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Abstract: In the training of feedforward neural networks, it is usually suggested that the initial weights should
be small in magnitude in order to prevent premature saturation. The aim of this paper is to point out the other
side of the story: In some cases, the gradient of the error functions is zero not only for infinitely large weights but
also for zero weights. Slow convergence in the beginning of the training procedure is often the result of sufficiently
small initial weights. Therefore, we suggest that, in these cases, the initial values of the weights should be neither
too large, nor too small. For instance, a typical range of choices of the initial weights might be something like
(−0.4,−0.1) ∪ (0.1, 0.4), rather than (−0.1, 0.1) as suggested by the usual strategy. Our theory that medium size
weights should be used has also been extended to a few commonly used transfer functions and error functions.
Numerical experiments are carried out to support our theoretical findings.
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1 Introduction

Feedforward neural networks with hidden lay-
ers are probably the most widely used neural net-
works, and they are usually trained by the back-
propagation (BP) algorithm based on the gradient
descent method (Castillo et al., 2000; Wu et al.,
2005; Zhang et al., 2006; Liu et al., 2008). Over
the years, neural networks have received consider-
able attention and achieved many promising results
(Xiong et al., 2007; Qi et al., 2009; Bao et al., 2010;
Deng et al., 2010), and thus has been successfully
applied to resolve problems such as pattern recog-
nition, forecasting, nonlinear control, and regression
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analysis (Biswajeet and Saied, 2010; Pradhan and
Buchroithner, 2010; Pradhan et al., 2010; Pradhan,
2011; Wang et al., 2011). When a feedforward neural
network is trained with the BP algorithm, the per-
formance depends on several factors, such as choice
of learning parameters, cost function, and network
topology (Drago and Ridella , 1992). In the litera-
ture, a number of studies on the choice of weights
emerged. We mention a few related references on
the choice of the initial values of the weights. An
algorithm is introduced for determining the optimal
initial weights of feedforward neural networks based
on a linear algebraic method (Yam et al., 1997).
An optimal initialization of bias and initial weight
vectors based on multidimensional geometry is pro-
posed (Yam et al., 2001). It is suggested to choose
the set of initial weights from a few sets of weights
in a statistic point of view (Kathirvalavakumar and
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Thangavel, 2003). An optimization methodology for
neural network weights and architectures was intro-
duced to generate an automatic process with high
classification performance and low complexity (Lu-
dermir et al., 2006). The sensitivity of Adalines to
weights perturbation is discussed by means of the
hypercube model and analytical geometry method
(Zeng et al , 2006). The initial values are analyzed
using the split-complex BP algorithm (Yang et al.,
2008).

An important and commonly adopted strategy
is that the initial weights are chosen to be small in
magnitude in order to prevent premature saturation
in the training procedure (Elman, 1993; Hagan et al.,
1996; Ham and Kostanic, 2001). We point out in
this paper the other side of the story: In some cases,
slow convergence in the beginning of the training
procedure is the result of sufficiently small initial
weights.

To elaborate, let us recall why generally the ini-
tial weights should be small. The transfer (or activa-
tion) functions for the hidden layer and the output
layer of the BP neural networks are often chosen to
be sigmoid functions, such as g(x) = 1/(1+e−x) with
its saturation value being 0/1. Then, large values of
the weights → large value of x → small value of the
derivative g′(x) → slow convergence. Hence, a com-
monly applied strategy is to choose the values of the
initial weights randomly from a small symmetrical
range, say, (−0.1, 0.1).

However, in some special cases, e.g., some widely
used benchmark classification problems, the gradi-
ents of the error functions are 0 not only for infinitely
large weights but also for zero weights. (Henceforth
we shall use 0 to denote a vector whose components
are all zero. Its dimension may be different in dif-
ferent places and can be determined from the con-
text.) Hence, in such cases, similarly we have: small
values of the weights → small values of the gradi-
ents → slow convergence. The objective and mo-
tivation of this study is to demonstrate that based
on this observation, when solving these classifica-
tion problems in numerical experiments, the initial
values of the weights should be neither too large,
nor too small. For instance, a typical range for
choosing the initial weights might be something like
(−0.4,−0.1) ∪ (0.1, 0.4).

2 BP algorithm based on the gradient
descent method

Consider a feedforward neural network with
three layers for the pattern classification task. The
numbers of neurons for the input, hidden, and out-
put layers are l, n, and 1, respectively. The structure
is shown in Fig. 1. Let the input training examples
be ξj ∈ R

l (j = 1, 2, . . . , J), and the correspond-
ing desired outputs be Oj ∈ R (j = 1, 2, . . . , J).
We denote the weight matrix connecting the input
and the hidden layers by V = (vij)n×l, and we let
v i = (vi1, vi2, . . . , vil)

T ∈ R
l (i = 1, 2, . . . , n) denote

the weight vector connecting the input layer and the
ith hidden neuron.
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Fig. 1 Structure of a back-propagation network with
three layers

We remark that there are actually bias terms
involved in the neural system. However, following a
common strategy, we set the last component ξjl (j =

1, 2, . . . , J) of the input vectors to be −1, so the last
component vil of v i stands for the bias term for the
ith hidden neuron. This strategy allows us not to
write explicitly the bias terms in the description of
our problem.

The weight vector connecting the hidden
and the output layers is denoted by w̃ =

(w1, w2, . . . , wn)
T ∈ R

n. Let g : R −→ R be the
transfer function for both the hidden and the output
layers, which is typically, but not necessarily, of sig-
moid type. For convenience, we introduce the follow-
ing vector function of x = (x1, x2, . . . , xn)

T ∈ R
n:

G̃(x ) = (g(x1), g(x2), . . . , g(xn))
T
. (1)

For any given input ξ ∈ R
l, the output of the hidden
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layer is

G̃(V ξ) = (g(v1 · ξ), g(v2 · ξ), . . . , g(vn · ξ)) , (2)

and the final output of the network is

ζ = g
(
w̃ · G̃(V ξ)− b

)
, (3)

where b is the bias for the output neuron. Similarly
as above, we write

{
w = (w1, w2, . . . , wn, b)

T,

G(x ) = (g(x1), g(x2), . . . , g(xn),−1)T .
(4)

Then Eq. (3) can be simplified as

ζ = g (w · G(V ξ)) . (5)

The popular square error function E(w ,V ) is
given by

E(w ,V ) : =
1

2

J∑
j=1

(Oj − ζj)2

=
1

2

J∑
j=1

[
Oj − g

(
w · G(V ξj)

)]2
. (6)

Other types of error functions can also be used (Sec-
tion 5). The aim of network training is to find the
optimal weights (w∗,V ∗) such that

E(w∗,V ∗) = minE(w ,V ). (7)

First let us introduce the batch, or off-line,
training method. We start from an arbitrary initial
value (w 0,V 0), and proceed to refine it iteratively
by the following rules:

wk+1 = wk +�wk, k = 0, 1, . . . , (8a)

vk+1
i = vk

i +�vk
i , i = 1, 2, . . . , n, k = 0, 1, . . . ,

(8b)
where (η is the learning rate)

�wk = −ηEw (w ,V )

= −η

J∑
j=1

[(Oj − g(w ·G(V ξj)))

· g′(w ·G(V ξj))G(V ξj)], (9a)

�vk
i = −ηEvi

(w ,V )

= −η

J∑
j=1

[(Oj − g(w ·G(V ξj)))

· g′(w ·G(V ξj))wig
′(v i · ξj)ξj ]. (9b)

Next, we introduce the online gradient method.
Let {ξ(k), O(k)}∞k=0 ∈ R

l×R be the training sequence
of input-target pairs, such that each (ξ(k), O(k)) is
chosen from {(ξj, Oj)|j = 1, 2, . . . , J} stochastically.
Now, in place of Eqs. (9a) and (9b) we have

�wk = −η
(
O(k) − g(w ·G(V ξ(k)))

)

· g′
(
w ·G(V ξ(k))

)
G(V ξ(k)), (10a)

�vk
i = −η

(
O(k) − g(w ·G(V ξ(k)))

)

· g′
(
w ·G(V ξ(k))

)
wig

′(v i · ξ(k))ξ(k).
(10b)

3 When and why sufficiently small ini-
tial weights are ineffective

In this section, we present three theorems to
show that, under certain conditions, the gradient of
the square error function for zero weights is, or nearly
is, 0. In such a case, it is clear that small initial
weights in the training procedure (8)−(10) will lead
to slow convergence since the gradient of the square
error function will be very small.
Theorem 1 Consider the three-layer neural net-
work (3) with the batch BP training algorithm
(8)−(9). Then, the gradient of the square error func-
tion (6) for zero weights is 0, provided that one of
the following two conditions is satisfied:

(i) g′(0) = 0;
(ii) The network is used to solve a classification

problem such that the numbers of the two classes of
training samples are equal and that g(0) = (O+ +

O−)/2, where O+ and O− are the two target outputs
for the two classes, respectively.
Proof The gradients of the square error function
E(w ,V ) with respect to the weights w and V are
shown below:

Ew (w ,V ) = −
J∑

j=1

[(Oj − g(w ·G(V ξj)))

· g′ (w ·G(V ξj)
)
G(V ξj)], (11)

where G(V ξj) = (g(v1 · ξj), . . . , g(vn · ξj),−1)T,

Evi
(w ,V ) = −

J∑
j=1

[(Oj − g(w ·G(V ξj)))

· g′(w ·G(V ξj))wig
′(v i · ξj)ξj ]. (12)
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At u ≡ (w ,V ) = 0, we have

G(V ξj)|u=0 = (g(0), g(0), . . . , g(0),−1)
T
, (13)

w ·G(V ξj)|u=0 = 0, (14)

g
(
w ·G(V ξj)

) |u=0 = g(0), (15)

g′
(
w ·G(V ξj)

) |u=0 = g′(0). (16)

Thus,

Ew (w ,V )|u=0 = −
J∑

j=1

[(Oj − g(0))g′(0)

· (g(0), . . . , g(0),−1)T]. (17)

Apparently, provided that Condition (i) or (ii) in
Theorem 1 holds, there will be

Ew (w ,V )|u=0 = 0. (18)

The following evaluation is simple:

Evi
(w ,V )|u=0 = 0, i = 1, 2, . . . , n. (19)

This completes the proof.
Similarly the following two theorems can be

proven.
Theorem 2 Consider the three-layer neural net-
work (3) with online BP training algorithm (10).
Then, the gradient of the square error function (6)
for zero weights is 0, provided that g′(0) = 0 is
satisfied.
Theorem 3 If the transfer function satisfies g(0) =
0, then for both the batch algorithm (9) and
the online algorithm (10), the gradients of the
square error function E(w ,V ) with respect to w̃ =

(w1, w2, . . . , wn)
T and v i (i = 1, 2, . . . , n) are all 0,

but the partial derivative with respect to the bias b

for the output neuron might not be zero.
Remark The condition g′(0) = 0 in Theorems 1
and 2 is satisfied by, for example, the popular radial
basis functions which are often used for approxima-
tion problems. Condition (ii) in Theorem 1 is sat-
isfied by many benchmark classification problems as
shown in the next section. The condition g(0) = 0

in Theorem 3 is satisfied by many popular transfer
functions.

4 Numerical experiments

In this section, we carry out seven numerical
experiments as shown in the seven tables below to

support our theoretical findings. The first four ex-
periments satisfy Condition (ii) in Theorem 1, the
fifth satisfies Condition (i) in Theorem 1, the sixth
is for an online BP training problem satisfying the
condition in Theorem 2, and the seventh satisfies the
condition in Theorem 3.

We start by investigating the behavior of the
three-layer BP network based on the gradient de-
scent method in batch mode for the following four
classification problems (Tables 1−4): (1) square-
circle classification problem, (2) continuous XOR
classification problem, (3) two-spiral classification
problem, (4) 5-bit parity classification problem. The
total numbers of the training samples are 400, 400,
98, and 32, respectively, each of which is divided into
two classes with an equal number of samples. Thus,
if a sigmoid function is used as the transfer function,
then the BP network for solving these benchmark
problems will satisfy Condition (ii) in Theorem 1.
Fig. 2 shows the training samples of the first three
problems. The square error function is employed and
the transfer function for both hidden and output lay-
ers is the logsig function g(x) = 1/(1 + e−x). Other
training parameters are chosen as follows: the learn-
ing rate is 0.1; the numbers of the hidden neurons
are 6, 6, 30, 10, respectively; the maximum numbers
of iterations are 5000, 5000, 50 000, and 10 000,
respectively.

In these four, as well as in the other three, exper-
iments, the initial weights are randomly generated in
certain ranges as specified in the tables. The ‘success
rate’ indicates the percentage of the training samples
that are successfully classified in the end of the train-
ing iteration. The ‘average error’ in the tables is the
result of averaging over 10 training procedures.

Table 1 Results for the square-circle classification
problem

Range of
Average error

Average
initial weights success rate (%)

[−0.005, 0.005] 63.9776 51.23
[−0.01, 0.01] 66.1019 53.64
[−0.02, 0.02] 27.5531 81.79
[−0.04, 0.04] 14.9078 90.20
[−0.08, 0.08] 2.9076 99.00
[−0.1, 0.1] 2.9728 98.80
[−0.5, 0.5] 1.6304 99.50
[−1, 1] 1.4826 99.55
[−5, 5] 2.8227 98.63
[−8, 8] 7.1010 96.64

[−15, 15] 27.0526 86.00
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Table 2 Results for the continuous XOR classification
problem

Range of
Average error

Average
initial weights success rate (%)

[−0.005, 0.005] 64.3643 49.58
[−0.01, 0.01] 65.3097 52.83
[−0.02, 0.02] 64.9070 53.90
[−0.04, 0.04] 39.7133 75.40
[−0.08, 0.08] 20.1743 85.53
[−0.1, 0.1] 19.4074 87.68
[−0.5, 0.5] 5.6972 97.07
[−1, 1] 2.5869 99.30
[−5, 5] 2.4817 99.00

[−10, 10] 25.0396 86.35

Table 3 Results for the two-spiral classification
problem

Range of
Average error

Average
initial weights success rate (%)

[−0.005, 0.005] 14.1214 53.61
[−0.01, 0.01] 14.1138 53.06
[−0.05, 0.05] 14.1380 53.47
[−0.2, 0.2] 14.1167 53.37
[−0.6, 0.6] 11.8426 66.43
[−1, 1] 6.8395 82.55
[−2, 2] 3.9638 90.41
[−5, 5] 2.6730 94.78
[−8, 8] 4.9588 90.00

[−10, 10] 7.7583 84.29

Table 4 Results for the 5-bit parity classification
problem

Range of
Average error

Average
initial weights success rate (%)

[−0.005, 0.005] 4.0000 50.31
[−0.01, 0.01] 4.0000 52.19
[−0.08, 0.08] 3.6704 62.50
[−0.1, 0.1] 3.1627 78.44
[−0.4, 0.4] 1.7266 100.00
[−0.6, 0.6] 1.3226 99.88
[−1, 1] 1.1630 99.75
[−5, 5] 0.9334 92.84
[−8, 8] 1.8992 85.44

[−10, 10] 2.3455 81.75

We see clearly in these experiments that, as re-
vealed by our theorems, up to a certain critical point,
smaller initial weights result in slower convergence
and larger initial weights lead to better convergence.
But after that point, as is well known to the neu-

ral network community, the convergence increasingly
worsens for larger initial weights.
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Fig. 2 Training samples for the square-circle prob-
lem (a), continuous XOR problem (b), and two-spiral
problem (c)

Next, consider in Table 5 a three-layer BP neu-
ral network based on the gradient descent method
in batch mode to accomplish the square-circle clas-
sification task, in which the transfer function is
g(x) = e−x2/2 satisfying Condition (i) in Theorem
1, i.e., g′(0) = 0. We let the numbers of samples
of the two classes (with ideal outputs 1 and 0, re-
spectively) be 200 and 150, respectively. Thus, it
dissatisfies Conditions (ii) in Theorem 1. The num-
ber of hidden units is 6, the learning rate is 0.002,
and the maximum number of training epochs is 5000.
Table 5 shows the average results for 10 trials.

Table 6 is for a three-layer BP neural network
based on the online gradient method to accomplish
the three-bit parity classification task. The training
patterns are supplied to the network in a completely
stochastic order. g(x) = e−x2/2 satisfies the condi-
tion g′(0) = 0 in Theorem 2. The number of hidden



590 Liu et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2012 13(8):585-592

Table 5 Results for the square-circle classification
problem

Range of
Average error

Average
initial weights success rate (%)

[−0.005, 0.005] 42.7096 57.14
[−0.01, 0.01] 30.5714 75.14
[−0.02, 0.02] 18.9219 86.37
[−0.06, 0.06] 12.5217 94.11
[−0.08, 0.08] 10.6432 95.80
[−0.2, 0.2] 10.1697 96.14
[−0.8, 0.8] 8.6064 97.91
[−1, 1] 11.3832 94.69
[−5, 5] 29.6105 82.34

[−10, 10] 36.7854 72.71

units is 5, the learning rate is 0.1, and the maximum
number of training epochs is 5000. The average re-
sults for 10 trials are given in Table 6. Note that a
similar situation occurs here for the online gradient
learning method under the condition g′(0) = 0. But
from our numerical experience, under Condition (ii)
in Theorem 1 (which is a very important case since it
is often satisfied when sigmoid functions are used),
very small initial weights cause much less trouble
for the online gradient method than for the off-line
(batch) gradient method. The reason is that at each
training step, the online gradient vector is generally
not 0, though its expectation is, when the two classes
have the same number of samples. Maybe this should
be viewed as another advantage of the online gradient
method over the off-line gradient method for neural
networks.

Table 6 Results of the online gradient method for the
3-bit classification problem

Range of
Average error

Average
initial weights success rate (%)

[−0.005, 0.005] 1.0698 50.00
[−0.04, 0.04] 1.1245 50.00
[−0.06, 0.06] 1.0425 60.00
[−0.1, 0.1] 0.9461 72.50
[−0.5, 0.5] 0.5615 95.00
[−0.8, 0.8] 0.4934 91.25
[−2, 2] 0.4951 88.75
[−5, 5] 0.9742 76.25
[−8, 8] 1.0262 73.75

[−10, 10] 1.4650 60.00

Table 7 is for a three-layer BP neural net-
work based on the gradient descent method in batch
mode to accomplish the continuous XOR classifica-

tion task, with the transfer function g(x) = tanhx =

(eβx− e−βx)/(eβx+ e−βx) satisfying g(0) = 0, which
is the condition in Theorem 3. We let the numbers
of samples of the two classes (with ideal outputs −1

and 1, respectively) be 200 and 150, respectively.
Thus, the conditions in Theorem 1 are not met. The
number of hidden units is 8, the learning rate is 0.01,
and the maximum number of training epochs is 5000.
Table 7 gives the average results for 10 trials. We see
that in this case, very small initial weights also lead
to slow convergence as predicted by Theorem 3.

Table 7 Results for the continuous XOR classification
problem

Range of
Average error

Average
initial weights success rate (%)

[−0.001, 0.001] 195.5337 55.31
[−0.004, 0.004] 160.4651 63.26
[−0.008, 0.008] 89.5904 82.31
[−0.02, 0.02] 68.7012 88.17
[−0.06, 0.06] 37.1312 93.40
[−0.08, 0.08] 22.0969 96.29
[−0.2, 0.2] 7.3421 99.26
[−0.8, 0.8] 4.4031 99.94
[−2, 2] 19.1917 97.83
[−5, 5] 87.6273 87.91
[−8, 8] 109.4125 84.37

5 Other error functions and transfer
functions

In this section, we try to apply our theory to a
few other commonly used error functions and trans-
fer functions for feedforward neural networks.

Consider the following error functions (Li et al.,
2001):

1. Square error function E1(w ,V ) (Eq. (6)).
2. Measure of the cross entropy

E2(w ,V ) :=

J∑
j=1

[
1

2
(1 +Oj) ln

1 +Oj

1 + g(w ·G(V ξj))

+
1

2
(1 −Oj) ln

1−Oj

1− g(w ·G(V ξj))

]
.

(20)

3. Cauchy error function

E3(w ,V ) :=

J∑
j=1

ln{1 + [Oj − g(w ·G(V ξj))]2}.

(21)
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4. Logistical error function (α > 0, β > 0)

E4(w ,V ) :=
β

α
ln{cosh[α(Oj − g(w ·G(V ξj)))]}.

(22)
5. A generalized error function (0 ≤ λ ≤ 1)

E5(w ,V ) :=

J∑
j=1

{Oj [Oj − g(w ·G(V ξj))]

+
λ

2
[g2(w ·G(V ξj)) − (Oj)2]}. (23)

6. A linear combination error function

E6(w ,V ) :=

J∑
j=1

{
1

2
[Oj − g(w ·G(V ξj))]2

+
1

20

[
(1 +Oj) ln

1 +Oj

1 + g(w ·G(V ξj))

+(1−Oj) ln
1−Oj

1− g(w ·G(V ξj))

]}
.

(24)

To evaluate the gradients of the error func-
tions with respect to weights, we first note that the
gradient Evi

(w ,V )|u=0 = 0 is obviously true (cf.
Eq. (19)). Similarly, the gradients with respect to
weight vector w for these error functions can be eas-
ily computed.

Furthermore, we list five commonly used trans-
fer functions as follows (Li et al., 2001):

1. Logistic function

g1(x) =
1

1 + e−2βx
, β > 0. (25)

2. Hyperbolic tangent function

g2(x) = tanhx =
eβx − e−βx

eβx + e−βx
, β > 0. (26)

3. Inverse tangent function

g3(x) =
2

π
arctan(βx), β > 0. (27)

4. Error function

g4(x) = erf(x) =
2√
π

∫ x

0

e−u2

du. (28)

5. Radial basis function

g5(x) = exp

(
− x2

2σ2

)
. (29)

Some important values of the five transfer func-
tions are given in Table 8, which will be used for

Table 8 Values of the transfer functions

g(−∞) g(0) g(+∞) g′(0)

g1(x) 0 0.5 1 β/2

g2(x) −1 0 1 β

g3(x) −1 0 1 2β/π

g4(x) −1 0 1 2/
√
π

g5(x) 0 1 0 0

our computation of the gradients with respect to the
weights.

In Table 9, we investigate whether our theories
can be applied to different combinations of the above
listed six error functions and five transfer functions.
Our suggestion is: do not choose very small initial
weights in the cases marked ‘Y’ or ‘S’ in the table.

Table 9 Gradients of different error functions with
respect to w at the origin

E1 E2 E3 E4 E5 E6

g1 Y(ii) N Y(ii) N S(iii) N
g2 Y(ii) S(iii) Y(ii) S(iii) S(iii) S(iii)
g3 Y(ii) S(iii) Y(ii) S(iii) S(iii) S(iii)
g4 Y(ii) S(iii) Y(ii) S(iii) S(iii) S(iii)
g5 Y(i or ii) Y(i) Y(i) Y(i) Y(i) Y(i)

E1–E6: error functions; g1–g5: transfer functions. Y (resp.
N): the corresponding gradient of the error function with
respect to w is (resp. is not) 0; S: the gradient of the error
function with respect to w̃ is 0 except for the bias b. ‘(i)’
and ‘(ii)’ correspond to Conditions (i) and (ii) in Theorem 1
respectively, and ‘(iii)’ stands for the condition g(0) = 0 in
Theorem 3

6 Conclusions

It is a well-known and widely adopted strategy
that in the network training of feedforward neural
networks, the initial weights are chosen to be small
in magnitude in order to prevent premature satura-
tion in the training procedure. However, this pa-
per points out that in some cases, very small initial
weights may be ineffective in that they result in slow
convergence in the beginning of the training proce-
dure. Our results suggest that, in these cases, the
initial values of the weights should be neither too
large, nor too small. For instance, a typical range
for choosing the initial weights might be something
like (−0.4,−0.1) ∪ (0.1, 0.4), rather than (−0.1, 0.1)

as suggested by the usual strategy. Numerical ex-
periments are carried out to support our theoretical
findings.

First, we reveal that the gradient of the square



592 Liu et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2012 13(8):585-592

error function will be 0 if the transfer function g(x)

satisfies at x = 0 one of the two conditions: (i)
g′(0) = 0, for either the batch or online BP gra-
dient method; (ii) The batch BP gradient method
is applied, and the network is used to solve a clas-
sification problem such that the numbers of the
two classes of training samples are equal and that
g(0) = (O+ + O−)/2, where O+ and O− are the
target outputs for the two classes, respectively.

Second, if the transfer function satisfies (iii)
g(0) = 0, then for both the batch and online BP
gradient methods, the gradient of the square error
function is 0, except that the partial derivative with
respect to the bias b of the output neuron might not
be zero.

Our conclusion for these cases is drawn through
the following argument: small values of the weights
→ small values of the gradients → slow convergence.

A few commonly used transfer functions and
error functions are investigated. Our theory can
be extended to most combinations of these transfer
functions and error functions.
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