
www.jzus.zju.edu.cn; www.springer.com/journal/11582
E-mail: jzus_a@zju.edu.cn

Journal of Zhejiang University-SCIENCE A   2026 27(7):696-710

Comparative assessment of finite element formulations for dynamic 
analysis in low-permeability saturated porous media

Anhao PAN1,2, Daosheng LING1,2*, Xiao MIAO1,2, Jianjing ZHENG2,3

1Institute of Geotechnical Engineering, Zhejiang University, Hangzhou 310058, China 
2MOE Key Laboratory of Soft Soils and Geoenvironmental Engineering, Zhejiang University, Hangzhou 310058, China 
3Institute of Hypergravity Science and Technology, Zhejiang University, Hangzhou 310058, China

Abstract: To address the issue of spurious pore pressure oscillations in equal-order finite element analyses of the dynamic responses 
of low-permeability saturated porous media, we compare two primary formulations: (1) a novel unequal-order interpolation 
element enriched with cover functions; (2) a stabilized equal-order interpolation element. To circumvent inherent linear dependence 
issues in the cover function-enriched formulation, specialized quadrilateral and triangular elements are developed for 1D and 2D 
problems, respectively. The performance of each element type is evaluated for both compressible and incompressible materials. 
Our results demonstrate that the cover element consistently and accurately captures pore pressure evolution for both forms 
of material. In contrast, the stabilized equal-order element achieves acceptable accuracy only for incompressible materials 
with high skeleton stiffness and exhibits degraded performance for compressible materials. Despite efforts to mitigate the 
influence of the stabilization term, the numerical results remain prone to either oscillatory or excessively damped responses.
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1 Introduction 

Since Biot (1956a, 1956b) established wave 
propagation theory for saturated porous media, high-
precision calculation of pore pressure has remained 
fundamental for characterizing the dynamic response 
of saturated soils under dynamic loading, for instance, 
during seismic excitation. When the motion inertia of 
pore fluid relative to the solid skeleton can be ne‐
glected, the u–p formulation (where u is the solid 
displacement and p is the pore pressure) of Biot’s the‐
ory for saturated porous media is widely employed 
(Zienkiewicz et al., 1980). Nevertheless, a finite ele‐
ment method using equal-order interpolation for dis‐
placement and pore pressure cannot satisfy the so-
called Ladyzhenskaya–Babuška–Brezzi (LBB) con‐
ditions (Babuška, 1971) or inf–sup conditions (Bathe, 
2001); this can cause severe unphysical oscillations in 

the pore pressure field. Addressing this problem has 
become a prominent topic in the field of porous media 
dynamic analysis.

Unequal-order interpolation elements, which in‐
terpolate displacement and pore pressure in different 
manners, are widely utilized in the analysis of porous 
media. Among these, the Taylor–Hood element (Taylor 
and Hood, 1973) remains the most commonly adopted. 
By increasing the number of displacement nodes, this 
element ensures that the interpolation order for dis‐
placement is one level higher than that for pore pres‐
sure, making it advantageous for porous media analy‐
sis (Sonntag et al., 2023; Staubach and Machaček, 
2023; Xing and Zhao, 2023). An alternative approach 
to unequal-order interpolation elements is to reduce 
the pressure interpolation order. For example, a pseu‐
dorandomly weighted piecewise-constant pressure 
approximation—where the pressure is constant on nodal 
subdomains—has been shown to achieve numerical 
stability in incompressible and nearly incompressible 
material flows (Feulvarch et al., 2023).

Instead of adding displacement nodes to improve 
the interpolation order, more attractive approaches in‐
clude the numerical manifold method (NMM) (Shi, 
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1991) or the generalized finite element method (GFEM) 
(Melenk and Babuška, 1996), both of which introduce 
nodal cover functions (referred to as local approxima‐
tions in GFEM) to enrich the approximation space. 
Relatedly, Yun et al. (2023) conducted a detailed com‐
parison of the stability and accuracy of cover elements 
with different interpolation orders, showing that cover 
elements are insensitive to mesh distortion and offer a 
higher accuracy. Moreover, assuming that the solid 
and fluid phases were compressible, Zhang and Zhou 
(2006) adopted the NMM in the u–p formulation—
with the displacement field one order higher than the 
pore pressure—to simulate the dynamic response of 
saturated porous media under nearly undrained condi‐
tions and validated the effectiveness of the NMM for 
pressure oscillation problems. Based on the u–w–p 
formulation (where w denotes the relative fluid dis‐
palcement), Wu et al. (2019a, 2019b) employed the 
NMM with solid displacement and fluid velocity in‐
terpolations one order higher than pore pressure inter‐
polation, investigating wave propagation in cracked 
media with incompressible solid and fluid phases. An‐
other advantage of using nodal cover functions is that 
they can be specifically constructed based on the char‐
acteristics of known solutions to the problem, thereby 
improving the accuracy. Inspired by the trigonometric 
properties of analytical solutions for wave propaga‐
tion problems, trigonometric-type nodal cover func‐
tions have been employed for displacement enrichment 
to suppress spurious oscillations (Ham and Bathe, 
2012; Gui et al., 2023b; Tang et al., 2024). Subse‐
quently, nodal displacement cover functions combin‐
ing high-order and trigonometric properties have been 
applied to accurately simulate the transient wave prop‐
agation process (Kim et al., 2018; Chai and Bathe, 
2020; Chai et al., 2022; Gui et al., 2023a, 2024; Xue 
et al., 2024).

Stabilization methods have been shown to effec‐
tively reduce pressure oscillations by incorporating an 
artificial stabilization term into governing equations. 
Initially proposed by Hafez and Soliman (1993), the 
direct-alpha method modifies the overall governing 
equations by introducing a stabilization term into the 
continuity equation. This term is formulated as the di‐
vergence of the momentum balance equation, multi‐
plied by a constant determined based on the mesh size. 
Building upon this foundation, Pastor et al. (1997) 
modified the stabilization term to include the time de‐
rivative of the divergence of the momentum balance 

equation. The effectiveness of this method in suppress‐
ing pressure oscillations for the dynamic analysis of 
incompressible saturated media under undrained con‐
ditions was accordingly validated. Subsequent studies 
extended the methodology to 3D and applied it in 
various engineering contexts (McGann et al., 2015; 
Corciulo et al., 2017; Kementzetzidis et al., 2019).

Another stabilization method, the polynomial 
pressure projection (PPP) technique, mitigates pres‐
sure instability arising from equal-order interpolation 
by mapping the local pore pressure field of the ele‐
ments. Assuming that the solid and fluid phases are in‐
compressible, White and Borja (2008) employed the 
PPP technique in the context of static consolidation of 
porous media to satisfy the LBB conditions and effec‐
tively suppress spurious pore pressure oscillations 
in the fault region. Later, Guo and Fall (2019) and 
Gavagnin et al. (2020) applied the PPP technique to 
simulate static crack growth in saturated porous me‐
dia, effectively resolving the issue of global pore pres‐
sure oscillations (particularly at the crack itself) for in‐
compressible materials. For two-phase compressible 
media, Sun et al. (2013) and Li et al. (2018) em‐
ployed the PPP technique in static analyses and adjusted 
the form of the stabilization parameter to improve the 
accuracy. Regarding incompressible materials and dy‐
namic analysis of 3D elastic‒plastic saturated porous 
media, Hao et al. (2023) utilized reduced integration 
and PPP to solve the problem of pore pressure oscilla‐
tions of equal-order linear interpolation under the und‐
rained limit. Spurious pressure oscillations also occur 
in contact problem simulations. For instance, Liu and 
Borja (2010) employed PPP to resolve pressure oscil‐
lations in frictional contact problems. Moreover, using 
the cohesive zone model to describe strong disconti‐
nuities, Liu (2020) adopted PPP to prevent spurious 
oscillations in the pressure field.

As an alternative approach, the fractional step 
algorithm is commonly employed for incompressible 
porous media to suppress spurious pore pressure oscil‐
lations. To some extent, the fractional step algorithm 
is a stabilization method; as Huang et al. (2004) noted, 
it is equivalent to introducing a stabilization term into 
the steady-state approximation. With the introduction 
of an intermediate acceleration term for solids, semi-
explicit algorithms (Zienkiewicz et al., 1993) and 
staggered implicit-implicit fractional step algorithms 
(Huang and Zienkiewicz, 1998; Huang et al., 2001; 
Huang et al., 2004) were proposed and applied to 
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dynamic analysis using the u–p formulation. Notably, 
Zienkiewicz et al. (1993) pointed out that in the dy‐
namic analysis of saturated porous media, the equilib‐
rium equation should first be discretized in time, and 
then intermediate variables should be introduced to 
split the equation, and finally, spatial discretization 
should be performed. Furthermore, Markert et al. 
(2010) compared the monolithic implicit algorithm with 
a semi-explicit-implicit fractional step algorithm and 
found that the former was superior in terms of compu‐
tational accuracy and stability. In recent years, fractional 
step algorithms have been enhanced to suppress numer‐
ical oscillations in both incompressible (Kularathna 
et al., 2021; Yuan et al., 2023; Hidano et al., 2024) 
and compressible (Yuan et al., 2022; Yu et al., 2025) 
problems in dynamic analysis when using the material 
point method.

In summary, although various methods have dem‐
onstrated effective suppression of spurious pore pres‐
sure oscillations, their accuracy largely remains limited 
to specific validation conditions. A comprehensive as‐
sessment of their robustness for compressible and in‐
compressible materials in saturated porous media has 
yet to be conducted. Crucially, spurious pressure oscil‐
lations persist in low-permeability simulations employ‐
ing equal-order interpolation, irrespective of elastic 
wave propagation differences between compressible 
and incompressible media. Accordingly, in this study, 
we employ three different element types—standard 
equal-order, stabilized equal-order, and cover function-
enriched unequal-order—for the dynamic analysis of 
saturated porous media. A systematic comparison is 
presented to assess the fidelity and effectiveness of 
each method for both compressible and incompress‐
ible materials.

2 Methodology 

2.1 Governing equations

Under the assumption that the fluid inertia rela‐
tive to the solid is negligible, the strong form of the 
governing equations for a two-phase saturated porous 
medium in the u–p formulation consists of the mo‐
mentum balance and the pore fluid continuity equa‐
tions, which are expressed as:

LT(σ′- αmp) - ρü + ρb = 0 (1)

αmT Lu̇ +
1

Qb

ṗ -ÑT[ kγf
-1(Ñp - ρfb) ] = 0 (2)

where u is the solid skeleton displacement vector; ü 
and u̇ are the acceleration and velocity of the solid 
skeleton, respectively; ṗ is the time derivative of pore 
pressure p; Qb =[(α - n)/Ks + n/Kf ]

-1 is the Biot modu‐
lus, reflecting the compressibility of solid particles 
and pore fluid, where Ks and Kf are the bulk moduli 
of the solid and fluid phases, respectively, and n is the 
porosity; k is the permeability coefficient; γf is the 
unit weight of the fluid; b is the gravitational accelera‐
tion; α=1-KD /Ks is the Biot coefficient, and KD = λ +
2
3

G is the bulk modulus of the solid skeleton, where λ 

and G are the Lamé parameters; ρ= (1-n) ρs+nρf is 
the average density of the saturated porous media, 
where ρs and ρf are the densities of the solid and fluid 
phases, respectively. For a plane stress condition, the 

effective stress vector is σ′={σ′x σ′y τ′xy}
T

 and the con‐

stant vector is m={1 1 0}
T
; for a plane strain condi‐

tion, the effective stress vector is σ′={σ′x σ′y σ′z τ′xy}
T

 

and the constant vector is m={1 1 1 0}
T
, where σ′x 

σ′y σ′z and τ′xy are the stress components; finally, L =
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are the linear operators, where x, y, and z are the x- , 
y-, and z-coordinates, respectively.

Applying the standard Galerkin method for spa‐
tial discretization, the governing equations can be ex‐
pressed in matrix form:

é
ë
êêêê ù

û
úúúúKs -Ksf

0 Kf

d + é
ë
êêêê ù

û
úúúú0 0

K T
sf Hf

ḋ + é
ë
êêêê ù

û
úúúúMs 0

0 0
d̈ = { }Fs

Ff

  (3)

where Ks is the skeleton stiffness matrix; Kf is the per‐
meability matrix of the pore fluid; Ksf is the fluid–solid 
coupling matrix; d is the degree of freedom (DOF) 
vector; Hf is the compressibility matrix; Ms is the 
mass matrix; Fs and Ff are the load vectors of the solid 
and fluid phases, respectively.

The specific forms of the submatrices in Eq. (3) and 
the boundary conditions can be found in Section S1.1 
of the electronic supplementary materials (ESM).

Then, the Newmark method is utilized for tem‐
poral integration of the discretized system described 
by Eq. (3). Further details on the time discretization 
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are provided in Section S1.2 of the ESM. To ensure 
integration accuracy and algorithmic stability, the pa‐
rameters δ and β of the Newmark method should satisfy 
the following conditions:

 
ì
í
î

δ≥ 0.50

β ≥ 0.25( )0.5 + δ 2
.

(4)

Referring to previous studies (Kontoe et al., 
2008; Monforte et al., 2019; Zhao and Choo, 2020), 
we set δ and β to 0.6 and 0.3025, respectively.

2.2 Stabilized equal-order interpolation element

Stabilization techniques mitigate spurious pore 
pressure oscillations in equal-order formulations by 
introducing artificial stabilization terms into the conti‐
nuity equation to satisfy the LBB conditions. Among 
these, the PPP technique is a common and robust 
strategy.

The core concept of PPP involves computing the 
average of the element shape functions and the ele‐
ment pore pressure at the elemental level. First, a con‐
stant projection operator Π corresponding to the ele‐
ment pore pressure is defined as:

Π ( ph ) =
1

V e ∫
Ωe

ph dxdy (5)

where ph is the discrete space for pore pressure inter‐
polation; Ωe and V e are the area and volume of the ele‐
ment, respectively. The projecting field value for each 
element is equal to the mean value of the field within 
that element, such that the projection operator obtains 
the mean pore pressure at the elemental level. Subse‐
quently, the stabilization term Hp added to the continu‐
ity equation is:

Hp = ∫
Ωe

τ
2G [ Np -Π ( Np ) ]T[ Np -Π ( Np ) ]dxdy   (6)

where Np is the shape function for pore pressure; τ is 
the stabilization parameter that regulates the magni‐
tude of the stabilization term. The stabilization para‑
meter τ is set to 1.0 in this paper unless otherwise spec‐
ified. In addition to the form τ/(2G), various schol‐
ars (Sun et al., 2013; Li and Wei, 2018; Monforte 
et al., 2019; Gavagnin et al., 2020; Wang et al., 2023) 
have proposed alternative stabilization parameter 
forms to obtain higher accuracy.

After the stabilization term is added, the govern‐
ing equations are:

é
ë
êêêê ù

û
úúúúKs -Ksf

0 Kf

d + é
ë
êêêê ù

û
úúúú0 0

K T
sf Hf +Hp

ḋ + é
ë
êêêê ù

û
úúúúMs 0

0 0
d̈ = { }Fs

Ff

.

(7)

In addition to the PPP technique, a variety of 
other stabilization techniques (Oñate, 2000; Truty and 
Zimmermann, 2006; Aguilar et al., 2008; de Pouplana 
and Oñate, 2017; He et al., 2025) have been proposed 
and utilized in various applications. Although the deri‐
vation procedure and the form of the stabilization term 
differ for these methods, the essence of the stabiliza‐
tion method is still to add an artificial stabilization 
term to modify the governing equations and to control 
this term’s magnitude through the stabilization para‑
meter. In this study, the PPP technique is employed as 
a representative to validate the accuracy of these types 
of methods.

2.3 Unequal-order interpolation element

2.3.1　Cover function-enriched element

Two strategies exist for unequal-order interpola‐
tion. The first employs the conventional finite element 
framework with distinct nodes for displacement and 
pore pressure (i.e., Taylor–Hood elements); this yields 
quadratic displacement and linear pore pressure inter‐
polation, as illustrated in Fig. 1a. The second utilizes 
identical interpolation nodes for both fields but em‐
ploys nodal cover functions, with the displacement 
cover function being one order higher than that of 
pore pressure, as depicted in Fig. 1b. Compared to the 
first strategy, the second is more versatile.

According to the NMM, the displacement and 
pore pressure interpolations (ue and pe) of the elements 
can be represented as:

Fig. 1  Unequal-order interpolation elements: (a) Taylor– 
Hood element; (b) cover function-enriched element
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(8)

where Nu, i, Np, i, and Ni (i=1, 2, …, q) are the nodal dis‐
placement shape function, pore pressure shape func‐
tion, and generic shape function, respectively, and q 

is the number of element nodes; C e
ui={C e

xi C e
yi}

T

 and 

C e
pi are the skeleton displacement nodal cover func‐

tion and pore pressure nodal cover function, respec‐
tively. C e

xi and C e
yi are the skeleton displacement nodal 

cover functions in the x- and y-directions, respectively. 
The nodal cover function typically takes a polynomial 
form and can be expressed as:

ì
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î
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where Pui and Ppi are the nodal polynomial vectors of 
skeleton displacement and pore pressure, respectively; 
d e

ui and d e
pi are the nodal DOF vectors of skeleton dis‐

placement and pore pressure, respectively.
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(10)

where nu and np are the orders of the nodal cover func‐
tions of skeleton displacement and pore pressure, re‐
spectively; P̄ ψ

i  (ψ is nu or np) is the ψth order poly‐
nomial vector of node i; d ′xi

 e
  and d ′yi

 e
  are the nodal 

DOF vectors of skeleton displacement in the x- and y-
directions, respectively. The cover function-enriched 
element degenerates to the standard equal-order ele‐
ment method when all cover functions are of zero order.

In this study, the first-order skeleton displace‐
ment cover function P̄ 1

ui and the zero-order pore pres‐
sure cover function P̄ 0

pi are employed. There are six 
displacement DOFs and one pore pressure DOF on 
one node:
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(11)

where xi and yi are the x- and y-coordinates of node i, 
respectively; x00

i  x10
i  and x01

i  are the DOFs in the x-
direction; y00

i  y10
i  and y01

i  are the DOFs in the y-
direction; p00

i  is the pore pressure DOF.
By substituting Eq. (9) into Eq. (8), the element 

displacement and pore pressure interpolations based 
on nodal cover functions can be expressed as:
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q
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e
ui 
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Ni Ppid
e
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(12)

Substituting Eq. (12) into Eqs. (1) and (2) and 
applying the Galerkin spatial discretization method 
yields the submatrices of the discretized cover element, 
as detailed in Section S1.3 of the ESM.

2.3.2　Linear dependence issues and the imposition 
of boundary conditions

When both the shape function and the nodal cover 
function of the element are complete polynomials, 
there exist well-known linear dependence issues in the 
NMM/GFEM, resulting in the singularity of the stiff‐
ness matrix. Taking the first-order triangular cover el‐
ement as an example, its cover polynomial vector P̄ 1

i  is:

P̄ 1
i = {1 x - xi y - yi}. (13)

Consequently, a single triangular cover element 
possesses nine DOFs in each direction. The polynomial 
resulting from the product of the element shape func‐
tion and the cover function comprises the following 
six terms:

{1 x y x2 xy y2 }. (14)

Therefore, the total rank deficiency in both direc‐
tions is given by Rd=2´ (9-6)=6, indicating that the 
stiffness matrix contains six redundant DOFs.
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As the number of triangular cover elements in‐
creases, the rank deficiency of the triangular mesh 
does not increase (Tian et al., 2006; An et al., 2011). 
As illustrated in Fig. 2, each time a new element is 
added, the number of newly introduced DOFs re‐
mains consistent between Taylor–Hood elements and 
cover elements. This demonstrates that the rank defi‐
ciency associated with triangular cover elements 
remains constant regardless of the total number of 
elements.

In this study, first-order polynomials are em‐
ployed as the displacement cover functions for the tri‐
angular cover elements. For 2D problems, the global 
triangular mesh is characterized by a rank deficiency 
of Rd=6, which implies that linear independence of 
the global stiffness matrix can be achieved through 
the proper constraint of just six DOFs. The imposition 
of boundary conditions for triangular cover elements 
is depicted in Fig. 3. Node types 1–3 correspond to 
three distinct types of boundary treatments:

(1) Node type 1: for nodes where only displace‐
ment in a single direction (either the x- or y-direction) 
is constrained, the corresponding three DOFs in that 
direction are restricted.

(2) Node type 2: for nodes where displacements 
in both the x- and y-directions are constrained, all six 
DOFs are fully fixed.

(3) Node type 3: for nodes that do not require any 
boundary conditions, and all DOFs remain unconstrained.

In 2D problems, at least two translational DOFs 
and one rotational DOF must be constrained to elimi‐
nate rigid-body motion. The combined constraints im‐
posed by node types 1 and 2 effectively suppress rigid 
body displacement and ensure that at least six redun‐
dant DOFs in the system are restricted. Moreover, 
these constraint rules are consistently applied to all 

triangular cover element nodes with prescribed bound‐
ary conditions. Consequently, the actual number of con‐
strained DOFs far exceeds the theoretical minimum, 
thereby rigorously ensuring the full-rank property of 
the global stiffness matrix.

Conversely, when the cover polynomial vector 
of the quadrilateral element is a complete polynomial 

(i.e., P̄ 1
i ={1 x-xi y-yi ( x-xi ) ( y-yi )}), as shown in 

Fig. 4, the increment in the DOFs for the cover 
function-enriched elements exceeds that of the Taylor–
Hood elements; therefore, the rank deficiency increases 
with the number of elements. In such cases, the DOF 
constraint method used for triangular cover elements 
is no longer applicable. Instead, it is usually necessary 
to reconstruct the nodal cover functions using ap‐
proaches, such as the least squares method (Rajendran 
and Zhang, 2007; Ma et al., 2022), to address the 
issue of linear dependence.

Fig. 2  Variation in DOFs caused by adding new triangular 
cover elements: (a) Taylor–Hood element; (b) cover function-
enriched element

Fig. 3  Boundary conditions for the triangular cover elements

Fig. 4  Variation in DOFs caused by adding new quadrilateral 
elements: (a) Taylor–Hood element; (b) cover function-
enriched element
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This paper presents quadrilateral cover elements 
suitable for the 1D problem, in which the cover poly‐
nomial vector is defined as P̄ 1

yi={1 y-yi}, and each 

node possesses two DOFs d ′yi
 e
 ={ y00

i  y01
i }

T
 in the y-

direction. As presented in Fig. 5, our analysis focuses 
on the 1D problems, where the rank deficiency of the 
global stiffness matrix is evaluated for meshes com‐
posed of three different numbers of elements under 
various boundary conditions. The corresponding re‐
sults are presented in Table 1. In condition Ⅰ, where 
no constraints are applied to nodes 1 and 2, the rank 
deficiencies of the global stiffness matrices for the 
grids in Figs. 5a–5c are the same; this indicates that 
the rank deficiency of the proposed 1D quadrilateral 
cover elements remains constant regardless of the num‐
ber of elements. In condition Ⅱ , where the DOFs y00

1  
and y00

2  are constrained, the rank deficiency remains 
identical to that in condition I. In condition Ⅲ, where 
all DOFs of nodes 1 and 2 are fully constrained, the 
rank deficiency of the global stiffness matrix is elim‐
inated. The above analysis demonstrates that constrain‐
ing the DOFs y01

1  and y01
2  of nodes 1 and 2 effectively 

eliminates the linear dependence in the stiffness matrix. 
This confirms the feasibility and applicability of the 
proposed quadrilateral cover elements for 1D problems.

The preceding analysis validates that the issue 
of linear dependence arising from high-order cover 

functions has been effectively addressed. Accordingly, 
in subsequent sections, quadrilateral cover elements 
are adopted in the 1D problems, while triangular cover 
elements are employed in the 2D problems.

Three element types are used in this study: the 
standard equal-order element (U1P1), the stabilized 
equal-order element (U1P1M), and the cover function-
enriched unequal-order element (U2P1). For the 1D 
benchmark cases, the conventional unequal-order 
Taylor–Hood element (TH-Quad) is also included as 
a comparative reference for U2P1. Details of the ele‐
ment geometry, type, and other parameters are sum‐
marized in Table S1 of the ESM.

3 Dynamic analysis of incompressible saturated 
porous media 

3.1 Dynamic consolidation of a 1D incompressible 
elastic column

In incompressible saturated porous media, the 
Biot modulus Qb is infinite. A 1D plane strain elastic 
column is first considered for this case. The column 
has a height of 10 m and a width of 2 m. The upper 
surface is drained, whereas the bottom and lateral 
boundaries are impermeable; the bottom is fully fixed, 
with lateral normal displacements constrained. The ma‐
terial parameters utilized are listed in Table 2. A peri‐
odic load of f  (t )=3´ [1-cos(75t ) ] is applied to the 

top surface, where t is the time. For comparison, the 
analytical solution proposed by de Boer et al. (1993) is 
used. The relative error of pore pressure is defined as:

εp =
|

|
|
||
| pnum - pref

pref

|

|
|
||
|
 (15)

where pnum and pref are the numerical and exact solu‐
tion values of pore pressure, respectively. Moreover, 
the time step is Dt = 1 ´ 10-4 s.

The column is uniformly divided into 50 rectan‐
gular elements along the height direction. Fig. 6 il‐
lustrates the evolution of the pore pressure for the 

Fig. 5  Quadrilateral cover element meshes and boundary 
conditions in 1D problems: (a) one element; (b) two elements; 
(c) three elements

Table 1  Rank deficiency of the global stiffness matrix

1D problem

Condition Ⅰ

Condition Ⅱ

Condition Ⅲ

Boundary condition

No boundary conditions

DOFs y00
1  and y00

2  of nodes 1 and 2 are constrained

Constrain all DOFs of nodes 1 and 2

Rank deficiency/total number of DOFs

Fig. 5a
2/8

2/6

0/4

Fig. 5b
2/12

2/10

0/8

Fig. 5c
2/16

2/14

0/12
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different elements at a height of 9 m with comparison 
to the analytical solution. The analytical solution is in 
close agreement with the load history because the per‐
meability is so small that the pore pressure dissipation 
caused by consolidation at the top of the column is 
not discernible over such a short period. The pore pres‐
sure of U1P1 is approximately twice that of the ana‐
lytical solution, and there are unphysical pore pressure 
oscillations throughout the entire column. In contrast, 
U1P1M, TH-Quad, and U2P1 exhibit good agreement 
with the analytical solution.

Next, the effect of the solid skeleton compress‐
ibility on the performance of different elements is in‐
vestigated. In the subsequent analyses, the column is 
discretized into 100 rectangular elements along the ver‐
tical direction. Fig. 7 presents the variation in the rela‐
tive pore pressure error with Young’s modulus at a 
height of 9 m at t=0.0419 s. Under varying skeleton 
compressibility, U2P1 consistently maintains high ac‐
curacy; TH-Quad exhibits larger errors when the skel‐
etal stiffness is relatively high; U1P1M shows larger 
errors under low skeletal stiffness. Furthermore, the 
sensitivity analyses presented in Section S2.2 of the 

ESM confirm that U2P1 maintains robust performance 
across varying element numbers and permeability 
coefficients.

We hypothesize that the relatively large errors 
observed in U1P1M under low skeleton stiffness con‐
ditions may be attributed to the stabilization term be‐
ing too large. To further investigate this phenomenon, 
the stabilization parameter was systematically adjusted 
at E=0.201 MPa. Fig. 8 shows the variation in the rel‐
ative pore pressure error with the stabilization parame‐
ter; the results indicate that there is no clear monotonic 
relationship between the relative pore pressure error 
and the stabilization parameter. Consequently, choos‐
ing an appropriate stabilization parameter for different 
problems is a complex task. Furthermore, the accuracy 
for U1P1M does not attain the same level as U2P1, re‐
gardless of the adjustments made to the stabilization 
parameter.

Fig. 6  Evolution of pore pressure at a height of 9 m

Fig. 7  Relative pore pressure error versus Young’s modulus

Table 2  Parameters of the incompressible material

Parameter
Young’s modulus, E (MPa)

Poison’s ratio, v

Porosity, n

Unit weight of the fluid, γf (kN/m3)

Solid density, ρs (kg/m3)

Fluid density, ρf (kg/m3)

Permeability coefficient, k (m/s)

Value
20.1

0.2

0.33

10

2000

1000

1×10−12

Fig. 8  Relative pore pressure error versus stabilization 
parameter of U1P1M
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3.2 Dynamic consolidation of 2D incompressible 
media

As illustrated in Fig. 9, the 2D plane strain model 
has dimensions of 21 m in width and 10 m in height. 
The model comprises a grid of 1924 triangular ele‐
ments, with a grid edge length of approximately 0.5 m. 
Four observation nodes, designated as A, B, C, and D, 
are positioned at different heights in the middle of the 
model. The upper surface is drained, the two lateral 
surfaces and the bottom surface are impermeable, the 
bottom surface displacement is fully constrained, and 
the normal displacements of the two lateral surfaces 
are constrained. The material parameters follow those 
in Table 2, except that Young’s modulus is set to 0.3 
or 30 MPa, with a porosity of n = 0.30. A load of 
f  (t )=100sin (25πt ) [1-H  ( )t - 0.04 ] is applied unifor‑
mly over a width of 1 m at the center of the upper sur‐
face, where H-(t-0.04) is the Heaviside step function. 
The time step is Dt = 1 ´ 10-5 s.

Figs. 10 and 11 present the contour plots of pore 
pressure at varying times when Young’s moduli E=
0.3 MPa and E=30 MPa, respectively. As illustrated 
in Figs. 10a and 11a, while the overall pore pressure 
response pattern for U1P1 closely resembles that for 
U2P1, U1P1 consistently exhibits pronounced pressure 
oscillations. As shown in Fig. 10 (E=0.3 MPa), while 
the pore pressure field is quite stable in U1P1M, the 
pore pressure in U1P1M is notably smaller at t=0.01 s 
and t=0.02 s and considerably larger at t=0.03 s com‐
pared to the other two elements. As demonstrated in 
Fig. 11, the pore pressures in U1P1M and U2P1 ex‐
hibit nearly equivalent trends at E=30 MPa. Additional 
pore pressure histories at nodes A and B are provided 

in Section S2.2 of the ESM, which support the above 
conclusions.

Considering the inferior performance exhibited 
by U1P1M at E=0.3 MPa—which can be attributed to 
the excess of the stabilization term—Fig. 12 illustrates 
the pore pressure field at various times with different 
stabilization parameters for U1P1M. When τ=0.5, the 
pore pressure field continues to change at a relatively 

Fig. 9  Illustration of the 2D plane strain model. ux and uy 
are the solid skeleton displacements in x- and y-directions, 
respectively

Fig. 12  Contours of pore pressure with different stabilization 
parameters at E=0.3 MPa for U1P1M: (a) τ=0.5; (b) τ=0.1

Fig. 11  Contours of pore pressure at E=30 MPa: (a) U1P1; 
(b) U1P1M; (c) U2P1

Fig. 10  Contours of pore pressure at E=0.3 MPa: (a) U1P1; 
(b) U1P1M; (c) U2P1
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slow rate but with a larger magnitude. When τ=0.1, 
the overall trend of the pore pressure is similar to 
U2P1 (Fig. 10c), but oscillations occur. This demon‐
strates the difficulty in determining a suitable stabili‐
zation parameter that is between the overly stable and 
oscillatory states, suggesting that achieving U2P1 ac‐
curacy is almost impossible. This challenge is even 
more pronounced under extreme conditions such as 
seismic liquefaction, where the soil stiffness can de‐
grade to nearly 0 Pa. In such a severely softened 
state, the stabilization techniques that are typically de‐
signed for soils with non-negligible stiffness may 
prove ineffective and consequently undermine the fi‐
delity of pore pressure simulations.

4 Dynamic analysis of compressible saturated 
porous media 

Under extremely low permeability, the propaga‐
tion velocity of the fast wave (P1 wave) within com‐
pressible saturated porous media can be expressed as:

Vp =
λ + 2G + α2Qb

ρ
. (16)

This enables the observation of transient processes 
induced by compressional wave propagation, such as 
pore pressure surge and wave reflection.

4.1 Dynamic consolidation of a compressible elastic 
column

The height of the 1D compressible plane strain 
elastic column is 30 m, and its width is 3 m. The same 
boundary conditions as in Section 3.1 are adopted. The 
material parameters employed are listed in Table 3. A 
step load of 1 kPa is applied to the top of the column, 
and the time step is Dt=1´10-4 s. The analytical solu‐
tion derived by Shan et al. (2011) for 1D compression 
will be used as a reference.

Fig. 13 presents the evolution of pore pressure at 
a height of 27 m. The column is uniformly divided in‐
to 50 rectangular elements. The pore pressure for 
U1P1 is markedly higher than the analytical value. 
This suggests that equal-order elements continue to in‐
duce pressure oscillations in compressible saturated 
porous media. Although the results are more stable and 
the amount of pore pressure fluctuations decreases 

with time, U1P1M is unable to accurately characterize 
the arrival and reflection of the compressional waves. 
U2P1 demonstrates satisfactory agreement with the 
analytical solution and accurately reflects the arrival 
and reflection of the P1 wave, despite minor pore pres‐
sure fluctuations, which can be attributed to the limited 
number of elements. The results obtained from TH-
Quad align closely with those of U2P1, but the for‐
mer exhibits lower stability.

To investigate the influence of the size of the sta‐
bilization term on U1P1M, Fig. 14 presents the pore 
pressure profiles at t=0.0317 s (when the reflected 
wave reaches the top surface) for varying stabilization 
parameters. The pore pressure shows pronounced os‐
cillations between adjacent nodes of U1P1, especially 
near the top and bottom surfaces. TH-Quad suppresses 
pore pressure oscillations, although minor instabilities 
persist across the entire height of the column. In con‐
trast, U2P1 demonstrates the best performance, with 
only slight pore pressure oscillations occurring near 
the top of the column. When τ=1.00, despite there be‐
ing no pronounced pore pressure oscillations between 

Fig. 13  Evolution of pore pressure at a height of 27 m

Table 3  Parameters of the 1D compressible material

Parameter
Young’s modulus, E (MPa)

Poison’s ratio, v

Porosity, n

Unit weight of the fluid, γf (kN/m3)

Solid density, ρs (kg/m3)

Fluid density, ρf (kg/m3)

Bulk modulus of the fluid, Ks (GPa)

Bulk modulus of the solid, Kf (GPa)

Permeability coefficient, k (m/s)

Value
30

0.2

0.3

10

2000

1000

2

50

1×10−12

705



|    J Zhejiang Univ-Sci A   2026 27(7):696-710

the adjacent nodes in U1P1M, the overall pore pres‐
sure distribution exhibits global oscillatory behavior 
along the height direction; this results in a significant 
discrepancy with the analytical solution. As the stabili‐
zation parameter gradually decreases, the amplitude 
of the global oscillations decreases. However, the local 
pore pressure oscillations between adjacent nodes 
gradually develop from the top drainage surface, even‐
tually reaching a level similar to that of U1P1. Given 
these material properties, regardless of how the stabili‐
zation parameters are adjusted, a satisfactory result 
cannot be obtained, and the pore pressure field always 
remains in a state between global oscillation and local 
oscillation for U1P1M.

Fig. 15 depicts the relative error curves of pore 
pressure versus Young’s modulus at a height of 27 m 
when the reflected wave reaches the top surface. A 
mesh of 100 elements is employed in the vertical 

direction. The relative error in pore pressure decreases 
with greater Young’s modulus across all element types. 
U2P1 consistently maintains high accuracy, while TH-
Quad and U1P1 exhibit comparable precision; U1P1M, 
however, always yields the lowest accuracy.

4.2 Dynamic consolidation of 2D compressible 
media

The model configuration, mesh, and boundary 
conditions used here are identical to those described 
in Section 3.2. A uniform step load of 100 kPa is ap‐
plied over a width of 1 m at the center of the upper 
surface. The material parameters involved are given 
in Table 3. The time step is set to Dt=1´10-5 s, and the 
stabilization parameter used for U1P1M is 0.1.

Fig. 16 presents the pore pressure contour plots 
at various times for the three types of elements. As 
illustrated in Fig. 16a, although U1P1 captures the 
position of the wave front, the corresponding pore 
pressure field displays pronounced spurious oscilla‐
tions, manifesting in the classical “checkerboard” pat‐
tern. The result from U1P1M is shown in Fig. 16b. 
While this scheme remains highly stable and free from 
checkerboard oscillations, it severely overestimates the 
pore pressure dissipation, resulting in a diffuse wave‐
front and an underestimated wave velocity compared 
to the other two elements. In contrast, the result for 
U2P1 (Fig. 16c) clearly depicts the wave initiating 
from the loading area and propagating with a gradually 
expanding semicircular wavefront. The attenuation of 
pore pressure aligns with the dissipative nature of com‐
pressional waves, and the pore pressure increases as 
the wave reflects from the lower boundary. Under this 
condition of extremely low permeability, the theoreti‐
cal velocity of the P1 wave calculated from Eq. (16) is 
1898.5 m/s. The wave speed derived from the U2P1 

Fig. 15  Relative pore pressure error versus Young’s modulus 
at a height of 27 m

Fig. 16  Contours of pore pressure at E=30 MPa: (a) U1P1; 
(b) U1P1M; (c) U2P1

Fig. 14  Pore pressure profiles with different stabilization 
parameters at t=0.0317 s
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simulation is approximately 1879.7 m/s, yielding an 
acceptable relative error of 0.992%. The pore pres‐
sure histories of nodes A, B, C, and D are provided 
in Section S3 of the ESM, further corroborating the 
superior accuracy of U2P1 in capturing wave propa‐
gation characteristics.

It is evident that when the stabilization parame‐
ter τ=0.100, the stabilization term is too large, ulti‐
mately rendering U1P1M overly stabilized. Fig. 17 
depicts contour plots of pore pressure at t=0.005 s, 
demonstrating the influence of varying the stabiliza‐
tion parameter for U1P1M. As the stabilization param‐
eter decreases, the anomalous high attenuation of the 
compressional wave weakens, the wavefront becomes 
progressively clearer, and the wave velocity increases. 
However, pore pressure oscillations gradually intensify 
at the same time. These observations indicate that 
adjusting the stabilization parameter in U1P1M has a 
limited effect on improving the accuracy of the pore 
pressure field for compressible materials with low 
overall stiffness. This, therefore, highlights its inher‐
ent disadvantage in scenarios involving soft soils or 
seismic conditions where the soil stiffness is signifi‐
cantly reduced.

5 Conclusions 

In this study, we investigated the challenge of 
spurious pore pressure oscillations during the dynamic 
analysis of saturated porous media by evaluating two 
primary mitigation strategies. A comparative assess‐
ment was conducted among three types of finite ele‐
ments: U1P1, U1P1M, and U2P1.

While U1P1 can capture the general trend of pore 
pressure evolution in nearly undrained saturated porous 
media, it fails to suppress unphysical oscillations. This 
is true under both incompressible and compressible 
conditions.

U1P1M is sensitive to the artificial stabilization 
terms, leading to an overestimation of compressional 
wave dissipation and an underestimation of wave ve‐
locity. Achieving a balance between accuracy and nu‐
merical stability remains challenging, even when the 
stabilization parameter is calibrated based on Young’s 
modulus, mesh size, and other relevant factors. Not‑
ably, the adverse effects of the stabilization term are 
more pronounced in compressible media than in in‐
compressible media. As a result, an acceptable accuracy 
level is only achieved for incompressible porous media 
with sufficiently rigid solid skeletons.

U2P1 consistently and accurately captures the 
evolution of pore pressure for both compressible and 
incompressible media. When employed for dynamic 
analysis, this type of element maintains computational 
robustness, demonstrating insensitivity to variations in 
solid skeleton rigidity, compressibilities of the solid 
and fluid phases, and permeability.

In summary, U2P1 yields relatively satisfactory 
results across nearly all conditions and can be easily 
degenerated to a standard finite element. Therefore, 
its use is strongly recommended for the dynamic ana‑
lysis of saturated porous media.
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