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Abstract: Determining the group forces of the thrust system is essential for trajectory control of tunnel boring machines (TBMs). 
Existing methods for selecting an optimal solution mainly consider the force variance among groups, while ignoring other constraints, 
such as uneven segment loading and excessive hydraulic shock. In this study, we develop a more comprehensive and robust 
framework for force allocation. First, a novel region-reconfigurable hydraulic system is designed, which enforces consistency 
among the forces acting on each segment. Then on this basis, for the ramping-up tunneling stage, quadratic programming (QP) 
is used to optimize force uniformity across the spatial dimension. Compared to the on-site allocation result, the improvement in force 
uniformity reaches up to 32.89%. Moreover, to address the hydraulic shock caused by excessive adjustment to the force, hydraulic 
compliance is introduced and optimized together with force uniformity using the non-dominated sorting genetic algorithm II 
(NSGA-II), which outperforms weighted QP by 1.25×106 kN2 in uniformity and 2.86 kN2 in compliance. Analyzing performance 
in the steady tunneling stage, the service life of the components improves significantly. To avoid a non-existent solution for the 
thrust force vector, a genetic algorithm-based error tolerance method is developed. Therefore, all deviation rectification commands 
can be answered with a minor compromise of up to 3% in the fitting accuracy of the thrust force vector. In summary, this 
framework enhances the adaptability and robustness of the force allocation strategy, providing a reliable foundation for TBM 
trajectory control.

Key words: Tunnel boring machine (TBM); Thrust system; Thrust force vector; Force allocation; Quadratic programming (QP); 
Non-dominated sorting genetic algorithm II (NSGA-II)

1 Introduction 

Tunnel boring machines (TBMs) have excellent 
safety, efficiency, environmental compatibility, and au‐
tomation control, which has led to their widespread use 
in tunnel construction (Zhang et al., 2020, 2024). As a 
crucial component of TBMs, the thrust system pro‐
vides the momentum and force necessary to move the 
actual tunneling axis (ATA) in the direction of the de‐
sired tunneling axis (DTA) (Wang et al., 2022; Zheng 
et al., 2024). Nonetheless, TBMs are constantly ex‐
posed to varied and intricate stratigraphy, which creates 

uneven resistance (Chen and Yang, 2017; Wang, 2017). 
There is always a discrepancy between ATA and DTA, 
in addition to altitude measurement errors and control 
accuracy limits (Tang et al., 2022; Kong et al., 2024). 
A hierarchical control system, which involves a se‐
quence of perception, recognition, decision-making, 
coordination, and execution, is a workable solution to 
this issue. TBM-Smart (Li et al., 2023a, 2023b), shield 
automatic intelligent control system (SHIELD_AICS) 
(Hu et al., 2022; SASAC, 2023), autonomous TBM 
(A-TBM) (MMC-Gamuda Tunnelling Training Acad‐
emy, 2020), and other intelligent control systems have 
made extensive use of this approach.

Recognition and decision-making layers have em‐
ployed a variety of machine learning techniques to as‐
certain macro-control instructions for the thrust sys‐
tem, such as instructions for the total advancing force, 
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advancing speed, and penetration rate, based on the 
TBM state and geological conditions required by the 
perception layer (Xu et al., 2019; Harandizadeh et al., 
2021; Li et al., 2021). Multiple hydraulic cylinders 
make up the thrust system, which involves multiple-
input multiple-output features (Wang et al., 2022; 
Zheng et al., 2024). These instructions are then broken 
down into reference signals for each hydraulic cylinder 
by the coordination layer. Lastly, to guarantee that the 
reference signals can be precisely tracked, a feedback-
based controller is designed and used at the execution 
layer. Among these aforementioned techniques, this 
study focuses on the coordination layer.

Due to its underactuated characteristic, the thrust 
system only produces an advancing force, pitching mo‐
ment, and yawing moment, which is also known as the 
thrust force vector (Zhu et al., 2023). However, there 
are more inputs than outputs (Liu and Shao, 2010). In 
other words, this is an underdetermined system that 
has infinite possible input combinations given a pre‐
set thrust force vector. Numerous studies have looked 
for a solution to this issue.

One crucial assumption of force allocation is the 
quasi-static behavior of the TBM. Quasi-static refers to 
a situation where the state variables of a system evolve 
so slowly that it remains almost in equilibrium, though 
not being strictly static or perfectly constant. TBM 
tunneling is a process with high inertia and long delay, 
with an advance speed typically about 10–20 mm/min; 
this can be regarded as a slow transition between a se‐
ries of near-equilibrium states. On this basis, Wang et al. 
(2022) created a universal inverse statics equation using 
the thrust system’s velocity Jacobian matrix and virtual 
work. Based on this, a solution was found using the 
Moore–Penrose pseudoinverse method. Another method 
is to make each hydraulic cylinder’s force increase lin‐
early from top to bottom (Zhu et al., 2021). Even though 
these techniques can produce a combination of inputs, 
they fail to account for force uniformity—the variation 
in pressure between groups. Since the lining segments 
directly bear the reaction force of the hydraulic cylin‐
der (Dai et al., 2022), the composite stratum may ex‐
perience significant eccentric loading (Chen and Mo, 
2009; Deng et al., 2015; Yang et al., 2018; Shi et al., 
2022), raising the possibility of segment damage and 
cracking, and ultimately compromising the structural 
durability and safety of the tunnel.

To address this issue, Deng et al. (2011a, 2011b, 
2015) developed static force transmission equations for 

the thrust system, adding force uniformity as a require‐
ment. Adequate segment protection under large eccen‐
tric loads was enabled through the optimal solution 
found using the Lagrange multiplier method. Some re‐
searchers have updated the thrust system’s hydraulic 
cylinder configurations based on this framework. For in‐
stance, Deng et al. (2019, 2021) improved anti-eccentric 
load capabilities by creating various non-uniform hy‐
draulic cylinder layouts. Also, the force-on-off princi‐
ple, as proposed by Guo et al. (2018), dynamically de‐
cides whether or not a hydraulic cylinder in the thrust 
system should produce force. Using force uniformity, 
an exhaustive search is conducted to determine the best 
principle. As another example, Guo and Guo (2017) 
proposed a self-adaptive thrust system that could allo‐
cate any hydraulic cylinder to the groups that were next 
to it. A thorough search was also conducted to deter‐
mine the optimal solution for this approach.

Overall, while the aforementioned research has 
improved our understanding of force uniformity, there 
are still specific issues that need to be resolved:

(1) The only factor accounted for is force unifor‐
mity among the groups. The hydraulic cylinders oper‐
ating on the same segment, however, can belong to 
different groups. Consequently, each segment may ex‐
perience a local force eccentricity, which is particularly 
severe in these proposed thrust systems.

(2) Excessive force adjustment brought on by un‐
even strata is another issue. In this situation, the seg‐
ments and hydraulic components may experience pres‐
sure shock. Reducing the variation in each thrust force 
vector adjustment as much as possible is a more effi‐
cient solution than the conventional passive pressure 
absorbance method (Shi et al., 2013). As a result, it is 
also necessary to minimize the force difference be‐
tween each group. However, the force allocation studies 
mentioned above did not examine this restriction.

(3) The Moore–Penrose pseudoinverse method is 
often used to obtain a solution. However, the limits of 
the group force’s boundary are typically disregarded 
with this approach. Stated differently, the stability and 
convergence of the solvers have not been thoroughly 
demonstrated. Furthermore, under some severe working 
conditions encountered during long-term TBM opera‐
tion, there may not be a feasible solution for group force. 
This issue has not been addressed in previous research.

In addition to the aforementioned hierarchical con‐
trol framework, many researchers have used reinforce‐
ment learning (RL) to forecast each group’s force based 
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on geological conditions and TBM states, omitting the 
force allocation process (Jia et al., 2023; Xu et al., 2023; 
Elbaz et al., 2024; Lin et al., 2024). Because the TBM 
excavation process is treated as a black box in these 
investigations, nonlinear dynamics that are not consid‐
ered by the quasi-static assumption can be included. The‐
oretically, the force of each group is more flexible. 
Nevertheless, hydraulic compliance and force uniformity 
are not regarded as reward functions. At the same time, 
RL’s convergence and resilience are inferior to those 
of hierarchical frameworks due to weak generaliz‐
ability. A summary of the related studies is provided 
in Table 1.

Motivated by the aforementioned considerations, 
a novel two-stage two-dimensional force allocation 
(TS2DFA) strategy based on a region-reconfigurable 
thrust system is proposed. Our study makes the follow‐
ing contributions:

(1) A novel thrust hydraulic system is created that 
has fixed grouping but movable spatial regions. Multi‐
ple solenoid directional valves are used to construct this 
setup, allowing for real-time customization. This leads 
to one-to-one relationships between the ring segments 
and force groups.

(2) A performance metric is specifically designed 
for force allocation. In the spatial domain, the force 
uniformity is used to assess the distribution of forces 
around the segment linings. The hydraulic compliance 
is used to lessen the amplitude of force fluctuations in 
the temporal domain. Therefore, the suggested frame‐
work represents a multi-objective multi-dimensional 
optimization of the force allocation.

(3) Because the shield tunneling process is tiered, 
we only consider force uniformity during the ramping-up 
stage, and quadratic programming (QP) is used to solve 
the force allocation problem. Both force uniformity and 

hydraulic compliance are considered during the steady 
tunneling stage, and the non-dominated sorting genetic 
algorithm II (NSGA-II) is used to obtain the best so‐
lution. Moreover, in the case where there is no feasible 
solution in the local confined space, an over-constrained 
solver is proposed. As a result, all deviation rectifica‐
tion commands can be answered with a small com‐
promise in the fitting accuracy of the thrust force 
vector.

2 Research significance 

As listed in Table 1, existing studies on force al‐
location have left some research gaps. This paper pres‐
ents a novel framework that outperforms conventional 
methods, mainly in the following areas:

(1) Current fixed-grouped thrust systems and some 
variations can optimize the force uniformity that char‐
acterizes the entire lining segments. However, they 
neglect how forces from several groups can apply to 
the same segment. Our proposed region-reconfigurable 
thrust system is a low-cost retrofitting method that 
solves this issue at the hydraulic system level.

(2) Current force planning algorithms concentrate 
solely on the uniformity of force across segments and 
do not consider the constraints on pressure change. In 
addition to producing hydraulic shock, a significant 
pressure change can also greatly increase the pressure 
stabilization period. In this study, we account for both 
force uniformity and hydraulic compliance, and con‐
struct a novel optimization framework that fits the cy‐
clic nature of a TBM.

(3) Most current methods cannot deal with cases 
where the feasible set is empty. We propose a novel 
error-tolerance solver that only slightly compromises 

Table 1  Comparison of force allocation strategies

Study

Wang et al. (2022)

Zhu et al. (2021)

Deng et al. (2011b)

Deng et al. (2021)

Guo et al. (2018)

Guo and Guo (2017)

Shi et al. (2013)

Elbaz et al. (2024)

Our work

Group number

4

6

4

4

4

4

4

4

10

Configuration

Fixed

Fixed

Fixed

Non-uniform

Force-on-off

Self-adaptive

Fixed

Fixed

Region-configurable

Constraint

–

–

Uniformity

Uniformity

Uniformity

Uniformity

Compliance

–

Uniformity and compliance

Non-solution

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Yes

No

Solver

Virtual work

Linear distribution

Lagrange multiplier

Lagrange multiplier

Lagrange multiplier

Virtual work

–

RL

QP, NSGA-II, and LLS

QP: quadratic programming; NSGA-II: non-dominated sorting genetic algorithm II; LLS: linear least squares
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the reconstruction accuracy of the thrust force vector 
and provides an alternative solution near the boundary 
of the feasible space, ensuring that each commanded 
thrust force vector can be executed.

3 Design of the region-reconfigurable thrust 
system 

As our study subject, the excavation diameter of 
the “Linghang” TBM, which is utilized in the Chongtai 
Yangtze River Tunnel, is 15.4 m. To lower the system 
cost and complexity of control, the hydraulic cylinders 
of the thrust system are separated into six groups. All 
hydraulic cylinders within the same group are controlled 
by the proportional pressure-reducing valve (PPRV). 
Ten segments make up a whole lining segment: two 
adjacent segments (L1 and L2), seven standard seg‐
ments (B1–B7), and one key segment (K). The K seg‐
ment’s location in each ring needs to be offset by a 
specific angle to provide attitude correction and en‐
able staggered installation. To prevent insertion inter‐
ference and possible damage during assembly, the K 
segment may be positioned anywhere around the tun‐
nel, except for the 45° area at the bottom of the tunnel 
(Gong et al., 2024). For illustrative purposes, in this 
section, we consider the case where the K segment is 
located on hydraulic cylinders 1 and 28. During tun‐
neling, due to factors such as geological heterogeneity 

and shield steering, significant pressure differentials 
frequently occur among these groups.

As seen in Fig. 1a, the hydraulic cylinders acting 
on segment L1 are part of groups A and B, and they 
output different forces. L1 experiences an overturn‐
ing moment because of this pressure differential. This 
phenomenon also occurs in the adjacent segment L2, 
as well as the standard segments B3 and B5. Similarly, 
as illustrated in Fig. 1b, the overturning moment is 
observed when the K segment is located at hydraulic 
cylinder 1. The primary reason for this is that the seg‐
ments’ spatial locations change while the group’s spa‐
tial arrangement remains constant throughout time. 
As a result, the overturning moments inevitably remain 
throughout the tunneling process and cannot be elimi‐
nated. This persistent imbalance easily leads to local‐
ized crushing of individual segments, which in turn 
impacts the structural quality and service life of the 
lining segments.

The key to designing a novel thrust system that 
eliminates the overturning moment is to satisfy two 
requirements simultaneously: (1) one-to-one match‐
ing between the number of segments and groups and 
(2) real-time alignment of group locations with the 
spatial positions of the segments. A novel thrust hy‐
draulic system that is region-adjustable but group-fixed 
is accordingly proposed for the “Linghang” TBM, as 
illustrated in Fig. 2. The key characteristic of this sys‐
tem is that the number of thrust groups is determined 

Fig. 1  Group layout of the fixed thrust system: (a) K segment located at hydraulic cylinder 28; (b) K segment located at 
hydraulic cylinder 1. 1–28: hydraulic cylinder; K, L1 and L2, and B1–B7: segment; A–F: group
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by the number of segments in a ring. Consequently, 
the thrust system is divided into 10 groups to guaran‐
tee that the force exerted by the hydraulic cylinders on 
each segment remains uniform. In this regard, each 
hydraulic cylinder can work in one of the following 
four modes: as an independent group, grouped with the 
two cylinders on its left, grouped with its two neigh‐
boring cylinders, or grouped with the two cylinders on 
its right. To implement this region-reconfigurable con‐
cept, a novel hydraulic system that comprises 11 PPRVs 
and 43 two-position three-way solenoid directional 
valves (TTSDVs) is proposed; its details are provided in 
Section S1 of the electronic supplementary materials 
(ESM).

4 Framework of force allocation based on the 
region-reconfigurable thrust system 

As previously mentioned, the load operating on 
the TBM is represented as a 6D vector [Fx, Fy, Fz, Mx, 
My, Mz], where Fx, Fy, and Fz denote the forces along 
the x-, y-, and z-axes, respectively, and Mx, My, and Mz 
denote the moments about the x-, y-, and z-axes, re‐
spectively. The thrust system cannot directly generate 
the force vectors perpendicular to the tunneling axis due 
to its under-actuated characteristics. Consequently, the 
translational movements along the x- and y-axes are 
not actively regulated. Additionally, the variable loads 

of the thrust system are restricted to Fz, Mx, and My, as 
the torque around the z-axis is usually changed through 
cutterhead reversal. For clarity, the subsequent study is 
conducted using the layout in Fig. 2a. The static equi‐
librium equations of the thrust system are stated as:
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where N is the number of hydraulic cylinders, nk is the 
number of hydraulic cylinders in the kth group, r is 
the installation radius of the hydraulic cylinders, Fk is 
the thrust of the kth group, ak and bk are the sums of 
the sine and cosine values of the hydraulic cylinders 
in the kth group with respect to the x- and y-axes, re‐
spectively, and θ0 is the angle between hydraulic cyl‐
inder 1 and the x-axis.

As stated in Zheng et al. (2024), TBM operation, 
being a complex human-in-the-loop autonomous con‐
trol system, naturally exhibits a hierarchical architecture 

Fig. 2  Group layout of the region-reconfigurable thrust system: (a) K segment located at hydraulic cylinder 28; (b) K 
segment located at hydraulic cylinder 1. 1–28: hydraulic cylinder; K, L1 and L2, and B1–B7: segment; A–J: group
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and follows the principle of increasing precision from 
higher to lower levels. The upper-level layer focuses 
on slowly varying behaviors, such as attitude variation, 
while the lower-level layer handles fast dynamic loops, 
such as pressure and speed control. In other words, the 
nonlinear behaviors of the hydraulic system (such as 
valve hysteresis, fluid compressibility, and model uncer‐
tainties) should be considered at the execution level 
(Wang et al., 2022). Moreover, under the assumption 
of quasi-static behavior, the desired steady-state pres‐
sure of the hydraulic cylinders is of greater concern than 
the transient dynamics. In related studies on force al‐
location (Deng et al., 2015; Guo and Guo, 2017; Gou 
et al., 2018; Wang et al., 2022), hydraulic properties 
have generally not been modeled explicitly. To address 
potential issues such as long adjustment times or track‐
ing errors caused by limited control performance, we 
update the thrust force vector and the corresponding 
group force based on the latest measured attitude devi‐
ations. In Zhang et al. (2022), the decision-making and 
the feedback controllers were operated at 1 and 100 Hz, 
respectively, so that the high-level command had suf‐
ficient time to converge. Therefore, even without ex‐
plicit modeling of the nonlinear hydraulic properties, 
the high-level controller can ensure a gradual conver‐
gence of the actual tunneling trajectory.

4.1 Optimization objectives for force allocation

Since the number of equations (which correspond 
to the controllable degrees of freedom of the TBM) is 
much less than the number of variables, the linear sys‐
tem defined by Eq. (1) is underdetermined. In theory, 
there are an endless number of solutions to this sys‐
tem; however, in practice, each group is subject to 
precise limits on its force output. As a result, the inter‐
section between the feasible region (which is com‐
monly described as a positive orthotope) and the theo‐
retical solution space (an affine subspace) is severely 
constrained. Furthermore, an incorrect configuration 
of the group forces may fail to precisely recreate the 
required thrust vector, as well as lead to some unde‐
sired outcomes, such as internal force interference and 
unequal segment loading within the thrust system. The 
thrust allocation uniformity (JTAU) constraint is thus gen‐
erated to address this issue, which optimizes the force 
variance along the circumferential spatial dimension. 
The segmental load imbalance is exacerbated by higher 
force variations as JTAU grows, resulting in a substantial 

decrease in force distribution upon the segments. There‐
fore, it is imperative to reduce JTAU during optimization, 
a process that can be expressed as:

JTAU =
1

10∑
k = 1

10

( )Fk - F̄
2
 (3)

where F̄ is the average force of the thrust system, 
given by:

F̄ =
1

10∑
k = 1

10

Fk . (4)

During the tunneling operation, the desired thrust 
force vector changes frequently due to the uneven ge‐
ology and steering requirements. Consequently, the hy‐
draulic cylinders in each group are susceptible to abrupt 
pressure drops and surges, which induce instantaneous 
pressure shocks to the hydraulic components and seg‐
ments. The compliance evaluation function C quanti‐
fies the compliance characteristic of the thrust system, 
which is denoted as:

C =
DF

ADp
 (5)

where ΔF is the desired force change of the hydraulic 
cylinder, Δp is the pressure change, and A is the effec‐
tive area of the hydraulic cylinder.

To minimize the pressure change Δp of each cyl‐
inder between two allocation steps, a thrust allocation 
compliance (JTAC) is introduced:

JTAC =∑
k = 1

10

[ ]Fk( )m -Fk( )m - 1
2
 (6)

where Fk(m − 1) and Fk(m) denote the forces of the 
hydraulic cylinder in the kth group at the (m−1)th and 
mth allocation steps, respectively.

One specific emphasis of JTAU is the circumferen‐
tial uniformity of the force applied to the entire lining 
segment. The gripper of the thrust hydraulic cylinders 
would work on a new set of segments after each tun‐
neling cycle, significantly lowering the risk of seg‐
mental crushing and misalignment in the spatial dimen‐
sion. In contrast, JTAC is defined in the temporal domain, 
since it enhances the service life of hydraulic compo‐
nents by continuously limiting the pressure variations 
within the same set of hydraulic components. There‐
fore, we consider this force allocation strategy to be 
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not only a multi-objective optimization but also a spa‐
tiotemporal optimization framework. In practice, the 
tunneling process of a TBM can be divided into a 
ramping-up stage and a steady stage. The primary goal 
of the former stage is to quickly raise the total advanc‐
ing force and transition the TBM to the steady stage. 
In particular, the working pressure of the hydraulic cyl‐
inders at the bottom of the thrust system is subjected 
to the fastest variation in order to offset the TBM’s 
own weight. Once the force change is restricted at the 
ramping-up stage, the pressure rise can be slowed, 
which may result in the TBM pitching forward. Con‐
sequently, during the ramping-up stage, only JTAU is ac‐
counted for, whereas during the steady stage, both JTAU 
and JTAC are included. To identify the ramping-up stage, 
we designate the breakpoint as the first point within the 
initial 1/3 of the entire excavation stage in which the 
signal surpasses the upper quartile.

4.2 Force allocation for the ramping-up stage

The objective function JTAU is reformulated as:

JTAU =
1

10 ( )∑
k = 1

10

F 2
k - 2F̄∑

k = 1

10

Fk + 10F̄ 2

=
1
10∑
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F 2
k - ( )1

10∑
k = 1

10

Fk

2

   

=
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10
xT x - ( )1

10
1T x

2

        

(7)

where x represents a vector composed of group forces 
and 1∈R10×1 is a column vector of ones.

For any non-zero vector z= [z1, z2, … , zn]
T∈Rn, 

consider that:
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where n denotes the dimension of vector x and zi is 
the ith component of z.

Owing to the positive semi-definite nature of the 
matrix zT∇2z. The equality constraint defined in Eq. (1) 
is a typical convex optimization framework. Although 
some heuristic algorithms—such as the genetic algo‐
rithm (GA) and particle swarm optimization (PSO) 
algorithm—can conduct global searches of the solution 

space, they are more suitable for handling nonlinear or 
non-convex problems. The Lagrange multiplier, which 
is frequently employed in other studies, is restricted to 
optimization problems with unbounded variables that 
are confined by equality. With these factors in mind, 
the QP method is used to resolve the forces of each 
group while considering these parameters. As a result, 
the single-dimensional force allocation (SDFA) strategy 
is formulated, which includes a decision variable, an 
objective function, and an equality constraint. This 
technique is summarized as follows:
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where Q is the Hessian matrix of the objective func‐
tion JTAU, Aeq is the coefficient matrix relating the group 
forces to the resultant thrust vector, beq is the target 
thrust vector, I10∈R10×10 is the identity matrix, and 110∈
R10×10 is a matrix with all entries equal to one.

Next, consider the ramping-up stage of the 15th 
and 30th rings of the “Linghang” TBM, where the K 
segment is located at hydraulic cylinder 1. The related 
fixed-grouped and region-reconfigurable thrust systems 
are illustrated in Figs. 1b and 2b, respectively. Before 
analysis, data preprocessing must be implemented, 
which includes the identification of outliers through an 
isolation forest algorithm and denoising of data using 
a Savitzky–Golay filter. These approaches were imple‐
mented in our previous study and demonstrated a fa‐
vorable impact on the management of noisy data (Zhang 
et al., 2022; Wang et al., 2024). With these processed 
data, two force allocation strategies are compared: the 
fixed-grouped thrust system-based SDFA (FSDFA) and 
the region-reconfigurable thrust system-based SDFA 
(RSDFA). The main parameters of the thrust system 
are listed in Table 2.

The findings are compared to on-site results, as 
shown in Figs. 3 and 4. FSDFA generates group forces 
that are more uniform than those that are manually 
allocated. In ring 15, JTAU improves by an average of 
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17.05%, while in ring 30, the improvement reaches 
28.27%. This demonstrates that the group forces—
which are chosen by the driver based on experience—
are characterized by significant randomness. However, 
in some cases, they may offer a solution that is rela‐
tively close to the optimal global solution. In con‐
trast, the solution produced using QP guarantees the 
discovery of a globally optimal solution in the feasi‐
ble region, as specified by the linear constraints. Fur‐
thermore, RSDFA surpasses FSDFA, confirming that 
the region-reconfigurable approach enhances force uni‐
formity. This enhancement is due to the increased di‐
mensionality of the possible solution space, which al‐
lows for greater flexibility in force allocation.

Notably, JTAU undergoes some step changes during 
the ramping-up stage. This is the result of the growing 
penetration rate of the TBM cutterhead system, which 

causes a quick increase in the thrust force vector and 
a concomitant surge in force variance within groups. 
Similar peaks and troughs are observed in JTAU during 
the excavation. The energy accumulation and dissipa‐
tion mechanism inherent in the rock-breaking process 
is responsible for these oscillations. The thrust force 
vector decreases following rock fracturing as a result 
of a decrease in the penetration rate.

4.3 Force allocation for the stable stage

To simultaneously consider JTAU and JTAC during the 
stable stage, they must be integrated into a single con‐
straint using weighted summation because QP is a con‐
ventional single-objective optimization approach. Ac‐
cordingly, a region-reconfigurable thrust system-based 
two-dimensional weighted force allocation (RTWFA) 
strategy is established. A typical quadratic form de‐
picting the orthogonal projection of the prior thrust 
force vector can be rewritten as:

JTAC =∑
k = 1

10

[ Fk(m) -Fk(m - 1) ]
2
=  x - xprev

2

  (13)

where xprev is the value of x at the previous allocation 
step.

This function is a quadratic function with a lin‐
ear term, and its Hessian is:

Ñ2 JTAC = 2I10. (14)

Since Eqs. (8) and (14) are convex quadratic func‐
tions, provided α, β≥0, the synthesis function will re‐
main convex, where α and β are the non-negative weight‐
ing coefficients of JTAU and JTAC, respectively. Therefore, 
the weighted objective function can be defined as:

minxÎR10

1
2

xT Hx - x T
prev x 

s.t. Aeq x = beq xmin ≤ x ≤ xmax
(15)

H = 2(αQ + βI10 )  (16)

where H is the Hessian matrix of the weighted objec‐
tive function.

In the above formula, α, β>0, and α+β=1. At this 
point, the eigenspace of the matrix αQ+βI10 is distinct 
from that of Q or I10 alone. In other words, the direction 
of its minimal eigenvector is a combination of the mini‐
mum eigenvectors of the two distinct constraints, which 

Fig. 4  Comparison of JTAU in the ramping-up stage of ring 30

Fig. 3  Comparison of JTAU in the ramping-up stage of ring 15

Table 2  Main parameters of the thrust system

Parameter

Number of cylinders in the thrust system, N

Number of cylinders in group A, n1

Number of cylinders in groups B–J, n2

Distribution radius of the cylinders, r (m)

Angle between cylinder 1 and the x-axis, θ0

Value

28

1

3

7.75

π/28
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suggests a shift in the best solution direction. A larger 
α indicates a greater emphasis on JTAU in the force allo‐
cation, while a larger β suggests a preference for JTAC, 
as per the concept of non-dominated Pareto solutions. 
Using the steady stage of ring 6 as an example, five 
different combinations C1–C5 of relative importance 
weights are shown in Table 3.

We take the C3 weight configuration as the base‐
line, with comparative results illustrated in Fig. 5. Com‐
pared to the manually assigned forces of each group, 
RTWFA shows better performance in terms of force 
uniformity and hydraulic compliance.

Fig. 6 illustrates a comparison of RTWFA perfor‐
mance under various weighting methods, with the C1 
weight configuration serving as the baseline. The dif‐
ferences in values from C1 to C5 are all positive, indi‐
cating that JTAU decreases gradually from C1 to C5. This 
suggests that the direction of H becomes closer to the 
vector Q as α increases, i.e., it moves toward the gra‐
dient that optimizes force uniformity.

In contrast, the sign of the differences in JTAC it‐
self is inconsistent; it is not globally monotonic, as it can 
be either positive or negative. For instance, the com‐
pliance value JTAC for C5 is the smallest at the 7th allo‐
cation step, while the smallest compliance JTAC occurs 

at C1 at the 6th allocation step. This behavior appears 
to be in direct opposition to the negative connection 
with β that we deduced from Eq. (16). The reason for 
this is that the magnitudes of the force uniformity and 
hydraulic compliance differ significantly. The gradient 
of the combined constraint αQ+βI10 can deviate from 
the intended direction within the 10D solution space 
when the constraint that α+β=1 is satisfied.

In the first five allocation steps, the compliance 
discrepancies associated with each weight are minor 
(mostly below 0.05). This is because the changes in 
the thrust force vector are minimal during those steps, 
which means that the group force does not necessitate 
significant force adjustments. Beginning at step 6, how‐
ever, JTAC differences grow noticeably, demonstrating 
the strong coupling between hydraulic compliance and 
the magnitude of the thrust force vector change. Fur‐
thermore, although the JTAC values are not monotoni‐
cally decreasing, the cumulative JTAC of C1 remains the 
smallest over the 10 steps. This phenomenon is con‐
sistent with the idea that compliance is influenced by 
time.

To overcome the limitations of manual weight as‐
signment, NSGA-II is implemented to identify a Pareto-
optimal solution set that simultaneously satisfies JTAU and 
JTAC. The details of the region-reconfigurable thrust 
system-based NSGA-II force allocation (RTNFA) strat‐
egy are provided in Section S2 of the ESM. A compar‐
ative analysis with RTWFA is presented in Fig. 7. The 
positive values of ΔJTAU across all cases indicate that the 
optimal solution selected by RTNFA from the Pareto 

Fig. 6  Comparison of different weight coefficients

Table 3  Combinations of relative importance weights

Combination

C1

C2

C3

C4

C5

α

0.3

0.4

0.5

0.6

0.7

β

0.7

0.6

0.5

0.4

0.3

Fig. 5  Comparison of on-site results and RTWFA in the 
steady stage of ring 6
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front consistently outperforms RTWFA in terms of force 
uniformity. In terms of the accumulated performance, 
RTNFA outperforms RTWFA by 1.25×106 kN2 in force 
uniformity and 2.86 kN2 in compliance. The accumu‐
lated value of ΔJTAC remains positive, even though it is 
not greater than zero at every time step. This demon‐
strates the superior overall compliance performance of 
RTNFA across the evaluation period. Moreover, it sug‐
gests that RTNFA is more adept at identifying viable 
force allocation methods within the feasible domain, 
which optimally balance uniformity and compliance. 
The results also reveal the limitations of the heuristic- 
and experience-based weighting methods in managing 
non-dominant relationships between the objectives, 
which frequently fail to produce a balanced solution. 
Conversely, the entropy-based weighting method en‐
hances the efficiency of the 2D optimization by adap‐
tively compensating for the changes in the data scale, 
thereby making the method more impartial.

5 Compromise for non-solution conditions 

The feasible domain for force allocation in this 
study can be defined as an intersection of hyperplanes 
in 10D space. Under the constraints of the linear equa‐
tions, a 7D affine subspace is obtained. The solution 
space is no longer a complete affine subspace once 
the hydraulic cylinder pressure limit is applied as a 
constraint in the feasible domain of QP. Instead, it is 
the intersection of the affine subspace and a higher-
dimensional orthogonal half-space, creating a truncated 
high-dimensional convex polyhedron. Under certain 
strict constraints, it is likely that no intersection exists; 
that is, the feasible region is empty, and no solution can 
be found. For example, the feasible region correspond‐
ing to ring 96 is an empty set. However, RSDFA can 

find a solution if the lower bound of each group force 
is relaxed to zero. In most cases, this results in worse 
performance than FSDFA, as shown in Fig. 8. This is 
especially noticeable when RSDFA performs at its 
lowest value in the ramping-up stage, while it only 
progressively approaches FSDFA in the steady stage.

Contrary to the previous result, this suggests that 
the region-reconfigurable approach has a detrimental 
effect on force uniformity in such cases. The funda‐
mental cause of this is the geometric nature of the 7D 
affine subspace. The global optimum solution is located 
close to the boundary of the convex polytope. Thus, 
this method can only produce a suboptimal solution 
that is closest to the ideal point within the feasible re‐
gion when the global optimum is unachievable. The 
forces in groups G to I are almost zero as shown in 
Fig. 9, and these areas correspond to the times when 
the RSDFA-to-FSDFA performance difference is neg‐
ative. The QP-based force allocation method presented 
in this study is an equality-constrained convex optimi‐
zation task. Therefore, the solution that QP identifies 
must be the best solution once the global optimum is 
located inside the feasible space.

Nevertheless, unlike this convex optimization 
method, the GA does not rely on an unbiased and 

Fig. 8  Comparison of JTAU in ring 96

Fig. 7  Comparison between RTNFA and RTWFA

Fig. 9  Force of each group in ring 96
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closed-form representation of the feasible space. In‐
stead, GA uses heuristic search techniques that either 
soften equality requirements into inequality constraints 
with tolerances or convert them into soft penalties. 
Therefore, even in cases when traditional solvers fail 
or the strict feasible area is empty, GA can estimate 
viable solutions. Three types of constraint–tolerance 
methods are currently in use with GA. The first one 
involves adjusting GA parameters to guide the search 
toward the feasible side of the solution space. However, 
this approach cannot leverage the knowledge from un‐
feasible solutions since it can only approximate the 
best solution from within the feasible domain. There‐
fore, in cases where QP has no solution, GA also tends 
to fail (theoretically) in finding a solution. The second 
type incorporates penalty terms in the fitness function, 
allowing unfeasible individuals to persist in the popu‐
lation. However, this method performs poorly when the 
feasible space occupies only a small fraction of the 
overall search space. The third type—which is only 
applicable when the constraints are relatively weak—
turns the constraints into the objectives and solves the 
issue as an unconstrained multi-objective optimization 
problem.

Since the feasible solutions in these cases often lie 
close to the border of a high-dimensional convex poly‐
tope, we propose a hybrid method that combines GA 
with LLS. In particular, an initial solution is found using 
GA, which is treated as the initial guess to find the final 
solution that meets the stringent equality restrictions 
through LLS. This method leverages both the local 
convergence efficiency of LLS and the global search 
capability of GA. For situations where QP fails, the 
GA combined with LLS-based local force optimiza‐
tion (GLLFO) technique is promising.

Executing the GA involves initializing a popula‐
tion, evaluating fitness, selecting superior individuals, 
applying crossover to produce offspring, and using mu‐
tations to maintain diversity. Our application of the GA 
shares the same parameters as NSGA-II. The force al‐
location results are listed in Table 4. A subset of thrust 

force vector values from the above dataset was ex‐
tracted for force allocation. The pitching moment My 
in step 4 deviated from the goal value by the greatest 
amount, 517.24 kN·m (or 2.11%). The operating prin‐
ciple of GLLFO is to sacrifice thrust force vector fit‐
ting accuracy in order to guarantee that high-level de‐
cisions always receive a corresponding solution. Thus, 
a timely response to the steering command is realized, 
thereby avoiding correction failures caused by unre‐
sponsiveness in the coordination layer. Moreover, the 
deviation remains within 3% of the desired thrust force 
vector, which is considered acceptable in practice. This 
is because the “Linghang” TBM employs the PPRV 
control mode, which uses a closed-loop pressure con‐
trol method to realize trend-level displacement con‐
trol (Zheng et al., 2024). Trend control does not im‐
pose strict requirements on the displacement tracking 
accuracy but instead requires that the resultant thrust 
force vector remain biased toward DTA. Therefore, if 
the moments Mx and My stay in the same quadrant and 
the advancing force Fz still satisfies the penetration re‐
quirement, the thrust system can successfully correct 
the trajectory even if the reconstructed thrust force 
vector deviates from the desired vector by about 3%.

6 Discussions 

A pseudocode implementation for TS2DFA is 
provided in Section S3 of the ESM. When tunneling 
begins, the segment assembly position is entered to 
initiate a command that modifies the group layout. 
Real-time thrust force vectors are then gathered, and 
the force allocation strategy is determined by identify‐
ing the current tunneling stage. Once the TBM finishes 
the stable stage, the current allocation process is paused 
for segment installation. Afterwards, the K segment 
position is updated again, and the execution proceeds 
iteratively.

Choosing a suitable execution cycle is crucial 
for the force allocation framework, which is mainly 

Table 4  Force allocation results of GLLFO

Step

1

2

3

4

Thrust force vector (kN, kN·m, kN·m)

[3.88×104, 0.34×104, 2.33×104]

[3.89×104, 0.34×104, 2.38×104]

[3.90×104, 0.34×104, 2.42×104]

[3.88×104, 0.34×104, 2.45×104]

JTAU (×107 kN2)

6.23

6.93

7.09

7.15

Deviation (kN, kN·m, kN·m)

[−7.28×10−12, −0.45×10−12, −14.55×10−12]

[71.92, 7.56, −76.21]

[259.46, 39.22, 226.30]

[483.09, 58.28, 517.24]
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determined by the actuator delays. In practice, the de‐
lays can be divided into two parts: the response time 
of the hydraulic cylinders and the lag associated with 
the shield-ground interaction. The former arises because 
the two chambers of the hydraulic cylinders, the long 
pipelines, and the internal cavities of the valve blocks 
are all filled with compressible hydraulic oil. The re‐
filling and compressing of the hydraulic oil results in 
a slow approach to the desired steady-state pressure. 
Moreover, the electro-mechanical inertia of the pro‐
portional valves, as well as of the accumulators and 
bypass leakage components, further prolongs the pres‐
sure settling time. The other part of the delay is caused 
by the interaction between the TBM and the surround‐
ing ground. It can be abstracted as a multi-degree-of-
freedom mass-spring damping system with very large 
inertia. Even after the hydraulic cylinder has reached 
the desired pressure, the newly constructed thrust force 
vector drives the TBM to move relative to the surround‐
ing ground under its confinement. This involves com‐
pression and relaxation at the TBM-ground contact in‐
terface before an observable relative displacement oc‐
curs. Therefore, the measurable changes in TBM atti‐
tude inevitably lag behind adjustments to the force. 
These two delays are intrinsic physical properties of 
TBMs and cannot be eliminated. In practice, the on-
site time delay needs to be measured and used as the 
period of force allocation. More details on the conver‐
gence properties of the proposed methods are shown 
in Section S4 of the ESM.

Notably, this approach can also be used in con‐
junction with the synchronized tunneling and seg‐
ment assembly (STSA) mode of a TBM. When the 
tunneling states allow for the STSA, the thrust system 
switches to a working condition in which some hy‐
draulic cylinders are temporarily deactivated. Most cur‐
rent research has adhered to the principle that the thrust 
force vector should remain constant before and after 
the cylinder retraction. However, considering the time 
variation of the thrust force vector during tunneling, 
the group forces must be adjusted in real time. Conse‐
quently, the execution still adheres to the process out‐
lined in Section S4 of the ESM. The first distinction 
is that nk, ak, and bk are defined differently depending 
on the number and locations of the retracted cylinders. 
Additionally, the two constraints must be changed as 
follows:

JTAU =
1
9∑

k = 1

9

( Fk - F̄ )
2
 (17)

JTAC =∑
k = 1

9

[ ]Fk( )m -Fk( )m - 1
2
. (18)

Nonetheless, certain restrictions remain in terms 
of practical application. For one, it is uncommon for a 
multi-input, multi-output thrust system to simultane‐
ously reach a steady state for each group. In general, 
some may have settled, while others may have not; 
therefore, the resulting thrust force vector will deviate 
from the decision-level objective during these brief in‐
tervals. Thus, the pressure-control response should be 
the primary focus of actual implementations that aim 
to address this problem. One approach is to utilize a 
feedforward or adaptive controller to make the pres‐
sures achieve a steady state more consistently, enabling 
the high-level decision to proceed more reliably. On 
the other hand, fuzzy logic-based multi-criteria deci‐
sion making (MCDM) approaches have recently shown 
strong potential for handling linguistic, experience-
based, or hard-to-quantify information. In this work, the 
evaluation indices (JTAU and JTAC) were computed di‐
rectly from on-site sensor measurements and determin‐
istic mechanical models. However, we hypothesize that 
the fuzzy MCDM method can be incorporated with 
force allocation when linguistic or experience-based 
information is required. For example, when geologi‐
cal risk levels are high (e.g., relatively soft, very weak, 
or heterogeneous interlayers), engineering judgments 
of segmental damage risk, or preferences on energy 
consumption or impact, can be integrated into the force 
allocation process in a fuzzy form. Thus, methods 
such as fuzzy technique for order preference by simi‐
larity to an ideal solution (TOPSIS) could be intro‐
duced as an upper-level decision module.

7 Conclusions 

In this study, we propose a novel design for a 
region-reconfigurable thrust system for TBMs that dy‐
namically modifies the group spatial arrangement based 
on the real-time position of the K segment. This ar‐
rangement successfully prevents cross-group force im‐
balances from producing overturning moments. More‐
over, it offers greater flexibility in force allocation 
compared to the fixed-grouped thrust system, thereby 
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improving force uniformity throughout the segment 
ring. On this basis, a quasi-static equilibrium model 
under linear equality constraints is established, and two 
constraints are proposed accordingly: the force unifor‐
mity describes the variance in force among the groups 
and hydraulic compliance reflects the change in force 
over time.

During the ramping-up stage, only force unifor‐
mity is considered and optimized by the QP method. 
Field data demonstrated that FSDFA improved the force 
uniformity by 28.27% over the manual allocation re‐
sults. Moreover, the improvement of force uniformity 
reaches up to 32.89% using RSDFA, confirming the 
theoretical advantage of convex optimization. Notably, 
for the majority of TBMs, even when using a fixed-
grouped thrust system, there is usually only one PPRV 
for each hydraulic cylinder. By only allocating the 
group force to the appropriate PPRVs, this region-
reconfigurable method can be implemented directly 
without the need for hardware modification.

As for the steady stage—where the hydraulic com‐
pliance also becomes a concern—two constraints are 
optimized simultaneously. The final solution is ob‐
tained using NSGA-II and TOPSIS. The results indi‐
cate that the weighted gradient direction of QP may 
deviate from the desired outcome in the 10D solution 
space, resulting in worse performance than NSGA-II. 
Moreover, we present a novel solver that combines GA 
and LLS to overcome the infeasibility associated with 
strict constraints. GLLFO can ensure that the high-level 
decisions are always correct, at the cost of a 3% devi‐
ation between the presented thrust force vector and the 
expected one. More significantly, the thrust system is 
not the only possible application for this force alloca‐
tion framework. With appropriate modification of the 
constraints and equations, it could easily be applied to 
other parallel subsystems in TBM, such as the cutter‐
head driving system. This highlights its versatility and 
potential for broader deployment in future intelligent 
TBM systems.
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