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Abstract:    Missing values occur in bio-signal processing for various reasons, including technical problems or biological char-
acteristics. These missing values are then either simply excluded or substituted with estimated values for further processing. When 
the missing signal values are estimated for electroencephalography (EEG) signals, an example where electrical signals arrive 
quickly and successively, rapid processing of high-speed data is required for immediate decision making. In this study, we propose 
an incremental expectation maximization principal component analysis (iEMPCA) method that automatically estimates missing 
values from multivariable EEG time series data without requiring a whole and complete data set. The proposed method solves the 
problem of a biased model, which inevitably results from simply removing incomplete data rather than estimating them, and thus 
reduces the loss of information by incorporating missing values in real time. By using an incremental approach, the proposed 
method also minimizes memory usage and processing time of continuously arriving data. Experimental results show that the 
proposed method assigns more accurate missing values than previous methods. 
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1  Introduction 
 

Missing values in a set denote elements that are 
not observed in given data matrices. These arise due 
to technical problems or biological irregularities. One 
may remove incomplete records from the observed 
data set to handle missing values while they are im-
puted from other signals. Estimation methods of 
missing values are widely used and have been exten-
sively developed since simply removing missing 
values may generate a biased model, causing loss of 
information. Imputation approaches, those that assign 

estimated values based on analysis and prediction, 
provide less loss of information from the original data 
than cases that exclude incomplete records with 
missing values (Horton and Lipsitz, 2001; Graham et 
al., 2007; Graham, 2009). Simple imputation methods 
generally use mean values of observed data. However, 
they underestimate standard deviation as well, since 
they do not consider the uncertainty in missing values.  

Rubin (1987) proposed the multiple imputation 
(MI) method as an extension of a single imputation 
method, to consider the uncertainty. It replaces each 
missing value with a set of plausible values, instead of 
filling a single value. Yuan (2001) provided an im-
putation method that uses a combination of the re-
gression method, the propensity score method, and 
Markov chain Monte Carlo (MCMC). However, these 
imputation methods mostly assume a normal data 
distribution of data and consider the posterior distri-
bution of data in order to apply standard analysis, 
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such as general regression and analysis of variance 
(ANOVA). 

In some cases, maximum-likelihood approaches 
generate good estimates from incomplete data via 
weighted estimation procedures, such as an expecta-
tion and maximization (EM) algorithm. These 
methods are more efficient because they do not re-
quire a model fitting test for posterior distribution of 
log-likelihood (Schafer, 1997; Little and Rubin, 
2002). Adams et al. (2002) applied EMPCA by inte-
grating principal component analysis (PCA) and the 
EM algorithm in pharmaceutical data for missing 
value imputation. Zhao et al. (2006) compared im-
putation performances between Robust EMPCA and 
a modified version of EMPCA using the data acquired 
from a waste water treatment process. Although Ro-
bust EMPCA is known to be superior to existing 
methods for estimating missing values, Zhao insisted 
Robust EMPCA performs well only in the case of 
non-negative data. 

EEG signals contain the information for diag-
nosis with the form of a continuous graph (Smith, 
2005). Many methods, including PCA, wavelet 
transform, adaptive auto regressive model, adaptive 
Gaussian representation, and independent component 
analysis, have been proposed to extract hidden in-
formation from EEG signals (Subha et al., 2010). 
However, these methods consider only complete EEG 
data. Data sets often include missing values during 
recoding of EEG signals for the following reasons: 
measuring equipment, movement, and communica-
tion disconnection. Previous methods also do not 
consider the characteristic of EEG signals that arrive 
consecutively from multiple electrodes, so real-time 
processing for EEG signals is essential. 

In this paper, we propose an incremental 
EMPCA (iEMPCA) model. The proposed model 
incrementally updates the weights of PCA and the 
EM algorithm is used to estimate missing values us-
ing the maximum likelihood parameter in the model. 
The proposed method can perform real-time proc-
essing using an incremental model and summarizes 
large data by detecting hidden variables. It solves the 
problem of a biased model, which is inherited from 
missing data, and reduces the loss of information by 
imputing missing values. It decreases the computa-
tion complexity of the learning process by discover-
ing major patterns. We measure similarities between 
original data and imputed data in EEG signals to 

confirm efficiencies of the proposed method, and 
compare it to existing methods. 
 
 
2  Related works 
 

Studies of missing value imputation that address 
clinical data often appear in fields of health science, 
biology and medical science (Musil et al., 2002). 
Among the methods for handling the missing values 
we commonly find simple imputation, multiple im-
putation, and maximum-likelihood estimation (MLE). 
Simple imputation methods generally use K-nearest 
neighbors and mean values of observed data. Dixon 
(1979) compared several simple imputation methods 
such as mean imputation, least squares estimation, 
and classical K-nearest neighbors. Abdala and Saeed 
(2004) used a weighted K-nearest neighbor algorithm 
to estimate the values of missing clinical laboratory 
data such as blood gasses, blood chemistry, and blood 
counts. Recently, Norazian et al. (2008) used mean 
and interpolation imputation to estimate missing 
values from air pollution data. However, because they 
did not use full information of observed values, these 
methods have drawbacks in that they may generate 
biased distribution of variance. 

Rubin (1978) proposed a multiple imputation 
method that imputes a missing value with more than 
one estimated value to compensate for this drawback. 
Rosenbaum and Rubin (1983) proposed the propen-
sity score methods using discriminant analysis and 
logistic regression. Posterior distributions of Bayes-
ian inference were applied in MCMC to express un-
known parameters (Schafer, 1997; Yuan, 2001). This 
method iterates two steps, imputation and posterior. 
The imputation step estimates the missing values 
using the mean vector and covariance matrix. The 
posterior step computes posterior probability distri-
bution of the unknown parameters. Raghunathan et al. 
(2001) proposed multivariate imputation using a re-
gression sequence for missing values. This approach 
obtains the imputations by drawing values from the 
truncated predictive distributions and fitting a se-
quential regression on incomplete data sets generated 
from hypothetical populations. Ni et al. (2005) esti-
mated the performance of the various multiple im-
putation methods in traffic data monitored by video 
cameras. Janssen et al. (2009) evaluated multiple 
imputation methods using deep vein thrombosis with 
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missing values to predict future event occurrence or 
the presence of a disease. However, these imputation 
methods require input parameters, which make them 
less accessible for general cases. 

MLE is a well-known statistical estimation 
method that finds the parameter to maximize the 
likelihood function.  Dempster et al. (1977) used an 
approach to compute maximum likelihood in various 
levels such as truncated and censored data when ob-
served data are the incomplete data. Schneider (2001) 
estimated incomplete climate data and simulated sur- 
face temperature data using regularized expectation- 
maximization (EM) to compute the MLE. They both 
used an iterative method to estimate missing values 
using covariance matrices and mean values. Smith et 
al. (2003) estimated the missing data using EM and 
data augmentation (DA) in the traffic data collected in 
real time. However, compared with other methods, 
MLE approaches require relatively large-scale sam-
ples to generate precise estimations again, negatively 
affecting the accessibility of this approach for general 
cases.  

Another approach was taken by Sharma et al. 
(2004) who focused on factor models to update 
pseudo-missing values of six permanent traffic counts 
(PTCs) based on neural networks, regression models, 
and an autoregressive integrated moving average 
(ARIMA) model. Al-Deek et al. (2004) and Zhong et 
al. (2005) estimated missing values with basic linear 
analysis techniques. Wang et al. (2006) proposed an 
imputing approach based on the support vector re-
gression (SVR) method. This technique utilizes an 
orthogonality coding input scheme in a gene expres-
sion profile. Yamaguchi et al. (2008) demonstrated 
their model on clinical data of bladder cancer patients 
with missing values by applying self-organizing maps 
(SOM). They compared the model’s discriminative 
ability by the receiver operating characteristic (ROC) 
area. Recently, Ryan et al. (2010) evaluated four 
alternative imputation strategies—one global (PCA 
based) and three local (nearest neighbor based). 
Ching et al. (2010) proposed a weighted local least 
square imputation (WLLSI) approach for missing 
value estimation to a breast cancer dataset. However, 
these methods require an entire data set to estimate 
missing values, and they were not designed to pre-
cisely handle the time series in cases of missing  
values. 

In this study, we propose an incremental EM 
PCA that can impute the missing values of time series 
data in real time. The proposed method shows the 
short processing time of missing value imputation. 
iEMPCA simultaneously addresses such perennially 
challenging issues as missing value imputation, lim-
ited memory, and processing time in time series data. 
 
 
3  Materials and methods 
 

In this section, we discuss how the idea of 
EMPCA is developed in an incremental way. The 
purpose of iEMPCA is to recover missing values 
incrementally. Missing values can be inferred from 
other observed values based on correlations between 
different sequences. 

3.1  Expectation maximization principal compo-
nent analysis 

Traditional PCA is widely known for both di-
mensionality reduction and feature extraction. PCA 
extracts eigen components, indicating data charac-
teristics. It reduces the dimensionality by taking the 
characteristic components, which are representative 
data among the components. In short, PCA seeks an 
axis of the principal component that expresses the 
data sufficiently well (Smith, 2002). The dimension-
ality is reduced by projection to data matrix X with 
the axis of the principal components. The axis of the 
principal components is computed with the eigen-
vector and eigenvalue. The principal components can 
be computed using singular value decomposition 
(SVD) as follows: 

 
T T ,= =X UΛV TV  

 
where Xn×m is the data matrix with n features and m 
observations, Tn×f is a matrix containing the loading 
vectors, Vm×f is a matrix containing the score vectors, f 
specifies the number of principal components, and m 
indicates the time point in time series data (Stanimi-
rova et al., 2007). 

However, if data matrix X contains the missing 
values, a traditional PCA approach is no longer co-
herent. Al-Deek and Roweis proposed an improved 
PCA approach based on expectation-maximization 
(termed EMPCA) to resolve the missing value prob-
lem (Roweis, 1998; Al-Deek et al., 2004). EMPCA is 
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computationally efficient in time and space by ex-
tracting a few eigenvectors and eigenvalues from 
large-scale collections of high-dimensional data. Also, 
it does not require computing the sample covariance 
of the data.  

The EM-based PCA algorithm seeks the values 
of missing data using two steps. E-step includes fill-
ing a missing value with a base at the expectation 
values of data. The initial value begins with the mean 
of the row and the column. M-step maximizes a value 
obtained at E-step, and the missing values are refilled 
with the predicted values by PCA in the iterative 
process of EM. 

 

E-step:  T 1 T( ) ,−=P C C C X             (1) 

M-step:  T T 1( ) ,−=C XP PP              (2) 
 
where P is a k×m matrix and C is an n×k matrix. 
Therefore, X is modeled as the combination of C and 
P with noise, X=CP+N, where N is noise (Zhao et al., 
2006).  

PCA is applied on the completed data that are 
filled by the mean of the row and column. The data 
are then reconstructed to be used as alternates of 
missing values until convergence. The EMPCA al-
gorithm can be explained as follows: First, missing 
values are initialized by means of row and column of 
the data matrix X. PCA is then performed on the 
completed data set. E-step and M-step are repeatedly 
taken using Eqs. (1) and (2). 

The data matrix X is reconstructed with the 
number of predefined principal components using 
Eqs. (3) and (4): 

 
T
new ,=Y C X  // Project X onto loading vector Cnew  (3) 

new
ˆ =X C Y .  // Reconstruction  (4) 

 
Next, the missing values are replaced with their re-
constructed values as Eq. (5). The observed values of 
X remain unchanged.  
 

ˆ ,r =X X   // Replace the missing values       (5) 
 
where r is the number of iterations. 
 

Error MSE( , ).r= X X  // Estimate the error rate  (6) 

The last three steps are repeated until conver-
gence by Eq. (6). The data matrix X that contains the 
missing values is replaced with estimated values 
generated by the EMPCA algorithm.  

3.2  iEMPCA for missing values 

EEG time series are composed by the data ma-
trix of the variable n and observed time tick t. For 
example, data set X is an n×t matrix. PCA reduces the 
data X=(x1, x2, …, xn) in n dimensions to Y=(y1, y2, …, 
yk) in k dimensions, where k<n. The maximum in-
formation of data X is kept and principal components 
are not correlated to each other. The general form of 
the linear combination of the principal components is 
denoted as Y=WTX. 

The feature vector of the reduced dimensionality 
is expressed as T .k=Y W X  W consists of n×k basis 
vectors. The basis vector is generally a standard basis 
vector. However, in the case of EEG time series data, 
a standard basis vector is far from the ideal way to 
express the data, since the data are measured by a time 
tick. Therefore, a new method that processes data 
according to time ticks is required for real-time 
analysis of time series data. Papadimitriou et al. (2005) 
proposed incremental PCA (iPCA) to resolve the 
problem of real-time analysis. It processes time series 
data by automatically updating the basis vector in 
each time tick. Table 1 shows the notations. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Notations used in this paper 

Symbol Description 
W Weight matrix 
wi ith participation weight vector 
xt n input values at time t 
X X=(x1, x2, …, xn) 
xreplace replaced values at time t 
xt,miss n input values containing missing values at 

time t 
xmean Mean of x1, x2, …, xt−1 
ˆ tx  Reconstruction of xt 

Y Hidden variable matrix 
yt Vector of hidden variables for xt 

λ Exponential forgetting factor 
Ei,t Total energy of ith hidden variables up to time t
Ehv Old total hidden variable energy 
Ex Old total input data energy 
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In this study, we employ iPCA, which finds a 
new weight vector, wi, while incrementally updating 
the basis vector. The number of hidden variables is 
adjusted by updating the weight vector, which mini-
mizes the average reconstruction error at each time 
tick (Papadimitriou et al., 2005). When we compute 
the ith hidden variable, yi,τ (1≤τ≤t) is expressed as 

 

T
, , ,

1

( ) .
N

i n i n τ
n

y w xτ
=

= ⋅∑                     (7) 

 
We evaluate the magnitude of the ith hidden 

variable to incrementally determine the number of 
hidden variables by 

 

2
, ,

1

1 .
t

i t iE y
t =

= ∑ τ
τ

                       (8) 

 
The threshold of magnitude follows the standard 

value from a minimum of 95% to a maximum of 98% 
as defined in Pan et al. (2004) and Sun et al. (2005). 
We re-express the magnitude threshold by energy. 
The energy threshold corresponds to a bound that 
contains the values of the upper and lower bounds of 
the energy. Its function is to determine how many 
hidden variables should be retained. The number of 
hidden variables will be increased if the maintained 
energy of hidden variables at the particular timestamp 
is less than the lower bound of the energy. Conversely, 
the number of hidden variables will be decreased if 
the estimated energy is too high. We may lose some 
of useful information if we set the lower bound en-
ergy too low, since fewer hidden variables will be 
obtained. Therefore, in our experiment, we keep track 
of the energy level of the hidden variables to obtain an 
efficient result, even though the first few hidden vari- 
ables are sufficient to summarize the entire EEG  
signals. 

The reconstruction of xt is as shown in Eq. (9): 
 

1

ˆ ,
k

t i t
i=

= ⋅∑x w y                           (9) 

 
where ˆtx  denotes the reconstruction after projection 
on the k-dimensional space. The reconstruction error 
rate in Eq. (10) is used to update the basis vector: 

 
ˆ .t te = −x x                          (10) 

If the new sample xt+1 contains missing values, 
the proposed method imputes the missing values 
using the incremental EMPCA approach. The model 
analyzes data as a unit of time tick in which the 
number of hidden variables is changed incrementally 
by updating the basis vector, as in iEMPCA (Algo-
rithm 1). This approach uses the exponential forget-
ting factor λ to reflect more recent trends in EEG data. 
In this study, we assume λ=0.96; the typical choice of 
λ is between 0.96 and 0.98 (Pan et al., 2004; Sun et al., 
2005). A large buffer space is not required with this 
incremental EMPCA approach, which helps reduce 
the amount of memory required. 

 

Algorithm 1    iEMPCA algorithm 
Input: 

New input xt∈ú
n 

Predefined lower bound energy f 
Predefined upper bound energy F 
Exponential forgetting factor λ  

Output: 
Estimated missing values xreplace 

Algorithm 
if input vector x includes missing values xt,miss  

xreplace=xt,miss=xmean  // Initialize the missing values  
// by xmean while the observed values of xt remain  
// unchanged 
Error=MSE(xt, xreplace)  // Estimate the error rate 
while no convergence 

E-step: P=(WTW)−1WTxreplace 
M-step: Wnew=xreplacePT(PPT)−1 
Replace the missing values using Eqs. (3)–(6) 

end while 
y = T

newW xreplace  // Compute hidden variables 
Ehv=λEhv+y2 
// Compute the energy of total hidden variables  
Ex=λEx+ 2

replacex  
// Compute energy of total input data 
if Ehv<fEx 

k=k+1 
// Increase the number of hidden variables 

else if Ehv>FEx 
k=k−1 
// Decrease the number of hidden variables 

end if 
else   // input vector xt does not include missing values 

// at time t 
for i=1 to k  // k is the number of hidden variables 

Update the weight vector using Eqs. (7)–(10) 
end for 
// Adjust the number of hidden variables, k 
if Ehv<fEx  

k=k+1  
else if Ehv>FEx 

k=k−1 
end if 
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Given multiple EEG time series data with 
missing values, the proposed iEMPCA method that 
estimates these missing values is applied. It extracts 
patterns which describe data characteristics that have 
changed over time. In addition, the proposed method 
detects the correlation amongst the data, by discov-
ering hidden variables within the EEG data. iEMPCA 
does not have a large memory requirement; therefore, 
it is possible to determine the data characteristics and 
accurately estimate missing EEG time series values in 
real time. 
 
 
4  Experimental results 

 
In this section, we illustrate the EEG signals data 

acquisition process. Experimental results are pre-
sented in several aspects to show the effectiveness 
and efficiency of the proposed method. 

4.1  Data sets  

In our iEMPCA tests, we used three sets of 
multivariate EEG time series data (Table 2). The first 
EEG data set (publicly available at http://www.epi-
leptologie-bonn.de/cms/) reflects a spasmodic epi-
lepsy as provided by Krug. It was measured using 100 
channels for 23.6 s. These data were recorded by a 
continuous multi-channel EEG after visual confirma-
tion of the activity of the muscle or movement of eyes. 
Environments of the five subjects differ. Subjects 1 
and 2 are eye open and closed conditions. Subject 3 is 
from the hippocampal formation of the opposite 
hemisphere of the brain, and subject 4 is from the 
epileptogenic zone. Both subjects 3 and 4 were re-
corded in seizure-free intervals. Subject 5 contains 
 
 
 
 
 
 
 
 
 
 
 
 
 

seizure activity. Subjects 1 and 2 were recorded extra- 
cranially and subjects 3, 4, and 5 were recorded intra- 
cranially. In this study, we illustrate experiment re-
sults from three subjects (1, 3, 5) to exclude similar 
results. 

The second data set is Event Related Potential 
(ERP) provided on http://sccn.ucsd.edu/~arno/ 
fam2data/publicly_available_EEG_data.html. It was 
recorded using 31 channels from participants sitting 
in a dimly lit room with a screen. The subjects per-
formed two tasks—an animal categorization task and 
a recognition task. An 8-bit color vertical photograph 
was flashed for 20 ms using a programmable graphic 
board. This short presentation time avoids subjects 
using exploratory eye movement to respond. Partici-
pants gave their responses by pressing a ‘go/no go’ 
button. In the animal categorization task, participants 
had to respond whenever there was an animal in the 
picture. Both tasks were organized in a series of 100 
images, in which 50 target images and 50 non-target 
images were mixed. 

The self-regulation EEG data set is provided by 
Klaus in http://www.bbci.de/competition/ii/. The 
experiment was conducted to determine the position 
of a target in a computer screen. While recording EEG 
signals, a subject moved the cursor by thought from 
left to right or from top to bottom to hit the target on 
the screen. Self-regulation EEG data were collected 
using 64 channels from three subjects. The subject’s 
goal was to move the cursor to the height of the target. 
When the cursor reached the right edge, the screen 
went blank. In this work, we used 1–6 sessions of each 
subject. All EEG data were given as complete data 
sets without missing values. To measure the accuracy 
of the missing value imputation, we should know 
 

 
 
 
 
 

 
 
 
 
 
 
 

Table 2  Data description of the three sets of multivariate EEG time series data  
Data set Subject Session Number of sensors Number of time points Trial/Task 

Epilepsy 1, 3, 5  100 4097 1 task 
1 1–4 31 234 360 100*4 trials
2 1–4 31 206 440 100*4 trials
3 1–4 31 227 240 100*4 trials
4 1–4 31 206 640 100*4 trials
5 1–4 31 215 680 100*4 trials

ERP 

6 1–4 31 207 320 100*4 trials
1 1–6 64 172 992 192*6 trials
2 1–6 64 172 992 192*6 trialsSelf-regulation 
3 1–6 64 174 720 192*6 trials
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the real values of missing values. However, it is very 
difficult to grasp the basic truth of missing values 
from real data. Therefore, we generated 5%, 10%, and 
15% of missing values in the original observed data to 
verify the efficiency of missing value imputation as 
previous works conducted the missing value imputa-
tion (Schlogl and Supp, 2006; Acar et al., 2011). 

4.2  Accuracy of imputation of missing values 

We applied iEMPCA on EEG data sets con-
taining missing values and then measured the accu-
racy of the resulting estimated values. The proposed 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

method uses energy values from 0.95 to 0.98 to au-
tomatically extract the number of hidden variables 
that summarize the data set. We compared the accu-
racy to that of Robust EMPCA (Zhao et al., 2006) and 
missing value SVD (MSVD) (Troyanskaya et al., 
2001) (Tables 3–5). The accuracy of the missing value 
imputation was estimated by the root mean square 
error (RMSE). In Epilepsy EEG data, the proposed 
method shows 0.0087 and 0.0034 lower imputation 
RMSE, on average, than Robust EMPCA and MSVD, 
respectively. This represents 20% and 9% improve-
ment over Robust EMPCA and MSVD, respectively. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 3  RMSE of missing value imputation on epilepsy data 
Number of hidden variables Error rate 

Subject Rate of miss-
ing values (%) Proposed Robust EMPCA MSVD Proposed Robust EMPCA MSVD

5 22 22 80 0.0289 0.0482 0.0334
10 21 22 80 0.0337 0.0529 0.0397
15 21 22 80 0.0362 0.0545 0.0427

1 

Average 21 22 80 0.0329 0.0519 0.0386
5 14 22 52 0.0335 0.0388 0.0360
10 14 22 52 0.0374 0.0437 0.0424
15 13 22 52 0.0400 0.0453 0.0450

3 

Average 14 22 52 0.0370 0.0426 0.0411
5 25 22 55 0.0239 0.0256 0.0243
10 25 22 55 0.0370 0.0387 0.0376
15 22 22 55 0.0387 0.0404 0.0392

5 

Average 24 22 55 0.0332 0.0349 0.0337
Total average 20 22 62 0.0344 0.0431 0.0378 

 
Table 4  RMSE of missing value imputation on ERP data 

Number of hidden variables Error rate 
Subject 

Proposed Robust EMPCA MSVD Proposed Robust EMPCA MSVD 
1 5 4 4 0.0287 0.0361 0.0298 
2 3 3 3 0.0050 0.0134 0.0099 
3 4 4 4 0.0032 0.0033 0.0038 
4 5 6 6 0.0283 0.0360 0.0317 
5 5 4 4 0.0131 0.0178 0.0164 
6 4 3 3 0.0197 0.0252 0.0175 

Total average 4 4 4 0.0163 0.0220 0.0182 

 
Table 5  RMSE of missing value imputation on self-regulation data 

Number of hidden variables Error rate 
Subject 

Proposed Robust EMPCA MSVD Proposed Robust EMPCA MSVD 
1 15 7 6 0.0232 0.0222 0.0187 
2 20 4 4 0.0308 0.0303 0.0279 
3 11 5 5 0.0399 0.0377 0.0320 

Total average 15 5 5 0.0313 0.0300 0.0262 
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The RMSE of MSVD is 12% lower than that of Ro-
bust EMPCA. MSVD uses 52 to 80 hidden variables 
for Epilepsy EEG data when it contains 5% of miss-
ing values, while the proposed method uses only 14 to 
25 hidden variables (Table 3). 

When applying iEMPCA in ERP EEG data, the 
RMSE of missing value imputation is 0.0055 and 
0.0018 lower, on average, than Robust EMPCA and 
MSVD, respectively. It is 26% and 10% improvement 
over Robust EMPCA and MSVD, respectively. 
MSVD exhibits 0.0038 lower RMSE on average than 
Robust EMPCA (Table 4). The RMSE of MSVD is 
17% lower than that of Robust EMPCA. However, in 
the case of self-regulation EEG data, the error rate of 
iEMPCA is higher than that of Robust EMPCA and 
MSVD. MSVD and Robust EMPCA show 16% and 
4% higher accuracy, respectively, than the proposed 
method shown in Table 5. This is probably due to the 
fact that self-regulation EEG data are linear (Fig. 1), 
while the proposed method exhibits lower RMSE 
than MSVD and Robust EMPCA in the case of 
non-linear data such as Epilepsy EEG and ERP EEG 
data sets. MSVD shows the lowest RMSE among 
three methods for self-regulation EEG data. 

4.3  Hidden variable detection 

iEMPCA detects hidden variables that summa-
rize large EEG time series data sets. In this work, we 
compare iEMPCA with MSVD with 5%, 10%, and 
15% of missing values in each EEG data set by hid-
den variable detection. iEMPCA shows similar pat-
terns of hidden variables with recovered values com-
pared with MSVD. The top graph in Fig. 2a is the first 
hidden variable detected by iPCA on the complete 
data set. The middle graph in Fig. 2a is the first hidden 
variable detected by iEMPCA after 5% of missing 
values were recovered. It shows similar patterns to the 
top of Fig. 2a. However, the pattern of the bottom 
graph of Fig. 2a, which shows the first hidden vari-
able by MSVD after 5% of missing values were re-
covered by MSVD, differs from that of the top graph. 
MSVD is known to be the best existing method to 
estimate missing values for linear data (Troyanskaya 
et al., 2001). However, as seen from the above results, 
MSVD has fewer precise patterns close to the values 
of the original data compared to the iEMPCA method. 
Graphs in Fig. 2b show the first hidden variable of the 
first session data set of subject 1 on the ERP EEG 
data.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
When comparing the pattern of the hidden vari-

able detected by the three methods, iPCA and the 
proposed method can definitely divide each other in 
four different tasks. However, MSVD fails to detect 
the task division. Fig. 2c shows the first hidden vari- 
able of the first session data set of subject 1 on 
self-regulation EEG data. In the case of Fig. 2c, all 
three methods show similar patterns. 

4.4  CPU time and computation complexity 

The cost of iEMPCA is O(r·k), where r is the 
number of iterations and k is the number of hidden 
variables. In contrast, the complexity of MSVD is 
O(r·m·n), where m is the number of samples and n is 
the dimensionality of X. Therefore, the proposed 
method requires less memory than MSVD. In this 
experiment, 5% of each data set is treated as missing 
values. We compare the proposed method to MSVD 
and iPCA. iPCA uses the original data without 

Fig. 1  Data distribution  
Non-linear data: epilepsy EEG data (a) and ERP EEG data 
(b); linear data: self-regulation EEG data (c) 
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missing values, because it expects only complete data 
and does not take missing values into account. When 
applied to data with missing values, iPCA cannot 
obtain a correct experimental result.  

 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3 shows the learning time of Epilepsy EEG, 
ERP EEG, and self-regulation EEG data. MSVD 
exhibits the longest execution time, since this ap-
proach must use all the data from data 1 to data t to 
learn if the new data t+1 enter the system. However, 
iPCA and our proposed method do not need as much 
learning time, since given new data t+1 they use 
weights and initial values at time point t. Therefore, 
iEMPCA can solve the problem of long processing 
time and limited memory by estimating missing val-
ues in real time. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5  Conclusions 
 

We propose iEMPCA for multiple time se-
quences that contain missing values. iEMPCA auto-
matically estimates missing values, and summarizes 
by finding of hidden variables. It estimates the ap-
proximation values of missing values and distin-
guishes the specific pattern using discovered hidden 
variables. The reduction of data based on the hidden 
variables can be used as learning data. The proposed 
method reduces the memory requirement, since it can 
discover the hidden variables after automatically 
estimating missing values in real time. iEMPCA is 
more accurate than other methods for the imputation 
of missing values in the case of non-linear data. 
Therefore, approximation for missing values in large 
quantities of EEG time series data can be estimated 
close to the original data. Multivariate temporal EEG 

Fig. 3  Learning time measurement for epilepsy (a), ERP 
(b), and self-regulation (c) EEG data  
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Fig. 2  Comparison of the detected first hidden variable
(a) Epilepsy EEG data; (b) First session data set on ERP EEG 
data; (c) First session on self-regulation EEG data. In each 
subfigure, from top to bottom: iPCA (original data), the pro-
posed method (missing rate: 5%), MSVD (missing rate: 5%)
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can be summarized using a few hidden variables 
through our method. Moreover, the proposed method 
can reduce the processing complexity and memory 
requirement. 
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