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Abstract: The dynamic behavior of memristive Josephson neurons is highly sensitive to circuit configurations. This study
proposes a novel control method for neuronal circuits based on targeted parallel shunting using an external capacitor. A hybrid
circuit integrating a memristor, a Josephson junction, and a nonlinear resistor is constructed, with an external capacitive branch
introduced in parallel with the nonlinear resistor to achieve precise manipulation of neuronal firing patterns. It is demonstrated
that the external capacitive branch enables effective regulation of the firing patterns of the neuronal circuit through its targeted
parallel connection to the nonlinear resistor. By continuously adjusting the external capacitance parameter, the system can realize
controllable switching among various firing modes. Concurrently, variations in the stimulus amplitude reshape the internal
energy distribution framework of the system, determining the dominant roles of different energy storage components. These two
mechanisms constitute a dual-dimensional “mode—energy” regulation system for the neuronal circuit. Furthermore, the regulatory
mechanism of the external branch originates from its unique local shunting effect and specific energy exchange process. The energy
evolution of the external capacitor exhibits dynamic characteristics distinct from those of the main system, and this asynchronous
energy response can effectively perturb the global balance of the system. The proposed method provides a foundation for the precise
control of neuronal dynamics in memristive Josephson systems.

Key words: Neuronal dynamics; Capacitive subbranch; Firing mode regulation; Energy distribution

1 Introduction

With the rapid advancement of neuromorphic com-
puting and brain-computer interface technologies, there
is an escalating demand for the precise regulation of
neuronal dynamics. The electrical activities of biolog-
ical neurons stem from the stochastic diffusion of in-
tracellular and extracellular ions and their bidirectional
pumping across membrane channels. These processes
are accompanied by energy exchange between magnetic
and electric fields inside and outside the cell mem-
brane, as well as variations in electromagnetic energy
(Buzsaki and Draguhn, 2004; Uhlhaas and Singer, 2006;
Ranasinghe et al., 2022). Neuronal populations form
intricate networks through synaptic coupling. Their
synchronous and asynchronous behaviors are not only
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integral to basic brain functions such as memory storage
and signal integration but also closely linked to the path-
ological mechanisms of neurological disorders such as
epilepsy and Parkinson’s disease (Hodgkin and Huxley,
1952; Izhikevich, 2006; Zhao et al., 2024). Thus, con-
structing physical models capable of accurately repli-
cating the dynamical characteristics of biological neu-
rons and developing efficient regulation methods have
become central research directions in neuromorphic
computing and neuroengineering. Memristors, distin-
guished by their variable resistance, nonvolatility, and
long- and short-term memory effects, can efficiently
simulate synaptic weight modifications and neuronal
electrical dynamical processes. This makes them key
components for building low-power, high-density brain-
inspired hardware systems (Chua, 1971; Strukov et al.,
2008; Prezioso et al., 2015). Their unique nonlinear
modulation and dynamic energy response capabilities
enable precise reproduction of ion channel quantum
transport and synaptic plasticity, thereby infusing neu-
ral circuits with more biologically realistic physical
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mechanisms (Li et al., 2021; Xu et al., 2024; Lei and
Ma, 2025). As core components of superconducting
circuits, Josephson junctions exhibit quantum tunnel-
ing effects and electromagnetic coupling properties that
can mimic the rapid switching behavior of ion chan-
nels, demonstrating unique advantages in reproducing
high-frequency neuronal firing and enabling quantum
regulation (Nakamura et al., 2001; Zhang et al., 2020;
Baumgartner et al., 2022). Integrating memristors with
Josephson junctions to form hybrid neural circuits can
simultaneously balance dynamical richness and phys-
ical authenticity. This integration helps overcome the
limitations of traditional models in describing quantum
effects and energy coupling, thereby offering a novel
technical pathway for regulating neuronal dynamics
(Mishra et al., 2021; Wu et al., 2024; Yang et al., 2024).

Current regulation methods for neuronal circuits
mainly rely on direct adjustments to main circuit pa-
rameters or external electrical signal injection, which
suffer from inherent drawbacks such as limited preci-
sion, response lag, and substantial energy consump-
tion (Guo et al., 2021; Han et al., 2023). Most exist-
ing studies focus on single-dimensional regulation of
firing modes, overlooking the synergistic relationship
between firing behavior and energy distribution (Lei
et al., 2025a). Notably, mode switching in biological
neurons is always accompanied by dynamic restruc-
turing of metabolic energy, a core biophysical charac-
teristic that traditional models often fail to effectively
simulate (Wang and Zhang, 2007; Moujahid et al.,
2011). Additionally, conventional circuit designs heav-
ily depend on capacitors to mimic the capacitive prop-
erties of cell membranes (Sun et al., 2023). However,
capacitors are prone to breakdown under strong elec-
tric shocks, leading to disrupted energy transmission
and chaotic firing patterns, which restricts the stability
of neural circuits under extreme operating conditions
(Cheng et al., 2007; Moon and Leeb, 2016). There-
fore, developing a regulation method that achieves
precise switching of firing modes, controllable energy
distribution, and interference resistance remains an ur-
gent challenge in neuromorphic computing (Guo et al.,
2025). The targeted integration of functional devices
provides new insights for expanding the functional-
ities of neural circuits. In recent years, external sub-
branch circuits, through targeted coupling with the main
circuit, have enabled dynamical regulation while pre-
serving the main circuit topology. Their core advantage

lies in flexibly adjusting the equivalent impedance
and energy distribution of the main circuit via local
shunting effects and energy exchange (Li et al., 2024).
For instance, paralleling an external capacitive sub-
branch with a nonlinear resistor can modify trans-
membrane current characteristics through dynamic
shunting, thereby inducing firing mode transitions
(Jia et al., 2025). The introduction of functional de-
vices such as piezoelectric materials and thermistors
endows neural circuits with the ability to perceive
multi-physical field stimuli, including sound, light,
and temperature. This regulatory approach not only
avoids direct modifications to the main circuit but also
achieves reversible switching between multiple firing
modes through continuous adjustment of a single pa-
rameter, offering a novel solution for circuit design
under capacitor failure scenarios (Jia et al., 2023, 2024;
Wang et al., 2024).

Notably, recent studies have shown that magnetic
flux-controlled memristors (MFCMs), when integrated
into neural circuit branches, can support energy shunt-
ing in the form of magnetic flux. This enables the de-
scription of magnetic field effects and the storage of
magnetic flux variables in equivalent dimensionless
neuron models (Lei et al., 2025b). MFCMs coupled
with double capacitive membranes can detect external
magnetic field fluctuations and alter the energy distri-
bution (Jiang et al., 2025). Such MFCM-coupled cir-
cuits, combined with inductors, can realize continu-
ous energy exchange relying solely on magnetic field
components, overcoming the traditional requirement
for oscillatory circuits to have energy interactions be-
tween electric and magnetic field storage elements
(Liu et al., 2025). Meanwhile, Josephson junctions, in
both resistive capacitive shunted and resistive capaci-
tive inductively shunted models, exhibit neuron-like
spiking and bursting behaviors (Dana et al., 2001). Their
dynamical mechanisms can be interpreted through fold-
homoclinic or parabolic bifurcations, further confirm-
ing their feasibility in simulating biological neuronal
excitability (Laing, 2023). Recent studies have revealed
new dynamical mechanisms, including spiking related
to a saddle-node off invariant cycle bifurcation and a
Josephson junction neuron model with phase-dependent
memristive current (Baxevanis and Hizanidis, 2025;
Yan et al., 2026). Moreover, dual-capacitor configu-
rations have been shown to more accurately replicate
the bilayer structure of biological cell membranes,



facilitating more realistic energy exchange between
inner and outer membrane layers (Yang et al., 2024).
A double-membrane neuron model with memcapaci-
tors and memristors has been developed, showing that
the capacitance ratio controls the degree of chaos (Lei
et al., 2026). Furthermore, the synchronization dynam-
ics of coupled Josephson junction-memristor systems
are sensitive to coupling strength ratios, external stim-
ulus parameters, and noise, underscoring the need for
multidimensional regulatory strategies (Liu et al., 2025).
Discrete neuron models and memristive neural net-
work mapping have been reviewed recently (Yu et al.,
2025). For Chinese researchers, please refer to the re-
cent review (Ma, 2026) for further physical guidance
on modeling and establishing neural circuits.

Thus, this study proposes a regulation method
for neuronal dynamics in memristive Josephson sys-
tems based on targeted parallel shunting with an ex-
ternal capacitor. We systematically explore the regu-
latory laws of the external capacitance parameter on
firing modes and clarify the core regulatory mecha-
nisms of the local shunting effect and asynchronous
energy response of the external branch. This study
identifies two regulation dimensions. The mode di-
mension uses the parameter x to switch among peri-
odic, bursting, and chaotic firing. The energy dimen-
sion uses stimulus amplitude 4 to reshape the energy
distribution and determine dominant components. To-
gether, they form a dual-dimensional mode—energy
regulation system for the neuron circuit. The research
findings not only provide technical support for the
precise regulation of neuronal dynamics in memris-
tive Josephson systems but also lay a theoretical foun-
dation for constructing reconfigurable, high-reliability
neuromorphic circuits.

2 Modeling and methods

A controllable neuron circuit model is proposed,
as illustrated in Fig. 1. The circuit consists of two dis-
tinct sections: the core neuron circuit and an external
shunt-control branch (highlighted by the dashed box).

The core neuron circuit models the essential elec-
trophysiological behaviors of a neuron. It is constructed
around a Josephson junction J and a charge-controlled
memristor M. A direct current voltage source E, and
the memristor M are connected in series to form a
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Fig. 1 Proposed controllable neuron circuit. The parameters
are explained in the text

stimulation branch. Three parallel paths extend from
their common node: the first incorporates a capacitor
C,, the second a Josephson junction J, and the third a
nonlinear resistor R in series with an inductor L. The
key innovation lies in the external shunt-control branch,
which consists of an external capacitor C, and a switch
S connected in series. This entire branch is connected
in parallel with the nonlinear resistor in the core cir-
cuit. The switch S regulates the activation of this branch.
The external capacitor C, is nonpolarized because the
voltage across the nonlinear resistor R may reverse
during dynamics. Therefore, no polarity symbol is in-
dicated in Fig. 1.

2.1 Model derivation and nondimensionalization

The governing physical laws for each component
are defined as follows. The memristor M is a magnetic
flux-regulated device described by:

=W ()V,,
d
d—‘f =k V\ + koo, (1)

W(p) =a+3pp,

where V,=E,—V, is the voltage across the memristor,
E, is the voltage at node 1 (i.e., the direct current volt-
age source E)), and V, is the voltage at node B. i, is
the current through the memristor. ¢ is the magnetic
flux. W(p) is the memductance. ¢ is time. The parame-
ters k,, k,, o, and S are constants. The Josephson junc-
tion obeys:

. ) d 2
i,=I.sin(¢), d—f = fVB, 2
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where /. is the critical current, e is the elementary
charge, 7 denotes the reduced Planck constant, i, is
the current through the Josephson junction, and ¢ is
the phase difference across it.

The capacitor C, follows i.=C,dV,/dt, where i,
is the current through C, and C, is its capacitance. The
nonlinear resistor R is modeled using the FitzHugh—

Nagumo (FHN) formalism:
R Y P )
R— p R 3 Voz 4

where p and V, are normalized parameters for the non-
linear resistor. i, is the current through R and V, is the
voltage across it. The inductor L satisfies V,=Ldi,/dt,
where V, is the voltage across the inductor, 7, is the
current through it, and L is the inductance. The external
capacitor C, contributes a current i =C,dV,/dz, where
i, is the current through C, and C, is its capacitance.
The dynamical equations are derived by applying
Kirchhoff’s laws to the circuit in Fig. 1. Two distinct
operational modes are considered, depending on the
state of switch S.

2.1.1 Case 1: switch open
In this case, i, =0 and i,=i,. Applying Kirchhoff’s

current law (KCL) at node B gives:

iM:iJJ’_iCIJFiL,
. dr, .
=W (p)(E,-Vy) =1.sin(¢p) +C]W +i,.
“4)

Applying Kirchhoff’s voltage law (KVL) to the
R—L loop gives:

di
VB=VR+LT;7 (5)

where

dt —dv, dt — p

dip,  dip dv, 1 VZ\dV,
(1 2| de - ©)

Substituting the component relations leads to the
following set of ordinary differential equations:

€ 80r = (380" (V) ~Iesin(9) ~1i,
)
FRAC o
& k(B V)) +ho.
,fl(rlm)

p 3V

2.1.2 Case 2: switch closed

Now, the external capacitor C, is connected in
parallel with R, so V. =V, (V. is the voltage across the

capacitor C,) and i = C,dV,/dt. The current through
the inductor becomes i, =i, +i.. KCL at node B is

modified to:

l'M=l'J+l'C‘+l'L,
. dr, .
= W((”)(E1_ VB) =1 Sln(¢) +C1W +1, (8)

av,

=C, &

= W(¢)(E1_ VB) _Ic Sln(¢) _iL'

The equations can be written as a fifth-order

system:
av, 5 ) i
C, ds = (a+3ﬁ(ﬂ YE, =Vy) -1 Sln(¢) — 1
di 1
TR AU )
dg  2e
@ TR ©
d
T“; =k(E,~V,) +kp,
dr, . 1 1V}
C2 dtR =1,+ p(VR— 31/:2)

To simplify the analysis, all variables and pa-
rameters are nondimensionalized using the follow-
ing transformations:

Vi Pl %
x: 77 = 2 Z_ 2 W: 2
Vo Y Vo ¢ pCV,
Vi 2
V=, a=ap, b=3Bp(C,pV,)
0



_ple _ 2epClV, L
VO 2 h 2 p2C17
¢ _E L
= oo A=y K=k (10)
C
Ko=kopCi, #:Fj.

The resulting dimensionless systems with switch
open are:

% =(a+bw?)(A—x) —ysin(z) -y,
dy _ 1.
& = n(x v),
%:cx, (1)
%:KM(A—X) +K0W,

L
y=—v+ gv .

The resulting dimensionless systems with the
switch closed are:

% = (a+bw’)(A-x) —ysin(z) -y,

dy 1,

i =y (x=v),

a =CX, (12)
((151—‘/: =k, (A-x) +tr,w,
Aﬂ_i(+_l¢)

dr  u SRR &

In this model, the membrane potential is repre-
sented by x(7).

In these equations, 7 is the dimensionless time
and 4 is the stimulus amplitude. x, y, z, w, and v repre-
sent the dimensionless state variables of the system.
a, b, v, c,n,x,, k,, and x are dimensionless parameters
corresponding to the normalized forms of the original
circuit parameters.

2.2 Stability and bifurcation analysis

To understand the system’s steady-state behavior
and its stability, we first identify its equilibrium points.
Setting all time derivatives to zero (for both switch
states) yields a unified set of algebraic equations. The
equilibrium point E'=(x", w', z, y', V') is:
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x'=0, v'=0, y'=0, w'=-— ,

(13)

. (a+bw™) A4

sinz = =P.
14

Due to the periodicity of sinz", multiple equilib-
rium solutions exist in the z-direction, with the neces-
sary existence condition |P|<1. Notably, closing switch
S does not alter the equilibrium position because the
external capacitor carries no current at steady state.
The system is linearized around the equilibrium. For
the switch-open case, the algebraic constraint y=—(v—
V'/3) approximates y~—v near v'=0. Combined with 7y=
x-v, we obtain v=x, reducing the system to a 3D ordi-
nary differential equation (ODE) set. Its Jacobian ma-
trix is:

—(a+bw?)+1 2bw'A —ycosz’
J o= -K,, —K, 0 . (14)
—c 0 0

For the switch-closed case, the system is a 5D
ODE set with the Jacobian matrix:

—(a+bw?) 2bw'4 —ycosz® -1 0
-K, —K, 0 0 0
J = —c 0 0 0 o0
" -1 0 0 0 1
0 0 0 1 — L
[
(15)

Let B=a+pw" and D=ycos z . For the switch-open
case, the characteristic polynomial is A*+p A *+p,A+p=
0 (4 is an eigenvalue), with the following coefficients:

p=B+1+k,,
p.=(B+1)k,— Dk, +2bw" Ac,

D3 =—VK,CCOSZ .

(16)

Applying the Routh—Hurwitz criterion, the nec-
essary and sufficient conditions for asymptotic stability
are as follows:

p>0, p;>0, p,p,>ps. (17

For the switch-closed case, the Jacobian J,, con-
tains an eigenvalue 1=1/u>0 due to the constraint
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structure. This eigenvalue originates from the conver-
sion of the algebraic constraint into a differential equa-
tion and corresponds to the normal direction of the
constraint manifold. This indicates instability in the
full 5D state space. However, this positive eigenvalue
corresponds to an inherent constraint mode and does
not affect the effective dynamics on the reduced slow
manifold. The physical stability is still governed by
the conditions derived for the switch-open case. The
stability conditions have clear physical interpretations.
Condition p,>0 requires sufficient total damping, com-
bining memristor conductance and flux decay. Condi-
tion p;>0 demands that the flux decay direction opposes
the sign of the Josephson junction phase cosine term,
forming essential negative feedback. Condition p, p,>p,
represents a comprehensive coupling constraint among
parameters. System bifurcations occur under specific
parameter variations. A saddle-node bifurcation occurs
when p=0, typically corresponding to cos z=0. A Hopf
bifurcation occurs when p, p,=p, with p,>0, where the
equilibrium loses stability and gives rise to limited cycle
oscillations corresponding to periodic neuronal spiking.
The switch S introduces an external capacitor C,, cor-
responding to the dimensionless parameter u=C,/C,.
While not altering equilibrium positions or linear sta-
bility conditions, x adds a slow degree of freedom that
transforms the system from a 4D differential-algebraic
equation (DAE) to a 5D ODE. This dimensional ex-
pansion enables fast-slow dynamics separation, poten-
tially generating complex oscillatory patterns such as
bursting after a Hopf bifurcation. Thus, switch S acts as
a dynamic reconfiguration tool, enabling mode switch-
ing between simple and complex firing patterns and
providing a foundation for reconfigurable computation-
al functions in neuromorphic circuits. The analytical
stability conditions derived here clarify the parameter
dependence of the system’s steady-state behavior and
provide theoretical foundations for the spiking pattern
transitions observed in subsequent numerical simula-
tions. Under physically admissible initial conditions
that exactly satisfy the algebraic constraint, that is, the
initial value of x is determined by the voltage across R
at the switching instant, this mode is not excited.

2.3 Energy formulation

The total field energy stored in the circuit is the
sum of the energies in the capacitive, inductive, and
memristive components. For the switch-off case,

W= 3 CVt 5 (ap+ ) (B~ V) + 5 Lis, (18)

and for the switch-on case,

1 1 1.
Woﬁcz 5 ECZVR"' ELli-i-

2 ap+ ) (E,~7,),

CVy+
(19)

where the first two terms represent the electric energy
of the capacitors, the third term is the magnetic energy
of the inductor, and the last term describes the magneti-
cally coupled energy of the flux-controlled memristor.
Dimensionless Hamiltonians are obtained by normaliz-
ing with C,V,’, with all dimensionless variables and pa-
rameters defined in Eq. (10):

Hoff:HCV+HL+HM:

l)c2+ u Vi + (law+ %bw‘)(A—x),

272 2
H,=H.+H.+H +H,=

Lo, o, n (l 1 3) _

2x+2v+2y+ 2aw+2bw (4-x),

(20)

where H; and H, denote the total field energy of the
system when the switch is open and closed, respectively.
H, H., H,, and H, denote the energies of the capaci-
tor C,, capacitor C,, inductor L, and memristor M, re-
spectively. All dimensionless variables and parame-
ters are defined in Section 2. The memristor is a dissi-
pative element. Its Hamiltonian term is not physical
energy but an equivalent magnetic coupling energy,
serving as a mathematical metric for the system state.
A nonequilibrium model is required for strict thermo-
dynamic interpretation. To characterize the dynamical
regimes and detect resonance phenomena, the time-
averaged value of the Hamiltonian is introduced:

(H) = in:H(r)dr~ %iH @1

where T is the total simulation time and N is the
number of sampled points. The average energy <H>
is calculated using Eq. (21) with total integration time
7=2000 dimensionless units and number of sampling
points N=1x10°. The first 500 time units are discarded
as transient.



3 Numerical results and discussion

In the neural circuit, key physical parameters
such as capacitance, resistance, inductance, and mem-
conductance can be tuned within a finite range. Simi-
larly, dimensionless bifurcation parameters in nonlin-
ear dynamical models may be assigned values over a
broad interval. The time series of system variables
were numerically solved using a fourth-order Runge—
Kutta algorithm, with a dimensionless step size of /=
0.002 and initial conditions set to (0.5, 0.2, 1.0, 0.2).
For the switch-closed case, the system becomes 5D.
The initial values of the five variables are set to (0.5,
0.2, 1.0, 0.1, 0.2). First, the dynamic characteristics of
the basic neuron circuit were analyzed when the exter-
nal control branch was disconnected, i.e., when switch
S was open. In this case, the system consisted only of
the four parallel branches of the main circuit, and its
dynamic behavior was determined by the circuit pa-
rameters (a, b, y, ¢, k,, K, 11, and A).
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Fig. 2 depicts the time series evolution of the
membrane potential x and its phase plane trajectories
under different parameter combinations. At (a, x,)=
(-0.06, —0.30), the system exhibited regular periodic
firing, corresponding to a stable limit cycle in the phase
portrait. When a was adjusted to —5.6 and «, to —0.025,
the firing mode transitioned to bursting, and a distinct
folded structure emerged in the phase trajectory. With
a further adjustment of a to —8.6, the system entered a
chaotic firing state. These results confirm that, without
external intervention, various neuronal firing modes,
including periodic, bursting, and chaotic firing, can be
generated by the designed main circuit merely by
tuning its internal parameters, such as the characteristic
parameter a and the bias x, of the memristor. This
provides a rich dynamic foundation for the subsequent
introduction of external control branches.

Fig. 3 reveals the intrinsic dynamic transition
mechanisms of the system through bifurcation analy-
sis. When x, was fixed at —0.025 and parameter a was
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Fig. 2 With the switch open, the core neuron circuit alone can generate three distinct firing modes by tuning its internal
parameters (b=0.25, y=1.6, ¢=9.0, x,=0.1, n=0.15, and 4=0.9). (a)—(c) Time series; (d)—(f) phase portraits. (a) and (d) Regular

m

periodic firing a=—0.06, x,=—0.3; (b) and (e) bursting a=-5.6, k,=-0.025; (c) and (f) chaotic firing a=-8.6, x,=—0.025
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Fig. 3 Bifurcation diagrams with the switch open (6=0.25, y=1.6, ¢=9.0, x,=0.1, #=0.15, and 4=0.9). (a) x,=—0.025; (b) a=

-5.6 (ISI: inter-spike interval)

varied, the resulting bifurcation diagram (Fig. 3a) shows
that the system undergoes periodic and period-doubling
bifurcations before entering chaos as a is decreased
from —4 to —7. Periodic windows are observed within
the chaotic region, which is consistent with the mode
switching shown in Fig. 2. Similarly, with a fixed at
-5.6, varying k, yields a bifurcation diagram that ex-
hibits a clear bifurcation sequence. This demonstrates
the system’s sensitivity to parameter variations and its
rich nonlinear dynamic behavior. This thus enables the
controlled switching of firing modes, which is achieved
by driving the system from one attractor basin to an-
other. The driving force is an appropriate external per-
turbation, such as the introduced capacitive shunting.
Based on the inherent dynamic characteristics of the
main circuit, the regulatory effect was further investi-
gated after closing switch S and connecting external
capacitor C,. The external branch is directly connected
in parallel with the nonlinear resistor R. Its core func-
tion is to dynamically shunt the current from Branch
4 through capacitor C,. Inductor L in Branch 4 gov-
erns the flux decay dynamics and, together with R and
C,, determines the system’s time scales and stability
conditions essential for generating various firing modes,
while parallel C, provides dynamic current shunting.
The capacitance of C, is represented by the dimen-
sionless parameter 1. Consequently, the circuit’s equi-
librium state is perturbed, and its dynamic behavior
is regulated.

Fig. 4 demonstrates the immediate transition of the
system’s firing mode upon the switching action through
time-series comparisons. Before the switch was closed
at 7=500, the system remained in its initial firing state

600 . Switch closed
x I
=700 + T T v
200 400 600 800 1000
T
(a)
6ee I miit Switch closed
x
-700 +— . . .
200 400 600 800 1000
T
(b)
600 -
Switch closed
) m’m | r
=700 + T T -
200 400 600 800 1000
T
(©)
600 I ; il Switch closed
x
700 — . . :
200 400 600 800 1000

:
(d)

Fig. 4 Switch closes at 7=500. The final firing mode depends
on the external capacitance (a=-5.6, b=0.25, y=1.6, ¢=9.0,
x,=0.1, k,=-0.025, =0.15, and 4=0.9). (a) #=15.5—bursting;
(b) #=10.5—bursting (different spike count); (¢) #=5.5—
regular periodic; (d) #=0.5—chaotic

determined by the set parameters. Once the switch
was closed, the circuit topology and impedance network
were immediately altered by the introduction of the
external branch. The system behavior then undergoes
drastic evolution, with its final steady state strongly
dependent on the external capacitance parameter u.



When u=15.5 and 10.5, the system was induced to
burst, with significant modifications in oscillation am-
plitude, the number of spikes per burst, and interburst
intervals. This indicates that fine modulation of the
original dynamics can be achieved via the shunting ef-
fect of the external capacitor. When x was reduced to
5.5, the firing pattern was completely tamed into regu-
lar periodic firing, with a drastic reduction in oscilla-
tion amplitude. Further reduction to x£=0.5 drives the
system into a completely aperiodic, chaotic firing state.
These results confirmed that effective and reversible
switching or reshaping of neuronal firing modes can
be achieved. This includes transitions from chaos to
period and from period to bursting. It is accomplished
solely through the continuous adjustment of a single
parameter, the capacitance of the external capacitor C,
represented by u. This process accurately simulates the
modulation of neuronal excitability in biological sys-
tems through the regulation of specific ion channel con-
ductance, validating the precise regulatory capability
of the external branch as a physical ion channel analog.

To further elucidate the continuous regulatory
role of parameter u, Fig. 5 presents an analysis with
the memristor parameter a as the bifurcation parameter
under different u values. It shows that as u decreases
from 10.5 to 0.1, the route to chaos of the system changes
significantly. A larger u (Fig. 5a) allows the system to
maintain periodic or quasiperiodic motion over a wider
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range of a. A medium u (Fig. 5b) induces period-
doubling bifurcations at an earlier stage. A smaller u
(Fig. 5¢) even directly excites chaotic oscillations at
small values of a. Meanwhile, the corresponding curves
of the system’s average energy <H> versus a are
presented in Figs. 5e—5h. The energy curves are closely
related to the bifurcation structure. In periodic regions,
the energy changes smoothly; near bifurcation points,
turning points emerge; in chaotic regions, the energy
value is larger and exhibits enhanced fluctuations. This
corroborates the transition of firing modes from an
energy perspective and confirms that the external ca-
pacitor directly participates in the redistribution of the
system’s total energy through its shunting effect. The
core physical mechanism of the external control branch
relies on a controllable capacitive shunting path. This
path forms through the parallel connection between
the external branch and the nonlinear resistor R. To
quantitatively reveal the influence of the shunting
process, the average energies of key energy storage
elements in the system are calculated. These ele-
ments include the combined capacitor C,+C,, the in-
ductor L, and the memristor M. The time series and
phase portraits of the system are presented in Figs. 6
and 7, along with pie charts illustrating the energy
distribution among components. These results corre-
spond to different values of u and different stimulus
amplitudes 4.

10

a
()] (h)

Fig. 5 Bifurcation diagrams and average energy with the memristor parameter a as the bifurcation parameter under
different external capacitance parameters u (a=-5.6, b=0.25, y=1.6, ¢=9.0, x,=0.1, x¥,=-0.025, #=0.15, and 4=0.9). (a)—(d)
Bifurcation diagrams; (e)—(h) average energy <H>. (a) and (e) #=10.5; (b) and (f) #=5.5; (¢) and (g) #=0.5; (d) and (h) #=0.1
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The results of Fig. 6 demonstrate that, across dif-
ferent firing states, the total system energy is predomi-
nantly allocated to the capacitor and the inductor, while
the energy proportion of the memristor remains rela-
tively small. Specifically, under the periodic firing state
(u=5), the energy stored in the capacitor is slightly
lower compared to other states. When u is set to 0.5
and 8.0, the system enters distinct firing modes, yet
the overall energy distribution structure remains rela-
tively stable with only minor adjustments. The energy
proportion of the memristor exhibits almost no varia-
tion with changes in the firing state. This phenomenon
reveals a core characteristic of the regulation by the
external capacitance u: the switching of firing modes
in the system is primarily achieved through adjust-
ments in oscillation amplitude and frequency, rather
than through a fundamental restructuring of the energy
distribution. This feature ensures that the energy frame-
work of the system remains relatively stable during
dynamical regulation within a controllable parameter
range, thereby providing a physical foundation.

The results shown in Fig. 7 reveal the core regu-
latory role of the stimulus amplitude 4 on the energy
distribution and oscillation characteristics of the sys-
tem. When 4=0.9, the system exhibits large-amplitude
periodic oscillations. At this point, the total energy is
almost equally distributed between the capacitor and
the inductor, with the memristor accounting for a very
small proportion. The system dynamics are dominated
by inductor—capacitor (LC) resonance. As A4 is in-
creased to 2.9, the range of periodic oscillations is sig-
nificantly reduced, and a drastic transformation in the
energy distribution occurs. The proportion of energy
stored in the capacitor rises sharply to 85.9%, while
the inductor energy is dramatically compressed to 0.1%.
Meanwhile, the energy proportion of the memristor
increases to 14.0%. This indicates that the system has
entered a state dominated by the saturation effect of
the nonlinear resistor. When A4 is further increased to
5.9, the range of periodic oscillations is further com-
pressed, and a fundamental restructuring of the energy
distribution is observed. The energy proportion of the
memristor reaches 65.0%, making it the primary energy
storage component in the system. The energy propor-
tions of the capacitor and inductor are correspondingly
greatly reduced. This series of phenomena demon-
strates that the stimulus amplitude 4 can not only reg-
ulate the oscillation amplitude but also systematically
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restructure the internal energy distribution framework
of the circuit. The underlying mechanism is that varia-
tions in the 4 value drive the system’s operating point
through three distinct dynamic regions: the quasilin-
ear region dominated by LC resonance, the transition
region dominated by nonlinear resistor saturation, and
the strongly nonlinear region dominated by the nonlin-
ear conductance of the memristor. This discovery forms
a sharp contrast and functional complement to the re-
gulatory mechanism of the external capacitance u re-
vealed in Fig. 6. The parameter ¢ primarily alters the
oscillation modes of the circuit through capacitive
shunting, including transitions between periodic, burst-
ing, and chaotic states. In contrast, parameter 4 directly
reshapes the dominant component of the energy distri-
bution in the system by changing the excitation inten-
sity. Together, they constitute a dual-dimensional mode—
energy regulation system for the designed neuron cir-
cuit, providing a precisely controllable physical plat-
form for simulating the coordinated changes in firing
patterns and metabolic energy consumption of biolog-
ical neurons under complex stimulation. Parameter u
adjusts the firing mode via capacitive shunting, while
parameter A reshapes the energy distribution, together
forming a dual-dimensional regulation that mimics bio-
logical neurons under complex stimulation and provides
a flexible platform for neuromorphic circuit design.

The results in Fig. 8 reveal a key phenomenon:
the average energy trends of all other energy storage
components, namely, capacitor C,, inductor L, and
memristor M, are consistent with the total average sys-
tem energy. In contrast, the energy evolution of capac-
itor C, exhibits a distinctly different pattern. This dis-
crepancy can be explained by the unique physical mech-
anism of the external branch. The external capacitor C,
is directly connected in parallel across the nonlinear
resistor. This forms a dynamic shunting path. When the
dynamical state of the system changes with the bifur-
cation parameter, the oscillatory characteristics of the
main circuit are altered, and the current flowing through
R is redistributed accordingly. The charging and dis-
charging processes of C, are instantaneously coupled
to the voltage across R. However, its response phase
differs from that of the main LC resonant loop. This
difference causes the energy accumulation rhythm of
C, to be independent of the overall energy variation.
Particularly when the system enters multiscale oscilla-
tory states such as chaos or bursting, C, exhibits low
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Fig. 8 (a) Bifurcation diagram with the switch closed, (b) average energies of the total system, capacitor C,, and inductor,
and (c) average energies of capacitor C, and memristor (¢=-5.6, b=0.25, y=1.6, c=9.0, x,=0.1, x,=-0.025, #=0.15, and 4=0.9).
Comparing (b) and (c), the unique behavior of C, indicates active perturbation of the global balance via local shunting

impedance to high-frequency components. More tran-
sient energy is absorbed by C,. This further accentu-
ates the uniqueness of its energy behavior. This phe-
nomenon demonstrates that the external branch does
not passively follow the oscillations of the main circuit.
Instead, it acts as an active regulatory unit with an
asynchronous energy response. Through specific energy
exchange in the local loop, the global balance of the
system 1is effectively perturbed. Ultimately, controlla-
ble switching of firing modes is achieved.

This study proposes a novel control method for
neuronal circuits using an external capacitive shunt
branch. The external capacitance parameter x« enables
reversible switching among periodic, bursting, and
chaotic firing modes without altering the main circuit
topology. The stimulus amplitude A reshapes the inter-
nal energy distribution of the system. Together, u and
A form a dual-dimensional mode—energy regulation
framework. The method reveals two physical mecha-
nisms, namely, the local shunting effect and the asyn-
chronous energy response. Energy analysis shows that
this regulation does not disrupt the overall energy frame-
work of the system. Compared with traditional ap-
proaches, the method offers higher precision, faster re-
sponse, lower energy consumption, and easier hardware
implementation. Limitations of this study include the
lack of hardware validation as only numerical simula-
tions are performed, the single-neuron scope without
network synchronization, and the manual scanning of
the external capacitance parameter without adaptive

or closed-loop control. These limitations point to di-
rections for future research.

4 Conclusions

This study proposes and validates a novel control
method for neuronal circuits based on targeted paral-
lel shunting using an external capacitor. The main con-
clusions are summarized as follows:

Effective firing pattern regulation is achieved by
introducing an external capacitive branch connected in
parallel with the nonlinear resistor. By continuously ad-
justing the external capacitance parameter 4, the system
realizes controllable switching among various firing
modes, including periodic firing, bursting, and chaos.

Dual-dimensional mode—energy regulation is es-
tablished. While u controls firing patterns, changes in
the stimulus amplitude 4 reshape the internal energy
distribution framework of the system, determining the
dominant roles of different energy storage compo-
nents. Together, these two mechanisms form a dual-
dimensional regulation system for neuronal circuit
dynamics.

The regulatory mechanism originates from local
shunting and asynchronous energy exchange. The ex-
ternal capacitor C, exhibits dynamic characteristics dis-
tinct from those of the main system. This asynchro-
nous energy response enables effective perturbation
of the global balance of the system.



A novel physical implementation pathway is pro-
vided for constructing reconfigurable and predictable
neuromorphic circuits, offering an alternative to purely
software-based or complex hardware approaches.
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