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Abstract:  In this paper, we determine the delay-dependent conditions of global asymptotic stability for a class of multi-
dimensional nonlinear time-delay systems with application to computer communication networks. A nonlinear delayed model is
considered for a rate-based congestion control system of a heterogeneous network with arbitrary topology and time-varying delays.
We propose a Lyapunov-based method to obtain a sufficient condition under which global asymptotic stability of the equilibrium is
guaranteed. The main contribution of the paper lies in considering time variations of delays in a heterogeneous network which may
be applicable in actual networks. Moreover, we obtain conditions for Internet-style networks with multi-source multi-link topology.
We first prove the stability for a class of nonlinear time-delay systems. Then, we apply the results to a Kelly’s rate-based ap-

proximation of the congestion control system.
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1 Introduction

A congestion control system in computer com-
munication networks uses a mechanism at sources to
dynamically adjust the sending rates of information to
avoid congestion at links. Nonlinear delayed differ-
ential equations (NDDES) have been widely used for
modeling dynamic behavior in network congestion
control systems (Low et al., 2002; Deb and Srikant,
2003; Shakkottai and Srikant, 2004; Srikant, 2004).

One of the most important challenges is to pro-
vide the conditions that will ensure the stability of a
congestion control system to improve network per-
formance. It is difficult to analyze global stability for
the case of an arbitrary network with delay and
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nonlinearity. Several studies have dealt with the sta-
bility analysis of nonlinear undelayed or linearized
delayed systems (Kelly et al., 1998; Low and Lapsley,
1999; Kelly, 2000; Vinnicombe, 2000; Johari and Tan,
2001; Massoulie, 2002; Wen and Arcak, 2004; Alp-
can and Basar, 2005). However, the existence of time
delays may cause instability or performance degra-
dation (Ranjan et al., 2004). Moreover, the stability
analyses based on linearized systems are usually
misleading, because they do not take into account the
nonlinearity of the systems.

Since the work of Kelly et al. (1998), there have
been many studies on the stability of NDDE models
of networks, in which the congestion control system
has been viewed as a distributed control algorithm for
achieving fair resource allocation. These methods
formulate an optimization problem to maximize a
utility function such that the aggregate rate of sources
which share a link does not reach the capacity of the
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link. The congestion control system includes a
first-order primal algorithm for transmission control
protocol (TCP) rate control and a first-order dual
algorithm for the active queue management (AQM)
scheme. It has been proven that in the absence of
delays these algorithms are globally asymptotically
stable (Kelly et al., 1998; Low and Lapsley, 1999;
Kelly, 2000; Paganini, 2002). In subsequent studies
the linear stability properties of the congestion control
algorithms have been investigated in the presence of
non-negligible delays (Vinnicombe, 2000; Johari and
Tan, 2001; Massoulie, 2002). However, the stability
conditions in these studies were based on a linearized
system or local stability analysis in which the effect of
nonlinearity is ignored.

Most earlier studies were concerned with the
local or global stability of the congestion control
algorithms with homogeneous delays (Low and Lap-
sley, 1999; Johari and Tan, 2001; Deb and Srikant,
2003; Wen and Arcak, 2004). However, in real net-
works, communication delays are rarely identical.
Several recent studies have successfully dealt with
heterogeneous delays (Liu et al., 2005; Paganini et
al., 2005; Tian, 2005a; 2005b; Tan et al., 2006; Guo
et al., 2007; Zhang et al., 2007; Zhang and Logui-
nov, 2008). Furthermore, Long et al. (2003) and Gao
et al. (2005) investigated the local stability of a ran-
dom exponential marking (REM) algorithm with
time-varying delays.

There have been numerous studies reporting the
global stability analysis of networks (Fan et al.,
2004; Wen and Arcack, 2004; Ranjan et al., 2006;
Peet and Lall, 2007). The methods used were usually
based on Lyapunov-Razumhikin (L-R) functions
(Deb and Srikant, 2003; Wang and Pagannini, 2006;
Ying et al., 2006) or Lyapunov-Krasovskii (L-K)
functions (Mazenc and Niculescu, 2003; Papachris-
todoulou et al., 2004; Alpcan and Basar, 2005). In
these cases, sufficient condition for global stability
was obtained with varying degrees of conservatism
with respect to restrictions on system parameters or
delays or both. The procedure typically followed in
the most of the previous analyses was for smaller-
scale cases involving simple network topologies such
as a single bottleneck link with a fixed delay. More-
over, delays were considered as a fixed-value pa-
rameter. To the best of our knowledge, no analytical
study has been published on the global stability of

Kelly’s model for heterogeneous networks with arbi-
trary topology and time-varying delays.

In this paper, we analyze an extension of
Kelly’s optimization framework for a rate allocation
problem including time-varying delays, and thereby;,
we derive the sufficient condition for global asymp-
totic stability. Our analysis provides new results for
global stability analysis in the case of a multi-source,
multi-link and heterogeneous network.

Our approach was inspired by a novel technique
for global stability analysis introduced by Fan and
Zou (2004). The condition derived here depends on
the system parameters and some bounds on the states
and delays of the system. This condition can be used
for designing a congestion control algorithm to
achieve fair resource allocation. We first analyze the
global stability of a general nonlinear delayed system
as a model of the networks. Then our theoretical re-
sults are applied to a network congestion control sys-
tem. Simulation results show the applicability and
effectiveness of the results.

The paper is organized as follows: in the next
section, as we introduce the rate control problem and
the primal algorithms, we briefly review the dynam-
ics of a system with time-varying propagation de-
lays. Then, we present our main result—a global
stability analysis for a class of nonlinear time-delay
systems. After that, the stability criteria are given for
the congestion control algorithm in general homoge-
neous and heterogeneous networks. Numerical simu-
lations are given to verify the theoretical results. Fi-
nally, we conclude the paper in the last section.

2 Problem statement
2.1 Rate control problem

We consider a data network with general topol-
ogy consisting of an interconnection of a set of
sources (users) S={1, 2, ..., n}, which use a set of links
(resources) L={1, 2, ..., m} (Fig. 1). Each source i has
an associated non-negative transmission rate x;(t)>0
and each link | has a fixed capacity ¢;>0. Associated
with each source i is a route r;, which is the collection
of links through which information from that source i
is flowing. The relation between sources and links can
be defined as a full row rank routing matrix R of
dimension nxm where
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Fig. 1 Network with general topology

Each source i attains a utility of Uj(x;). The util-
ity functions are used to select the desired rate allo-
cation among the sources (i.e., the desired operating
point of the system). The utility Uj(x;j) must be an
increasing, strictly concave, and continuously differ-
entiable function over the range x;(t)>0 (Kelly et al.,
1998). Each link | has a strictly increasing function
of total rates going through it, namely the price func-
tion pi(y), which is the price of link | and may de-
pend on link congestion, loss probability, etc. A con-
gestion control scheme can be interpreted as a re-
source allocation problem formulated to maximize
the aggregate utility over the source rates {x;, ieS},
subject to the constraints of total link capacity, i.e.,

for all links, »_ % <¢,. Formally, the optimization

problem is

le

PR
max[ZUi(xi)—J‘;'“' p (y)dy

st. Y x(t)<c Vlel (1)

X (t)>0, ieS,t>0.

It can be shown that all transmission rates of
sources can be found such that the above optimiza-
tion problem can be uniquely solved (Kelly et al.,
1998). The unique solution of this optimization prob-
lem, called the primal solution, can be obtained using
a gradient projection algorithm (Low and Lapsley,
1999).

2.2 The primal algorithm

The primal and dual algorithms are represented

by dynamics at source and link ends respectively,
while they have static adaptation at the other end.
The primal-dual algorithm has dynamics at sources
as well as links and generally takes the following
form:

%0 =f(x ®, X p ),

ler;

B =a(p, ). D x 1),

Jiler;

where f(-) and g(-) are the control functions for up-
dating the transmission rate and price at the source
and the link, respectively. In this paper, we consider
the primal algorithm which allows individual sources
to dynamically adjust their transmitting rates while
the price functions adapt according to a static law
(Ranjan et al., 2004).

Let w;(t) denote a user’s willingness to pay (per
unit time) at time t. Suppose that each link | charges

a price per unit flow of 4 (t)=p (X, x(t)) at

time t, where py(-) is a strictly increasing function of
the total rate going through link I. Consider the sys-
tem of differential equations

(1) =, (wia)—xi )Y 4 (t)], 2)

ler;

where x; is a positive gain parameter. Kelly et al.
(1998) showed that a unique equilibrium point of the
primal algorithm Eq. (2) is the solution for the utility
maximization problem in Eq. (1). This equation can
be motivated as follows: each source first computes a
price per unit time which it is willing to pay, namely
w;i(t). Then, it adjusts its rate based on the feedback
provided by the links in the network to equalize its
willingness to pay and the total price. For example,
in Kelly et al. (1998), wi(t) is set to x,(t)-U/(x, (t)).

The feedback from a link can be interpreted as a
congestion indicator, requiring a reduction in the
flow rates going through the link in the case of an
overload. From Eq. (2) one can see that the operating
point of the system depends on both the sources’ util-
ity and their link price functions. Therefore, the de-
sign of the rate control algorithm is equivalent to
selecting the sources’ utility function and the price
function of the links in the network.
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The feedback information from the links to the
sources, which is typically carried by acknowledge-
ments, is delayed owing to link propagation. For all i

and ler;, let Tif,l(t) denote the forward time-varying

delay that source i packets endure before reaching
link | and 7 (t) denote the reverse delay of the

feedback signal from link | to the source i. If ler;, we
assume that TL (t) =7, (t) =0. Suppose that the links

in r={l,,li, ....Iiz } are arranged in the same or-
der as source i’s packets visit, where R; denotes the
cardinality of r;. Let us define r(t) :Tif,l,k )
+Ti|:|ik ), k=1, 2, ..., R; as the total round-trip delay

before the receipt of the acknowledgement of a
packet. Under this general model, the source dynam-
ics are given by

X (t) = [Xi (t)Ui’(Xi (t))
@)

ler;

=X (t -7 (t))ZM (t - Tir,l (t))]

The feedback signal generated by the link price
functions is delayed by 7 (t), before sender i re-
ceives it. The price of link I at time t depends on the
rates of the sources at time t—r},l (t) owing to the

delay from the senders to the links. Therefore, we
arrive at the following general model of the price
functions:

w(t=,1)=p, [ >ox (t=1,(t)-7), (t))J. 4

Jiler;

Substituting Eq. (4) in Eq. (3), and using a rout-
ing matrix, we have

X (t) = &, (xi OU/(x, ) —x (t—7,(t))
(5)
Z Ri Py Ez RiX; (t ~ T (t))J],

leL jeS

where 7, (t) =7}, (1) + 7], (t).

We are interested in the class of sources’ utility
functions of the form U, (x)=-1/(ax"), where
a;>0 is the parameter of the utility function. In addi-
tion, let the price function be p,(y,)=(y,/¢c)",

where b;>0 is the parameter of the price function.
Therefore,

) 1
X () =x W_Xi(t_ri(t))
\ (6)
RIij t_z-i,j,l(t)
.;R"{é (Cl )J _

In this paper, we consider a model of a network
with general topology described by Eg. (6), and in-
vestigate the global stability analysis of this system.
In addition, we assume that the time-varying delay
functions 7(t) and 7;(t) are bounded and continu-
ously differentiable, 7(t)>0, 7;(t)>0, 1-7;(t)>0,
and 1-7,,,(t)>0, fori, j=1,2,...,n,and I=1, 2, ...,

m.
Also, we define the upper bound on the time-
varying delay parameter as follows:

= (e 0,,0))

The model Eqg. (6) is supplemented by an initial
condition of the form x(6)=¢,(0), 6<[-r,0],

where ¢i(-) is a vector of continuous real-valued
functions on [-r, 0]. When g; is strictly positive, we
say the model has a nonzero initial condition.

3 Results
3.1 Preliminaries

To establish the condition of global stability in
the model Eq. (6), we prepare a functional frame-
work for our analysis. Then an analytical proof of the
global stability will be explored.

Consider a functional delayed differential equa-
tion of the form
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% (1) =g, (x{®) - f (x (t-7 (),
Xil.(t Tlll(t)) n( _Ti,n‘l(t))l
X:I.(t Tllz(t)) n( _Ti,n,z(t))' (7)

Xl (t - Ti,l,m (t)), cen Xn (t - 7’-i,n,m (t)))

with the following assumptions:

Assumption 1 Delay functions z(t) and z;(t) are
bounded and continuously differentiable with z;(t)>0,
5i(0>0, 1-7()>0, and 1-7; JI(t) >0, for
teR,, i,j=1,2,...,nand I=1, 2, ...,

Assumption 2 The nonlinear functions g, : R -> R
and f:RxR™ >R (for i=1, 2, ..., n) are real-
valued continuous and bounded functions.
Assumption 3 There exists a non-negative,
bounded and continuous function #;(t) defined on
R, such that

g (x (1) -g; (%)
MORAG

<-n ()

foreach te®, , x,X R, andi=1, 2, .

Assumption 4  The function f satlsfles a certain
type of Lipschitz condition (Hale and Lunel, 1993);
i.e., there exist non-negative, bounded and continu-

ous functions di(t) and y;(t) defined on R, such
that for each te®R,, x,X €R, and i=1, 2,
have

‘f (t=7,(1), % (t= 732 (), X, (t -
- i(xi(t—ri(t)),Yl(t—rivlyl(t)),...,Yn(t—
<5, (t-71)-% (t-71)
+izyul(t)‘x t— lel(t)

I=1 j=1

, N, we

Z-i,n,m (t)))
Ti,n,m (t)))‘

(t — Tl (t))‘

We consider that the delayed differential Eq. (7)
is supplemented with the initial condition of the form

X)) =g (), te(-x,0], i=12,...,n,

where ¢;(-) are real-valued functions continuous on

(oo, Q].

Throughout the paper we assume that Eq. (7)
has solutions.
Definition 1  System Eq. (7) is said to be globally
asymptotically stable if for any two solutions x;(t)

and X (t) of Eq. (7), one has
lim i(xi ) -% 1) =

Under Assumptions 1-4, we have the following
lemma:

Lemma 1
Eq. (7). Then

Let x; and X, be any two solutions of

Zn: x t)-x (t)

i=1

is uniformly continuous on [0, +).

Proof By the boundedness of g; and f; in Eq. (7)
as stated in Assumption 2, we know that %, and X
are also bounded and therefore, the conclusion
follows.

Lemma 2 (Slotine and Li, 1991) Let f be a non-
negative, uniformly continuous, and integrable func-
tion on [0, +o) then !Lng f=0.

3.2 Global stability analysis

We study the global stability of system Eq. (7)
using the following theorem:
Theorem 1 Under Assumptions 1-4, the system
Eq. (7) is globally asymptotically stable if there ex-
ists j, fori=1, 2, ..., n, such that

(T
lnf[u{n.(t)—— ()—%%J

Vi (Cﬁ| (t)) 50
1- i'j,i,l (Cﬁ| (t)) ,

where £;(t) is the inverse function of {=t-z(t) and

m n

_%ZZM {yjil (t)+

=1 j=1

gi’jll (t) is the inverse function of (i =t—r;(t).

Proof Letx;and X be any two solutions of Eq. (7).
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Consider the Lyapunov function V(t) defined by

V()= z | =(x @ =% 1)
10 M(
2904017, (£71(8))

n yul( iﬁ,J{I (9))

18 !
+EZZL =5, (1) m

X, (6)-%,(6))" do

(x,0)-%,®) d@}

=1 j=1

for £=0. Considering Assumption 1, one can easily
show that V(0)<+co.

Calculating the derivative of V(t), and using As-
sumption 4, we can obtain

V(t)<2u.[( (x®)= g (X1))(x O -% 1))
% (t=7,0)|(x ) - % (1))
+zzy.”<t>\ (t=750 ) =% (t =7, )

I=1 j=1

+3, )% (t—7,()) -

(O - M)+ 1(—()))( X0 -%O)

(&
X (t - T (t)))

_%‘Si (t)(xi (t — T (t)) -

1SS Vi (Cif},|(t)) — /)2
e i (60 m) (4 0-%,0)
_%iiym ©(x; (t-7,,®)-%, (t-7, (t)))zj.

Using the inequality 2ab<a?+b?, we have

V(t) <Zu. (( X (1) - g; (% (1)) (% ) - % 1))

230000 + 23X A 0(x 0 - 0)

1 5(57m)
LLoaler )
21-7(57 )

1o r(6h0)

(x®)-% )

X, -%,®) |

Thus,

g 1 1 46,(571)
V() < E —un.(t o) z————=
( ) — {{ /’I|77|( )+ 2/'l| ( ) (gl (t))}

21-7
(%0 -% 1) +;i;ﬂ,y,.l(t)x(t) % (1)

1=1

148 ﬂj?’jn(é’iilJ(t)) o 2

+§;;1—r‘j,i,.(§ﬁ.())(X‘(t) X‘(t))]

- 1 4547
t o) +=

il{ O+ a0+ £0)

w8 (¢ 0)
2—2'(
)
)

138 ﬂ?’n ||
+§Z ,Uﬂ/jn(t) nle

I=1 j=1 Tyl élj_:lll( X (t) g (t)

¥_/

Now, let

G, =mininf {ﬂ. (n. (t)—— ()_%%]

Vil (C;h (t)) 50
1- i'j,i,l (Cﬁ| (t))

Then, the above estimate leads to

=1 j=1

V(1) S—cli(xi - ). (8)

Integrating both sides of Eqg. (8) with respect to t
gives

V(t)+01j;i(xi (6)~% ()’ d@ <V (0) < +0,t >0,

which implies _i(xi () =% ()" € L'[0,+0).

However, by Lemmas 1 and 2 we can conclude
that

lim 3 (%0 -% ) =

which proves that system Eq. (7) is globally asymp-
totically stable.
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4 Application to a congestion control system

In this section, we determine the global stability
condition for the network congestion control system
described by Eq. (6). We construct a Lyapunov func-
tion satisfying the stability condition of Theorem 1
for this system. First, we prove that each of flows
xi(t) in Eq. (6) has strictly positive upper and lower
bounds. We define the upper bound on b, as
B, = maxb, = max Rb .

ler;
Proposition 1 Suppose that the network model in
Eq. (6) has a nonzero initial condition ¢; for all i and

that the constant y satisfies grr[1a>(<)]|goi(9)|sx: e’ for

each i. If a;>B;+1, then each of the flows x; satisfies
x e <x(t)<xe’ forall time t=-r.

Proof  We will prove this by contradiction. Note
from the initial condition that the bound on x;(t)
holds in the interval [-r, 0] for all i. Suppose that
some flow x; violates the inequality on the interval
(0, o). Then, by continuity of the functions x;(t) and
their derivatives, there must exist a time t>0 such
that:

1. For each i, the inequality x'e” <x(t) < x e’
holds on [, t].

2. At time t, one of the following conditions
holds:

X, (t) = Xxje’, X;(t) >0, 9)

x; () =x;e”, X (t)>0. (10)

We will show that this leads to a contradiction.
Suppose that Eq. (9) holds. Then

X; (t) = Xje’”, %;(t) >0.

But from Eq. (6), we have

OELY {%
x. et

]

leL ieS

—x;(t=z7;(t)- 2R, (Z RiX; (t=7;, (t))/c, jh ]

From condition 1, we have

* _,\b
. 1 . R,xe”
Xj(t)SKJ [W—Xje ;/ZR“ [ZI—J ]

i leL ieS C|

We know that the equilibrium point satisfies

leL ieS

. § 1
E R, E R: X =—.
1j ( I|X| /CIJ (X;)ajﬂ

Thus, for a;>B;+1, we have

K.
X, (t) < x*.;" (e —e7e ™) <0,
]

Thus, Eg. (9) cannot hold. Similarly, we can
show that a contradiction arises when Eq. (10) holds.
Hence, we conclude that no such time exists and thus
the sought bounds must be valid for all flows for all
time.

In practice, an upper bound on x;(t) results from
a physical limitation such as finite receiver buffer
size. This is to prevent packet losses at the receiver
buffer, as packets are lost because of buffer overflow
when the sender transmits packets at a rate faster
than the receiver can process them. In addition, a
lower bound results from the fact that the source
needs to probe the congestion level of the network
by continually transmitting packets.

Owing to the complexity of this model, we first
study the case of homogeneous sources with a time-
varying delay.

4.1 Homogeneous network

First, consider the following equation as a
model of a single source/link network:

X(t) = x (XU’ (x(®) - x(t=7()) p(x(t - (1))))-
(11)
Let the utility function be U(x)=—1/(ax®) and the
price function be p(x)=(x/c)°, where a and b are posi-

tive parameters of utility and price functions, respec-
tively. We can rewrite Eq. (11) as

x(t) = K(l/ X(t)* —x(t—7(t))""* /c? ) (12)
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Suppose that there exists a constant y satisfying
max |p(6)| < x’¢’. Applying Theorem 1, we obtain

Ge[-r,0]

the following corollary:

Corollary 1 If a>b+1, t)>0 for t>0, and
inf ((1-7(t))/(1-#(t)/2))>e*”, then the system

ten,
Eq. (12) is globally asymptotically stable.
Proof  Since a>b+1, according to Proposition 1,
x(t) is bounded for t>—r; ie., X e ’<x(t)<xe’, for
t>—r. Therefore, defining y(t)=x(t—z(t)), g(X)=x/x%,
and f(y)=xy***/c®, Assumption 2 holds. Assuming
X <x and according to the mean value theorem,
there exists an ¢ e (X, x) such that

g(X) _g(X) — g (8) —(a+1)
X=X

< _K_ax—(a+1) < _Ka(x*)—(a+l) e—(23+1)yeay.

Also, assuming Yy <y and according to the
mean value theorem, there exists a p e (¥, y) such
that

M: f'(p)=x(+1)(p/c)’
y-y

<x(b+1)(y/c)® <k(O+1)(X /c)e”.

Thus, Assumptions 3 and 4 hold. Defining #(t)=
ka(x") @ Ve @ and  §(t)=x(b+1)(x"Ic)°e”, if

t|En§c (1-#(1)/(1-7(t)/ 2)) > e*, we have

i
inf {n(t) 2o~ ;—l_(g( 5(123))]

teR,

*\D
— inf x{a(x)(""“)e(za’*”ea} (b+1)[x—j e
c

1 (b+1)(x /c)e”
2 1-#(et)

(a+l) -7
- inf| ()

1—f(fl<t>)/2J ~0

| ae™®e¥ — (b +1)e®”
| (o)

Thus, according to Theorem 1, the system
Eqg. (12) is globally asymptotically stable.

Now, let us consider a multi-source/link rate-
based congestion control system with a time-varying
delay given by

% (t) =« (xi MU/ (x (1) —x (t—z(t))
(13)

ra et

leL

Let the utility function be of the form
U,(x)=-1/(ax") and the price function be
p(y,)=(y,/¢)”, where a and b; are the parame-

ters of utility and price functions, respectively.
Therefore,

S ey 1
X (1) =x; {Xi (0>

ER,, (J;R,J ((t=7()) / T]

Similarly, suppose that there exists a constant y
satisfying an?a>g]|(pi (0)|<xe”, foreachii.
e|l-r,

- (t-z(t))
(14)

In addition, we define

R = maxZR _maxR“(ZR,J],

:(R"/CP)[]ZES:RU/)]T 1.6

By applying Theorem 1, we obtain the follow-
ing corollary:
Corollary 2 Let a>Bj+1, z(t)>0, 1-7(t) >0, for
i=1, 2, ..., n, and t>0. The system Eq. (14) is glob-
ally asymptotically stable, if

Q@ N ) 1-(¢(1)/2
e (XY@ | g e @y _ g8y

t'g{[lzllﬂu{ (%) : {ale € 1_1._(4,,1(,[)) J

n -#(¢7(0)/2

-2 {WGBJ R X;Fye mmw
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Proof Suppose that g;(x,) =x; / x* and

b
fi(Yos Yareees Vo) :KiyizRIi ({lejyjj/:lj ;
leL jesS
where yi= xi(t—z(t)), for i=1, 2, ..., n, and t=0. As

a;>Bj+1, according to Proposition 1, xi(t) is bounded:;
ie., xe7 <x(t)<xe fori=l, 2, ..., nand t>r.

Therefore, Assumption 2 holds. Assuming X, <X;,

for i=1, 2, ..., n, and according to the mean value
theorem, there exists an ¢, € (X, %) such that
gi(xi)—gi(z) :%. —(a+1)

dx. [ e I

Xi_x

<—K;§ xi*(ai +1) <-Ka, (Xi*)—(a, +1) e*(a. +1)y.

Also, there exist p, € (V.,V,), fori=1, 2, ..., n,
such that

|f'(y11y21- 2 Ya) = O Vo V)|

—Z

_:ZL( i (é&kpk] ]Iyi—Vil
+J_EZS{K ATR [szj 1|y,-—7j|j
szzﬁi|yj‘71'|]'

leL jeS

~(Pys Par+ees Py)

yj_71|

< ke ((X:)(a‘ Py, -V|+BR,

Thus, Assumptions 3 and 4 hold. Defining #, (t)
= K;Q (x ) (a.+l)e (a.+1)7’ 5. (t) = (Xi*)—(aiu)esiy’ and

Py (1) = x,BRX F,e¥, we have

| 5(27)
f t)-=6,(t)-=———~
tlgh[IZ[M[rll() () T(C (t))

Viil (é‘_l )
+ —
1-#(C()

_giiﬂj[m

1=1 j=1

1—r‘(c*1(t))

=}

m
I=1 j=1

[’UJKJ BJ RJXJF

1-:(7m)/2)]|_,
—r‘(c*l(t))
Thus, according to Theorem 1, the system
Eq. (14) is globally asymptotically stable.

4.2 Heterogeneous network

Consider the general form of a rate-based con-
gestion control system for a network with multi-
source multi-link topology and time-varying delays,
as described by Eqg. (6). As in the case of a homoge-
neous network, we assume that there exists a con-

stant y satisfying Urr[1a>g]|goi (0)| < x e foreachi.
el-r,

Applying Theorem 1, we have the following
corollary:
Corollary 3 Let a>Bi+1, 7(t)>0, 7;(t)>0, 1—7,(t)
>0, 1—r'i'“(t)>0,for ih,j=1,2,...,n1=1,2,...,m

and t>0. The system Eq. (6) is globally asymptoti-
cally stable, if

. . . - , 1_fi(é’i71(t))/2
3 @+ &+ _ By
tlgf]){ [ i1 {Ui’(i ) [aie ° 1-17 (é'iil(t)) J

o (fg%zm b

Proof The proof is similar to the proof of Corollary

=1 j=1

m n
_ZZ{ KJBJRIFHXJ

2. Suppose that g;(x;) :Lai_ and
X 1

by

fi(Zass Zigseeos Zim) :KiinRll( ZRuZul] '
leL | jeS
where yi=Xi(t_‘[i(t)), Zij|=Xj(t_‘[i’jy|(t)), for i, j=1, 2, o Ny
I=1, 2, ..., m and t=0. As a;>B;+1, according to
Proposition 1, x(t) is bounded; i.e., xe” <x(t)
SXi*e'V for i=1, 2, ..., n and t>-r. Therefore, As-
sumption 2 holds. Assuming X < x;, fori=1, 2, ..., n,
and according to the mean value theorem, there exists
an ¢ € (X, x) such that
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X; _Yi dxi
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In addition, there exist

p €(V,y;) and
py € (Zy, zy) such that
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Thus, Assumptions 3 and 4 hold. Defining
7 (t):;ca.x.*‘(""'*l)e“aﬂ*”’, 5.(t) = kX% and

P (1) = xBRXx F.e*, we have
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Thus, according to Theorem 1, the system
Eq. (6) is globally asymptotically stable.

5 Discussion

We have presented analytic methodology and
results on the stability of distributed algorithms of a
network with elastic traffic with time-varying delays.
The construction of Lyapunov functions in our
analysis is more efficient than that of other methods,
since nonlinearity and delay effects have been taken
into account. The stability conditions derived from
the analysis of the linearized or undelayed versions
can provide only limited information about the dy-
namic behavior of a network. Therefore, we consid-
ered delay-dependent stability conditions in the pre-
sent study. According to the results of Corollaries 1-3,
the stability conditions include the users’ data such
as x;, a;, the information of delays 7(t) and 7, (t), for
i=1, 2, ..., n, the links’ data such as by, ¢, for I=1, 2,

.., m, and the routing matrix R. Therefore, the
global stability of the whole network system is
achieved under some conditions on users’ or links’
parameters. We can design the implementations of
these algorithms using network information that can
be accessed by users and links.

To the best of our knowledge, no global stabil-
ity result on the multi-dimensional case of a Kelly
primal algorithm in the presence of heterogeneous
and time-varying delays has previously been pub-
lished. Compared with the results of previous stud-
ies, the main advantages of our analysis are as fol-
lows:

1. The network model is assumed to be multi-
dimensional and heterogeneous.

2. Delays are considered as time-varying pa-
rameters. Delays in the network are usually not
known exactly and they are time-varying in nature
because a part of most delays is caused by queue
latencies and routers which change frequently ac-
cording to their congestion levels.

3. Acommon approach to analyzing the stability
of NDDE models is to use L-K or L-R stability theo-
rems. However, it is extremely difficult to obtain L-K
or L-R functions that are suitable for analysis of the
considered model. Moreover, it appears that the ana-
Iytical results based on L-K or L-R methods are
more or less conservative. We exploit the inherent
properties of the model in constructing functions,
and thus the analysis is very simple in practice.
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Although the present method has some advan-
tages, the stability conditions depend on the time
derivative of delays. This is undesirable because the
delays in networks can be jittery. Furthermore, the
implementation of the algorithm has extra communi-
cation costs, because each user or link needs to col-
lect relevant information from the other users or
links. Also, as expected, the proposed technique
leads to more conservation and more restriction, as a
result of the worst case conditions assumed in the
network dynamics.

6 Simulations

In this section, we carry out two scenarios of
simulation to verify the validity of the global stability
conditions presented in Corollaries 1-3. First, con-
sider a single-source single-link network of the form
Eq. (11) with the gain parameter k=1 and link capac-
ity ¢c=5. The utility function is U(x(t))=—1/(ax(t)?)
with a=1.5 and the price function is p(x(t))=(x(t)/c)"
with b=0.1 (Ranjan et al., 2006). The delay parameter
is 7(t)=10+0.5sint and 7(t) = 0.5cost. Therefore, for

a>b+1, the system is bounded. The solution of the
optimization problem is given by x =1. Fig. 2a shows
the convergence of the user rate to the optimal rate.
Now, we select the utility parameter a=1 such that
a<b+1, the system is not bounded, and the stability
conditions in Corollary 1 do not hold. Fig. 2b shows
the unstable behavior of the system.

1.2 @

11 {ﬂ
< 1.0
0.9

0.8
2.0

(b)

15
x
1.0

0.5

0 50 100 150 200 250 300 350 400
Time (s)
Fig. 2 (a) Stable and (b) unstable behaviors of the single-
source single-link network

Now, consider a simple network topology with
three users which share two links. The first link is
shared by users 1 and 3, while the second link is
shared by users 2 and 3 (Fig. 3).

Source 3 /

O O O
Link 1 /\ Link 2 \
Source 1 Source 2

Fig. 3 A network topology with three sources and two
links

The routing matrix will be as follows:

101
R= .
{011}

The utility functions are of the form
U,(x) =-1/(a,x*) for i=1, 2, 3 with a;=a,=3 and
az=4. The price functions are of the form
p;(x) = (x/cj)bj for j=1, 2 with b;=b,=1.9. The link
capacities are set to be [c; ¢,]"=[5 4]". We assume that

all delays lie in the reverse path from the receivers to
the senders. The feedback delays are

[z, 7, 7,]=[28+0.5sint 43+0.5sint 77+ 0.5sint].

Therefore, for all users, the system is globally
asymptotically stable. The solution of the optimiza-
tion problem is given by

X =[1.1921 1.1809 1.0944]".
In addition, we obtain B;=B»=1.9, R1=R, =2, and

_|067 0 268
| 0 029 145
Fig. 4a shows the convergence of the user rates
to the optimal rates. Now, we select the resource price
parameters b;=b,=3.5 such that the stability condi-

tions in Corollary 3 do not hold. Fig. 4b shows the
unstable behavior of the system.
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Fig. 4 (a) Stable and (b) unstable behaviors of the multi-
source multi-link network

It is obvious that changing the price function
parameters can lead to instability and oscillations in
the users’ rates. Under this condition the system
boundedness condition does not hold, and therefore
the stability condition cannot be satisfied.

7 Conclusion

In this paper, we derived some conditions for
global stability in a general model of a congestion
control system for a heterogeneous network with
arbitrary topology and time-varying communication
delays. The conditions obtained in this paper include
certain restrictions on the systems parameters, net-
work topology, upper bounds on rates and communi-
cation delays. We have applied the results to the
various scenarios that may exist in computer com-
munication networks. The results offer some guide-
lines for designing source or AQM controllers for the
network with time-varying delays. Control algo-
rithms can be designed such that the restrictions on
the system parameters hold.
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