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Abstract:  In computer aided geometric design (CAGD), the Bernstein-Bézier system for polynomial space including the tri-
angular domain is an important tool for modeling free form shapes. The Bernstein-like bases for other spaces (trigonometric
polynomial, hyperbolic polynomial, or blended space) has also been studied. However, none of them was extended to the trian-
gular domain. In this paper, we extend the linear trigonometric polynomial basis to the triangular domain and obtain a new
Bernstein-like basis, which is linearly independent and satisfies positivity, partition of unity, symmetry, and boundary represen-
tation. We prove some properties of the corresponding surfaces, including differentiation, subdivision, convex hull, and so forth.

Some applications are shown.
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1 Introduction

In computer aided geometric design (CAGD),
the Bézier system with Bernstein basis on polynomial
space is widely used for modeling free form shapes.
In recent decades, some researchers considered the
Bernstein-like bases for other spaces (Mainar and
Pefia, 2007), such as the trigonometric polynomial
space (Pefia, 1997; Sanchez-Reyes, 1998; 1999), the
hyperbolic polynomial space (Shen and Wang, 2005),
the algebraic trigonometric polynomial blended space
(Zhang, 1996; 1999; Chen and Wang, 2003), the
algebraic hyperbolic polynomial blended space (Li
and Wang, 2005), the algebraic trigonometric hy-
perbolic polynomial blended space (Xu and Wang,
2006), and the algebraic e trigonometric polynomial
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blended space (Fang and Wang, 2007). The properties
and applications of these bases and their curves and
surfaces were also studied, such as shape preserving
(Mainar et al., 2001), convergence (Dong and Wang,
2004), shape diagram (Yang and Wang, 2004;
Hoffmann et al., 2006; Juhasz, 2006; Cao and Wang,
2007b; Li et al., 2008), triangular patch (Li et al.,
2005), conversion matrix (Fan and Wang, 2006), and
highway route design (Cai and Wang, 2009). How-
ever, the basis has not been extended to the triangular
domain, because of the lack of theory of bivariate
trigonometric polynomial space. But, the Bern-
stein-Bézier surface over the triangular domain (Farin,
1986) is an important aspect in the Bézier system. Its
properties, such as convexity (Chang and Davis, 1984;
Chang and Feng, 1984; Wang and Liu, 1988; Chang
and Zhang, 1990; Sauer, 1991; Carnicer et al., 1997),
evaluation (Schumaker and Volk, 1986; Mainar and
Pefia, 2006), and parametric extension (Cao and
Wang, 2007a), have attracted some researchers. In
this paper, without considering what the bivariate
trigonometric polynomial space is, we simply focus
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on basis functions. We give the Bernstein-like basis
over the triangular domain, which corresponds to the
Bernstein-like basis for the linear trigonometric
polynomial space I';=span{1, sint, cost}. Our basis
fulfills positivity, normalization, symmetry, boundary
properties, and linear independence. It can be trans-
formed to another basis that seems to be more ap-
propriate for building the bivariate trigonometric
polynomial space.

2 Linear trigonometric polynomial basis and
surfaces over the triangular domain

In this section, p-Bézier basis (Sanchez-Reyes,
1998) for I7 is reviewed first. Then we extend the
Bernstein-like basis to the triangular domain. Finally
we define the corresponding surfaces.

2.1 Review

The Bernstein-like basis on Iy is called p-Bézier:

A; (t) =sin® /sm < A(t)=sin ;/sm %

a.a-t. t/.,a
4(t)=2cos—sin——sin— /sin>—, te[0,al,
A O =2c0s25in®tsin? fsin' 2 teo,al

where ae(0, x) controls the domain.
2.2 Definition of basis over the triangular domain

Definition 1  Suppose that a< (0, «) is a real number
and u, v, w are three variables that satisfy the condi-
tions 0<u, v, w<a and u+v+w=a. Then, the function

sequence {B?(u,v,w) = B}, is the triangular domain

extension of {A*(t)}-,, and is defined as follows:

1.0

LU LV LW
sin? = sin? — sin? —

B -—2% B -—2 B -—2,
sin® = sin® = sin® =

2 2 2

B = Zsinasinusinvsinw/sinza,
2 2 2 2 2

a.u.v w/. ,a
Bj‘:ZCos—sm—smEcosE sin® =,

B2 = Zcosacosusinvsinw/sinza,
2 2 2 2

Be Zcosasmucosvsm/sm —
2 2 2

Fig. 1 shows curves of some basis functions.
Because of the symmetry of {B*}’,, we give only

B, (u), By (u,v,a—u-v), Bj(u,v,a—u—-v). Here a=2,
and since the value of B; is relatively small, we use a
different scaling factor along the vertical Z-axis.

2.3 Definition of surfaces over the triangular
domain

The corresponding surfaces are defined in the
usual way.
Definition 2  Suppose that ac(0, ©r). The Bernstein-
Bézier-like surface over the triangular domain D=

{(u,v,w)[0<u, v, w<a, u+v+w=a} defined by {B’}’,
can be written as

S(u,v,w) = iBf(u,v,w)Pi, (u,v,w) e D,

i=0

where {P}’, are the control points.

(b) ()

Fig. 1 Basis functions (a=2): (a) B; ; (b) B; ; (c) B
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Control points and the control mesh are illus-
trated in Fig. 2a. Fig. 2b shows a triangular surface,
where a=2 and control points are {P}"_,={(1,0,0),
(0,1,0), (0,0,1), (0.7,0.8,0.7), (0.7,0.7,0), (0,0.7,0.7),
(0.7,0,0.7)}.

P2

y o 10 10
() (b)

Fig. 2 (a) The control mesh of S(u,v,w), where {P,¥’_, are
control points; (b) The surface determined by these data

3 Properties

In this section, we show the properties of our
basis and the corresponding surfaces.

3.1 Basis properties

Proposition 1 Function system {B](u,v,w)}’, in

Definition 1 has the following properties for all (u, v,
w) in D:

(1) Positivity. B?(u,v,w) >0, 0<i<6.

(2) Normalization. ZTZO B?(u,v,w) =1.

(3) Symmetry. The set of functions
{B*(u,v,w)¥’, is symmetric with respect to all per-
mutations of (u,v,w).

(4) Boundary property. When one of the three
variables u, v, w is taken as zero, the basis {B’ ?:O

degenerates to the univariate basis {A*},.

(5) Linear independence. The functions B? (i=0,

1, ..., 6) are linearly independent.
Proof (1) and (3) are obvious.

(2) Using the constraint u+v+w=a, we can obtain
the property by the following calculation:

B + B} :(ZSin;sin\zlcosu;rvj/sinzg,

B® +B® +(B® + B?) :sinZ% sinzgz A% (W),

B +B{ = Zcos:sinvzvsinu;rv/sinzézlz Al(w),

B, = Aj(w), so ZG:Bia(u,v,w) =ZZ:A3(W) =1.

(4) Supposing that u=0 and using v=a-w, we

B, =B =B; =B =0 and B}=A (W),
B, = A’ (w), BZ =A*(w), which proves the bound-
ary property. This also applies for the conditions
when v=0 or w=0.

(5) Assume that for any  (uyv,w),
zie:obi B?(u,v,w) =0, where b; (i=0, 1, ..., 6) are real
numbers, and let u=0. Based on the boundary property,
we have b A +b,A*+b,A’ =0. Since basis func-
tions A* (i=0, 1, 2) are linearly independent,
b,=b,=bs=0. Similarly, by=b,=bs=0 and finally b3=0.
Proposition2  {B}’, and {C.}’, = {1, sinu, cosu,
sinv, cosv, sinw, cosw} are two different bases of the
same space. The transformation matrices between
them (in both directions) are M, and M_*. That is,

[C,.C....C]=[B;,B,...,B{]M_, and [B;,B},..., B¢]
:[Co,Cl,...,Ce] M;l, where

have

1 sina cosa O 1 0 1
1 0 1 sina cosa O 1
1 0 1 0 1 sina cosa
1 0 1 0 1 0 1

M.=l1 tan® 1 @ 1 o 1
2 2

1 0 1 tnd 1 tnd 1
2 2
1 tanE 1 0 1 tanE 1
For M_", see the top of the next page.

Proof Calculating with triangle formulas, we have
the equation as shown in the next page, where
det M,=—2(1—cosa)’tan®(a/2)+0 for any a<(0, x), and
M::(Ma)il-
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(l1-cosa)™ (1-cosa)™ (1-cosa)™ -1/2 —cot?(a/2)/ 2 —cot*(al2)/2 —cot*(al2)/?2
0 0 0 —cot(a/2)/2 cot(al/2)/2 —cot(al/2)/2 cot(al/2)/2
—(l—cosa)™ 0 0 1/2 cot’(a/2)/2 —cot’*(a/2)/2 cot’*(al2)/?2
M= 0 0 0 —cot(a/2)/2 cot(a/2)/2 cot(a/2)/2 -—cot(a/2)/2
0 —(1—cosa)™ 0 1/2 cot’(a/2)/2 cot*(a/2)/2 —cot’*(a/2)/2
0 0 0 —cot(a/2)/2 —cot(a/2)/2 cot(a/2)/2 cot(al/2)/2
0 0 —(l—cosa)™ 1/2 —cot’(a/2)/2 cot*(al2)/2 cot’*(al2)/2
1\ (B "(1 sina cosa O 1 0 1 B !
sinu B'||1 O 1 sina cosa O 1 B’
cosu B,||1 O 1 0 1 sina cosa B,
sinv | =[B[[1 0 1 0 1 0 1 |=BY M,
cosv Bf | |1 tan(a/2) 1 tan(a/2) 1 0 1 B:
sinw Bf| |1 0 1 tan(a/2) 1 tan(a/2) 1 Bs
CosW Be ) \1 tan(a/2) 1 0 1 tan(a/2) 1 Be

3.2 Surface properties

Proposition 3 Surface S(u,v,w) in Definition 2 has
the properties described below:

(1) Convex hull property. S(u,v,w) is contained
in the convex hull of its control points.

(2) Corner interpolation. S(a,0,0)=P,, S(0,a,0)=
P1, S(0,0,a)=P;.

(3) Affine invariance. S(u,v,w) is invariant under
affine transformations of its control points.

These surface properties are easily obtained ac-
cording to the properties of basis functions, so there is
no need to prove them here.

Proposition 4 (Differentiation property) The tan-
gent plane of S(u,v,w) can be represented as a surface

determined by basis functions {B}}’, . Specifically,

the tangent planes at (a,0,0), (0,a,0), and (0,0,a) are
planes spanned by control points PoP4Pg, P1P4Ps, and
P,PsPg, respectively.

Proof Let w=a—u—v. The tangent plane of S(u,v,w)
is (a, feR)

T(u,v):S(u,v,W)+oc—a S(u,v,w)+ﬁ—a S(u,v,w)
ou ov
1 a a a a
:{Pﬁa(zcsca Po—cotE P6j+ﬂcot§(P4—P6)} B,

a 1 a a a
{Pﬁa cotE(P4—P5)+,b’(§cscE Pl—cotE PSH B,

+ P2+a(cotEP6—lcscipzj+
2 2 2
a 1 a a
B COtEPS_ECSCEPZ B,
a a a
+[P3+acotE(P4—P5)+ﬂcot§(P4—P6)}B3
a1 a a
+{P4+acot§(§sec25Po—tan2§P3+P4—P5—P6j
a1 a a a
+ﬁcot§(§sec2§Pl—tan2EP3+P4—P5—PGHB4
a a_ 1 a
+[P5+acot5(tan2EPS—Esec2§P2+P4—P5+P6j
+ﬁcsca(P1—P2)}B§
+[P6+acsca(Po—P2)
a a_, 1 a a
+/)’cot5(tan25Ps—EseCZEPZJrPﬁPS—PGHBG.
Let (u,v,w)=(a,0,0). Then
1 a a a
T(u,v)=PR, +a(§ P, cscE— P, cot5)+ﬁ(P4 —Pﬁ)cotE .

The case when (u,v,w) equals (0,a,0) or (0,0,a) can
analogously be proved.
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Proposition 5 (Subdivision property) Suppose that
D" is an arbitrary triangular domain contained in D,
the three sides of which are parallel to the sides of D.
That is, we suppose that u”, v', w" are three real num-
bers satisfying the conditions O<u”, v’, w'<a and
O<u™+v", u™+w’, v'+w'<a. Thus we have the domain
type D ={(u,v,w)lu>u", v>v', w>w’, u+v+w=a} (the
domain in Fig. 3a) or D ={(u,v,w)jusu’, v<v', w<w’,
u+v+w=a} (the domain in Fig. 3b). Let u™+v +w'=a .
Then there are two related properties.

(1) The subsurface over D" can be represented as

6 * * * * *

DB (u-ut,v-v,w-w)Q,a <a,
S(u,v,w) = izo

SBIRU —uv v, w —w)Q, a" > a,

i=0

(u,v,w)e D",
where

[Q, Q1 Q,,Q;,Q,, Q5 Q"
=N . ;[P PP, Py, P PR

For N . . . seethe bottom of this page, where

U=a—v —w, V=a—u—w’, W=a—u—v’,

f,(u,v,w)

. (a . (a . (a . a

sin| =—u [+sin| ==V |+sin| =—w |—Ssin—
_ (2 ) (2 j [2 ) 2
ZsinE
2
f,(u,v,w)

a a a a a
COS—| COS| ——U |+COS| ——V |—CcOoS| ——w |—cos—
e i M o s i 1

2sin? 2
2

B (U,v,w') BXU,v,w) B3(U,v,w)BIU,v,w)BiU,v,w)BU,v,w)BIU,v,w)
Bg(u™,V,w') BAu",V,w’) Bi(u",V,w) BI(u",V,w) B ,V,w)Biu,V,w)Bu,V,w)
B (u”,v',W) B (u",v,W) B3(u",v ,W) B (u",v,W) Bi(u",v ,W)BI(u",v ,W) B ,v,W)
By (u™, v, w) BA(u",v,w) Bi(u v ,w) f(u,v,w) fu,v,w) f(v,wul) fut,w,v)
f,u",v,w) f,(v,u,w) B, v, w) fun,v,w) f v, w) fout v wh) f (v uTw)
By (u',v,w) f(v,u,w) f(w,ut,v) f(vi,whut) fo(wi,vut) fv,wout) f (v, whul)
f,(u",v,w) Bru v, w) f(w,ut,vY) fut,wi ) fo(wut v fout,wh v f Ut wh )
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f,(u,v,w)
. a-v-—-w . u . ,a___a-u-v-—-w
=|sin———sin— sin® —cos————— |,
2 2 2 2
f,(u,v,w)
. a-uU-w_. a-v-w . U_. V). W
sin sin +sin—sin— |sin —
( 2 2 2 2) 2
. a___a-u-v-w ’
sin—cos
2 2
f,(u,v,w)
a( .. a-U-w _. a-Vv—-w . U _. V w
€0s—| sin sin +sin—sin— [cos—
2( 2 2 2 2] 2
. ,a___a-u-v-w '
sin“ ~cos—————
2 2
fo(u,v,w)
a( . a-u-w___a-v-w Uu. v). w
€0s—| sin oS +C0S—Ssin— |sin —
2( 2 2 2 Zj 2
B . ,a___a-u-v-w '
sin“ ~cos—————
2 2

(2) The surface S(u,v,w) over D can be subdi-
vided into four subsurfaces Sg, S1, So, S, Where

6
S, :ZBia/z[u —%,v,w]QOi, u,v,w) e D,,
i=0

6

ZBia/z (U,V_%:WJQW (u,v,w) e D,,

6

0
Bialz (U:V:W_ngzw (u,v,w) e D,,
0

S a a
S — B.a/Z __u’__
3 ; i (2 2

Sl

SZ
a

V,E—WJQm, (u,v,w)e D,,

For Qoi, Qui, Qai, and Qai, see the next page, where

S =(1+cos(a/2))™", and domains Dy, Dy, D,, D3 can
be seen in Fig. 3c.
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Qoo 1 0 0 0 0 0 0 P,
Qo pl2 pl2 0 0 pcos(al2) 0 0 P,
Qu pl2 0 pl2 0 0 0 pcos(al2) || P,
Qu =82 0 0 1/2 pl2-cos(al2) -p/2-cos(al2) pl2-cos(al2) || P,
Qo y/j 0 0 0 pcos(al2) 0 0 P,
Qs pl2 0 0 pl2(l—cos(al2)) pl2-cos(al2) pl2-cos(al2) pl2-cos(al2) || P
Qus p 0 0 0 0 0 pcos(al2) P,
Qo pl2 pl2 0 0 S cos(al2) 0 0 P,
Q. 0 1 0 0 0 0 0 P,
Q. 0 pl2 pl2 0 0 pcos(al2) 0 P,
Qs|= 0 p/l2 0 1/2 pl2-cos(al2) pl2-cos(al2) —p12-cos(al2) || P,
Qu 0 p 0 0 pcos(al2) 0 0 P,
Qs 0 p 0 0 0 pcos(al2) 0 P,
Qs 0 pl2 0 pl2(l—cos(al2)) pl2-cos(al2) pl2-cos(al2) pl2-cos(al2) )\ P,
Q. pl2 0  pl2 0 0 0 pcos(al2) P,
Q,, 0 pl2 pi2 0 0 pcos(al2) 0 P,
Q,, 0 0 1 0 0 0 0 P,
Qsl=| O 0 pgl2 1/2 —p12-cos(al2) pl2-cos(al2) p12-cos(al2) || P,
Q,, 0 0 pl2 pl2(1-cos(al/2)) pl12-cos(al2) pl2-cos(al2) pl12-cos(al2) || P,
Q, 0 0 p 0 0 pcos(al2) 0 P,
Qy 0 0 p 0 0 0 pcos(al2) Ps
Qu 0 pl2 pl2 0 0 S cos(al2) 0 P,
Qa pl2 0 pl2 0 0 0 pcos(al2) P,
Q,, pl2 pl2 0 0 pcos(al2) 0 0 P,
Qs |=| B2 pl2 pl2 -1/2 pl2-cos(al2) pl2-cos(al2) pl12-cos(al2) || P,
Q,, 0 0 pl2 pl2(l—cos(al2)) pl2-cos(al2) pl2-cos(al2) pl2-cos(al2) || P,
Qs B2 0 0 pl2(l—cos(al2)) pl2-cos(al2) pl2-cos(al2) pl2-cos(al2) || Py
Qs 0 pl2 0 pl2(l—-cos(al2)) pl2-cos(al2) pl2-cos(al2) pl2-cos(al2) )\ Py

(a,0,0) (a,0,0) (a,0,0)

(U a-u=v) (u,axu™-w,w)

(a=v-w' v’ ,w)

(0,0, (0a0) ©,

N

a (0.0.3)
2

@ (b) (©
u+v+w=a}; (b) The triangular domain D ={(u,v,w)|usu’, v<v", wsw’, u+v+w=a}; (c) Domain D is subdivided into four
triangular domains Dy, Dy, D;, D3
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Proof (1) We make use of Pr*opositi*on 2. Wben a'<a,
there exist conditions u-u, v-v, w-w >0 and
u—u"+v—v'+w-w'=a-a" on domain D". If {E,}°, ={{,
sin(u—u*)*, cos(u—u’), sin(v—v"), cos(v—v"), sin(w-w"),
cos(w—w )} then

1 0 0 0 0 0 0

0 cosu” —sinu™ 0 0 0 0

0 sinu” cosu”™ 0 0 0 0
G=[0 0 0 cosv —sinv' 0 0

0 0 0 sinv’ cosvv 0 0

0 0 0 0 0 cosw —sinw’

0 0 0 0 0 sinw cosw

is the transformation matrix between {E}’, and
{Ci}i6:0 ([Co, Cl, veey Ce]:[Eo, El, ceey E5]G) ThUS,

[B; (u,v,w), B} (u,v,w),---, B¢ (u,v,w)]
=[C,.C,,,C,IM* =[E, E, .-+, E,JGM_"
=[B* (u—-u",v—v ,w-w),B** (u-u",v—-V",

W—w),--, BE (u —u V=V, Ww-w)M_. GM.

Let N. . .= Ma:aGM;l. Hence, we have S(u,v,w)

= Zio B (u—u",v—v,w-w)Q, (uv,w)eD",
and

[Q0: Q1 Q;,Q;,Q,, Q5. Qe T’
=N . .[P.P, P, PP, PP T

ut VW

This also applies to the condition when a">a.

(2) Let (u"v ,w)=(a/2,0,0), (0,a/2,0), (0,0,a/2),
(a/2,a/2,a/2) separately. Using (1), we can obtain the
control points of subsurfaces Sy, S1, Sy, Ss.

4 Applications

In this section we show some applications of
linear triangular trigonometric surfaces.
Example 1 By means of our basis one can represent
some classical surfaces without rational forms. Fig. 4
shows the exact description of a triangular patch of a

cylinder of revolution, the radius of which is 1 and the
axis is the vertical Z-axis of the coordinate system.

Here a=2n/3 and control points are {P}, =
{(sina,cosa,l), (0,1,cosa), (0,1,1,), (0,1,1,), (tan(a/2),
1,1), (0, 1,1), (tan(a/2),1,1)}.

Fig. 4 The exact representation of a triangular patch
of a cylinder of revolution, using our proposed basis

Example 2 Using our basis one can construct sur-
faces whose boundaries are circular arcs. Fig. 5 is a
surface patch whose three boundaries are circular arcs
which coincide with the boundaries of an octant of the
unit sphere centered at the origin (Fig. 5a). Its control
points are {P¥,={(1,0,0), (0,1,0), (0,0,1), (1,1,1),
(1,1,0), (0,1,1), (1,0,1)} and a=n/2. In Fig. 5b the
boundaries of the previous patch are fitted onto the
unit sphere. The inner points of the patch are not on
this sphere, but the two surfaces are of C° continuity
at the boundaries. However, it is impossible to adjust
control point P3 to describe an octant of the sphere,
because our basis cannot represent the trigonometric
function and the product term of two trigonometric
functions at one time, which is essential for the pa-
rameterization of a sphere.

(b)

Fig. 5 (a) A triangular surface whose three sides are all
circular arcs; (b) The boundaries of the patch in (a) are
fitted onto the unit sphere
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Example 3  The three boundaries of a surface are
totally determined by Pq, Py, Py, P4, Ps, Ps, and P
makes no contribution. Compared with quadratic
Bernstein-Bézier surfaces over the triangular domain,
our surfaces are more convenient for deformations
when the boundaries should be fixed. Fig. 6 shows
some phases P3 from (-2,—2,-2) to (2,2,2), and the
rest of the control points, which control the three
boundaries of the patch, {Po, P1, P2, P4, Ps, Pg}=
{(1,0,0), (0,1,0), (0,0,1), (1,1,0), (0,1,1), (1,0,1)} are
fixed, and a=2n/3.

Fig. 6 Anexample for a surface deformation when the
boundaries remain unchanged

5 Conclusion

In this paper, we extend basis {A*}., of the
linear trigonometric polynomial space I'j=span{l,
sint, cost} to obtain the Bernstein-like basis {B’}",

over the triangular domain. This basis is linearly in-
dependent and satisfies positivity, normalization,
symmetry, and boundary properties. The corre-
sponding surfaces fulfill the convex hull property,
corner interpolation, affine invariance and have dif-
ferentiation, subdivision properties.

Since our basis is just an extension for linear
trigonometric polynomial space and without a ra-
tional form, its ability for constructing surfaces may
be limited. However, it is a core for extending the
Bernstein-like basis to the triangular domain for other
spaces—for trigonometric polynomial space, hyper-
bolic polynomial space, and blending spaces, the
basis may be studied from the basis for 7.

Our work is an outset of Bernstein-like systems
over the triangular domain for other spaces. Thus,
more work can be considered. The examination of the
extended basis of higher orders, other properties and
applications, and the triangular domain basis for
blended spaces remain for future research.

References
Cai, H.H., Wang, G.J., 2009. A new method in highway route
design: joining circular arcs by a single C-Bézier curve

with shape parameter. J. Zhejiang Univ.-Sci. A, 10(4):
562-569. [doi:10.1631/jzus.A0820267]

Cao, J., Wang, G.Z., 2007a. An extension of Bernstein-Bézier
surface over the triangular domain. Progr. Nat. Sci.,
17(3):352-357. [doi:10.1080/10020070612331343269]

Cao, J., Wang, G.Z., 2007b. Relation among C-curve charac-
terization diagrams. J. Zhejiang Univ.-Sci. A, 8(10):1663-
1670. [d0i:10.1631/jzus.2007.A1663]

Carnicer, J.M., Floater, M.S., Pefia, J.M., 1997. Linear
convexity conditions for rectangular and triangular
Bernstein-Bézier surfaces. Comput. Aid. Geometr. Des.,
15(1):27-38. [d0i:10.1016/S0167-8396(97)81783-9]

Chang, G.Z., Davis, P.J., 1984. The convexity of Bernstein
polynomials over triangles. J. Approx. Theory, 40(1):11-
28. [doi:10.1016/0021-9045(84)90132-1]

Chang, G.Z., Feng, Y.Y., 1984. An improved condition for the
convexity of Bernstein-Bézier surfaces over triangles.
Comput. Aid. Geometr. Des., 1(3):279-283. [doi:10.1016/
0167-8396(84)90014-1]

Chang, G.Z., Zhang, J.Z., 1990. Converse theorems of con-
vexity for Bernstein polynomials over triangles. J.
Approx. Theory, 61(3):265-278. [d0i:10.1016/0021-9045
(90)90008-E]

Chen, Q.Y., Wang, G.Z., 2003. A class of Bézier-like curves.
Comput. Aid. Geometr. Des., 20(1):29-39. [d0i:10.1016/
S0167-8396(03)00003-7]

Dong, C.S., Wang, G.Z., 2004. On Convergence of the Control
Polygons Series of C-Bézier Curves. Proc. Geometric
Modeling and Processing, p.49-55. [doi:10.1109/GMAP.
2004.1290026]

Fan, F.T., Wang, G.Z., 2006. Conversion matrix between two
bases of the algebraic hyperbolic space. J. Zhejiang Univ.-
Sci. A, 7(s2):181-186. [doi:10.1631/jzus.2006.AS0181]

Fang, M.E., Wang, G.Z., 2007. w-Bézier. 10th IEEE Int. Conf.
on Computer Aided Design and Computer Graphics,
p.38-42. [doi:10.1109/CADCG.2007.4407852]

Farin, G., 1986. Triangular Berstein-Bézier patches. Comput.
Aid. Geometr. Des., 3(2):83-127. [d0i:10.1016/0167-8396
(86)90016-6]

Hoffmann, M., Li, Y.J., Wang, G.Z., 2006. Paths of C-Bézier
and C-B-spline curves. Comput. Aid. Geometr. Des.,
23(5):463-475. [doi:10.1016/j.cagd.2006.03.001]

Juhasz, 1., 2006. On the singularity of a class of parametric
curves. Comput. Aid. Geometr. Des., 23(2):146-156.
[doi:10.1016/j.cagd.2005.05.005]

Li, W., Hagiwara, ., Wu, Z.Q., 2005. C-1 smoother triangular
surface patch constructed by C-curves. JSME Int. J. Ser.
C-Mech. Syst. Mach. Elements Manuf., 48(2):159-163.
[doi:10.1299/jsmec.48.159]

Li, Y.J., Wang, G.Z., 2005. Two kinds of B-basis of the alge-
braic hyperbolic space. J. Zhejiang Univ.-Sci., 6A(7):750-
759. [doi:10.1631/jzus.2005.A0750]

Li, Y.J,, Lu, L.Z., Wang, G.Z., 2008. Paths of algebraic hy-
perbolic curves. J. Zhejiang Univ.-Sci. A, 9(6):816-821.
[doi:10.1631/jzus.A071490]

Mainar, E., Pefia, J.M., 2006. Evaluation algorithms for
multivariate polynomials in Bernstein-Bézier form. J.



364 Shen et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2010 11(5):356-364

Approx. Theory, 143(1):44-61. [doi:10.1016/j.jat.2006.05.
007]

Mainar, E., Pefia, J.M., 2007. A general class of Bernstein-like
bases. Comput. Math. Appl., 53(11):1686-1703. [doi:10.
1016/j.camwa.2006.12.018]

Mainar, E., Pefia, J.M., Sanchez-Reyes, J., 2001. Shape pre-
serving alternatives to the rational Bézier model. Comput.
Aid. Geometr. Des., 18(1):37-60. [d0i:10.1016/S0167-
8396(01)00011-5]

Pefia, J.M., 1997. Shape preserving representations for trigo-
nometric polynomial curves. Comput. Aid. Geometr. Des.,
14(1):5-11. [doi:10.1016/S0167-8396(96)00017-9]

Sanchez-Reyes, J., 1998. Harmonic rational Bézier curves,
p-Bézier curves and trigonometric polynomials. Comput.
Aid. Geometr. Des., 15(9):909-923. [do0i:10.1016/S0167-
8396(98)00031-4]

Sanchez-Reyes, J., 1999. Bézier representation of epitrochoids
and hypotrochoids. Comput.-Aid. Des., 31(12):747-750.
[d0i:10.1016/S0010-4485(99)00061-5]

Sauer, T., 1991. Multivariate Bernstein polynomials and con-
vexity. Comput. Aid. Geometr. Des., 8(6):465-478.
[doi:10.1016/0167-8396(91)90031-6]

Schumaker, L.L., Volk, W., 1986. Efficient evaluation of
multivariate polynomials. Comput. Aid. Geometr. Des.,
3(2):149-154. [doi:10.1016/0167-8396(86)90018-X]

Shen, W.Q., Wang, G.Z., 2005. Class of quasi Bézier curves
based on hyperbolic polynomials. J. Zhejiang Univ.-Sci.,
6A(s1):116-123. [doi:10.1631/jzus.2005.AS0116]

Wang, Z.B., Liu, Q.M., 1988. An improved condition for the
convexity and positivity of Bernstein-Bézier surfaces
over triangles. Comput. Aid. Geometr. Des., 5(4):269-275.
[doi:10.1016/0167-8396(88)90008-8]

Xu, G., Wang, G.Z., 2006. Control mesh representation of a
class of minimal surfaces. J. Zhejiang Univ.-Sci. A,
7(9):1544-1549. [doi:10.1631/jzus.2006.A1544]

Yang, Q.M., Wang, G.Z., 2004. Inflection points and singu-
larities on C-curves. Comput. Aid. Geometr. Des.,
21(2):207-213. [doi:10.1016/j.cagd.2003.11.002]

Zhang, J.W., 1996. C-curves: an extension of cubic curves.
Comput. Aid. Geometr. Des., 13(3):199-217. [doi:10.
1016/0167-8396(95)00022-4]

Zhang, J.W., 1999. C-Bézier curves and surfaces. Graph.
Models Image Process., 61(1):2-15. [doi:10.1006/gmip.
1999.0490]




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /OK
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Helvetica
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


