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Abstract: It is difficult to analyze the harmonic distortion of a self-oscillating power amplifier (SOPA), because the SOPA is a
hard nonlinear system without an external clock. The single or multiple sinusoidal inputs describing function (DF) method is
commonly used to linearize a nonlinear element, but this method considers only the components at the same frequencies as the
input signals (i.e., fundamental components) at the nonlinear element’s output. In this paper, besides the fundamental components,
the third harmonic components are also calculated at the output of a comparator with three sinusoidal inputs, to create a linearized
model of the comparator, and thus of the SOPA. The third harmonic distortion of the SOPA is calculated. The models of the zeroth

and the first order SOPA are verified by behavioral simulation using MATLAB.
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1 Introduction

A self-oscillating power amplifier (SOPA) is a
closed-loop class-D amplifier without an external
clock signal. SOPAs have been used in designing
ADSL/VDSL (asymmetric digital subscriber line/
very-high-bit-rate digital subscriber line) line drivers
(Piessens and Steyaert, 2001; 2003; 2005; de Gezelle
et al., 2005; 2008; Serneels et al., 2007; Buyle et al.,
2008) and audio power amplifiers (van der Hulst et al.,
2002; Putzeys, 2005), due to their high efficiency.
SOPAs have also been used as asynchronous sigma
delta modulators to design analog-to-digital convert-
ers (Roza, 1997; Ouzounov et al., 2006; Daniels et al.,
2008; 2010).

Fig. 1 shows the block diagram of the SOPA
(Piessens and Steyaert, 2005). It consists of a com-
parator, a low-pass filter F(s) in the forward path, and
a low-pass filter B(s) in the feedback path. Vi,s and
Vouts are the input and output signals, respectively.

The principle of the SOPA has been described in
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Piessens and Steyaert (2005). It is difficult to analyze
the system behavior because of the hard nonlinear
element, namely a comparator. The single or multiple
sinusoidal inputs describing function (DF) method
(Gelb and Velde, 1968) is commonly used to linearize
the nonlinear element in the frequency domain when
the input is a single or multiple sinusoid. Fig. 2 shows
the linearization of a nonlinear element N using DFs.
The input is the sum of A;sin(wit+6ix) (k=1, 2, ..., n),
and the approximate output is the sum of
Agisin(wit+box) (k=1, 2, ..., n) after linearization.
The linearized model of N is a series of DFs. The DF
of the signal A;sin(wixt+8ix) is Gy, which is defined
as

Gk=ﬁ4(ﬁoyk—0ivk), k=12 ...n (1)

K

where A, /A x is the gain, and £(6,x—0;) is the phase
shift, which is the difference between 6, and 6;x. The
sinusoidal input DF is aimed to obtain the amplitude
and phase of the component at the same frequency as
the input signal (i.e., the fundamental component) at
the nonlinear element’s output.
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Fig. 1 Block diagram of the self-oscillating power am-
plifier (SOPA)
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Fig. 2 Linearization of a nonlinear element using a de-
scribing function (DF)

In Piessens and Steyaert (2005), the input of the
comparator of the SOPA was considered to have two
sinusoidal inputs: AgscSiN(wosct+bosc) at the oscillation
frequency wese, and Ajrsin(wint+6;,) at the system’s
input frequency wi,. The other signals were ignored
due to their smaller amplitudes. The DF of the signal
Ainsin(wint+6;,) was calculated using two sinusoidal
inputs DF (Gelb and Velde, 1968; Piessens and
Steyaert, 2005):

G(A, A) =2 Voo pz, Hoo
TEA\)SC 4TEA\)SC 327—: SC

A‘:] +--,
)

where £Vpp are the high- and low-level outputs of the
comparator, and A, and A, are the amplitudes at
frequencies wos. and win, respectively. The signal at
frequency wi, at the comparator’s output can be ob-
tained, which is A,, sin(wint+6;,). The amplitude A,
is

A\a)m = G(An ' %so )An

ooy Voo s, oo
TEA)SC 4Tc SC 3271: SC

®)

5
An 4.,

However, the sinusoidal input DF describes only
the component at the fundamental frequency win, and
cannot deal with the harmonic components. Piessens
and Steyaert (2005) took the second term in Eq. (3) as
the source of the third harmonic component produced
by the comparator. After substituting AisSin(wint+08i,)
for Ain in Eq. (3) and using the trigonometric function
formula sin®x=3sinx/4—sin(3x)/4, the third harmonic
component is obtained.

The estimation has good accuracy, but the dis-
advantage that replacing the amplitude A;, with the
signal Ajssin(wint+6,) is not strict. In fact, the third
harmonic component can be calculated using the
same method as the fundamental component calcula-
tion in DF calculation, which will be stated in detail in
Section 2.

As the SOPA is a closed-loop system, in order to
calculate its third harmonic distortion, the loop gain at
frequency 3wj, should be known. In the loop, the
comparator’s gain of the signal at frequency 3win
should be calculated using the three sinusoidal inputs
DF (Piessens and Steyaert, 2005). The three sinusoid
frequencies are wesc, win, and 3wi,. The gain at 3wy, is
estimated as a quarter of the comparator’s gain when
only AgscSin(moscttbosc) €exists at the input of the
comparator (Piessens and Steyaert, 2005). In this
work, the mathematical derivation of the compara-
tor’s gain at 3w, is given using three sinusoidal inputs
DF.

2 Comparator’s linearized model with three
sinusoidal inputs

The comparator and the relationship between its
input and output are shown in Fig. 3, where the input
is X, and the output is y(x), and £Vpp are the high- and
low-level outputs of the comparator.

yOOh

VDD —

X y(x)

xy

- _VDD

@) (b)

Fig. 3 The comparator (a) and the relationship between
its input and output (b)
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The output y(x) is given by

for x>0,

VDD |
y(x)= { (4)

—Vyp, for x<O0.

The Fourier transform and the inverse Fourier
transform are

Y(o) =" yxjeddx, (5)

y(X) =2i7t [ Y (o) do. (6)

In a SOPA, the comparator’s input can be con-
sidered as the sum of three sinusoids at frequencies
Wose, Win, and 3win, With amplitudes Agsc, Ain, and Agin,
respectively, and initial phases 6o, Gin, and O,
respectively:

X= A\)sc Sin(a)osct + Hosc) + An Sin(a)int + Hm) (7)
+ Ay, Sin(@y,t + Gy, ),

where wsin=3wi,. Usually the conditions Agsc>Ain>>
Azin and woesc>>w3in are always satisfied in a SOPA,
since a linear modulation is wanted (Piessens and
Steyaert, 2005). If ¢05C=wOSCt+GOSCi (ﬂ|n=w|nt+0m, and
@3in=waint+63in are noted, substituting Eq. (7) into
Eq. (6) results in

1o - i
y= Z.lloo (Y (J [0) eXp(J wp\:sc sin Dosc (8)

+ja)An Sin ¢in + ja)ASin Sin ¢3in))da}'

The exponentials can be expanded using the follow-
ing equation:

e =3¢ J,,(z) cos(2n6)

+2i30, ,(@)sin((2n+1)6),  (9)

B 1, forn=0,
712, forn=1 2 3 -

where Jn(2) is the first kind Bessel function of order n
and argument z (Abramowitz and Stegun, 1972).

Then the integrand in Eq. (8) becomes a series
multiplied by Y(jew) as shown in Eqg. (10):

Y(Jw)exp(Jw(A\]sc Sin ¢osc + An Sin ¢in + Asin Sin ¢3in))

=Y (jw)- (Zm: Endom (A ) COS(2Me,,)

m=0

+zjiawmgsm«zm+1>coosc>j

m=0

.(ign‘]Zn (AH)COS(ZnQin) (10)

+ Zji ‘]2n+l(An)Sin ((2n + l)goin )]
'(i‘ngZp(Asin)COS(Z p¢3in)
+ 2]2 J2p+1(A3in)Sin ((2 p +1)(03in )j

If the integrand is an odd function of the integral
variable, the value of the integral of this integrand
over the doubly infinite range is zero. For the ideal
comparator, we have Y(jo)=2Vpp/(jw) (Piessens and
Steyaert, 2005), which is an odd function of w. Based
on the fact that Bessel functions of odd orders are odd
and those of even orders are even, Eq. (8) can be
simplified as

Y=Yi+ Y+ Ys+ Ve, (11)
y1 - 4VDD /TC
00 o0 o0 » 1
ZZZU‘J —Jom (A @) 35 (A @) I 1 (A 0)d
m=0 n=0 p=0 (2

“Enén COS(Zm(posc) COS(Zn(pin ) sin ((2 p+ 1)(p3in ))’

(12)
Y, =&, I n
533 [ e (A AL (Ao

- £,,6, €0S(2Mg, )sin ((2n +1)g,, ) cos(2 pey, )),

)
Y, =4V, I
33 [0 (A, (A0, (A Mo

-£,6,8iN ((2m +D) e, ) cos(2ng,,) cos(2 pes;, )j,

(14)
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Y, =16V, /'

ZZZ[I T (B (A) 330 2 (A0}

-sin((2m+1Dg,, )sin((2n+Dg, )sin((2p + 1)y, )j
(15)

It can be observed that all the integrands in Egs.
(12)—(15) are even functions of w.

The different combinations of m, n, and p result
in different frequency components. The key is to
solve the infinite integral of the product of three
Bessel functions. For arbitrary m, n, and p in Egs.
(12)—(15), the integrals cannot be solved (Ekstrom,
1960). Eq. (16) gives the conditions upon which the
integral can be solved (Bailey, 1936):

jox%J#(Asina’)‘]v(Ana’)‘]p(Abscw)dw
upvyp| HEVEP
inAnr[ 2 j

A;'*Vr(y+1)r(v+1)r[1—”*;‘pj

F | VP HEVap, +1v+1(%mj [Anj
2 2 A A,

f0rﬂ+V>pZO, A)sc >An+A3in' An >O’ A3in > 0.
(16)

Herein, u, v, and p are the orders of the three Bessel
functions, respectively; Aosc, Ain, and Ag;, are the am-

plitudes of the three input signals, respectively; F4(a,b;

c,d;x,y) is the Appell hyper-geometric function with
arguments a, b, c, d, x, and y, which can be expanded
as (Bailey, 1936)

(a)l’+S (b)r+5 r S
F,(a,b;c,d;x,y)= ;;mxy, 17)
(2),=T(z+n)/T(z), (18)

where r and s are non-negative integers, (z), is the
Pochhammer symbol of arguments z and n, and I'(z) is
the Gamma function of argument z (Abramowitz and
Stegun, 1972).

All the possible components of the output signal
at the different frequencies can be seen in Egs.
(12)—(15). The fundamental, harmonic, and inter-
modulation components may be superimposed. Here,
only the components at wi, and 3wj, are concerned.

All the combinations of x4, v, and p that satisfy
|p@osctumsintvoin|=3win contribute to the component
at 3win (1, v, and p are non-negative integers).

The order of the harmonic or intermodulation is
defined by the value u+v+p. In general, the ampli-
tudes of the harmonic or intermodulation components
decrease with the increase of the order. Thus, only the
components with low orders need to be considered.
Because wosc>>win and wesc>>wsin, p should be 0;
otherwise, the order u+v+p should be large to satisfy
|p@osct it 3zintvain|=3win. When p=0, wsin=3win results
in v=3u+3 (u is a non-negative integer) or v=3u—3 (u
is a positive integer). The two lowest order compo-
nents cases are p=0, 4=0, v=3 and p=0, x=1, v=0.

By choosing m=0, n=1, p=0 in Eq. (13), the third
harmonic component produced by the signal
Airsin(wint+0i,) can be obtained. It is Ag,, Sin(3wint+
30i,+), where the amplitude is calculated as

A, =252 123, 0, (A (A

v, E e (15) (15 (A ) (A

lzn[pbscj ;; (1) (4) ris! [AOSCJ (Amc]

Voo A )1, 9 A) L9 Au)

127[: AJSC 16 AJSC AJSC

R
AJSC '%SC

and the initial phase is shifted from 6;, to 30j,+= ac-
cording to Egs. (13) and (19). By choosing m=0, n=0,
p=0 in Eg. (12), the fundamental component pro-
duced by signal Asinsin(wazint+65in) can be obtained. It
is A, Sin(wsint+0sin), where the amplitude is calcu-
lated as

(19)

Ao = ‘W%I —J1(Ain @), (A,0)d, (Amw)dw‘
DD ASln (O 5)r+s(0 5)r+s A3in An
‘ AT @ ( J (_J

sc =0 s=0 '%sc A)sc

:2VDD A3in 1+£(hJ2+£[ijz
n A\)sc 8 ’%sc 4 A\)sc

(20)
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and the initial phase is not shifted according to Egs.
(12) and (20).

Similarly, all the combinations of 4, v, and p that
satisfy  |pwosctumsintvoin|=win - contribute to the
component at wi, (1, v, and p are non-negative inte-
gers). The lowest order component case is p=0, x=0,
v=1. By choosing m=0, n=0, p=0 in Eq. (13), the
fundamental component produced by the signal A
sin(wint+6;) can be obtained. It is A, sin(wint+6i),
where the amplitude is calculated as

A, =% L (o) (A (Aol

(Voo Ay $509),.,08), (Ay ) (A )
) T Abscgg (1) (2) ris! [A}sc] ['Abst

N Af YA L An)
T A)sc 8 AJSC 4 Agsc

2
() )

32 AJSC A)SC
and the initial phase is not shifted according to Egs.
(13) and (21).

Similarly, all the combinations of 4, v, and p that
satisfy  |pwesctumsintvoin|=mes.  contribute to the
component at wes: (1, v, and p are non-negative inte-
gers). In case of the lowest order, i.e., p=1, u=0, v=0,
the integral in Eq. (16) cannot be solved because the
condition u+v>p>0 cannot be satisfied. However, the
sinusoid AgscSin(wosct+osc) dominates in the com-
parator’s input as Agsc>Ain>>Asin. If we ignore the
other signals due to their much smaller amplitudes,
the amplitude at wqs at the comparator’s output can
be solved using the single sinusoidal input DF (Pies-
sens and Steyaert, 2005):

(21)

A, =& I (22)

Dosc

The DFs of the signals Asinsin(wzint+8sin),
AinSin(wint+6in), and AggSin(wosct+bosc) are derived
from Egs. (20), (21), and (22), respectively, and are
given as follows:

5, =Yoo 1+;(A3m] *E(ij
TEAJSC 8 AJSC 4 AOSC

L9 A AY P ALY
"2\ A ) (A A,

G, = Yoo 1+;( An) +£[h}
TEAJSC 8 AJSC 4 AJSC

2 (24)
An Aain 4. 2VDD
32 A\Jsc A]SC TcA)sc
Ao
Gosc T A)SC (25)

The three DFs do not have the phase shift. As
observed from Egs. (23) and (24), the two gains are
almost equal, and both can be denoted as G, ap-
proximately equal to 0.5G.s. The comparator’s lin-
earized model at wi, and wsi, is shown in Fig. 4. The
additive term at the comparator’s output at 3wi, is
given by Eq. (19). It can be stated that the large am-
plitude signal AgscSin(wosct+bosc) linearizes the com-
parator for the other signals; i.e., the other signals’
gain, G, is not the function of themselves.

As,@3win
+l

Au,m@win +

Ain@ Win
Azin@wsin

Fig. 4 Comparator’s linearized model at w;, and @sin

There are two differences between this lin-
earized model derived in this work and the one in
Piessens and Steyaert (2005). The additive term Ag,,
is VDD/(16n)-(Ain/Aosc)3 and the comparator’s gain at
3win 1S Vpp/(mAws)=0.25G,s in Piessens and Steyaert
(2005).

3 Simulation of the comparator’s linearized
model

Fig. 5 shows the simulation and calculation re-
sults of the amplitudes at 3wj, relative to Aj, at the
comparator’s output, as a function of Ai/Vpp.
The three sinusoidal inputs are AgsSin(wosct+bosc),
Aipsin(wint+6in), and Aginsin(wzint+0sin), where Agsc=
1V, wesc=34.6n Mrad/s, 0,=0 rad, wi,=2n Mrad/s,
Oin=m rad, Aszi,=0.001 V, ws3i,=6r Mrad/s, 65;,=0 rad.
The comparator’s high- and low-level outputs
are #Vpp=t1 V. The simulation environment is
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MATLAB SIMULINK with an ODE45 solver. The
amplitudes of the simulation results are derived from
a 10’-point discrete Fourier transform (DFT) of the
comparator’s output with a simulation time of 10 ps
and a sampling time of 1 ps. The window function of
the DFT is Hanning. For the calculation, the first 50
terms of Egs. (19) and (20) are used, and the signal at
3wiy at the comparator’s output is Az, Sin(3wint+36i,
+m)+A,,, Sin(wsint+05in), as described in Section 2.
The amplitude of this signal, Aqm, is shown in Eq. (26),
which also shows the impact of the initial phases. In
this example, 30i,+n—6sin=4m, SO Asum=Asz0, *Aw,,-

A= \/ %i,m + Aa,fm +2A,, A, cos(36, +n—0y,).
(26)

-25
-30
-35
-40 . .
e

50% .- N
55}.....
60} .-

Amplitude at 3w, relative to A, (dBc)

651 .4~.:. * Simulation results .
P s Calculation results, first 50 terms of Eq. (19)
7045 +. — — Calculation results, first 50 terms of Eq. (20). .

Calculation results, Eq. (26)
-75 A 1 1 1

01 02 03 04 05 06 07 08 09
Ain/VDD

Fig. 5 Amplitudes at frequency 3w, relative to A, as a
function of Aix/Vpp

The simulation results are consistent with the
calculation results. When Ay, is small (for example,
smaller than 0.1Vpp), the dominant component is A, ;
when A;, is large (for example, larger than 0.5Vpp),
the dominant component is Ag,,, .

Egs. (19) and (20) can be simplified to reduce the
calculation work, as will be used in the following
section. The first two terms of Eq. (19) and the first
term of Eq. (20) are calculated. Fig. 6 shows that the
simplified equations results also agree with the
simulation results with small errors.

4 Calculation of the SOPA’s third harmonic
distortion

The block diagram of the SOPA is as shown in
Fig. 1. The oscillation with a zero input is called the

-25

-30
-35
-40
_45P
-50
-55

-60

“Calculation restjlts, X . .
# Simulation

Amplitude at 3w, relative to Aj, (dBc)

651 S first 2 terms of Eq. (19) results -

70 - __ Calculation results, Calculation results, -
first term of Eq. (20) Eq. (26)

-75 i i 1 ! . L

01 02 03 04 05 06 07 08 09
Ain/VDD

Fig. 6 Amplitudes at frequency 3w, relative to Ay, as a
function of A;,/Vpp using simplified equations

limit cycle oscillation, and the oscillation frequency is
called the limit cycle frequency, noted as w,c. In the
limit cycle oscillation, the gain of the comparator G, ¢
is the same as the gain given by Eq. (25), with Ag
being A_c. ALc is the amplitude at e, c at the input of
the comparator in the limit cycle oscillation case.

According to the Barkhausen criterion, we can
derive (Piessens and Steyaert, 2005)

(27)
(28)

Gc =1/|F(ja)Lc)B(ijc)|:
Ac =2 |F(ijC)B(ja)LC)|/T[v

where F(jo,¢c) and B(jew,c) are the values of F(s) and
B(s) with s=jw, ¢, respectively. The limit cycle oscil-
lation frequency w,c is determined by the transfer
function of the filters.

When the sinusoidal input Vi, s=AinsSin(wipt) is
applied to the system, the forced oscillation frequency,
wose, and the amplitude at wes at the input of the
comparator, Ao, depend on the input signal (Piessens
and Steyaert, 2005). But wes. and Aq: can be, however,
approximately equal to w.c and A.c, respectively,
especially when the system sinusoidal input’s ampli-
tude Ajn; is relatively small compared with Vpp (Pies-
sens and Steyaert, 2005). This approximation is valid
as long as Ay is sufficiently small. In the desired
working region of the SOPA, this condition is always
fulfilled, because a linear modulation is desired (Pi-
essens and Steyaert, 2005). Thus, the comparator’s
gain at wose, Gose, 1S approximately equal to G c.

According to Egs. (23)—(25) and (27), the com-
parator’s gain at wi, and 3win, G, is
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~ G _ 1
2 2|F(ja)osc)B(ja)osc)| ,

(29)

where F(jwosc) and B(jaosc) are the values of F(s) and
B(s) with s=jw,s, respectively. It can be observed that
the gain G depends on the filters.

By replacing the comparator in Fig. 1 with its
linearized model, the linearized mode of the SOPA
can be derived (Fig. 7). Ains, Ain, and Agys are the
amplitudes of the system input signal, the comparator
input signal, and the system output signal at fre-
quency win, respectively; Agin, As,,, and HD3 are the
amplitude of the comparator input signal, the ampli-
tude of the additive signal at the comparator’s output,
and the third harmonic distortion at frequency 3wip,

respectively.
A, @3win

Ains@win + An@uwin

F(s)

B(s)

Fig. 7 Linearized model of the self-oscillating power
amplifier (SOPA)

The open-loop gain LGj, at wi,, and the ampli-
tudes Aquis and Ay, can be derived from Fig. 7:

| F(io,)B(ia,) |

LGm=|F(jwm)B(jw.n>G|=|2F(jw Bl @0
| Flays |
Ao~ PG 8G 6| e
_ F(ja,) |A
2|F (i )B(i )| + F (i, )B(i3,)| ™
_ Fio,) |
AR Ga,)BGae| ™ -

2F (j0,)B(i0g)F (i) |
2|F (jog ) B(i @y )| + F(jr,,)B(j )

An,s’

where F(joi,) and B(jowi,) are the values of F(s) and
B(s) with s=jawyy, respectively.

The amplitude Agsi, and the third harmonic dis-
tortion HD3 can be derived from Egs. (19), (29), (32),
and Fig. 7:

_|_F(e.)B(Be,) |
" |1+ F(j3@,)B(j30,)G|

_|_FBe)B@Be,) Ve (A V[, 9( ALY
|1+ F(j3@,)B(j3w,)G| 24n | A, 16| A,
Vo | Flioy)B(io

— _DD 0sC osc)F (1361)'”)8(]3(()'“)
12n |2|F (jo

A Ao,

osc)B(jwosc)| +F (jSCOm)B(JSCOm)

(| F(jo,) | 7As
|2|F (105 B(j@e)| + F(j@,,)B(i3,)| Voo

. 1+i | F(ja)m) TcAn,s ’
16| 2[F (042 B0 )] + F (i )B(i )| Voo, ) |
(33)

HD — 1 | A3in
*F(30,)B(i3,)| Aus

= VDD | F(ja)osc)B(ja)osc) |
1277, |2|F (i@ )B(i@y )|+ F(i3@,)B(i30,)

0sc osc

i F(j®,) | A, |
12|F (j@u)B(j@y )| + F(i@)B(i3,)| Voo

12 F (o) )
16{ [2[F (j0)B(i00)] + F (10,)B(0,)| Voo | |
(34)

where F(j3win) and B(j3wi,) are the values of F(s) and
B(s) with s=j3win, respectively. The first two terms of
Asz,, In Eq. (19) are used to simplify the equation,
since doing so does not introduce a large error ac-
cording to Fig. 6.

Because Ay s is proportional to Ay, s according to
Eqg. (31), the first product term of Eq. (34) is inversely
proportional to Aj,s. The second product term of
Eqg. (34) is not related to Aj,s. The third product term
of Eq. (34) is the third power of Ai,s. The last product
term of Eq. (34) increases with the increase of Ajys,
and its slope also increases with the increase of Ajys.
Thus, HD; increases with the increase of Aj,s at a
slope larger than 12 dBc/oct, and its slope also in-
creases with the increase of Aj,s.

The relationship between HD; and wj, is not
obvious. However, due to the low-pass function of the
filters F(s) and B(s), |F(j3win)B(j3win)|>|F(j3win):
B(j3win)|>>|F(jwosc)B(jwosc)] holds in high order
SOPAs, and Eq. (34) can be simplified to Eq. (35). It
can be observed from Eq. (35) that HD; decreases
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with the decrease of wj,, or decreases with the in-
crease of wese, Which illustrates the distortion shaping
character in high order SOPAs.

~ VDD | F(J a)osc)B(j COOSC)
12nA3ut,s F (j3a)in ) B(J3a)m)

N 7.5 DY (I
B(j®,)| Voo 16\|B(j®y)| Voo .

(35)

If the term A3, and the comparator’s gain at 3win

are replaced with the results in Piessens and Steyaert

(2005), i.e., Voo/(167)-(Ai/Acsc)® and Vpo/(mAss),

respectively, the same HD;3 calculation result as in
Piessens and Steyaert (2005) can be obtained.

3

5 Simulation of the SOPA's third distortion

The block diagrams of the zeroth and the first
order SOPA are shown in Fig. 8. In the zeroth order
SOPA, there is no integrator in the forward path,
which results in the transfer function F(s)=1 in Fig. 1.
The transfer function of the feedback filter B(s)=
(C()fi|/(s+0)ﬁ|))3 is chosen to satisfy the self-oscillation
requirement (Piessens and Steyaert, 2005). In the first
order SOPA, there is one integrator in the forward
path. Its transfer function is F(s)=k./s, where k; is the
unit gain angular frequency. k; can be arbitrary since
the comparator detects only the polarity, but it is
generally set to make the integrator’s output less than
the supply voltage. The transfer function of the
feedback filter B(s)=(wsi/(S*+wsi))° is chosen to satisfy
the self-oscillation requirement.

The comparator’s high- and low-level outputs
+Vpp==%1 V are chosen for both SOPAs. In the zeroth
order SOPA, wy=20r Mrad/s is chosen. According to

Vm,s + Vc_ml,s Vln,s +,

Vuut,s
| klls —>

N
& e
(@ (b)

Fig. 8 Block diagram of the zeroth (a) and first order (b)
self-oscillating power amplifier (SOPA)

the Barkhausen criterion and the transfer function of
the filter, the Ilimit cycle frequency is w.c=

tan(n/3)wsi = 20~/3n Mrad/s, and the amplitude at the
input of the comparator is A_c=(4Vpp/r)(cos(x/3))*=
1/(2n) V.

In the first order SOPA, ws =20\/§n Mrad/s is
chosen to have the same limit cycle frequency as the
zeroth order SOPA. Choosing the unit gain angular

frequency k1=10\/§n Mrad/s and the limit cycle fre-

quency @,.=tan(rt/4)ew,=20~/3n Mrad/s, the am-
plitude at the input of the comparator A c=
(4Vppl/n)(Ki/w c)(cos(n/4))’=1/n V can be obtained.
Fig. 9 shows the simulation and calculation re-
sults of the output signal’s amplitude A relative to
Vpp as a function of the input signal’s amplitude
Aino/Vop. The input signal frequency is win=2 Mrad/s.
The simulation environment is MATLAB SIMU-
LINK with an ODE45 solver. The amplitudes in the
simulation results are derived from a 10’-point DFT
of the comparator’s output with a simulation time of
10 ps and a sampling time of 1 ps. The window
function of the DFT is Hanning. The simulation and
calculation results agree reasonably well, especially
in the first order SOPA. The assumption that the os-
cillation frequency wes. and amplitude Aqs are ap-
proximately equal to w.c and A ¢, respectively, in-
troduces the errors in the calculation of the com-
parator’s gain at win, and Aoy s. The open-loop gain at
frequency wij, in the first order SOPA is smaller than
that in the zeroth order SOPA, which makes the

0.7 T v v T
* Zeroth order simulation results :
06 Zeroth order calculation results PR J
O First order simulation results s
05F - First order calculation results oA ¥
8 04 8
2
< 0.3
0.2
01k----- - 2N S S e e
0olL® i i i i i
0.0 0.1 0.2 0.3 0.4 0.5 0.6
Ain,s/VDD

Fig. 9 Relationship between the output signal’s amplitude
Aouts/Vop and the input signal’s amplitude A ¢/Vpp With
win=2n Mrad/s
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calculation errors in the first order SOPA smaller than
those in the zeroth order SOPA. The open-loop gains
at wi, can be derived from Eq. (30), which are about
3.9 and 10.0 for the zeroth and the first order SOPA,
respectively. The method to improve the loop gain
according to Eq. (30) is out of the topic of this study.

Figs. 10 and 11 show the third harmonic distor-
tion as a function of the input signal’s amplitude
Ains/Vpp and frequency win, respectively. The simu-
lation environment is MATLAB SIMULINK with an
ODE45 solver. The amplitudes in the simulation re-
sults are derived from a 10’-point DFT of the com-
parator’s output with a simulation time of 10 us and a
sampling time of 1 ps. The window function of the
DFT is Hanning.

‘30 T T T T T T
#  Zeroth order simulation results Lo
a0t Zeroth order, this work
Zeroth order, Steyaert's work . . *9‘/':"
O First order simulation results . /:-,.4 4
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= * = First order, Steyaert’s work s '_*“'
< : : e 2
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o . . P --‘_,-' . . .
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Fig. 10 Third harmonic distortion HD; as a function of the
input signal amplitude A, s with wj,=27 Mrad/s
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Fig. 11 Third harmonic distortion HD; as a function of
the input signal frequency wj, with Aj, ¢/Vpp=0.5

In Fig. 10, HD; of both the zeroth and the first
order SOPA increases with the increase of Aj,s with
the slope slightly larger than 12 dB/oct, and the slope
increases with the increase of Aj, s, which agrees with
Eq. (34). Since a linear modulation is wanted, the
input signal’s amplitude cannot be too large. An HD3
of =40 dBc is commonly not enough for many ap-
plications (Piessens and Steyaert, 2005). The larger
Ains/Vpp results in lower linearity, so Aj,«/Vpp in
Fig. 10 is up to 0.6. The HD; of the zeroth and the first
order SOPA are close in this input frequency, but with
a different input frequency the first order SOPA re-
veals its merit (Fig. 11).

In Fig. 11, with the increase of wj,, HD3 of the
first order SOPA increases by approximately 6 dB/oct.
In this range of wj, in the first order SOPA, because
F(j3win) is proportional to 1/win, B(j3win)~1 and
B(jwin)=1; thus, it can be observed from Eq. (35) that
HDj; is proportional to 1/wj,, which agrees reasonably
well with the simulation results. In this range of wj, in
the zeroth order SOPA, F(s)=1 for all frequencies,
B(jwin)=1, and when wj, is small, B(j3wi,) decreases
slowly with the increase of wi,, but when wi, is large,
B(j3win) decreases more quickly. Thus, in the zeroth
order SOPA, with the increase of wj,, when wi, is
small, HD; increases slowly, and when w, is large,
HD3 increases more quickly, which agrees reasonably
well with the simulation results. The distortion
shaping character shows that higher order SOPA will
have better linearity.

The calculation results in Piessens and Steyaert
(2005) are also shown in Figs. 10 and 11 for com-
parison. The maximum error between the calculation
and the simulation results for this work is about 3 dB,
and it is about 6 dB for Steyaert’s work. In the zeroth
order SOPA, the Steyaert’s work is slightly better than
this work, while in the first order SOPA, this work is
better. The two works are close, because their lin-
earized models of the comparator are close, as de-
scribed in Section 2, except for their different deriva-
tion processes.

The errors are introduced mainly by the as-
sumption that the oscillation frequency wes and the
amplitude A are approximately equal to the limit
cycle frequency w ¢ and the amplitude A, ¢, respec-
tively (Section 4). Also, the approximations in the
linearized model of the comparator and the approxi-
mations in the simplified equations introduce errors.
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6 Conclusions

Calculating not only the fundamental, but also
the third harmonic, components at the output of the
comparator is a good method to linearize the com-
parator of the SOPA. The linearized model of the
SOPA is created to describe the behavior, especially
the relationships between the third harmonic distor-
tion and the input signal’s amplitude or frequency,
which is useful for the designers to estimate the per-
formance quickly. The models of the zeroth and the
first order SOPA are compared to the behavioral
simulation using MATLAB, and they match well.
This work is slightly better than Steyaert’s work with
different derivation processes, and is useful for ana-
lyzing not only the third harmonic components, but
also the other components.

References

Abramowitz, M., Stegun, I.A., 1972. Handbook of Mathe-
matical Functions: with Formulas, Graphs, and Mathe-
matical Tables (9th Ed.). Dover Publication, New York,
p.255-294, 358-436. [doi:10.1119/1.15378]

Bailey, W.N., 1936. Some infinite integrals involving Bessel
functions. Proc. Lond. Math. Soc., 40(1):37-48. [doi:10.
1112/plms/s2-40.1.37]

Buyle, J., de Gezelle, V., Bakeroot, B., Doutreloigne, J., 2008.
A High-\oltage Switching ADSL Line-Driver, with an
n-Type Output Stage. Proc. 12th WSEAS Int. Conf. on
Circuits, p.60-64.

Daniels, J., Dehaene, W., Steyaert, M., Wiesbauer, A., 2008. A
350-MHz Combined TDC-DTC with 61 ps Resolution
for Asynchronous AX ADC Applications. IEEE Asian
Solid-State Circuits Conf., p.365-368. [d0i:10.1109/
ASSCC.2008.4708803]

Daniels, J., Dehaene, W., Steyaert, M., Wiesbauer, A., 2010.
AJD conversion using asynchronous delta-sigma modu-
lation and time-to-digital conversion. IEEE Trans. Circ.

Syst. I: Reg. Papers, 57(9):2404-2412. [doi:10.1109/TCSI.

2010.2043169]

de Gezelle, V., Doutreloigne, J., van Calster, A., 2005. A 765
mW high-voltage switching ADSL line driver. Sol.-State
Electron., 49(12):1947-1950. [doi:10.1016/j.sse.2005.08.
006]

de Gezelle, V., Buyle, J., Doutreloigne, J., 2008. Distortion
Calculation of an Asynchronous Switching xDSL
Line-Driver. IEEE Int. Symp. on Circuits and Systems,
p.2386-2389. [doi:10.1109/ISCAS.2008.4541935]

Ekstrom, J.L., 1960. On infinite integrals containing products
of Bessel functions. SIAM Rev., 2(1):23-26. [d0i:10.1137/
1002005]

Gelb, A., Velde, W.V.,, 1968. Multiple-Input Describing Func-
tions and Nonlinear System Design. McGraw-Hill, New
York, p.250-263.

Ouzounov, S., Roza, E., Hegt, J.A., van der Weide, G., van
Roermund, A.H.M., 2006. Analysis and design of high-
performance asynchronous sigma-delta modulators with a
binary quantizer. IEEE J. Sol.-State Circ., 41(3):588-596.
[doi:10.1109/JSSC.2005.864147]

Piessens, T., Steyaert, M., 2001. SOPA: a High Efficiency Line
Driver in 0.35um CMOS Using a Self Oscillating Power
Amplifier. ISSCC Digest of Technical Papers, p.306-307.
[doi:10.1109/ISSCC.2001.912650]

Piessens, T., Steyaert, M., 2003. Highly efficient xDSL line
drivers in 0.35-um CMOS using a self-oscillating power
amplifier. IEEE J. Sol.-State Circ., 38(1):22-29. [doi:10.
1109/JSSC.2002.806276]

Piessens, T., Steyaert, M., 2005. Behavioral analysis of
self-oscillating class D line drivers. IEEE Trans. Circ.
Syst. I: Reg. Papers, 52(4):706-714. [doi:10.1109/TCSI.
2005.844232]

Putzeys, B., 2005. Simple Self-oscillating Class D Amplifier
with Full Output Filter Control. 118th AES Convention,
No. 6453.

Roza, E., 1997. Analog-to-digital conversion via duty-cycle
modulation. IEEE Trans. Circ. Syst. II: Anal. Dig. Signal
Process., 44(11):907-914. [d0i:10.1109/82.644044]

Serneels, B., Steyaert, M., Dehaene, W., 2007. A 237mW
aDSL2+ CO Line Driver in Standard 1.2 V 0.13um
CMOS. ISSCC Digest of Technical Papers, p.524-619.
[doi:10.1109/ISSCC.2007.373525]

van der Hulst, P., Veltman, A., Groenenberg, R., 2002. An
Asynchronous Switching High-End Power Amplifier.
112th AES Convention, No. 5503.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


