attractors are obtained experimen-
tally for two different resistances of R,, and the result-
ing phase orbits on the v,-v, phase planes are displayed
in Fig. 10, where V/div refers to the voltage represented
by each grid on the oscilloscope. Ignoring the errors in
the resistance values, the experimental results demon-
strate that the 3D het-CHNN can generate multi-scroll
chaotic attractors, therefore verifying the numerical re-
sults in Fig. 6 and demonstrating the validity of the de-
signed analog circuit.

Vv, (3 V/div)
v, (3 V/div)

v, (600 mV/div) v, (600 mV/div)
(a) (b)

Fig. 10 Experimental phase orbits of the multi-scroll chaotic
attractors following the results in Fig. 6: (a) R,=698 Q; (b) R,=
649 Q

It should be noted that the proposed 3D het-
CHNN is implemented based on the AD639AD trigo-
nometric function converter chip, and the experimental
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phase orbits of the multi-scroll chaotic attractors were
successfully obtained from the hardware circuit board.
Although analog circuit implementations using this
function converter have been sporadically mentioned
in the literature (e.g., Chen et al., 2020), only a few
phase orbits of a dynamical system have been observed
in such studies. Consequently, the present analog circuit
has great practical significance, as it simplifies analog
circuit implementation to facilitate potential applica-
tions of artificial intelligence (Zhang et al., 2025).

4.3 Error analysis of hardware experiments

In our hardware experiment, there was a discrep-
ancy between the theoretical value and the actual value
of the designed resistors used as synaptic weights. This
is because there are inherent parasitic parameters in the
PN2222A triode transistor, the AD639AD trigonomet-
ric converter, and other components, as well as exter-
nal electromagnetic interference and instrument mea-
surement errors. These result in inaccuracies in the
hardware experimental measurements.

The absolute percentage error (E,;,) is used to eval-
uate the error between the theoretical and actual values
of the designed resistors. It is expressed in the form of
a ratio as:

R Actual R

R Actual

Theory

E,= ‘ x 100%, (22)

where R, represents the actual value and Ry, rep-
resents the theoretical value of the resistor.

Table 1 E,, values of R, = and R,,,, for different values of
g, and g,,

Weight Riors R, E,,
g,=4.2 R 1.0 =2.38kQ R, ~224kQ  6.25%
&:=12.0  R,.,,,=833Q R, pua=790 Q 5.44%
25135 Ryp,,, =741 Q R, =098 Q 6.16%
g,=146 R, .=685Q R, 5 ua =649 Q 5.55%

For different values of g,, and g,,, the theoretical
values of resistors R, and R, can be computed using
R 1oy=R/g1, and R, =R/g,,, and the actual values of
resistors R, and R, can be obtained through hardware
experiments. The E,, values are evaluated according to
Eq. (22) and presented in Table 1. Accordingly, the max-
imum error between the theoretical and actual values
is 6.25%, demonstrating that the hardware experiments
are reliable.

2,Theory

5 Conclusions

In this study, we proposed a novel neural net-
work architecture, the 3D het-CHNN. The hyperbolic
tangent, sine, and cosine functions were used as the
activation functions of the network’s three neurons.
Through theoretical proofs and numerical simulations,
the boundedness, dynamical behaviors, and multi-scroll
chaotic attractors of the network were presented and
analyzed. Next, the 3D het-CHNN was implemented
in an analog circuit, and hardware experiments were
conducted with this circuit to confirm the previous nu-
merical results. Notably, the proposed 3D het-CHNN
successfully addresses the issue of the absence of chaos
in a three-neuron CHNN. As far as the authors know,
the 3D het-CHNN is the simplest three-neuron HNN
that can generate multi-scroll chaotic attractors. Our
findings may aid exploration of the mechanisms of neu-
rodegenerative diseases, while the hardware circuit im-
plementation of our network could be beneficial for
various practical applications. Such aspects may be ex-
plored in future research.
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