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Abstract:    One major goal of mesh parameterization is to minimize the conformal distortion. Measured boundary parameteri-
zations focus on lowering the distortion by setting the boundary free with the help of distance from a center vertex to all the 
boundary vertices. Hence these parameterizations strongly depend on the determination of the center vertex. In this paper, we 
introduce two methods to determine the center vertex automatically. Both of them can be used as necessary supplements to the 
existing measured boundary methods to minimize the common artifacts as a result of the obscure choice of the center vertex. In 
addition, we propose a simple and fast measured boundary parameterization method based on the Poisson’s equation. Our new 
approach generates less conformal distortion than the fixed boundary methods. It also generates more regular domain boundaries 
than other measured boundary methods. Moreover, it offers a good tradeoff between computation costs and conformal distortion 
compared with the fast and robust angle based flattening (ABF++). 
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1  Introduction 
 

Surface parameterization is a fundamental and 
vital issue in science and engineering. It facilitates 
most forms of surface processing, such as texture 
map, morphing, remeshing, surface reconstruction, 
and surface editing. At the same time, these appli- 
cations foster the growth of efficient paramete- 
rization techniques that can produce less paramete- 
rization distortion and also run faster. 

Gaussian curvature and the boundary map are 
two major concerns when seeking parameterization 
with less distortion. There are three techniques to 
minimize the Gaussian curvature: cutting the mesh 
into disk-like charts, introducing seams (Sheffer and 
Hart, 2002; Zhu et al., 2003), and recurring to cone 

singularities (Kharevych et al., 2006; Ben-Chen et al., 
2008; Springborn et al., 2008; Yang et al., 2008). As 
to the boundary map, a common belief is that setting 
the boundary free absorbs serious distortion caused by 
convex boundary condition. There are three 
approaches to setting the boundary free, which are free 
boundary parameterization, virtual boundary para- 
meterization, and measured boundary paramete- 
rization defined in Section 3. Among the three 
methods, the free boundary parameterization, taking 
the boundary map as a part of a whole optimization, 
often leads to the least distortion at the price of longer 
running time, and the measured boundary paramete- 
rization, separating the optimization of finding a better 
boundary map from the whole optimization, is easier 
to implement and more efficient with little higher 
distortion than the free boundary methods. 

In this paper, we define a Poisson distance map 
(PDM) and a boundary Poisson distance map (BPDM) 
based on the Poisson’s equation. With the two newly 
defined distance map, a novel measured boundary 
method is presented. We also discuss the choice of 
center vertex, which plays an important role in all 
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measured boundary methods. The main process and 
results of our method are shown in Fig. 1. Our 
algorithm is as follows: 

1. Find the center vertex by boundary geodesic 
distance map (BGDM) or BPDM.  

2. Compute PDM from the center vertex to all 
boundary vertices.  

3. Compute the boundary map according to the 
‘distance’ computed.  

4. Parameterize the remaining vertices by a 
discrete conform parameterization (DCP). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2  Related works and contribution 

2.1  Mesh parameterization 

Overwhelming algorithms are devoted to surface 
parameterization in the last decade, targeting diverse 
parameter domains and focusing on minimizing dif-
ferent distortions. We refer readers to Floater and 
Hormann (2005), Sheffer et al. (2006) and Hormann et 
al. (2007) for surveys about theories and recent ad-
vances. Here we briefly discuss some later works 
mostly related to our contribution. 

Free boundary techniques treat all inner and 
boundary vertices in the same way, and obtain the 
boundary map and the mesh parameterization simul-
taneously. The more ‘natural’ (respecting the 3D 
boundary) the 2D boundary is, the less the distortion 
of the parameterization is introduced. Yet, more 
computations are often needed to derive the boundary 
fully free. Thus, unlike fast and easy-implement fixed 
boundary methods, free boundary techniques gener-
ally produce significantly less distortion at the price of 
a higher computational effort. In the last decade, there 
are many researches devoted to how to reduce distor-
tion by setting the boundary free (Hormann and 
Greiner, 1999; Sheffer and de Sturler, 2000; Desbrun 
et al., 2002; Lévy et al., 2002; Karni et al., 2005; 
Zayer et al., 2005; Dong and Garland, 2007; Lee and 
Lee, 2007). Most of the above approaches are 
non-linear. Linear methods (Desbrun et al., 2002; 
Lévy et al., 2002) may lead to artifacts for some ob-
scure choice of point constraints in practice, especially 
for meshes with geometrically complex boundaries. 
Mullen et al. (2008) overcame this problem by finding 
an eigenvector rather than solving a linear system with 
point constraints. The most recent linear free boundary 
method was proposed by Liu et al. (2008). They util-
ized a local/global approach to parameterize a mesh 
patch and claimed that their approach generates more 
shape-preserving results than other state-of-the-art 
methods. 

Virtual boundary parameterization methods, first 
proposed by Lee et al. (2002), relax the 2D boundary 
in a less flexible way. It can also be seen as a fixed 
boundary method with a better boundary map. Thus, 
the computational cost is far less than that of the free 
boundary methods. Lee et al. (2002) used edge ad-
justment to parameterize the boundary in a more 
‘natural’ way, and constructed a virtual boundary to 

Fig. 1  Overview of our method 
(a) shows the boundary Poisson distance map (BPDM) and 
the center vertex found; (b) shows the Poisson distance map
(PDM) from the center vertex; (c) and (d) are the parameter 
domain and texture mapping of our method; (e) and (f) are
those of discrete conform parameterization (DCP). The 
conformal distortion and L2 stretch distortion of our method
are 0.4493 and 1.3896, respectively, and those of DCP are
0.7778 and 1.6753, respectively 

(e) 

(a) (b) 

(c) (d) 

(f) 
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guarantee the validity of the parameterization. But as 
they have declared, the effect is poor when the 3D 
boundary severely runs in and out. A simplified ver-
sion of virtual boundary is often conducted as a 
post-processing for free boundary methods and 
measured boundary methods to prevent flipped tri-
angles in parameter domain. 

Measured boundary parameterization methods 
compute the boundary map before parameterization. 
The boundary is mapped onto a polygon using some 
kind of distance field from a center vertex (Lee et al., 
2006; Lee and Lee, 2007; Shapira and Shamir, 2008). 
The distortion and computation time generated by the 
measured boundary parameterization methods are 
generally a trade-off between fixed boundary and 
free boundary methods. 

Shapira and Shamir (2008) introduced a method 
named ‘local geodesic parameterization’, which 
respects the geodesic distances (calculated by a 
modified fast marching algorithm) from a specified 
source vertex to its geodesic neighboring vertices in a 
specified radius. The resulting 2D boundary is a kind 
of measured boundary. The algorithm lowers con-
formal distortion dramatically. They also presented 
an application: mean-shift on manifolds, where pre-
serving the local geodesic distances is a key con-
straint. As they declared, their further work is to 
constrain the source vertex to stay exactly in the 
middle of the patch, which can reduce distortion even 
more. 

To make the boundary more ‘natural’, Lee et al. 
(2006) and Lee and Lee (2007) computed the 
straightest geodesic distance as a better approxima-
tion of the geodesic distance. Distance from an inte-
rior source vertex to every boundary vertex was 
generated by cutting planes, which defines the 
straightest geodesic distance map. Then they pa-
rameterized the mesh’s boundary by a polar map 
with angles and distances determined by the source 
vertex and every border vertex. They used the phrase 
measured boundary to name the 2D boundary gen-
erated. They showed that the method produces more 
competitive results than mean value parameterization 
(Floater, 2003). Their method has two serious prob-
lems. One is the resulting path from the source vertex 
may not always reach the boundary vertex if there is 
a hole or gap between them, or the path forms a 
closed cycle, as shown in Fig. 2. Even it reaches the 

boundary vertex, as shown in Fig. 3, they may intro-
duce a large error. The other is that they declared that 
the source vertex should be a center vertex of the mesh 
from the boundary vertices, whilst they did not men-
tion how it is determined. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.2  Geodesic path in mesh processing 

Just like surface parameterization, calculating 
geodesic paths and distances on meshes is also a 
fundamental problem and various applications benefit 
from it, such as parameterization (Lee et al., 2005; 
Shapira and Shamir, 2008), mesh flattening (Wang et 
al., 2004), mesh skeleton extraction (Tierny et al., 
2006; Aujay et al., 2007), and remeshing (Sifri et al., 
2003). 

There are different definitions of geodesic path 
for a polyhedral surface. Considering a geodesic as a 
shortest path between two vertices on a graph corre-
sponding to the mesh is maybe the most widely ac-
cepted definition. Dijkstra’s world-famous algorithm 
is classified by this definition. There are also many 
Dijkstra-like algorithms generating better results, such 
as fast marching (Kimmel and Sethian, 1998). A de-
tailed survey can be seen in Mitchell (2000). 

Fig. 3  A bad case of parameterization using the straightest
geodesic distance map: (a) shows the straightest geodesic
path; (b) is the resulting parameter domain; (c) is the
corresponding texture mapping 

(a)                           (b)                            (c)

Fig. 2  Two failed cases in the generation of the straightest 
geodesic distance map: (a) The path is self-closed; (b) The 
path failed to reach the destination 

(a)                                        (b) 
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Polthier and Schmies (2006) defined the 
straightest geodesics inspired by the quality of 
smooth geodesics. Their straightest geodesic path 
was uniquely defined with a source vertex and di-
rection. The algorithm failed to compute the 
straightest geodesic with boundary condition, i.e., a 
source and a destination. For this, the first algorithm 
to compute the straightest path with boundary con-
ditions on open mesh using a cutting plane was in-
troduced in Lee et al. (2006). But as stated in the 
previous section, the path satisfying the boundary 
condition may not exist at all. 

Methods above deal with the single source 
geodesic path problem. Wang et al. (2004) defined a 
boundary geodesic distance map (BGDM), which 
encapsulates the geodesic distance from every node 
to the boundary of a mesh, using a front propagation 
method. The algorithm deals with both uniform and 
non-uniform meshes. They used its gradient field as a 
guidance field to minimize the length of cutting paths 
to the mesh boundary. 

2.3  Poisson’s equation in mesh processing 

To our knowledge, the early works in computer 
graphics using the Poisson’s equation are Pérez et al. 
(2003) and Yu et al. (2004). Pérez et al. (2003) 
successfully applied the Poisson’s equation to ap-
proximate guidance fields with boundary conditions 
in image editing. However, to generalize the idea 
directly to mesh setting is nontrivial. Yu et al. (2004) 
presented several necessary techniques to make the 
Poisson’s equation as a mesh processing engine. 

Inspired by them, the Poisson’s equation has 
become imperative in mesh processing. It has been 
successfully applied in image compression (Fattal et 
al., 2002), mesh optimization (Nealen et al., 2006), 
deformation (Zhou et al., 2005), reconstruction 
(Kazhdan et al., 2006), remeshing (Dong et al., 2005) 
and mesh parameterization (Zayer et al., 2005; Dong 
and Garland, 2007; Ben-Chen et al., 2008). Amongst 
these, our PDM and BPDM are most motivated by 
Dong et al. (2005), who constructed a Poisson field, 
by solving a Poisson’s equation with the cotangent 
weights and the magnitude of mean curvatures of the 
mesh, to place extrema. This is commonly obtained 
by a geodesic distance map (GDM) or some combi-
nations based on it, while our PDM and BPDM use 
different weights, right-hand side and number of 

constrained vertices. Also, we have to mention that the 
choice of weights has outstanding influences on the 
resulting map. 

2.4  Contribution 

Our contribution is twofold. Firstly, given a 
center vertex, we propose a competitive measured 
boundary parameterization using PDM. Although 
PDM has been proposed as a way to simulate a GDM 
in the context of feature vertices extraction (Dong and 
Garland, 2007), we demonstrate that a regular domain 
boundary shape can be derived by using PDM at the 
cost of a slightly higher distortion than putting the 
boundary freer by GDM. 

Secondly, we present a good supplement to the 
existing measured boundary methods. As is evident 
from Fig. 4, the parameterization highly depends on 
the choice of the center vertex. A different center 
vertex leads to a quite different parameter domain 
shape and conformal distortion. Though it plays an 
important role in all measured boundary approaches, 
existing measured boundary methods determine it in 
an obscure way. This paper gives two algorithms of 
computation: the BGDM defined in Wang et al. 
(2004), and the BPDM we proposed. Both of them are 
robust under different mesh resolutions and sampling 
rates. Moreover, the BPDM respects the symmetry of 
the mesh patches more than the BGDM in the choice 
of the center vertex. If the BPDM is employed, it often 
introduces less distortion than the BGDM. In addition 
to this, the parameterization process in succession can 
be speeded up by reusing the matrix factorization 
generated when computing the BPDM. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 4  Local geodesic parameterizations of the Stamp 
model with different center vertices 
The color indicates the conformal distortion per vertex 
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3  Poisson distance map and boundary 
Poisson distance map 

3.1  Poisson distance from the constrained  
vertices 

When seeking to construct a smoother distance 
field on a mesh patch compared to the geodesic dis-
tance field in some aspects, the Poisson’s equation 
comes under our attention inspired by Dong et al. 
(2005). Let M=(V, F) be a triangulated mesh patch, 
composed of a set of vertices V and triangles F. C is a 
subset of V, called the constrained vertices. Ni 
represents the set of one-ring neighboring vertices of 
vi, and vi is the ith vertex. To find such a field, we 
solve the following Poisson’s equation with the 
Dirichlet boundary conditions: 

 

( ) ( ), \ ,
( ) 0, otherwise,

i i i

i

f v g v v V C
f v
Δ = − ∈⎧

⎨ =⎩
             (1) 

 
where Δ is the Laplacian operator and g(vi) represents 
the mean spoke length of vi: 
 

1( ) .
i

i j i
j Ni

g v v v
N ∈

= −∑  

 
Given a scalar function f defined on the mesh, its 
discrete Laplacian operator at a vertex vi has the form 
 

( )( ) ( ) ( ) ,
i

i ij j i
j N

f v f v f vω
∈

Δ = −∑            (2) 

 
where ωij are edge weights such that 1.

i
ijj N

ω
∈

=∑  

The solution of the equation assigns each vertex of 
the mesh a Poisson distance from the constrained 
vertices. As stated in Dong et al. (2005), assuming 
that the right-hand side is not always zero, the system 
has a unique solution even when only one constraint 
is specified (see a short proof in the Appendix). 

We approximate the geodesic distance with the 
Poisson distance defined above for that they share 
two common and vital properties: the global mini-
mum points must be the constrained vertices (i.e., 
source vertices in the literature about geodesic dis-
tance), and the distance is strictly positive for other 
vertices. Dong et al. (2005) showed that if all ωij are 
strictly positive, global and local minimum points are 

always the constrained vertices (ignoring numerical 
issues). As a consequence, the field generated is 
strictly positive everywhere on the mesh when the 
constraint values are zero. Thus, we can take it as a 
distance field defined on the mesh, and apply it to 
some applications where the geodesic distance is 
originally employed. 

3.2  Poisson distance map and boundary Poisson 
distance map 

3.2.1  Poisson distance map 

If C contains only one vertex, the solution of the 
system Eq. (1), with the spring weights as the edge 
weights, is the Poisson distance from the vertex to 
other vertices, which defines the PDM on the mesh. 
The distance can be seen as an approximation of the 
geodesic distance from the vertex in some sense. The 
distance generated by the straightest geodesic map, if 
it is successful, is the best approximation of the geo-
desic distance. Therefore, we compare the PDM with 
it in Fig. 5 to illustrate the similarity and difference 
between the geodesic distance and the Poisson dis-
tance. As is evident in the last column of Fig. 5, the 
straightest geodesic map may generate the wrong 
distance far from the right case for failing to cross a 
hole, while the PDM may lead to a better result. Al-
though applications dependent on the geodesic dis-
tance strictly may not benefit from our PDM, we are 
sure that the PDM will find many applications where 
the magnitude of the distance is not vital, such as 
diffusing a value with the weights defined by the 
geodesic distance. 

3.2.2  Boundary Poisson distance map 

If C is the boundary vertices set, the solution of 
Eq. (1), with the cotangent weights as the edge 
weights, assigns each vertex a distance from the 
boundary of the mesh (BPDM), which can be seen as 
an approximation of the BGDM. It can be used to find 
the center vertex of a mesh patch automatically by 
choosing a global maximum point. If there are multi-
ple global maximum points, any of them can be used. 
We illustrate two good properties of the BPDM in 
Fig. 6. First, the first and third columns of Fig. 6 show 
that both the BGDM and the BPDM consider the 
symmetry of the model. However, the center vertex 
determined by the BPDM shows the symmetry more 
than the BGDM. The model in the first column of  
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Fig. 6 is an ellipse scaled from a disk in one direction 
and the center vertex from the boundary should ob-
viously be the polar vertex. The BPDM captures one 
global maximum point and it is the polar vertex, 
while the BGDM computes two global maximum 
points (for this simple and planar model, the closed 
vertex of the mean of the two vertices is the center  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
vertex, but it may be not easy to locate a right closed 
vertex for complicate cases). In the third column, the 
center vertex determined by the BGDM also has some 
difference from the BPDM, which leads to higher 
distortion in the parameterization followed, as shown 
in the first column of Table 2 (see p.196). The second 
column shows results for a non-symmetric model. 

Fig. 5  Distance from a vertex 
The top row is computed by the straightest geodesic distance map; the bottom row is computed by PDM 

Fig. 6  Boundary distance map and the center vertex computed using the map 
The top row is BGDM and its center vertex and the bottom row is BPDM and its center vertex 
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Lastly, the last two columns show that both the 
BGDM and the BPDM are robust under different 
mesh resolutions and sampling rates. 

3.2.3  Edge weights used in the Poisson distance map 
and boundary Poisson distance map 

We have tested the mean value weights, co-
tangent weights, and spring weights for the PDM and 
the BPDM. The Poisson distance produced using the 
mean values weights or cotangent weights does not 
vary enough near the boundary to reflect the shape of 
the mesh patch, so we use the spring weights in the 
PDM. We use the cotangent weights in the BPDM as 
using the mean value weights fails to produce the 
same center vertex under different mesh resolutions, 
and using the spring weights is too sensitive to the 
boundary of the mesh patch which may produce a 
different center vertex even if the mesh’s boundary is 
disturbed only a little. 
 
 
4  Measured boundary parameterization 
 

At a high level, measured boundary parame-
terization methods run in four successive steps as 
shown in Fig. 7. Sections 4.1–4.4 correspond to the 
steps in Fig. 7 and Section 4.5 discusses variation and 
validation of measured boundary methods. 

 
 
 
 
 
 
 
 

 
 
 

4.1  Find the center vertex 

The first step is to choose a center vertex for a 
disk-like mesh, which has an effect upon the final 
parameterization distortion. An improper center 
vertex may lead to higher distortion. As far as we 
know, earlier measured boundary parameterization 
methods (Lee et al., 2006; Lee and Lee, 2007; 
Shapira and Shamir, 2008) did not mention how it is 

computed. Both the BGDM and our newly defined 
BPDM can be used to find a good center vertex 
automatically. In our tests, the BPDM leads to less 
conformal distortion than the BGDM in most cases. 
We first compute the BPDM by setting all boundary 
vertices as constrained vertices and solving Eq. (1) 
using the cotangent weights. Then we choose a global 
maximum point of the map as the center vertex. If 
there are multiple global maximum points, any of 
them can be used. 

4.2  Compute the ‘distance’ from the center vertex 
to all boundary vertices 

After choosing the center vertex, the second step 
is to compute the ‘distance’ from it to all boundary 
vertices. Using the geodesic distance usually leads to 
less distortion, whilst the distance defined by the PDM 
leads to a more regular domain boundary. Though no 
previous work is concerned with the regularity of the 
domain boundary in a free boundary parameterization 
method, we think this property may play a role in some 
applications in the near future. The PDM is computed 
by setting the center vertex as a constrained vertex and 
solving Eq. (1) using the spring weights. 

4.3  Compute the boundary map according to the 
‘distance’ computed 

In the third step, we build a polar map using the 
center vertex as the origin and map the boundary ver-
tices to a unit circle first. Each central angle is deter-
mined by the ratio of angles formed by two successive 
boundary vertices and the center vertex to 2π. Then we 
change the radius according to the ‘distance’ assigned 
on each boundary vertex to obtain the boundary map. 
It is similar to the method in Lee and Lee (2007). 

4.4  Parameterize the remaining vertices 

Finishing the above three steps, we have param-
eterized the model’s boundary into a polygon in a 
measured way. Now any fixed boundary parameteri-
zation method can be employed to parameterize the 
remaining parts. We use the discrete conformal 
parameterization here by solving Eq. (3) twice. Noting 
that the equations share the same left hand side with 
the equations in the first step, we can reuse the matrix 
factorization of the first step. Thus, the parameteriza-
tion is computed simply by two back-substitutions, 
which can facilitate the whole process. 

Fig. 7  Algorithm pipeline for the measured boundary 
paramererization 

Find the center 

Compute the distance

Compute the boundary map

Parameterize
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( ) 0, \ ,
( ) , otherwise,

i i

i i

f v v V C
f v f
Δ = ∈⎧

⎨ =⎩
                 (3) 

 
where Δ is the Laplacian operator. 

4.5  Variation and validation of measured 
boundary methods 

The above four steps defined a framework of 
measured boundary parameterization. Composing 
different center vertex choosing strategies (BGDM 
or BPDM), and distance generated algorithms (the 
geodesic distance by Dijkstra’s algorithm or by the 
fast marching algorithm or by the straightest geo-
desic map, or the PDM), and parameterization 
methods, we obtain different kinds of measured 
boundary parameterization methods. We test several 
kinds in Section 5. 

None of the measured boundary methods 
guarantee the validation of the parameterization. If 
the parameterization is not a valid planar embedding, 
in spite of this seldom happening in our experiments, 
two post-processing methods can be performed, as 
introduced in Karni et al. (2005). 

 
 

5  Results and discussion 
 
We have shown the sequence of our approach 

and distortion compared with the DCP in Fig. 1. To 
present a full analysis of our approach, we have 
compared several kinds of measured boundary 
methods, ABF++ (Sheffer et al., 2005) and the DCP, 
in distortion measures, parameter domain boundaries, 
robustness, effects of choosing different center ver-
tices, and computation time. Note that the results of 
ABF++ were generated by running Graphite 
2.0-alpha developed by INRIA in France. 

 
 
 
 
 
 
 
 
 
 
 

5.1  Distortion measures and parameter domain 
boundaries 

We show a statistical comparison of the confor-
mal distortion (Sheffer and de Sturler, 2000) and the 
L2 distortion (Sander et al., 2001) of ABF++, the DCP 
and three kinds of measured boundary parameteriza-
tions in Table 1. Fig. 8 gives a more intuitive illustra-
tion of Table 1, in which the vertical axes are con-
formal and L2 distortions, respectively (distortion 
generated by MBPSGP are not included since it failed 
in most of the tests). As we can see from the figure and 
the table, distortions of measured boundary methods, 
such as MBPGP, MBPPP and MBPSGP, were less 
than those of DCP, and higher than those of ABF++. 
Another observation is that the MBPGP generated 
both less conformal distortion and L2 distortion than 
MBPPP for all models except the Mannequin model. 
The two observations are obvious since we know that, 
the freer the boundary is, the less the distortion gen-
erated by the parameterization is. Measured boundary 
methods generally produce a freer boundary than DCP 
and a less free boundary than ABF++, and MBPPP 
leads to a more regular boundary than MBPGP and 
ABF++, as shown in Fig. 9.  

5.2  Robustness 

Table 1 also shows that the MBPGP was the most 
robust of the three measured boundary methods, while 
the MBPSGP was the least robust. The MBPSGP 
often failed as it was so sensitive to the location of the 
center vertex that it cannot reach all the boundary 
vertices in most cases. 

5.3  Effects of choosing different center vertices 

The location of the center vertex has an effect on 
the subsequent parameterization distortion and it has  
 

 
 
 
 
 
 
 
 
 
 

Table 1  Conformal and L2 distortions of different methods 

Conformal distortion L2 distortion 
Method 

Ellipse Cutface Ear Fandisk Mann. Nef. Stamp Venus Ellipse Cutface Ear Fandisk Mann. Nef. Stamp Venus
ABF++ 0 0.0100 0.0109 0.0030 0.0084 0.0063 0.0119 0.2252 1 1.1351 1.2521 1.0313 5.5042 1.0574 1.0499 1.0205
DCP 0.7108 0.7778 0.0835 2.5422 0.0300 0.0651 0.5519 0.1399 1.1076 1.6753 1.1536 3.0295 7.1079 1.0336 1.2495 1.0603
MBPSGP 0 – – – – 0.0023 – – 1 – – – – 1.0208 – – 
MBPGP 0 0.0513 0.0247 1.1608 0.0218 0.0094 0.0527 0.0382 1 1.0618 1.1580 1.6234 7.1061 1.0208 1.0654 1.0335
MBPPP 0.2540 0.4493 0.0574 2.0626 0.0174 0.0375 0.2811 – 1.1656 1.3896 1.1705 3.0858 6.9891 1.0278 1.2027 – 

Ellipse (Fig. 5); Cutface (Fig. 1); Ear (Fig. 2); Fandisk (Fig. 9); Mann.=Mannequin (Fig. 9); Nef.=Nefertiti (Fig. 5); Stamp (Fig. 4); Venus (Fig. 2). –: the 
respective methods failed to generate a valid parameterization. MBPSGP, MBPGP, and MBPPP represent the three methods, using the BPDM to locate 
the center vertex, the straightest GDM, GDM by fast marching, and the PDM to accomplish the second step, respectively 
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been shown in Fig. 4. Table 2 gives a detailed com-
parison of determining the center vertex by BGDM 
and BPDM. We can see that finding the center vertex 
by BPDM led to less conformal distortion than by 
BGDM, both for using GDM by fast marching or 
PDM in the second step of a measured boundary 
method, in most cases. From the comparison, we 
deduce that BPDM is better than BGDM for meas-
ured boundary methods. 

5.4  Computation time 

We conclude with a runtime comparison. The 
MBPPP needed to solve four sparse linear systems, 
one for choosing a center vertex (step 1), one for 
computing a distance field (step 2), and the other two 
for parameterization (step 2). As the first and last two 
systems share the same Laplacian matrix, we can 
reuse the matrix factorization to facilitate our algo-
rithm. Thus, the numerical procedure required only 
two matrix factorizations (steps 1 and 2) and four 
back-substitutions (steps 1, 2 and 4). As the Lapla-
cian matrix is sparse, the factorization is very effi-
cient. Similarly, the numerical procedure of the 
MBPGP was composed of one matrix factorization, 
three back-substitutions and one fast marching, as 
the only difference between them was that the 
MBPGP used the fast marching algorithm to ac-
complish the second step, instead of solving a linear 
system. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 

Fig. 9  Parameter domains of MBPPP, MBPGP, and 
ABF++ 
From top to bottom, the models used are Ellipse, Cutface, Ear, 
Fandisk, Mannequin, Nefertiti, Stamp, and Venus, respec-
tively. The first column is models with texture mapping under 
MBPPP; the remaining columns, from left to right, are pa-
rameter domains of MBPPP, MBPGP, and ABF++, respec-
tively. Conformal distortion is coded by color 
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Fig. 8  (a) Conformal distortion and (b) L2 distortion of 
different methods 
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Table 3 lists some computation time of the 
ABF++, the DCP, the MBPGP, and the MBPPP. All 
time was measured on a 2.0 GHz Pentium notebook 
with 1 GB RAM. We used the supernodal sparse 
Cholesky factorization (CHOLMOD) (Chen et al., 
2008) to factor matrices and solve the linear systems. 
For computing the geodesic distance, we employed 
the fast marching algorithm implemented by Gabriel 
Peyré. As is evident from Table 3, the MBPGP and 
the MBPPP were faster than ABF++. The fast 
marching algorithm was very efficient so that 
MBPPP was only a little faster than the MBPGP. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6  Conclusion and future work 
 
In this paper, we analyzed the effect of choosing 

a different center vertex for measured boundary 
methods. Based on this observation, we introduced 
two techniques, the BGDM and the BPDM, to de-
termine the center vertex as necessary supplements to 
the existing measured boundary methods. Moreover, 
the center vertex by the BPDM respects the symme-
try of a mesh path and leads to less distortion in our 
tests. 

Using the above two techniques, we described a 
complete procedure for measured boundary methods. 
In addition, we presented a new measured boundary 
parameterization method by PDM, which leads to a 
more regular domain boundary with some distortion 

 
 

 
 
 
 
 
 

sacrificed. Our method is simple to implement because 
it relies only on solving three sparse linear systems. It 
is also efficient because of matrix factorization being 
reused. Hence, our method is much faster than the 
state-of-the-art ABF++. 

All measured boundary methods, including our 
method, have a common drawback, that is the bijec-
tivity of the parameterization, which cannot be guar-
anteed. Some post-processing stages are needed when 
the bijectivity is lost. 

Some questions still remain unanswered. First 
and foremost, we would like to find a better boundary 
parameterization method according to conformal dis-
tortion and other distortions. Applying the PDM and 
the BPDM to other applications where the geodesic 
distance has played a central role, such as remeshing 
(Gabriel and Laurent, 2005), is also interesting work. 
Finally, we will try to apply hierarchical techniques to 
speed up our algorithm for large models. 
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Appendix 
 
Theorem A1    The linear Eq. (1) with one inner 
constrained vertex has one unique solution, for a 
mesh patch without holes, if all ωij>0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Proof    We assume that vl is the constrained vertex. 
That the system has a unique solution is equivalent to 
that the only solution of the equation 
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is f(vi)=0, i=1, 2, ..., n. 

Let fmax be the maximum of the f(vi)=0, i=1, 2, ..., 
n and suppose that f(vm)=fmax. Consider any neighbor 
vertex vj of the vertex vm. Since 

 
( ) ( ),

m

m mj j
j N

f v f vω
∈

= ∑                   (A2) 

 
and because ∀ωij>0, the only way that Eq. (A2) can be 
satisfied is f(vj)=fmax; thus, every neighbor vertice of vk 
must satisfy f(vj)=fmax, .mj N∈  Eventually, since the 
mesh patch is connected and without holes, a bound-
ary vertex vb must be reached with the result f(vb)=fmax. 
This implies that fmax=0 and therefore f=0.  
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