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Abstract:  In the presence of multiple non-regenerative relays, we derived optimal joint power allocation, relay selection, and
subchannel pairing schemes in orthogonal frequency division multiplexing (OFDM) based wireless networks. The Lagrange dual
method was employed to design the optimal algorithm. First, the optimization problem was formulated for the single-relay system
and the optimal centralized algorithm was presented by resolving the dual problem. Next, the optimal algorithm for a multi-relay
system was proposed in a similar way. Compared with the exhaustive search method, the computational complexity of the pro-
posed optimal algorithms was reduced from non-polynomial to polynomial time. Finally, the centralized algorithm was extended
to the distributed algorithm, which was more feasible for the practical system. Simulation results verify our analysis.
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1 Introduction

Wireless communication systems are expected
to provide a high data rate, low bit error rate, and large
coverage service. To achieve this, high bandwidth
utilization is inevitably required. The favorable
modulation technique is orthogonal frequency divi-
sion multiplexing (OFDM) since it is better able to
deal with the multi-path fading brought by high
bandwidth (Chow et al., 1995) and brings flexibility
to resource allocation. Subchannels in OFDM can be
adaptively allocated to users to exploit both the fre-
guency and multiuser diversity. Furthermore, power
allocation over subchannels used in conjunction with
adaptive bit-loading has also shown great potential in
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improving the system performance (Wong et al.,
1999; Kivance and Liu, 2000).

Wireless coverage is another issue that network
operators face during actual deployment of the system.
Base stations (BSs) can support only services in their
areas so that the dead spots or coverage holes form
due to high path-loss and shadowing. Deploying ad-
ditional BSs could solve this problem; however, this
solution is too expensive to implement in practice. As
an alternative, relay stations are a cost-effective ap-
proach (Zhao et al., 2007). The cooperation between
OFDM access (OFDMA) and relaying techniques,
therefore, provides a promising technology to achieve
high quality wireless services.

There are, however, a number of challenges.
Joint resource allocation algorithms have been ex-
tensively studied in OFDMA based one-hop networks
(Wong et al., 1999), but these schemes cannot be
directly extended to a system with relays. The means
by which to jointly perform resource allocation in
OFDMA based multi-relay systems is complicated.
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Generally speaking, three important issues should be
considered in this situation: (1) Which relay should be
chosen to serve the user? (2) How to allocate and pair
the subchannels at the first and second hops? (3) How
to allocate the transmitting power at the source and
the relay? In OFDM based multi-relay systems, for
each subchannel of the source at the first hop, a par-
ticular subchannel is selected at the relay, which helps
source accomplish its transmission in the second hop.
This method is called subchannel pairing.

Recently, some of these three issues have been
studied (Hammerstroem and Wittneben, 2006),
wherein, for example, a sub-optimal power allocation
is provided by the iterative method for the two-hop
OFDM based amplified-forward (AF) single-relay
link on the condition of either the individual power
constraint at the source and the relay node or the total
power constraint during a time frame. However,
subchannel pairing is not considered in this scenario.
Others (Shi et al., 2005) have considered both sub-
channel pairing and power allocation at once, with a
sub-optimal algorithm proposed. Similar to Ham-
merstroem and Wittneben (2006), Shi et al (2005)
considered only the system with a single pair of
source-destination nodes in the presence of a single-
relay. Li et al. (2008) considered a joint subchannel
matching and power allocation scheme to maximize
the channel capacity instead. By separating subchan-
nel matching and power allocation, the sub-optimal
algorithm was then proposed. Yu et al. (2005) con-
sidered the power allocation algorithm for three-node
relay systems with different relay strategies: AF and
decode-and-forward (DF). They used the effective
capacity for resource allocation. Still a sub-optimal
algorithm was proposed. Miiller et al. (2007) proposed
a dynamic resource allocation method to minimize the
total transmission power. In this method, the total
power is divided into two parts according to the size
of sub-frames, and then each part of the transmission
power is allocated to each subcarrier at both the
source and the relay. Mesbah and Davidson (2008)
considered joint power allocation and channel allo-
cation in the time domain for a two-user orthogonal
AF cooperation scheme. As far as the fairness re-
quirement is concerned, the tradeoff between the
transmission rate and subchannel occupation fairness
among multiple users has been examined by Li and

Liu (2006). Power allocation, however, is not ad-
dressed in their work. Li et al. (2009) considered joint
power allocation, subchannel pairing, and maximin
fairness. Again, a sub-optimal algorithm was proposed.

To the best of our knowledge, our study is the
first to derive the optimal algorithm of joint sub-
channel matching, relay selection, and power alloca-
tion in both single- and multi-relay wireless networks
(or called diamond wireless networks) in both cen-
tralized and distributed ways. To derive the optimal
algorithm in single-relay systems, the Lagrange dual
decomposition method was employed. According to
Yu and Lui (2005), as the number of subchannels
approaches infinity, the frequency sharing condition
is satisfied and the dual gap is zero. Therefore, the
optimal algorithm of the original problem can be
found by solving the dual problem. Then, the same
technique is extended to systems with multiple relays
and the optimal algorithm is also derived. Next, for
computational complexity analysis, the exhaustive
search method is designed. The proposed optimal
algorithms have much lower computation complexity,
and further analysis is performed on the dual gap
when the frequency sharing condition is not satisfied.
This approach shows that under certain conditions,
the dual gap is zero even though the number of sub-
channels is small. Finally, we extend the centralized
scheme to a distributed one because of the character-
istics of the Lagrange dual decomposition method.

In this study, we use (x)" to denote max(x, 0). E(x)
is the expectation value of variable x. The bold

symbol denotes a vector or a matrix. p is the source
power allocation on subchannel n in the first hop, and
py is the power allocation of relay k on subchannel

n. 1¢, is the indicator function. If subchannel n in

the first hop is paired with subchannel n" in the second
hop at relay k, its value is one, otherwise zero.

2 System model

We consider a dual-hop scenario where a single
pair of source and destination communicates through
a total number of K relays (Fig. 1). Since OFDM
modulation is employed, the whole system bandwidth
is divided uniformly into N subchannels and each
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subchannel is considered to be frequency-flat. Each
transmission includes two time slots. The source

transmits over all the subchannels in the first time slot.

Then in the second slot the relay nodes forward the
received signal to the destination according to the
amplified-and-forward (AF) policy.

Relay nodes

hg:n={1,2,...,N} ha:n={1,2,...,N}

Source
node

Destination
node

hg.n={1,2,...,N}

| Time slot | | Time slot Il |

heo:n={1,2,...,N}

Fig. 1 OFDM based multi-relay system

The received signal in a link between two nodes
A and B on subchannel n is given by

ys =hag - X3 + Ng, where X, is the signal transmit-
ted at node A, hg; ~ CN(0, £2;;) is the channel gain
between the link A-B on subchannel n, and
Ng ~ CN(O,N,) is the additive white Gaussian noise

(AWGN) at node B. For each link, let H}; = |h7, * be
the instantaneous squared channel strength between
nodes A and B on subchannel n, obeying an expo-
nential distribution with E{H},}= (2%. A can be a
source node or any relay node and B can be any relay

node or destination node. The total transmission
power of the source and relays are constricted to P,

Zk 12 -12 ) o -(ps + pp ') = P. If subchannel n

in the first hop is paired with subchannel n’ in the
second hop at relay k, the spectrum efficiency is given
by (Hammerstroem and Wittneben, 2006)

- pspk H |_n| J (1)
PsHg + Py Hip + N,

n n' 1
R(ps, py )=5I092[1+

To derive the optimal joint resource allocation
scheme, we make the following assumptions:
Assumption 1 The channel gains for all links on
each relay node are statistically independent, and all
terminals have the same noise variance No. Here we
consider the block fading channel model.

Assumption 2 Each node in the network knows the
overall instantaneous channel state information (CSI)

between source and relay (hg, ) and between relay and

destination (hg, ). The full CSI can be achieved in the
following ways:

1. The destination node feeds back the CSI hg
to each relay k.

2. After collecting the CSI h;, from the desti-

nation node, each relay node k feeds back both hg,

and hy, on each subchannel n to the source node.
This assumption is more theoretical than prac-
tical because it will bring a high overhead. This as-
sumption was not valid when we derived the distrib-
uted algorithm.
Assumption 3 The direct transmission between
source and destination is not considered due to its
highly unreliable channel condition.

3 Optimal algorithm in single-relay systems

Firstly, we consider the power allocation and
subchannel pairing algorithm in a single-relay net-
work. Only subchannel pairing needs to be considered
because there is only one relay in the system. The
optimization problem can be formulated as follows:

max ZZInnR(pS,pR )

I, PS. PR T e

>
Il

i
>
Il

i
3
H

Ca: 1., {01}, vn,n"=12,---,N

The objective is to maximize the system spec-
trum efficiency. The constraint C1 means that the
overall transmit power of the source and the relay is
limited. C2 and C3 represent that each subchannel at
hop 1 is matched only with one subchannel at hop 2,
and vice versa. Since the problem Eq. (2) is an
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NP-hard non-convex problem, the Lagrange decom-
position method is used in the dual domain. With the
Lagrange multiplier 1 related to the constraint C1, the
Lagrange dual function of the problem Eq. (2) is
given by

9(4) = max J(I, ps, pg. 4)

N
I Ps. P {Zzlnn R(pS’ pR

n=1n'=1l (3)

e 5 $5)

n=ln'=l n=ln'=l

maX{ZZlnn[R(ps,pR) Apt - ﬂpR]MP}

LPsiPr | f1op et

where Ps :[pé’.‘.’ pg,.‘.’ pg‘]’ Ps :[le’...’ pgl...,

pa ] and 1=(Iij)nxn. The dual optimization problem is
then formulated as

ming(4). (4)

This dual problem is convex since g(4) is linear
in 2 (Boyd and Vandenberghe, 2004). To solve the dual
problem, we need to calculate max J(I, ps, Pr:4).

1, Ps . PR
Here, we use z(n) as the subchannel pairing strategy.
Assume subchannel n in hop 1 is matched with sub-

channel z(n) in hop 2, i.e., | =1. Then the dual

function can be decomposed into N independent op-
timization problems:

n,z(n)

N
9(2) =Max > gy, .o (4) + AP, 5)
n=1
where
Oy (D)=, max, {R(pS, ™) = A(PE + P")}-(6)

Eq. (6) is an optimal power allocation problem
for maximizing the system spectrum efficiency after
subchannel n is paired with subchannel z(n). Unfor-

tunately, R(pZ, pz™) is not a convex function be-
cause its Hessian is not positive semi-definite.
Proposition 1 R(pZ, pz™) is not convex since its

Hessian is not positive semi-definite.
Proof See Appendix A.

From Proposition 1, we observe that the Hessian
of R(p:, pz™) is not semi-definite because H{ py -

ﬂ(n)

pz™ might be less than No/2. But, the reason

why we use a relay is that the signal-to-noise ratio
(SNR) of a direct path between source and destination
is not good enough for transmitting the data correctly.
Furthermore, it is well known that the relay strategy is
chosen when both the SNR between source and relay
and the SNR between relay and destination are better
than the SNR between source and destination, i.e.,

HE /Ny >>HL /N, HZY /N, > HZY /N,. Hence,
w PR =No/2
when transmission with the help of relay happens. We
use the following equation to approximate the origi-
nal R(pZ, pz™) (Han et al., 2005):

it is reasonable to assume that Hg, psH

o A1 (n)H Hﬂ(n)
R(p57 pR( )):EIOQZ [1 ps Pr J

N (p”‘”)H”(”)+ps &)

()

With Eq. (7), by the derivation of Eq. (6) with

respect to p! and pz™, the optimal solution of
Eq. (6) can be derived as follows:

R 22 ®)
ops opg
Let
ps =Xo pg(n) = y;r(n)’ SR =4, / No’ H”(n) :bn(n) / No-
From Eq. (8), we have
a, er = b/z(n) yizr(n)' )
From Egs. (8) and (9), we obtain
b;r(n)
X = ’ yzz(n) ) (10)
aﬂ
anb;z(n) _( anbn(n) + b;z(n) )}“’
Yoy = , (11)
(anbﬂ(n) + bzr(n) anb;r(n) )

where 4'=-In2. Putting Egs. (10) and (11) back into
Eqg. (6), we obtain the maximum value of g, . (4):



454 Yin et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2010 11(6):450-464

(n)
X0 Yz HeHz

N, (x,HE + yﬂ(n)H”(“))

_ﬂ’(xn + y;r(n))' (12)

gn,;r(n) (ﬂ') =

1
Elog2 1+

Since the paired subchannel z(n) in hop 2 with

subchannel nin hop 1 can be any one in the set z(n)e
N .
{1, 2, ..., N}, ng%znzlgw(n)(l) is transformed to

the following optimization problem:

N N
m ZZ In gn n' (13)
n=1 n'=1
s.t.
N
CL Y 1, =Lvn'=12-N;
n=1
N
C2: 31, =1,vn=12-N;
n'=1
C3:1,, {01}, vn,n"=12,-,N.
Herein,
gn,n'(l) :llogz |:1+ Xn yﬂ':_|SRHRD —
2 No(XnHSR+yn’HRD)
— A%, +Y..). (14)

It is an assignment problem, and therefore the Hun-
garian algorithm can be used to solve it with compu-
tational complexity O(N®). After finding the maxi-

mum value of J(pI,pr,4), the dual problem of

Eq. (4) is related only to the parameter /. Since 4 is a
scalar, we use the bisection search method to achieve
the optimal A.

Proposition 2 For the dual problem Eq. (4), with the
primal problem defined in Eqg. (2), the following is a
subgradient of g(4):

N
d=P-> (ps +pPz"),

n=1

where p;‘* and p;’(”)* are optimal power allocation at

subchannel n at hop 1 and subchannel z(n) at hop 2 to
maximize the Lagrange J(I, ps, pr, 4) in Eq. (3).
Proof See Appendix B.

In the bisection search method, the search di-
rection is defined by Proposition 2, and the step size
in t will be half of the step size in t-1. Hence, the

optimal algorithm for the single-relay system (called
OAS) can be described as follows:

Step 1: Set Amin=0, Zmax t0 SOMe big value.

Step 2: Let A=(AmaxtAmin)/2. For each possible
subchannel pair ne{1, 2, ..., N} at hop 1 and n’e{1,

.,» N} at hop 2, calculate g, (4) using Eq. (14).
Then the transmission rate matrix is generated, such
as

[ 9.:(4) Oy (4) Gn (4) ]
9,.(4) O (4) v | (15)
| 9na(4) Oy (4) Oy (4)

Then by using the Hungarian algorithm, the optimal
subchannel pairing is found under current .

N
Step 3: If > (pg + pg™) =P, then the optimal

n=1

N
value of 2 is found. If D" (pg + pz™) < P, updating

n=1

Amax=4. Otherwise, Amin=4. Then return to Step 2.

4 Optimal algorithm in multi-relay systems

In a multi-relay system, the same technique de-
veloped in single-relay systems can be modified to
find the optimal joint resource allocation algorithm.
The optimization problem with multiple relays is
formulated as follows:

K N N
X, ax > > > 1i.R(ps, py) (16)
"" s k=1 n=1n'=1
st.
K N
CL Y >y, =1,vn'=12- N
k=1 n=1
K N
C2: Y >y, =1,vn=12--,N;
k=1n'=1l
N N
C3:0<) > 10y <N, Vk=12-,K

[N
N

n'=:

N
Dl (pe+p)<P,pl=0py 20;

n'=1l

Mzﬁ

K
Ca: )’

k=1 n=

2N



Yin et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2010 11(6):450-464 455

C5 1!, e{0,3,vnn'=12,-, N,vk=12-- K.

The extra constraint C3 represents that each relay k
can have multiple subchannel pairs. The dual function
of problem Eq. (16) with respect to the total power
constraint is expressed as

1 R(pZ, py)

Z 16 (s + pk”')}-

Mz

L0 PP ) =2

n=ln’
{p

Then the Lagrange dual objective function g(2) is

1

17

Mx

=~
1]
iN

n=ln'=1

9(4) = max L(I, ps, P, 4), (18)

where A is the Lagrange multiplier. To find the
maximum value of L(l, ps, pk, 4), assuming sub-
channel n is coupled with subchannel z(n) at relay

k(n), i.e., 1" =1 the dual function Eq. (17) can be

n,z(n)
decomposed into N independent optimization prob-
lems:

K N N
g(4) = max 3 > > 1, R(ps. py)
Ps P Y21 'no1 n=t
K N N
+/1[P TYSu (ps+pk}
k=1 n=1n'=1

N

K N
max z;;I:,n.{R<pg, pr)— (Pl + Py )3+ AP

1. ps. Pk

max » LK (1) + AP, 19
;r(n)k(n)nz /z(n)( )+ ( )

where

Lk(n) (l)

n,z(n)

e, {R(pS, PEi) = A(pE + PES)}.
(20)

Similar to Eq. (6), the optimal power allocation is
presented in Egs. (10) and (11) under certain sub-
channel pairing z(n) and relay selection scheme k(n).
Each subchannel n at hop 1 can be assigned to any
relay k and paired with any subchannel n" at hop 2.
Hence, to achieve the maximum value of L(l, ps, px,
A), we have to derive the optimal relay selection and

subchannel pairing. With the optimal power alloca-
tion pg athop 1and pg athop 2, the optimal relay

selection and subchannel pairing problem is con-
cluded as

(21)

s.t.
Cl: ZK“ZNH;H. =1,vn=12--,N;
k=1n'=1l
K N
C2: Y > Iy =L,vn'=12N;

2

C3: 0<ZZ|nn <N,vk=12,-

n=1ln'=1l

C4: 1. e{0,3,vnn'=12-,N,vk=12 K.
Herein,

Onn (D) =R(PL, P )=A(PS + 17 ). (22)
ps”* and pk“" are the optimal source and relay power

allocation presented in Egs. (10) and (11). With the
optimal power allocation, the optimization problem
Eq. (21) is an integer programming problem, which
can be concluded as a maximum-weighted matching
problem in the bipartite graph and can be solved using
the Hungarian method.

After the maximum value L(l, ps, px, 4) is cal-
culated, the dual optimization problem is formulated
as

min g(4). (23)

As in the OAS algorithm, we employ the bisec-
tion search method to achieve the optimal 1. Finally,
the optimal algorithm for a multi-relay system (OAM)
is concluded in the following steps:

Step 1: Set Amin=0, Zmax t0 SOMe big value.

Step 2: Letting A=(Amaxt4min)/2, €ach relay node k
calculates the value g;n,(/l) for all possible sub-

channel pairs (n, n") at hop 1 and hop 2 according to
Eqg. (22). Then each relay k formulates a bipartite
graph G(Ny, N,, C) (Fig. 2), in which N; represents
subchannels in hop 1, N, represents subchannels in
hop 2, and the edges of the graph C serves as an ab-
straction of subchannel pairing. The weights on the
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edges, w(el ) =0 (1), denote the achievable ca-

pacity of the subchannel pair n at hop 1 and n’ at hop 2
with current A. Every edge in the graph belongs to the
same relay node and since there are K relays in the
system, K such bipartite graphs will be generated.
Among these K bipartite graphs, we pick up the edge
on each subchannel pair n and n’ with the maximum

weight w(e!,) and k™ =argmaxw(e!,) to formu-
k

late a new bipartite graph. The problem in Eq. (21) is
converted to a maximum-weighted matching problem
in this bipartite graph. Still the Hungarian method is
applied to obtain the globally optimal solution in
computational complexity O(N).

K N N
Step3:1f D D >'I%,

k=1 n=1n'=1

(pl + pf™) =P, then the

optimal value of A is  found. If
ZZZI (pl + pr™) < P, updating Ama=4; oth-
k=1 n=1n'=1

erwise, Amin=2. Then go back to Step 2.

N;: hop 1

e (k)
e,(K)
e (K
ex(k)

Ny: hop 2

ew (K)

Fig. 2 Relay k’s bipartite graph

The optimal value achieved using the dual
method is not equal to the value in the original opti-
mization problem since there is a dual gap. Fortu-
nately, according to Yu and Lui (2005) and Cendrillon
et al. (2006), as the number of subchannels (N) goes

to infinity, the frequency sharing condition is satisfied.

Then, the dual gap of the optimization problem is
always zero, regardless of the convexity of the ob-
jective function. In addition, simulation results (Yu
and Lui, 2005; Cendrillon et al., 2006) show that the
above conclusion still holds even when the number of
subchannels is not large, e.g., 8. It is well known that
the subchannel number in a practical OFDMA system
is usually very large. Therefore, it is reasonable to
assume that the studied system satisfies the fre-

quency-sharing condition.

Theorem 1  If the number of iterations, t, is large
enough, the proposed OAM algorithm will converge
to the optimal primary objective value R(1")=g(1)=

—ZZZI R(PY, pi™), where (1€, pZ", pi™) is

k=1 n=1 n'=1l
the optimal solution.
Proof See Appendix C.

5 Computational complexity and dual gap
analysis

5.1 Computational complexity

Firstly, for comparison, the exhaustive search
method (ESM) is introduced. In the exhaustive search
algorithm, any possible combination of subchannel
pairing and relay selection is considered, and we use
the following method to allocate the transmit power.
Let the subchannel n in hop 1 be paired with sub-
channel z(n) in hop 2 at relay k(n). Then the optimal
power allocation problem is formulated as

max ZR(DS, ((:))) s.t. Z(ps + pk((:)))< P. (24)

0 pr(n

Ps Pi(n) n=1

Because it is a convex optimization problem, the
dual gap is zero. The Lagrange dual method is still
applied to this problem and the objective function of
the dual problem is described as follows:

g(2) = max {ZN_;(ps, Jn”)’)M{P—ZN_;(pS + pk(‘n”;)}}

Ps, Pk(n
N
=> max {R(ps, )= A(Pe + Pety )3+ AP.
n=1 Ps:
(25)

Hence, the dual problem is decomposed into N inde-
pendent sub-problems:

9(D=X 0, (LI + P, (@)

where

9.(ps, P (‘:>’)—pm%{R(ps, Py ) = A(Ps + P} (27)
K(n
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Similar to Eq. (6), the optimal p{ and p; are pre-

sented in Egs. (10) and (11). And the dual optimiza-
tion problem is
min g(4). (28)

The optimal 4 can be calculated by the bisection
search method. Then the optimal power allocation
scheme (OPA) for some pre-defined relay selection
and subchannel pairing scheme is stated as follows:

Step 1: Set Anin=0, Amax t0 SOMe big value.

Step 2: Let A=(AmaxtAmin)/2. Calculate the
transmission power allocated to each paired sub-
channel n in hop 1 and to subchannel z(n) in hop 2
according to Egs. (10) and (11).

Step 3: If Z'::l(pg + pi)) =P, then the opti-

mal value of A is found. If Z:':l(pg + pr) <P,

updating Amax=4; otherwise, Amin=A. Then go back to
Step 2.

Then, the exhaustive search method (ESM) can
be presented as follows:

Step 1: Find all possible subchannel pairing and
relay selection schemes.

Step 2: For each scheme, according to the OPA
algorithm, the optimal power allocation is derived.

Step 3: Calculate the spectrum efficiency ac-
cording to the results achieved in Step 2 for each
scheme and pick up the largest one. The correspond-
ing joint resource allocation scheme is the optimal.

The only difference between the optimal algo-
rithms (OAS or OAM) and the ESM is that, in the
proposed optimal algorithm the resource allocation is
decided after the estimation of parameter 1 in each
loop. This minor change brings significant computa-
tional complexity reduction.
Proposition 3 When there is only one relay in the
system, the computational complexity is O(N!) for the
ESM and O(mN®) for the OAS algorithm. When there
are K relays in the system, the computational com-
plexity is O(N!K™) for the ESM and O(m(KN?+N%))
for the OAM algorithm. m is the number of iterations.
An accuracy of &, requires m=—log, &, iterations

for optimizing A in the bisection search method.

Hence, using the proposed optimal algorithms,
the computational complexity is changed from non-
polynomial time to polynomial time.

5.2 Dual gap analysis

The optimal value achieved using the Lagrange
dual method is not equal to the value in the original
optimization problem since there is a dual gap.
However, as mentioned in Section 4, if the number of
subchannels (N) approaches infinity, the frequency
sharing condition is satisfied, and the dual gap of the
optimization problem tends to zero (Yu and Lui, 2005;
Cendrillon et al., 2006).

Furthermore, with the total power constraint, we
can derive the conditions under which the dual gap is
zero. First, we analyze what creates the dual gap. It is
known that if the original problem is convex, the dual
gap will be zero (Boyd and Vandenberghe, 2004). In
ESM, if subchannel pairing and relay selection are
pre-defined, the problem is convex as given in Eq. (24)
so that the dual gap is zero between Eqgs. (24) and (28).
Mathematically, we express the exhaustive method as

{mHa>§{mjng(H,ﬂ)}. The difference between our
P

proposed algorithm and the exhaustive search algo-
rithm is that in the former algorithm, the resource
allocation is decided after the estimation of / in each
loop.  Mathematically, we write it as

m;n{ggaé g(H,A)}.

As above analyzed, for ESM, there are N!K"
possible Lagrange dual functions g(H, A), each of
which corresponds to one possible subchannel pairing
and relay selection scheme H. Assume two Lagrange
functions gi(H;, 4) and g;j(H;, 1) (Fig. 3). ESM first
calculates the optimal values g (H,,4) and
g;(H;,4;) for each Lagrange function, and then

compares their values, and picks up the global opti-
mal value, which is g;(H,,4;) inFig. 3. In contrast,
in our proposed algorithm, since A is estimated before
resource aIIocaEion, it searches for the optimal value
g (H, A) and 4 is searched for on the square line,
which is the intersection of gi(Hi, 4) and g;(H;, 4)
(Fig. 3). If /11.* is not included in the intersection, there

is a dual gap, maé{m/ln g(H,A)}= mjn{m%g(H,i)}

(Fig. 3b). Otherwise, the dual gap is zero (Fig. 3a).
According to this observation, we derive the follow-
ing theorem:
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Theorem 2 If SNR . >1 vnn'=12-- N,

where SNR, . = psnpk anR H:D :
NO(pSHSR + pk HSR)
value of parameter 2™ is constant, 2~ =N /(2P In2),

and the dual gap is zero.
Proof See Appendix D.

, the optimal
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Fig. 3 Lagrange dual function
(a) Optimal 4 is in the intersection; (b) Optimal 4 is out of the
intersection

the total power constraint P, the system will raise its
price A; otherwise, it will lower price 1. A higher value
of 1 tells relays that present subchannel pair and
power are ‘expensive’ and provides incentive to find
the best scheme. After several iterations, the price will
converge to the optimal price A*, and the system will
converge to the stable state.

Obviously, the centralized algorithms could be
modified to this negotiated secondary market ap-
proach. The source needs to update the parameter 1
and broadcast it in the system so that each relay can
know the ‘shadow price’ of the current power and
subchannel pair scheme. In addition, the source needs
to know which subchannel pair is assigned to each
relay and the total transmission power allocation at
each subchannel pair to update the parameter 1. For-
tunately, the subchannel pairing at relays can be im-
plemented in a distributed way by introducing virtual
clock as in Bletsas et al. (2006). The initial timer
value is

Vnk,n’ = I / g:n(ﬂ), (29)

where | is a constant (in ms) and gnkvn,(/i) is presented

in Egs. (19) and (20). Each relay node k generates a
virtual clock matrix such as

6 Distributed algorithm

The two optimal algorithms (OAS, OAM) pre-
sented in Sections 3 and 4 are centralized. Deriving
corresponding distributed optimal algorithms is
straightforward. In the proposed centralized algo-
rithms, each relay needs to know whether it is selected
by the source and if so, which subchannel pair is
assigned to it. Furthermore, to update the power al-
location, each relay has to know the value of pa-
rameter A. Actually, the Lagrange dual decomposition
has a natural economic interpretation (Boyd and
Vandenberghe, 2004). The relay network can be re-
garded as a market, where the source is the supplier of
the goods (transmission power). The dual variable A
can be interpreted as the price of the power supplied
by the source. The bisection search method can be
regarded as the price adjustment rule, and is indeed
consistent with the law of supply and demand: if the

K N N
demand > > > 1 .(p+p;) for power exceeds

k=1 n=1n'=1

o I I ]
0:1(2) G (4) G:n (4)

| | |
gn,l(ﬂ’) gn,n’(ﬂ’) gnN(j’) l

| | |
| 9na(4) Oy (4) Iy () |

The virtual clock method fails only when two or
more relays’ timers on the same subchannel pair ex-
pire during the same time interval and the flag packets
collide. To assure that the best ‘relay’ can always be
selected in the ‘scheduling slot’ for each subchannel
pair, the carrier sense multiple access (CSMA) pro-
tocol in IEEE 802.11 is adopted; i.e., each of the col-
lided relay generates a random back-off interval be-
fore retransmitting until the best relay is selected.
Clearly, the cost of distributed implementation is the



Yin et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2010 11(6):450-464 459

increased latency overhead caused by the scheduling
and contention resolution protocol.

Finally, the proposed distributed algorithm
DOAM is summarized as follows:

Step 1: Set Amin=0, Amax t0 some big value. Then it
broadcasts the value A=(Amax+Amin)/2 in the system.

Step 2: According to Egs. (20) and (29), each
relay k generates a virtual timer matrix like (30) in
which each item corresponds to the time value of the
corresponding subchannel pair. Furthermore, each
node also needs to generate power matrices of hop 1
and hop 2 for each subchannel pair in terms of Egs.
(10) and (11), such as

(ps. pp) (. py) (. pe)
(Ps, Py) (P, Py) (ps.py) |- (3D)
(s PY) (ps . P;) (psp) |

At the beginning of the ‘scheduling slot’, each relay k
starts the virtual timer on each subchannel pair with

initial time 1/ gnk,n,(/l) in its virtual clock matrix (30).

Step 3: The relay which expires first on sub-
channel pair (n, n') transmits a flag packet including
the subchannel pair ID, its own ID, and the corre-

sponding transmission power pair (pg, py') to signal
its presence. Hearing the flag packet, other relays stop
their timers on this subchannel pair and back off.

Step 4: After collecting all the information about
the

Gnirte (4) = max [R(PS, Py ) — A(PS + P (32)
Ps Py

s+ Pi(n)

on each subchannel pair (n, n") from all relays, the
source will use the Hungarian method to find the best
relay selection and subchannel matching scheme
under current parameter A and according to Step 3 in
the OAM algorithm to update 1. Then the source
broadcasts the data packet and decision packet in-
cluding the newly updated parameter 4, the decision
of relay selection, and the corresponding assigned
subchannel pairs in the system.

Step 5: After relays receive the packets from the
source, they will check whether their IDs are in the

packet. If so, the selected relays obtain the opportu-
nity to retransmit the data from the source to the des-
tination on the assigned subchannel pairs decided by
the source, and they start to transmit by the sub-
channel pairs with corresponding transmission power
in matrix (31). And then, all relays will update their
virtual time value matrix (30) and transmission power
matrix (31).

Compared with the centralized algorithm, there
are two advantages of this distributed method:

1. The source does not need to know any CSI.
Only relays collect their own local CSI from them-
selves to the source and destination. Hence, the
feedback overhead is reduced.

2. The computational burden is evenly allocated
to each node in the system except the destination. In
contrast, in the centralized algorithm, all computa-
tional burdens are taken by the source node.

However, DOAM fits only the slow CSI fluc-
tuation environment (quasi-static channel or block
fading channel) to guarantee the convergence.

7 Simulation results

In this section, we evaluate the performance of
the proposed algorithms by computer simulations. We
assume that there is a single pair source-destination
and the source S is located at (0, 0), the destination D
is at (do, 0). When only a single relay is used, the
distance between S and R is d.. The three-path
Rayleigh fading channel model is considered between
the two terminals, and the power of each delayed path
is exponentially attenuated. The path loss is given as
d (d indicates the distance between the transmitter
and the receiver), and the shadowing effects are not
considered in the simulations. The total system
bandwidth is 1.25 MHz. The variance of noise on
each subchannel is 1. For comparison, Shi et al.
(2005)’s algorithm is also simulated in a single-relay
scenario. Centralized and distributed algorithms are
considered in the simulation, respectively.

7.1 Performance of centralized optimal algo-
rithms

In the first scenario, there are N=16 subchannels
with a single relay. The relative distance between the
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source and the relay is d,=0.5dy. The average spec-
trum efficiency per subchannel is shown in Fig. 4 with
the transmission power per subchannel raised from 5
dB to 15 dB. We observe that both OAS and ESM
achieve the maximum value. Although Shi et al.
(2005)’s scheme is near the optimal schemes on per-
formance, its complexity is much higher and it does
not always converge. Obviously the equal power
allocation with the ordered subchannel pairing
scheme (EOS) (subchannel 1 in hop 1 matched with
subchannel 1 in hop 2, number 2 in hop 1 matched
with number 2 in hop 2, and so on) is the worst
scheme in improving the system performance. To
further verify the optimality of OAS, we achieve the
system performance under different numbers of
subchannels using ESM and OAS (Fig. 5). The av-
erage transmission power per subchannel is 10 dB and
the number of subchannels is changed from 2 to 7. We
see that the curve of the system spectrum efficiency
achieved by OAS perfectly matches that achieved by
ESM.

3.6 T T T T T T
34p- T Optimal algorithm

o ESM =7
3.2 * Yu-Shi scheme P
3.0 — Equal power allocation & =
2.8F~ ordered subchannel pairing - A

A
-

2.4f o ¥

-

2.2f e s e S S e B

Spectrum efficiency per
subchannel (bits/(s-Hz))
N
(2]
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\

i
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Average transmission SNR per subchannel
Fig. 4 The average spectrum efficiency per subchannel
by different algorithms
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Fig. 5 System spectrum efficiency under different num-
bers of subchannels using ESM and OAS algorithms

The scenario is also simulated when the relative
distance between the source and the relay, d;, changes
from 0.1 to 0.9 (Fig. 6). The total number of sub-
channels is N=16, and the average transmission SNR
per subchannel is 15 dB. Four algorithms are exam-
ined in the simulation: the OAS algorithm, equal
power allocation with optimal subchannel pairing,
optimal power allocation with ordered subchannel
pairing, and EQS. Fig. 6 shows that OAS is the best
one all the time, because the power allocation and
subchannel pairing are considered jointly to improve
the spectrum efficiency. In contrast, the algorithm
considering neither power allocation nor subchannel
pairing is the worst on performance. Interestingly, it is
found that when d./dy<0.3 or d./do>0.7, the power
allocation is more efficient in improving the spectrum
efficiency than the subchannel pairing scheme since
the difference on channel attenuation between the
source and the relay (Hsg) and between the relay and
the destination (Hrp) is large. On the other hand,
when 0.4<d,/dy<0.6 or the difference on channel at-
tenuation between S-R and R-D is small, the sub-
channel pairing is more efficient than the power al-
location in improving the system performance.

3.4
_ .33
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% ?3'0 — = Optimal algorithm (SOP) :
€ 229} S - o Optimal power allocation & ~ -\;:-----
5 % ordered subchannel pairing
*3.:2-8 /T, Equal power allocation & T T TINTT
Q8271 /.. e optimal subchannel pairing ...:..\..
N3 ___Equal power allocation & :
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Relative distance between source and relay (d,/do)

Fig. 6 System spectrum efficiency by different algorithms
with different relative distances between source and relay

In another set of simulations, it is examined
whether the algorithm is optimal in the presence of
multiple relays. Two relays are uniformly distributed
in the circle area with a semi-diameter of 10 m in the
middle of the source and the destination and there are
16 subchannels in the system. Fig. 7 shows the av-
erage spectrum efficiency per subchannel achieved
using the OAM scheme, ESM, and single best relay
selection with the OAS scheme. The performance
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curve of the OAM algorithm perfectly matches the
curve obtained using ESM. Furthermore, although a
single ‘best’ relay is selected and the optimal algo-
rithm OAS is used, the performance achieved using
this scheme is still lower than that achieved using the
OAM scheme. This is because when only a single
relay is used in the multi-relay system, the diversity
on the frequency domain is not fully exploited. Hence,
when multiple relays are presented in OFDM based
networks, the power allocation and subchannel pair-
ing algorithm should be based on multi-relay selec-
tion. Similar to the first set of simulations, the optimal
nature of the OAM algorithm is further proved in
Fig. 8. As the number of subchannels is raised from 2
to 6 in the system with 2 relays and an average
transmit power per subchannel of 10 dB, the spectrum
efficiencies achieved using both optimal algorithms
OAM and ESM perfectly matches. Hence, with
Theorem 2, the algorithm derived using the Lagrange
dual method is optimal in a multi-relay scenario.

3.4 e —— OAM ~'~'~~~~~~~"~~~~;v""~—
% Full search method o
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Fig. 7 The average spectrum efficiency on each sub-
channel achieved using different algorithms
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7.2 Performance of the distributed optimal
algorithm

In this subsection, the performance of the dis-
tributed optimal algorithm (DOAM) is examined in a
multi-relay scenario. In the system, assuming there
are 16 subchannels (N=16) and similar to Section 7.1,
two relays (K=2) are uniformly distributed in the
circle area with a semi-diameter of 10 m in the middle
of the source. The average transmission SNR per
subchannel is 15 dB. Figs. 9 and 10 show the con-
vergence process of the value of parameter 4 and the
system spectrum efficiency, respectively. It can be
observed that the DOAM algorithm converges to the
optimal solution after around 20 iterations. Hence, the
optimality condition of the proposed DOAM algo-
rithm in practical multi-relay systems is not as strict.
Therefore, DOAM is a proper distributed algorithm
for OFDM based multi-relay systems.
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8 Conclusions

In this study, we present an analytical framework
in which transmission power, relay selection, and
subchannel pairing can be jointly optimized under the
aggregate transmit power constraint in multi-relay
systems. Both centralized and distributed algorithms
are derived in this framework using the Lagrange dual
method. According to the analysis and computer
simulation, they prove to be optimal. ESM is also
discussed for comparison. Compared with ESM, the
computational complexity of our proposed algorithm
is reduced from non-polynomial to polynomial time.

The OAM algorithm we propose still has some
deficiencies. First, the overall channel state informa-
tion (CSI) is required. Although the computational
complexity is reduced tremendously compared with
ESM, it is still too high to implement in practical
systems. In the future, we will extend our work by
designing more practical resource allocation schemes
with less complexity and limited CSI overhead.
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Appendix A: proof of Proposition 1

It is known that if a matrix is positive definite,
then all eigenvalues of the matrix are positive. The
Hessian of matrix R is

O°R(pL, pr™)  O°R(p3, P;™)
(o2 oplop*™

Hessian(R):i (Ps) Pthe '
2In2| &°R(ps, pi™) O°R(pe, pi™)

apzapg a(pr™)?
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Let the eigenvalues of Hessian(R) be 4; and /,. From
Hessian(R), we have

Ak, _(Hg)’ (H’:”)) 2Hg peHA p™ 1
4(In2) N

‘(1+ HQR pg / No + Hgén) pR(n) + HSR ps
@+ HLPL /Ny +HZ prmy2,

0

ﬂ(ﬂ)

o pR™ INg)

If HLpIHZWp:™ <N, /2, then A4, <0. Hence
Hessian(R) is not positive semi-definite.

Appendix B: proof of Proposition 2

By definition,

n zr(n)
' Pr

g(4) = max ZR(ps, ("’)M(P—Z(ps + pR(”’)j

Let p’ and p:™ be the optimal power allocation
for g(1). Then,

g(4)=m 2 ZR(ps, ‘”))+/1'[P—Z(p2+p§(”))j

>>"R(p!, p™ )M[P Z(ps + ™ )j

n=1 n=1

iR(ps, (”")M(P—ZN)(ps +pg™ )j
+(i’—ﬂ)[P—i(p2' + pé’(")*)j
:g(/l)"'(m_/i)[P_Z(ps + pR(n) )]

Proposition 2 is hence proven using the definition of
subgradient in Boyd and Vandenberghe (2004).

Appendix C: proof of Theorem 1

Assume (1., ps", pe") is the optimal primary

solution of the primary and

R(A)=g(1) =zK:zN:ZN:Ik* R(pY, pi™) the optimal

k=1 n=1n'=1

problem,
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primary objective value, where A" =argming(A).
A
Since R(4,) is Lipschitz:
G|4 —%|2R(4) ~R(%)| V4 >0,4,>0,
where G is a constant, using the bisection search
method when selecting the initial lowest and highest

values of 4 =0, A, =some big value, 4' <A™ <A},
then at the (t—1)th iteration step,

AT <A v,

and /1 is updated to A'=(4 "+ ")/2 at the tth
iteration step. Hence,

2 3
As t—oo, |R(2') ~R(A)|=GA; 12 0.

Appendix D: proof of Theorem 2

First we derive the optimal 4 for any pair of
subchannels. Assuming subchannel n at hop 1 is
paired with subchannel n" at hop 2 at relay k. Then let

pg:Xn’ p::yn” Hgk/NO:an’ H;I;/Nozbn
Hence,
R(K,,Y,) = < log, | 1+l kaYe
2 ax, +b.y
(D1)
zllo 2( a‘nbn’xnyn j
2 ax, +b,y,

The approximation in Eq. (D1) is because the SNR of
the subchannel pair is greater than 1, i.e,
SNR, . >1. Then g(4) can be written as

g(ﬂ‘) = Z{R(Xn ' yn') - ﬂ’xn - j’yn'}+ ﬂ’P
" (D2)

N
:Zgn(xn’yn’)_i_//i’P’
n=1
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where
gn(xn'yn’):R(Xn'yn’)_ﬂ’Xn_2" (D3) 21 NlOg2 IOgZH (P Z j
2 n-1 (\/_ \/—) o A
To obtain the optimal x, and y,. , we have (D6)
99,(1) 5 99, _, (D4y Hence, an optimal 7 is derived by the derivative of
X, Loy, ' Eq. (D6):

By isolvmg Eg. (D4), we can achieve optimal x, and a9() (N 11 ' N ' 3
g “or 2 %\ 2m22 2n22) ~

\/b_n’ \/a N 1 N
x =Ny N& ps N L p_goa-
NN e A =m0 e

Because the optimal / is a constant for each possible
subchannel pairing and relay selection scheme, we

where 4" =2In2. Putting Eq. (D5) back to Eq. (D2),

we have .
declare that, when SNR, . >1, there is no dual gap
9(d) :i lk,g2 A0 XY 5 2y, |+ap between Egs. (2) and (4) or between Egs. (16) and
Zl2 TPax, +h,y, ! (23).
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