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Abstract: We propose a novel kind of termination criteria, reduced precision solution (RPS) criteria, for solving optimal control
problems (OCPs) in nonlinear model predictive control (NMPC), which should be solved quickly for new inputs to be applied in
time. Computational delay, which may destroy the closed-loop stability, usually arises while non-convex and nonlinear OCPs are
solved with differential equations as the constraints. Traditional termination criteria of optimization algorithms usually involve
slow convergence in the solution procedure and waste computing resources. Considering the practical demand of solution preci-
sion, RPS criteria are developed to obtain good approximate solutions with less computational cost. These include some indices to
judge the degree of convergence during the optimization procedure and can stop iterating in a timely way when there is no apparent
improvement of the solution. To guarantee the feasibility of iterate for the solution procedure to be terminated early, the feasibility-
perturbed sequential quadratic programming (FP-SQP) algorithm is used. Simulations on the reference tracking performance of a
continuously stirred tank reactor (CSTR) show that the RPS criteria efficiently reduce computation time and the adverse effect of
computational delay on closed-loop stability.
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1 Introduction

Nonlinear model predictive control (NMPC) has
been an appealing field of research in the last two
decades (Schéfer et al., 2007), but NMPC strategies
are hard to apply in practice. One of the main obsta-
cles to the extension from linear model predictive
control to NMPC is that the latter requires online
real-time solution of a series of nonlinear and usually
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non-convex optimal control problems (OCPs). This is
hard to realize because in practical applications we
have to deal with model-plant mismatch, disturbance,
and large-scale model equations.

Much research on NMPC is based on the as-
sumption that the OCPs can be solved instantaneously
and the impact of the computational delay can gen-
erally be neglected (DeHaan and Guay, 2006). Prac-
tically, the computation time for solving OCPs is
often non-negligible and can lead to a delay between
the state information and the input signal implemen-
tation on the system. NMPC requires that constrained
nonlinear OCPs should be solved online, but the
heavy online computational burden leads to compu-
tational delay and can give rise to the deterioration of
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control performance.

Since the effect of computational delay on the
performance of NMPC was noted by Santos et al.
(2001) in a laboratory reactor, the deterioration of
controller stability has been studied by some re-
searchers. Findeisen and Allgower (2003) reported
that the computational delay could lead to drastic
performance decrease or even instability of the
closed-loop, and proposed an efficient approach
highlighting both the computational and measure-
ment delay in the NMPC framework. Some studies
focused on the conditions in which the closed-loop
stability could be guaranteed. Chen et al. (2000) pre-
sented a new stability condition and modified the
performance index in MPC in consideration of com-
putational delay. When an initial control profile was
chosen to satisfy an inequality condition in each
online optimization procedure, the nonlinear system
controlled by the proposed NMPC algorithm was
asymptotically stable. From the computational point
of view, Chen et al. (2000) emphasized that solving a
nonlinear dynamic optimization problem with equal-
ity constraints was highly computationally intensive,
and in many cases, impossible to finish in time.

Much computationally-oriented research has
been conducted in dealing with problems on compu-
tational delay. For reducing the computation time of
OCPs, two of the common approaches are suboptimal
termination under mild conditions with an initial
feasible solution (Scokaert et al., 1999), and the re-
duction to a single iteration per sampling interval
(Diehl et al., 2002; 2005). Zavala and Biegler (2009)
proposed the advanced-step NMPC strategy. Based
on sensitivity information, this approach uses the
current control action to predict future plant state to
solve the next OCP in advance while the current
sampling period evolves. Wright and Tenny (2004)
developed the feasibility-perturbed sequential quad-
ratic programming (FP-SQP) algorithm to compute
iterates containing both state and control components,
but perturbed these to retain feasibility with respect to
the constraints at every iteration and replace the
line-search globalization approach with a scaled
trust-region approach. This strategy has been inte-

grated into the NMPC framework (Tenny et al., 2004).

Additionally, the requirement of finding a global
optimization solution has been relaxed by Chen and
Allgower (1998), Scokaert et al. (1999), etc. In these
works, feasibility implies stability for a particular

form of MPC when a controller with linear terminal
state feedback control is applied. From this point of
view, it is not necessary to achieve the global, or even
the local optimal solution to the given OCP. This
implies that it is reasonable to terminate the optimi-
zation procedure prematurely with just a feasible
solution if the closed-loop stability can be preserved
well. However, how to define the termination criteria
in terms of deciding which iteration is sufficient as
well as whether the optimization procedure should be
terminated is still being studied.

In this paper, the reduced precision solution
(RPS) criteria, a kind of termination criteria, are de-
veloped for solving the OCPs. RPS criteria enable the
termination of the optimization procedure in a timely
way and an efficient reduction of computational cost.
Unlike the traditional termination criteria (Gill ef al.,
1981), in the RPS criteria a series of indices tailored
for the FP-SQP algorithm are defined to reflect the
quality of the current iterate. With the RPS criteria,
the optimization procedure can be terminated with a
proper approximate solution. Such a rule of termina-
tion incorporates the practical requirement of solution
precision and avoids iterating too much, to satisfy the
given tolerance of traditional termination criteria.
Therefore, computation time is shortened and com-
putational delay can be reduced.

2 Basic theory of NMPC

In this paper, a typical ordinary differential
equation (ODE) model of the controlled plant in the
following form is considered:

x(1) = g(x(),u(?)), x(0)=x,, (D

where x and u are subject to state and input
constraints

{u(t) eU”, Vi>0, o

x(t)eX", Vt=>0.

Herein, X" & R" is the state constraint set and

U" S R" is the set of feasible inputs. We use NMPC
to stabilize the origin of system (1) in an optimal way
while all constraints are satisfied.

When the model equations are integrated, Eq. (1)
becomes the discrete model
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x(k+1)=G(x(k),u(k))

=x(h)+ [ g(x(@).uk)rdz, ()
x(0) = x,,

where k represents the sampling time step. A zero-
order hold is assumed for the inputs in interval
[tk: tk+1]‘

In the NMPC framework, based on given states,
the current control action is obtained by repeatedly
solving a series of OCPs subject to system dynamics
and constraints involving states and controls. By us-
ing the current state as the initial state, an optimal
control sequence is yielded by an optimization solver.
The first control of the sequence is injected into the
system and the calculation is repeated at the next
sampling time (Findeisen and Allgower, 2002; Qin
and Badgwell, 2003; Bock et al., 2007), as shown in
Fig. 1, where At is the sampling interval.

Past ] Future
Setpoint
Predicted state X
Given state x | New input u
Ve
—— - /
Past ian'J_tl'L 1 I
—_—— ) | .
tLxAL T >
Control horizon T, B P
—_—

| Prediction horizon T,

Fig. 1 Principle of nonlinear model predictive control

The OCP of system (3) minimized over the pre-
diction horizon 7}, (for convenience, control horizon
and prediction horizon could be made the same) is as
follows (Tenny, 2002):

minJ(x,u) = iL(x(k i k), u(k+i| k) + E(x(T,)

st x(k+i+1)k)=G(x(k+i|k),ulk+i|k)),

i=0,1,...,T, 1,
x(k+ilk)eX", i=12,..T, @)
u(k+ilk)eU”, i=0,1,..T,~1,
x(T,) e X (T,),

where L(x(k+ilk), u(k+i|k)) is the stage cost, k repre-
sents the current time step, and x and u denote the

sequences of vectors representing states and inputs,
respectively, which are denoted as

x = (x(k+11k),x(k + 2| k)., x(k +T, | k),
w=(u(k | k) u(k +11k),...,u(k + T, ~1]k)).

In these equations, X{(7},) is a compact subset of
R" containing the origin in its interior. Once x(k) is
known, the prediction horizon is shifted forward by
one sampling interval and the OCP in form of Eq. (4)
is solved to obtain u(k). Consequently, such a recur-
sive scheme produces the feedback law

u(k) = h(x(k)) (6)

with A: R"—R".

Many approaches are proposed to solve OCP (4)
through nonlinear programming methods (Henson,
1998), such as the sequential approach (Vassiliadis et
al., 1994a; 1994b) and the simultaneous approach
(Jockenhdvel et al., 2003; Kameswaran and Biegler,
2006; Lang and Biegler, 2007). In this work, the se-
quential approach is employed due to its easy im-
plementation. In the sequential approach, only control
variables are discretized and an efficient integrator is
used to obtain new state information. At every opti-
mization iteration, system simulation and optimiza-
tion are performed sequentially, i.e., one after another
(Diehl et al., 2008).

In consideration of the closed-loop stability of
the controlled dynamic system, it is required that the
final state x(7},) should satisfy a certain inequality
constraint, as discussed in the review by Mayne et al.
(2000). Therefore, a simple method (Tenny, 2002;
Tenny et al., 2004) is employed to check whether the
terminal constraint has been satisfied. If not, then the
horizon T, is increased and the OCP problem is
resolved.

3 NMPC framework via FP-SQP with the RPS
criteria

3.1 Motivation

Ideally, the OCPs can be solved instantaneously.
This means that no computational delay exists.
However, it is not true in practice, as solving OCP
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needs a certain time, which is not negligible.

We take the continuously stirred tank reactor

(CSTR) (Henson and Seborg, 1997) as an example to
explore the adverse effects of computational delay
caused by the traditional criteria on control per-
formance (Fig. 2). The specific parameters are listed
in detail in Section 4. The tolerance of traditional
termination criteria is &=10"°, as this is generally used
as the default tolerance in many nonlinear program-
ming (NLP) solvers.
Remark 1 If computational delay exists, then the
previous control effort will act in the following sam-
pling periods until the computation of OCP is finished
and the control effort is available.

To analyze the OCP solution procedures at cer-
tain time steps where non-negligible computational
delay specifically exists, we refer to the OCP objec-
tive function profiles, as shown in the sub-graphs of
Fig. 2. The objective of OCP decreases quickly (in
about five iterations) and slightly changes from there
on. However, under the traditional termination crite-
ria, the optimization procedure does not stop until the
given tolerance is satisfied, or failure of convergence
is ultimately declared. Objectively, under traditional
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criteria, a tiny improvement of the solution is ob-
tained at the cost of many computational resources.
Computation is extensively delayed, tracking per-
formance deteriorates, and the system oscillates
fiercely (Fig. 2). If optimization can be terminated
earlier, computation time can be saved while con-
troller performance might be improved.

Factually, the solution should be terminated
when one of the following cases occurs:

1. Only a feasible solution, rather than the global
or local extreme, can be obtained, but the procedure
still goes on and struggles to find the optimal solution
and satisfy the tolerance.

2. The constraints will not be satisfied and con-
vergence fails eventually anyway.

3. The improvement of the solution is tiny even
if the optimization procedure continues.

However, when traditional criteria are used, the
solution process will not stop until the number of
iterations exceeds the maximum number or the
specified tolerance is met.

Moreover, the results produced by different
kinds of optimization algorithms are analyzed as
follows:

Time step=17 Time step=199
S 4
=
T2
o
0 5 10 15
iter 10 iter
Ti tep=242
Time step=78 ime step:
10
)
%5
5
5 10 15
0 5 10 iter
iter
I Time step=104 Time step=274
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X 5 |
=
E |
0 I P 0 5 10 15
5 10 15 | 520 | iter
ter ' | Time step=310
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Fig. 2 Effect of computational delay on control performance
The sub-graphs show the profiles of the objective functions at some time steps where computational delay exists. 7 is the
input, Cy is the state, and 7 is the output. obj: value of the objective function; iter: number of iterations
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1. If an infeasible path method is used, each it-
erate is an infeasible approximation and does not
satisfy the given constraints. In this case, the iterate
may cause oscillation if it acts on the system when the
solution procedure is terminated early.

2. If a feasible path method is used, the solution
procedure can be terminated at any time when it is
necessary (Tenny et al., 2004) and the iterate is a kind
of suboptimal approximation that can be injected to
the system. However, the rules for judging whether
the current iterate is good enough are not available.

As analyzed above, an infeasible path method is
not suitable for solving the OCP when it needs to be
terminated prematurely because of the critical re-
quirement of computation time. Therefore, a feasible
path strategy is considered in this work.

To explore the effect of termination criteria on
control performance, the relationship between com-
putational delay and solution accuracy with change of
the tolerance should be considered (Fig. 3). Line 1
implies that larger tolerance results in the quick ter-
mination of the solution procedure so that computa-
tional delay becomes smaller, or vice versa. If a fea-
sible solution can be obtained eventually, the trend of
the accuracy of solution depending on different tol-
erances could be represented by Line 2. With a fea-
sible iterate, the accuracy of solution may be high
when tolerance is very small, as shown by the left
extreme of Line 2. Its right extreme represents the
contrary, that is, a coarse solution and a large toler-
ance. As analyzed, both long computation time and
coarse solution degrade controller performance.
Therefore, a tradeoff between the accuracy of solution
and the computation time is necessary, as depicted by
the dash dot line. Better control performance can be
obtained at the tradeoff point, and the RPS criteria are
proposed for finding it.

In consideration of the practical requirement for
solution precision, a series of indices are defined to
stop quickly the solution procedure while maintaining
good approximation, so that the aforementioned
tradeoff can be reached. Additionally, the feasibility
of iterate should be guaranteed. Then the optimization
procedure can be terminated prematurely. Here, the
FP-SQP algorithm guaranteeing feasible iterate
(Wright and Tenny, 2004) is employed to implement
the RPS criteria.

= = Line 1: computational delay

High —— Line 2: solution accuracy

| Small
Control performance !

Tolerance Large

Fig. 3 Schematic of the relationship between the solution
accuracy and computational delay on control perform-
ance with change of tolerance

3.2 NMPC based on the FP-SQP algorithm with
the RPS criteria

Consider the OCP (4) in a general form of NLP
problems:

min f(z)
zeR” (7)
st. d(z)=0, c(z)<0,

where flz): R"—R is the objective function, c¢(z) and
d(z) are the constraints, and f{z), c(z), and d(z) are
smooth (i.e., twice continuously differentiable) func-
tions. A series of feasible iterates {z;};— .. is gener-
ated by solving the following quadratic programming
sub-problem for Az through the trust region SOP
algorithm (Tenny et al., 2004):

def
min m(Az) = VITAz + %AzTHAz (8a)

s.t. {d(z) +Vd(z)" Az =0, (8b)
c(z)+Ve(z) Az <0,
|saz], <. (8¢)

where H is the approximation to the Hessian of the
Lagrangian, S is the scaling matrix for the trust region,
and r represents the trust region radius. Eq. (8a) is the
model function of the change in the objective function
of Eq. (7) at current iterate z;. Eq. (8b) represents the
linearization of the constraints around the current
iterate. Eq. (8c) is the trust region constraint, where
Pe[1, ) denotes the choice of norm.

To make the iterate feasible, the candidate
step Az is perturbed using the /, penalty method
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formulated as follows:

min R[Az-AZ], st z+AZeF,  (9)

where R is the weight matrix, and F is a feasible
point set of problem (4).

The acceptability of a candidate step AZ de-
pends on a ‘sufficient decrease’ test defined as
(Nocedal and Wright, 1999)

_SE)-fz+4A7)

. 10
' —m;(Az;) (1o

where z;eR" is the current iterate, m; represents the
model function m of Eq. (8a) evaluated at the current
iterate, and Az, Az, are obtained by solving Egs. (8)

and (9), respectively. Based on the principle of trust
region algorithms, the step is accepted if p; is positive,
and then the trust region radius and scaling matrix are
updated. Otherwise, the current iterate is kept un-
changed, the trust region radius is decreased, and a
new candidate step is calculated.

The RPS criteria define a series of indices that
could depict the quality of iterates and offer an ap-
proximate solution with acceptable optimality. Con-
sidering the feasibility of the iterate, we define /,
penalty indices without measure of constraint viola-
tion. The proposed RPS criteria are defined with the
following indices:

1. Predictive improvement on the iterates and
objective function at iterate z; are given as

(11a)
(11b)

ind/ =max ||z, -z, |,

ind} = ;= £ I»

where ind/ and ind’ denote the change of variable z

and objective function f between iterations, respec-
tively. Eq. (11) provides the degree of improvement of
the current iterate and the objective function. It is also
employed to calculate the degree of convergence.

2. To soften the indices in Eq. (11) and reduce
their sensitivity to the change between iterations, the
transformed sigmoid function is used as the measure
of convergence degree:

_ tanh[u(logind’) /loge, ]

J

: tanh u ’
- (12)
i tanh[z(logind? )/ logeé,,, ]
Tr= tanh ’
n’ =min(/,1n;), (13)

where &, is the pre-specified tolerance on the vari-

ables and x is a transformation parameter. Indices 7’
and 77} decrease monotonically with the increase of

ind’ (Fig. 4). Traditional termination criteria are strict
rules, and give only ‘convergent’ or ‘not convergent’
as the conclusion of the optimization. Using the
sigmoid function, the extent of the convergence of
iterate can be described smoothly and continuously,
which is suitable for measuring the degree of con-
vergence of the current iterate.

A0 PR e -
1e-10 16-8 16-6 Te-d Te2 160 162 1e4 166 1e8 1e10
ind

Fig. 4 Profile of the transformed sigmoid function
(#=1.5) with change of tolerance

The index in Eq. (13) is defined to judge whether
the current iterate converges sufficiently. If it reaches
some predefined threshold to reflect the degree of
convergence, then the solution progress should be
terminated and an approximate solution is obtained.
Moreover, the successive improvement is small even
though the process continues. Such kind of criteria,
with a proper modification, is suitable for general
optimization algorithms, such as the rSQP algorithm
(Wang et al., 2007) and the interior point method
(Chen et al., 2010). Usually, the specified threshold &,
can be determined according to user’s demand by
using (0, 1).

Remark 2  Apart from the termination criteria, an-
other factor that affects algorithm performance is the
initialization of the starting point. To produce a fea-
sible iterate, the starting point is also required to be
feasible. During the process of the solution for
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problem (4), shifted input variables of the previous
time step are taken as the initialization of the current
optimization procedure (Diehl et al., 2008). At the
very beginning, the simulation of the controlled plant
can be conducted, or a linear control technique can be
used (e.g., the linear quadratic regulator, or LQR) to
calculate the feasible solution (Henson and Seborg,
1997; Tenny et al., 2004).

To summarize, Fig. 5 illustrates the flow sheet of
FP-SQP with the RPS criteria.

4 Simulation results and discussion

When linear control techniques are used, CSTR
is difficult to control due to its inherent nonlinear
behaviors (Bequette, 2002). Thus, research on NMPC
of CSTR has been carried out in recent years (Wu,
2000; Aguilar-Lopez and Martinez-Guerra, 2005;
Czeczot, 2006; Pan et al., 2007, Mansour and Ellis,
2008; Barkhordari Yazdi and Jahed-Motlagh, 2009).
To illustrate the efficiency of the RPS criteria, we
referred to the control of a classical CSTR (Henson

and Seborg, 1997; Tenny et al., 2004) in which an
exothermic and irreversible reaction occurs.

The temperature of the reactor can be reduced by
adjusting the temperature of the coolant fluid in a heat
exchange coil inside the vessel. The dynamic model is
based on the component balance for reactant A and on
an energy balance in the following differential model
equations:

Cyi= ;(CAf -Cy)—k eXP(_Ej Cys

- —AH E
T==2(T.-T7)+ k, exp| ——— |C 14
V(t ) CpoPERTjA()
A,
CVp

p

where UA, g, V, Cas, E, R, p, ko, —AH, and C, are
constant parameters, as listed in Table 1. The states of
the system consist of the concentration of reactant A
(i.e., C») and reactor temperature T (output), and the
manipulated variable is the temperature of coolant
stream, T-.

< Parameters initialization >
v

| Calculate feasible initialization |

v

;I Calculate state by integrating model equation I<

| Solve problem (8) to obtain candidate step Az |

| Solve sub-problem (9) to obtain the perturbation step Az |

| Obtain 24, Sy using the trust region method |

T RSoters T N A
| v

“ Calculate ind’, ind/ according to Eqgs. (11a) and (11b) |I

Start N
RPS?

Traditional |

|Ca|cu|ate 1) and / according to Eq. (12)|

criteria

| Calculate 7’ according to Eq. (13) |

Terminate optimization |

Fig. 5 Flow sheet of the feasibility-perturbed sequential quadratic programming (FP-SQP) algorithm with the

reduced precision solution (RPS) criteria
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Table 1 Parameters of the continuously stirred tank reac-
tor (CSTR) model

Symbol Description Value
UA U: overall heat transfer; Se4 J/min-K
A: area
q Volumetric flow rate 100 L/min
Vv Volume of CSTR 100 L
—AH  Heat of reaction for A—>B Se4 J/mol
C,r  Feed concentration 1 mol/L
E/R  E: activation energy; 8750 K
R: universal gas constant
T;  Feed temperature 350K
P Density of A, B mixture 1000 g/L
C,  Heat capacity of A, B mixture 0.239 J/g-K
Ky  Pre-exponential factor 7.2e10 min™’

" Tenny et al., 2004

Assume that the output reference is a piecewise
constant, and is composed of two operating points
(OPs) (Findeisen and Allgower, 2003; Tenny et al.,
2004). The locations of OPs are illustrated in Fig. 6.
To test the tracking performance, we switch refer-
ences between the two OPs (Fig. 7). The purpose is to
drive the controlled system to the given operating
points which require both state variables and input
variables achieve the target values. The correspond-
ing parameters are set as listed in Table 2.

Given target values Ca, target a0d Tiarger for the
states, as well as T target fOr the input, the deviations of
state and input are defined as follows (Tenny, 2002):

¢,-C arge
x:|: ;_,_TAJ gt:|’ u:T_T:,target‘ (15)

target

The parameters including weight matrices Q, R,
and S, sampling time, and prediction horizon (for
convenience, prediction horizon and control horizon
are made the same) are listed in Table 2.

All numerical results are obtained on the com-
puter running Windows 7 with Intel® Dual Core™ 2

400

380

360

T(K)

340

320

300 i i i i
270 280 290 300 310 320 330

Te (K)

Fig. 6 Steady-state map between temperature of coolant
stream 7 (input) and the reactor temperature 7 (output)

306

~ 304
302t
300
298
0.60
0451
0.301
0.15T
0
400
380
360[
340 : : : :
3200 10 20 30 40 50

Time (min)

T (K

Ca (Mol/L)

T(K)

Fig. 7 Reference profiles of input 7, (a), state C, (b), and
output 7 (c)

Duo 2.66 GHz CPU and 2 GB RAM. MATLAB 7.4 is
used as the computation environment and SUNDIALS
(Hindmarsh er al., 2005) is used to calculate sensi-
tivity information during simulations.
Remark 3 To reveal the effect of computation delay
on the control performance, the simulation in this
section is made in the nominal case in which pertur-
bation, disturbance, and model-plant mismatch are
not considered.

The FP-SQP algorithm with the traditional cri-
teria (Tenny ef al., 2004) is used for comparison. The
traditional criteria are defined as follows:

Table 2 Control parameters corresponding to different operating points

Operating points Weight matrices Sampling  Prediction  Control ~ Boundary
1 2** 0 R S interval horizon horizon of input
Tlargel=375 K T target:350 K 10 0
Ch, target=0.159 MOVL  Cjy targer=0.5 mol/L { 0 50} 3 9s 90 s 90 s [230, 427]

T¢ targe=302.84 K T¢ targe=300 K

" For time steps 11-60, 111-160, 211260, and 311-360; ~* For time steps 61-110, 161210, and 261-310
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e
Iz I, +e

, (16

Oy :H zj _zj—l Hoo’ o,

where ¢ is defined as the smallest real number in
floating point arithmetic. The iterate is acceptable if
one of the two indices in Eq. (16) is not larger than the
given tolerance &y, =1 0°

The integral square error (ISE) is used to
measure the reference tracking performance of the
controller:

ISE= 3 (k) — v, ()Y (17)

where N is the length of simulation horizon, and x and

Xref FEpresent state variable and reference, respectively.

To show the general influence of computational delay
caused by different solution precisions, we changed
the tolerance of the traditional criteria from 10" to
10™. The statistics of the corresponding ISE of the
state variables and computation time are shown in
Table 3.

Table 3 Comparison of computation time and the in-
tegral square error (ISE) obtained from the traditional
criteria with different tolerances

Computation time (s) ISE
Tolerance -

Min Max Ave Cy T
le-1 0.39 6.58 1.41 2.584 1.83¢4
le-2 0.41 21.11 1.79 3.519 3.95¢4
le-3 0.42 8.18  2.55 3.338 3.33e4
le-4 1.17 13.50 3.74 2.980 6.11e4
le-5 1.97 9.81 5.15 3.251 4.19¢4
le-6 2.07 1245 578 8.893 1.01e5
le-7 2.14  47.33 6.04 8.546 1.31e5
le-8 1.81 24.18 6.11 9.610 1.61e5
1e-9 241 2234 6.22 11.211 1.99¢5

To describe the proportion of computational
delay along with the simulation horizon, we define an
index referred to as rate of ‘efficient receding horizon
optimization’:

p _ Nirio
ERHO — ’
N

(18)
where Ngrpo is the number of time steps wherein the
associated OCP is solved successfully in one sam-
pling period, and N is the total number of time steps
along the simulation horizon. This means that if the

OCPs at all time steps can be solved in time, then
reruo=1; otherwise, the OCP at a certain time step
needs more than one sampling period and the fol-
lowing OCP would be neglected, resulting in rgruo
within (0, 1). Fig. 8 shows the relationship between
ISE of output T and index rgryo with change of
tolerance.
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Fig. 8 Relationship between the integral square error
(ISE) of output 7 and rgryo with change of tolerance

From Fig. 8, the large tolerance results in high
reruo and small ISE, and vice versa. It is deduced that
the CSTR is more sensitive to computation time than
to the accuracy of solution because much smaller ISE
is produced, as shown by the right extreme of the ISE
profile, although a coarse solution is obtained. Based
on the trends of ISE and rgrpo, it is concluded that
even the OCP at one time step is solved thoroughly, as
shown by the left extremes of two lines, large com-
putational delay causes large ISE; it is true for the
contrary. However, the control performance is re-
flected not only by the value of ISE. To analyze fur-
ther controller performance influenced by different
tolerances of the traditional criteria, we employ the
profiles of input, state, and output variables obtained
from traditional criteria with different tolerances
(Fig. 9).

Fig. 9 shows that the controlled variables (i.e.,
state variables) oscillate fiercely when a large com-
putational delay exists (e.g., Fig. 91), especially when
reference switches from OP1 to OP2, as illustrated in
Fig. 9f. When a larger tolerance is used, as shown in
Figs. 9a-9c, the controlled variables show better
tracking performance because the computational de-
lay is small. Specifically, when OP1 is tested, almost
the expected performance can be obtained. This
demonstrates that high real-time performance result-
ing from a large tolerance improves controller per-
formance. However, taking Fig. 9a as an example, the
coarse solution obtained with a large tolerance makes
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Fig. 9 Numerical results of reference tracking obtained from traditional criteria with different tolerances
(a) to (i) demonstrate results with tolerance changing from 10~ to 10~ in descending order. Solid line: plant response; dashed
line: reference. 7, is the input, Cy is the state, and 7 is the output

the controlled system achieve the given steady state
slowly and unstably, hence degrading controller per-
formance as well. It shows that just a feasible solution
is not enough to guarantee good control performance;
the accuracy of solution is also important. Therefore,
it is deduced that even when a feasible path method is
used, the optimization procedure cannot be stopped at
any time. As a feasible solution, which is significantly
different from the optimal one, it may not improve the
closed-loop control performance or keep the system
stable.

By taking as an example the results of the tradi-
tional criteria of gvar:lO_6 (which is usually consid-
ered as the default tolerance in most NLP solvers),
comparisons are made on computation time produced
from the traditional criteria and the RPS criteria with
threshold 0.5 (Fig. 10). The computation time for the
RPS criteria is much shorter than that for the tradi-
tional criteria. At certain time steps, the computation
time is 0 because the OCP solution in the previous
time step remains incomplete, and thus the OCP at the
current time step is neglected. Therefore, only the
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computation time of the solved OCP is compared. As
shown in Fig. 10, when the RPS criteria are adopted, a
lot of computing resources are saved.

The numerical results are listed in Table 4. For
the RPS criteria, the average time is reduced by al-
most 80%, and the ISE of state variables is reduced by
more than 70%. Moreover, index rgryo for the RPS
criteria reaches 1, indicating that the OCPs at all time
steps are calculated in time and that the corresponding
computation time is less than one sampling interval.

12 T T T
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Compared with Table 3, it is clear that the ISE
obtained using RPS criteria is smaller than all of those
resulting from traditional criteria of different toler-
ances, and that the average computation time is much
shorter than one sampling interval (9 s). The high
real-time performance and good solution accuracy
imply better control performance.

The result of reference tracking performance for
the RPS criteria is given in Fig. 11. Specifically, the
comparison of objective profiles corresponding to the

10
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Fig. 10 Comparison of computation time for solving the optimal control problem under the traditional criteria and

the reduced precision solution (RPS) criteria

Table 4 Comparison of computation time and the integral square error (ISE) index under the traditional criteria
(£yar=107°) and the reduced precision solution (RPS) criteria

Termination Computation time (s) ISE
o — - VERHO
criteria Minimum Maximum Average Ca T
Traditional 2.07 12.45 5.78 8.893 1.01e5 0.97
RPS 0.73 8.02 1.28 2.469 1.75¢4 1
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Fig. 11 Reference tracking performance for the reduced precision solution (RPS) criteria and the optimal control
problem objective function profiles at the time step corresponding to Fig. 2

The termination points of the runs under traditional criteria or RPS criteria are marked by ‘3%’ or ‘0’, respectively. T, is the input,
C, is the state, and T is the output. obj: value of the objective function; iter: number of iterations
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sub-graphs of Fig. 2 is also shown.

Compared with Fig. 2, the adverse effect caused
by computational delay has been removed completely
using the RPS criteria. The overshoot is also reduced.
In the nominal case, the system is driven quickly and
stably to the required steady state. To conclude, the
runs under RPS criteria terminate much earlier than
the ones under traditional criteria. NMPC based on
RPS criteria outperforms that using traditional criteria,
as seen from the comparative results in Tables 3 and 4.
The simulations demonstrate that using the RPS cri-
teria could reduce computation time efficiently with a
good feasible solution. Consequently, the controller
performance is improved.

5 Conclusions

We analyze the effect of computational delay
caused by the traditional termination criteria on con-
trol performance of NMPC controllers. Usually, the
traditional termination criteria result in a slow solu-
tion process with tiny improvement of solution after a
few iterations. This causes a waste of computing re-
sources and degrades controller performance. De-
tailed analysis of this study shows that both the low
real-time performance and coarse solution of OCP
could degrade controller performance, as shown by
simulation with traditional criteria with different tol-
erances. The RPS termination criteria are proposed
for solving the OCP by employing the FP-SQP algo-
rithm. Indices are constructed to judge whether the
optimization procedure should terminate and whether
the current iterate is a good approximation, and the
threshold can be used to adjust the degree of the ap-
proximation of the iterate according to the user’s
needs. The performances of the traditional and the
RPS criteria are compared by applying the FP-SQP
algorithm with both criteria to solve the reference
tracking problem of CSTR, respectively. Simulation
results demonstrate a higher efficiency of the RPS
criteria. Numerical results show that the RPS criteria
guarantee a timely termination of the optimization
procedure, implying that the control performance is
improved.

The RPS criteria can be used as an alternative to
the termination criteria of NLP solvers, especially in
meeting the real-time requirements of the application
of NMPC. In this paper, however, only the simulation

in the nominal case (in which no disturbance, model-
plant mismatch, or perturbation exists) is made to
exemplify the efficiency of the proposed RPS criteria
in reducing computational delay. For future work, to
make the criteria more applicable and robust, per-
turbation, disturbance, and model-plant mismatch
will be considered. The closed-loop stability of the
NMPC with the RPS criteria will also be studied. The
input-to-state stability (ISS) and the related extended
theories can be powerful tools for analyzing the sta-
bility and robustness. Special attention will be paid to
the effect that the sub-optimal solution obtained from
RPS criteria has on the ISS of the closed-loop system.
The relationship between the deviations of the sub-
optimal solution from the optimal and the resulting
deterioration of the ISS property will be studied fur-
ther. Even the precision of chemical instruments can
be introduced to make the RPS criteria suitable for
practical applications.
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