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Abstract: With the help of relative entropy theory, norm theory, and bootstrap methodology, a new hypothesis testing method is
proposed to verify reliability with a three-parameter Weibull distribution. Based on the relative difference information of the
experimental value vector to the theoretical value vector of reliability, six criteria of the minimum weighted relative entropy norm
are established to extract the optimal information vector of the Weibull parameters in the reliability experiment of product lifetime.
The rejection region used in the hypothesis testing is deduced via the area of intersection set of the estimated truth-value function
and its confidence interval function of the three-parameter Weibull distribution. The case studies of simulation lifetime, helicopter
component failure, and ceramic material failure indicate that the proposed method is able to reflect the practical situation of the
reliability experiment.
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1 Introduction So far, the primary concern is to evaluate the

For many products, such as spacecraft, airplanes,
bullet trains, nuclear reactors, and submarines, relia-
bility is regarded as an important indicator for their
safe and stable operation (Johnson, 1970; Pierce et al.,
2011; Tan et al., 2011; Chatterjee and Bandopadhyay,
2012; Lee and Pan, 2012; Li et al., 2012; Niestony et
al., 2012; Prawoto and Dillon, 2012; Zhang et al.,
2012). In reliability tests and analyses, a three-
parameter Weibull distribution has been widely used
in scientific studies and engineering practices (Jiang
and Zuo, 1999; Deng et al., 2004; Zhao et al., 2010;
Abbasi et al., 2011; Bartkute-Norkuniene and Saka-
lauskas, 2011; El-Adll, 2011; Toasa Caiza and Um-
menhofer, 2011; Qian, 2012).
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Weibull parameters, and many good results have been
achieved. The main research methods include the
fitting method (Kaplan and Meier, 1958; Johnson,
1970; Nelson, 1990; Duffy et al., 1993; Luxhoj and
Shyur, 1995), the variable neighborhood search and
simulated annealing method (Abbasi ef al., 2011), the
random number method (EI-Adll, 2011), the maxi-
mum likelihood method (Harris, 1991; Jiang and Zuo,
1999; Qian, 2012), and the moment and probability
weighted moment method (Deng et al., 2004; Zhao et
al., 2010; Bartkute-Norkuniene and Sakalauskas,
2011; Toasa Caiza and Ummenhofer, 2011; Shafiee-
zadeh and Ellingwood, 2012).

From a standpoint of uncertainty theory, the re-
sult of the reliability experiment generally contains
uncertainties, based on the fact that many complex
and variable factors appear in life tests, and may
therefore be distorted, resulting in hidden dangers.
Thus, hypothesis testing for reliability becomes a new



144 Xia et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2013 14(2):143-154

issue (Ennis and Ennis, 2010; Xia and Chen, 2011).

Hypothesis testing is a method for determining
the probability of an observed event that occurs only
by chance. From the viewpoint of statistics, the result
of the reliability experiment should be assured via
hypothesis testing. However, it is customary to con-
sider that a result is true after validation by a single
experiment. This, in fact, initially assumes a null
hypothesis to be true. According to statistical theory,
if this null hypothesis is not tested, it is possible to
accept a statement that is false. Accordingly, it is
vitally important to take hypothesis testing into ac-
count (Xia and Chen, 2011).

At present, hypothesis testing relies on a statistic
that can be used for testing of standard deviations for
parameters, statistical evidence and sample size, and
two different discrete populations. Its theoretical bases
are fuzzy set theory (Xia and Chen, 2011), Hellinger
distance method (Basu et al., 2010), chaos theory
(Kula and Apaydin, 2009), regression method (Ko-
nishi and Nishiyama, 2009), bootstrap methodology
(Martin, 2007), and Bayesian theory (de Santis, 2004).

Hypothesis testing as an arbitration policy finds
its position of strength in testing the probability dis-
tribution and its numerical characteristic of events,
but it does not involve a final verification of the un-
certainty of the reliability experiment. This is because
the statistic that depicts the uncertainty of the relia-
bility function can hardly be obtained only by the
current methods. For this reason, by means of fusing
the minimum weighted relative entropy norm and the
bootstrap, and with the help of defining the intersec-
tion set of the estimated truth-value function and its
confidence interval function of the three-parameter
Weibull distribution, a new hypothesis testing method
is proposed to verify the reliability with the three-
parameter Weibull distribution. The case studies of
simulation lifetime, helicopter component failure, and
ceramic material failure are carried out to prove the
viability and effectiveness of the proposed method.

2 Concept of weighted relative entropy norm

2.1 Theoretical and experimental value vectors of
reliability

The three-parameter Weibull distribution is
given by

p-1 s
f(t; 77’ ﬁ’ T) :E(ZL__TJ eXP _(I__T] 5
n\n n (D

t27>0, >0, >0,
where f(#; 7, B, 7) is the three-parameter Weibull dis-
tribution, ¢ is a stochastic variable of the lifetime,
(n, B, t) are the Weibull parameters, # is the scale
parameter,  is the shape parameter, and 7 is the loca-
tion parameter.

The reliability function with the three-parameter
Weibull distribution can be expressed as

B
R@n, Bor)=1=[" [, B, r)dt=exp[—[t‘TTJ J

where R(t; 7, S, 7) is the reliability function with the
three-parameter Weibull distribution.

For many products in engineering practice, the
value of the Weibull parameter is unknown and needs
to be found with the help of test evaluation. To this
end, a lifetime experiment must be conducted. As-
sume that the lifetime data of a product are obtained
by life tests as follows:

T=1{},

; <, <.2t, i=L2,..,n, (3)
where T is the lifetime data vector, #; is the ith lifetime
datum in 7, i is the sequence number of #;, and » is the
number of the data in 7.

The lifetime data in 7 are substituted into Eq. (2),
and the theoretical value of the reliability can be
calculated by

R, ={R(t;1, B, 1)}, “4)

where R(; 1, B, 7) is the theoretical value of the re-
liability and R, is the theoretical value vector of the
reliability.

Under the condition of unknown Weibull para-
meters, Johnson (1970)’s and Nelson (1990)’s me-
thods can be employed to make a nonparametric es-
timation for the empirical values of the reliability:

R ={r(t)}, (6))
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where 7(%) is the ith empirical value of the reliability
and R, is the empirical value vector of the reliability.

According to Johnson (1970)’s and Nelson
(1990)’s methods, the empirical value of the reliabil-
ity can be expressed as an expectation (Eq. (6a)) and a
median (Eq. (6b)), resepctively:

) =1-—

, i=1,2,...,n,

(62)

n+l
i—03

r(t)=1- .
@) n+0.4

(6b)

In reliability evaluation, the empirical value r(¢,)
in R can be considered as the experimental value of
the reliability due to its corresponding to and de-
pending on the lifetime datum ¢ in 7, and R; can
accordingly be called the experimental value vector
of the reliability.

According to Harris (1991) and Jiang and Zuo
(1999), the difference between results obtained by
Johnson (1970)’s method and Nelson (1990)’s me-
thod is very small if #»>8. In engineering practice,
such as reliability analysis of mechanical products,
Nelson (1990)’s method is in common use.

Now, two vectors Ry and R; are obtained, which
are the theoretical and the experimental value vectors,
respectively. Under the given criterion, they can be
used for the estimation of three Weibull parameters
and their confidence intervals by means of the
weighted relative entropy norm and bootstrap.

2.2 Definition and property of weighted relative
entropy norm

Definition 1 The relative difference information of
R to Ry is defined as
}, (7

where 7(t;)) and R(¢; #, p, t) are from R; and R,,
respectively.

The relative difference information L is, in fact,
the relative entropy vectors of R, to Ry. According to
relative entropy theory (Woodbury and Ulrych, 1998;
Woodbury, 2004), the smaller is the relative differ-
ence information of R; to Ry, the smaller is the norm
of L.

r(t)

In——2
R(t;n, B,7)

L =L(R0’ Rl)z{r(ti)

Definition 2 The weight vector is defined as

o=0(R,,R)= {R(t;;m, P, r)r(ti)}.
1R, (LI R ]

@®)

In fact, the weight vector @ is the cosine of angle
between R(t; n, p, t) and 7(t;). According to vector
theory, the smaller is the difference between the di-
rections of the corresponding elements of Ry and R,
the larger is the norm of w.

If the equal weight is regarded, @ becomes a unit
vector of size n.

Definition 3 The weighted relative entropy norm is
defined as

N(n,B,7) =||wL

)

[7’

where p=1, 2, and o, which correspond to 1-norm,
2-norm, and co-norm, respectively.

It can be seen from Egs. (7)—(9) that the smaller
is the difference between the directions of the cor-
responding elements of Ry and R, the larger is the
weight of L. Therefore, a smaller weighted relative
entropy norm N(y, f, t) indicates smaller relative
difference information of R; to R,. Two properties of
the weighted relative entropy norm can then be in-
ferred below:

Property 1 It is obvious from Definitions 1-3 that
the smaller is the value of N(#, B, 7), the smaller is the
relative difference information of R; to R,.

Property 2 It is obvious from Definitions 1-3 that
N(n, B, ©) is approaching zero if R, is approaching R,.

3 Theorem and proof of minimum weighted
relative entropy norm

Theorem 1 Given R, along with ¢; (=1, 2, ..., n), a
theoretical function vector R, along with a continuous
variable ¢ is adopted to fit to R, by N(#, f, 7), an op-
timal estimation (#opt, Sopt> Topt) Of (77, B, T) makes N(,
[, 7) the minimum. This is the theorem of the mini-
mum weighted relative entropy norm, which is ex-
pressed as

(10)

Nom (nom > ﬂow ’ T"Pt) - ('I/Tlﬂ’ig)”wll”” '
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Proof Let Ry={R(t; n, f, 7)}. When (7, B, ©)=(ops>
Bopt Topt) and {R(%; 1, B, D}={R(% Nopts Popts Topt) >
Nopt(Hopts Popts Topt)<N(#, B, 7) for all (, f, 7). Therefore,
(Wopt> Popt> Topt) satisfying Eq. (10) is an optimal esti-
mation for (3, S, 7).

Theorem 1 means that the estimated value (#op,
Popt> Topt) Obtained by the minimum weighted relative
entropy norm can assure the least relative difference
information of R; to Ry. This can lay the foundation
for establishing the criterion that is used for an ex-
traction of the optimal information of the Weibull
parameters.

4 Criteria of minimum weighted relative en-
tropy norm

With the help of Definition 3 and Theorem 1, six
criteria of the minimum weighted relative entropy
norm can be established to extract the optimal in-
formation of the Weibull parameters.

Criterion 1  This is the minimum 1-norm criterion
that is formulated as

N1(7719181>r1):(?ﬁig)”1‘”1’ (1)

Criterion 1 means that an optimal estimation
(11, p1, 1) for (7, B, v) makes the 1-norm of the rela-
tive difference information of R; to Ry minimum.

The estimated value (7, B, 71) obtained by the
minimum 1-norm criterion can assure that the sum of
the absolute values of the relative difference infor-
mation between the corresponding elements of Ry and
R, takes the minimum. This reveals the overall con-
sistency of the information of Ry and R, in the nu-
merical values on the n-dimensional vector space.
Criterion 2  This is the minimum 2-norm criterion
that is formulated as

Nz (772a ﬁza 72) = (,I]nﬂui)”L"z . (12)

Criterion 2 means that an optimal estimation
(112, P2, 12) for (7, B, v) makes the 2-norm of the rela-
tive difference information of R, to Ry minimum.

The estimated value (72, f2, 72) obtained by the
minimum 2-norm criterion can assure that the sum of
the squared difference information between the cor-

responding elements of Ry and R, takes the minimum.
This reveals the overall consistency of the information
of Ry and R, in the distances on the n-dimensional
vector space.

Criterion 3  This is the minimum co-norm criterion
that is formulated as

Ny (n5, By, 75) = min [L] . (13)

Criterion 3 means that an optimal estimation (#3,
b3, 13) for (, B, t) makes the co-norm of the relative
difference information of R to Ry minimum.

The estimated value (73, f3, 73) obtained by the
minimum co-norm criterion can assure that the largest
relative difference information between the corres-
ponding elements of Ry, and R; takes the minimum.
This reveals the consistency of the largest relative
difference information of R; to R, in the numerical
values on the n-dimensional vector space.

Criterion 4 This is the minimum weighted 1-norm
criterion that is formulated as

N,(n,, B,,7,) = (,fflﬁif})||wL||1 : (14)

Criterion 4 means that an optimal estimation (74,
P, 14) for (y, B, v) makes the weighted 1-norm of the
relative difference information of R; to Ry minimum.

The estimated value (74, B4, 74) obtained by the
minimum weighted 1-norm criterion can assure that
the sum of the weighted absolute values of the relative
difference information between the corresponding
elements of Ry and R, takes the minimum. This re-
veals the overall consistency of the information of Ry
and R; in the directional weighted numerical values
on the n-dimensional vector space.
Criterion 5 This is the minimum weighted 2-norm
criterion that is formulated as

N (15, B> 75) = min oL, (15)

Criterion 5 means that an optimal estimation
(ns, Ps, 75) for (y, B, ) makes the weighted 2-norm of
the relative difference information of R; to Ry
minimum.

The estimated value (75, fs, 75) obtained by the
minimum weighted 2-norm criterion can assure that
the sum of the weighted squared difference informa-
tion between the corresponding elements of Ry and R,
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takes the minimum. This reveals the overall consis-
tency of the information of Ry and R; in the direc-
tional weighted distances on the n-dimensional vector
space.

Criterion 6 This is the minimum weighted co-norm
criterion that is formulated as

N (6, By» T5) = (rfzn/}ri)"wll”w . (16)

Criterion 6 means that an optimal estimation (7,
Bs, 16) for (1, B, t) makes the weighted co-norm of the
relative difference information of R; to Ry minimum.

The estimated value (76, B, 76) Obtained by the
minimum weighted co-norm criterion can assure that
the largest weighted relative difference information
between the corresponding elements of Ry and R,
takes the minimum. This reveals the consistency of
the largest relative difference information of R, to R,
in the directional weighted numerical values on the
n-dimensional vector space.

Multiple criteria are used because different re-
sults reveal different natures of the studied product
reliability (Xia, 2012). That is to say, the larger is the
number of the criteria, the more useful is the infor-
mation. This is beneficial in subsequently establish-
ing the probability density function of the Weibull
parameter. In addition, only the aforementioned six
norms can be employed at present owing to the li-
mited number of mathematical methods (Feng et al.,
2012). Therefore, the six norm criteria are selected.
According to norm theory, each of these results can be
regarded as one datum that is an estimate for the real
value of the Weibull parameters (y, £, 7). It follows
that the optimal information of the Weibull parame-
ters (7, B, 7) is extracted.

5 Optimal information vector of the Weibull
parameters

To facilitate the description, 7, £, and 7 are noted
by 6.

Using the six criteria in Section 4, the optimal
information vector of the Weibull parameter 6 can be
obtained as
m=1, 2, ..., 6,

0=10,} (17)

where @ stands for the optimal information vector of 4,
0, is the mth estimated value solved by the mth cri-
terion, and m is the mth criterion.

According to Bayesian statistics (Lee and Pan,
2012; de Santis, 2004), the Weibull parameter € can
be regarded as a stochastic variable with a probability
distribution. As previously mentioned, the data in &
are the optimal estimate for 6 and reflect the useful
information of different sides of §. Thus, the proba-
bility distribution of the Weibull parameter & can be
evaluated by 6.

6 Assessment of three-parameter Weibull
distribution

The estimated truth-value function and its con-
fidence interval function of the three-parameter
Weibull distribution must be established to conduct
the hypothesis testing for reliability. This needs to
estimate the probability density function, the esti-
mated truth-value, and the confidence interval of 6.

6.1 Estimation of the probability density function
of Weibull parameters

According to the classical statistical theory, large
amounts of data must be obtained to estimate the
probability density function of §. Unfortunately, the
amount of the parameter data in @ is too small due to
the limited number of criteria in norm theory. To ad-
dress the problem, the bootstrap (Efron, 1979; Xia,
2012) can be employed. The bootstrap is one of the
prevalent methods for generation of many data and
imitation of an unknown probability distribution even
with little data. According to Xia (2012), the steps to
apply the bootstrap are as follows:

1. Let constant B=100000, and variable b=1,
where B is the number of the resampling samples and
b is the bth equiprobable resampling.

2. Let one datum be drawn by an equiprobable
resampling with replacement from 6.

3. Repeat step 2 six times, so that six data can be
sampled.

4. Calculate the mean 6(b) of the six data, which
is considered as one of the data in the generated in-
formation vector @ of 6.

5.Add 1tob.

6. If b>B, go to step 7; otherwise, go to step 2.
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7. Let the generated information vector be of size
B=100000, so that many generated parameter data are
obtained.

According to the bootstrap, an equiprobable re-
sampling with replacement from @ is implemented,
and a large amount of the generated parameter data
can then be gained as follows:

0 = {0(b)} ={%i€b(m)}, b=1,2,.,B, (18)

where b is the bth equiprobable resampling with re-
placement from 6, 6;(m) is the mth datum obtained in
the bth resampling, and () is the mean of the six
data obtained in the bth resampling.

From Eq. (18), using the histogram method in
statistical theory, the probability density function of &
is obtained as

@ =p(0). (19)

6.2 Estimated truth-value and its confidence in-
terval of Weibull parameters

The estimated truth-value of @ is defined as

Ornax
6=, Ow(0)0. (20)

where 6, is the estimated truth-value of 8, viz., the
estimated truth-value (70, Bo, 7o) of (4, B, 7), and Oy,
and O,y are the lower limit and the upper limit of the
integral interval of 6, respectively.

Letting the significance level a€[0, 1], the con-
fidence level P is given by

P=(1-a)x100%. 21

In the hypothesis testing for reliability, the proposed
significance level is 0.1.

Under the condition of the confidence level P,
the lower bound ;. and the upper bound 6y of € can be

worked out by the integral of ¢(6). The integral equ-
ations are as follows:

(22)

1-5=L.

The estimated truth-value (%o, So, 70) of (1, S, 7)
can be obtained from Eq. (20) and the confidence

interval ([n71, nul, [Bu, Bul, [t, 7u]) of (10, Bo, 0) can
be obtained from Eqs. (22) and (23).

P(0)d6. (23)

6.3 Estimated truth-value function and confi-
dence interval function of three-parameter Wei-
bull distribution

Letting (, B, ©)=(70, Po, 7o), then the estimated
truth-value function fo(r) of the three-parameter
Weibull distribution is gained from Eq. (1) as follows:

f (t) = &(ﬂ]ﬂo_l exp _(l -7 ]ﬁu
’ Mo\ o un ’ (24)

t27,>0, f,>0, n,>0.

The confidence interval function of the three-
parameter Weibull distribution includes the lower
bound function fi(#) and the upper bound function
fu(®), which are respectively defined as

f@=minf;@), (<10, 7=12,...8, (25)
fo@®)=max f;(t), f,() = f,(1), j=1,2,...,8,  (26)
where
Bl
_ﬁ t—7, t—rL
fl(t)_UL( U ] ( ] (27)
tzr, 20, g >0, i, >0,
Br-1
_Bft-Ty Z—TU
fzm_m( n j { J 28)
tzry 27 20,
ﬂU
o t—1,
S0 m( nLJ . [ ] 29)
(27,20, f,2 f.
Pu-1
=& t—7y t—TU
S0 m( n ] exp{ J (30)

tzry 27 20,
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£ =i(—t_“ TLI exp —(t_TL jﬂL
i v\ My My , (31

My 21y,

[, = ﬁ(—t —Tu jﬂL_l exp —(—t —Tu JﬁL
’ oL no ) | (32
tz2r; 21 20,
Bu-1 Bu
Bult—-7 t—1
fo=2 5 expl | S|
! U 77U ’7U (33)

tz7 20,

f(t):&(t_TUJﬂulexp _[Z‘—Tujﬂu
o no) ) G4

tz2r; 27 20.

Consider that fy(?), f1.(¢), and fi,(¢) as three sets of
the continuous variable ¢. Then hypothesis testing for
reliability with the three-parameter Weibull distribu-
tion can easily be implemented.

7 Hypothesis testing for reliability with
three-parameter Weibull distribution

Definition 4 Define the intersection set A (¢) of fo(?)
and f (¢) as
A O =f,)N 1), te, (35)
where Q is the feasible region of ¢.
According to Definition 4, the abscissa value 7o

of the intersection point of fy(7) and f{ (¢) as two curves
satisfies

fo(tOL)=fL(tOL)- (36)
The area ar of 41 is marked by
a, =area(4, (1)), a,[0,1]. (37)

The area ay is a probability, at which f{ () is ap-
proaching fo(?).
Definition 5 Define the intersection set Ay(7) of f(7)
and fy(7) as

Ay ()= o) [y (D), 1€E, (38)

where = is the feasible region of ¢.

According to Definition 5, the abscissa value #y
of the intersection point of fo(¢) and f{;(¢) as two curves
satisfies

Jotow) = futoy)- (39)
The area ay of Ay is marked by
ay =area(4,(t)), a,<[0,1]. (40)

The area ay is a probability, at which fi(¢) is
approaching f(?).
Property 3  From the point of view of reliability
theory, because the value and trend of R, are charac-
terized by fy(¢) and the uncertainty and trend of R are
characterized by f(f) and fi(¢), Definitions 4 and 5
show that the mean of the two areas a; and ay
(0.5(artay)) is a probability at which R; is ap-
proaching R,. When the mean of a; and ay takes a
value 1, the probability of R, approaching R is 100%,
which reveals that R, is just the same as R;. When the
mean of a; and ay takes a value 0, the probability of
R, approaching R, is 0%, which reveals that R; is
totally different from R,.
Definition 6 Define the null hypothesis H, and the
alternative hypothesis H, as follows:

Hy: Ri=R,,
Hl: RﬁER().

(41)
(42)

The null hypothesis H indicates that the relative
difference information of R; to R, is very small and
R, does not significantly deviate from Ry.

Theorem 2  Given a significance level a, the rejec-
tion region for the null hypothesis Hj is
0.5(a, +ay)<1-0.5a. (43)

The rejection region is along with the confidence

level P.
Proof This is a two-sided test according to Defini-
tion 6. The probability that the event R,=R, occurs is
0.5(ar+ay) according to Definitions 4 and 5 and
Property 3. For a small probability event, the proba-
bility that the event R;=R, cannot occur is
1-0.5(aL+ay) according to the principle of the small
probability event. The condition of the small



150 Xia et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2013 14(2):143-154

probability event can hence be given by
1-0.5(a +ay)>k,

where k is a very small real number. Consequently,
0.5(ar+ay)<1—k. Considering « as the threshold value
of the probability at which the small probability event
may occur (viz., k=0.5a for the two-sided test), the
inequality 0.5(ar+ay)<1-0.5a is attested.

In terms of Definition 6 and Theorem 2, if the
mean of a;. and ay satisfies the rejection region, Hj is
rejected, indicating that at the confidence level P, the
relative difference information of R; to Ry is signifi-
cant; or else, Hy is not rejected, indicating that at the
confidence level P, the relative difference information
of R, to Ry is not significant.

8 Procedures of the hypothesis testing
method

The procedures of the hypothesis testing method
proposed are summarized as follows:

1. Conduct a lifetime experiment and obtain the
lifetime data vector.

2. Find the optimal information vector of the
Weibull parameter by six criteria based on the lifetime
data vector.

3. Obtain the generated information vector of the
Weibull parameters with the bootstrap based on the
optimal information vector.

4. Establish the probability density function of
the Weibull parameters via the histogram method
based on the generated information vector.

5. Evaluate the estimated truth-value and its
confidence interval of Weibull parameters.

6. Structure the estimated truth-value function
and its confidence interval function of the three-
parameter Weibull distribution.

7. Conduct hypothesis testing for the reliability
with the three-parameter Weibull distribution based
on the rejection region relied on the area of the in-
tersection set.

9 Case study and discussion
9.1 Simulation case

Let (1, S, ©)=(30, 2.5, 10) be the truth-value.

Then the three-parameter Weibull distribution is si-
mulated by a computer system and the lifetime data (d)
are obtained as (n=9)

T=(22.1953, 26.4647, 29.8623, 32.9314, 35.9090,
38.9691, 42.3123, 46.2903, 51.8801).

In this case, the truth is that no difference in-
formation exists between the theoretical value vector
R, and experimental value vector R;. The aim of this
case is to prove that this is true, with the help of the
hypothesis testing method proposed.

Test 1: Hy: Ri=R, vs. H: R\#R,.

Let a=0.1, and then P=90%. The results obtained
using the method proposed are shown in Table 1 and
Figs. 1 and 2.

Table 1 Estimated truth-value of Weibull parameters
in a simulation case

Weibull Estimated Relative
Truth-value
parameter truth-value error (%)
n 30.1387 30 0.46
B 2.5218 2.5 0.87
T 9.8418 10 1.58
1.0
0.8}
2 0.6f
=
=
& o4}
0.2F
0 . .

0 10 20 30 40 50 60 70 &0
Lifetime (d)

Fig. 1 Theoretical and experimental value vectors of
reliability in a simulation case

0.035
0.030
0.025
0.020
0.015
0.010

0.005

00 20 40 60 80 100
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Fig. 2 Estimated truth-value function fy(¢), lower bound
function f(7), and upper bound function fy(?) in a si-
mulation case
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Table 1 presents the estimated truth-value
(170, Po, 7o) of the Weibull parameters (7, 5, 7). It can be
seen that the relative errors of the estimated results of
the three Weibull parameters are very small. This
indicates that the method proposed is effective and
reliable.

Fig. 1 shows the results of Ry and R;. Obviously,
R, is almost coincident with Ry.

Fig. 2 shows the results of the estimated truth-
value function f(f), the lower bound function f(¢),
and the upper bound function fi;(¢). The abscissa value
of the intersection point of fy(f) and fi(¢f) is
tor=40.0718, and the area of the intersection set 4y (¢)
of fo(¢) and fL(?) is a;=0.9887. The abscissa value of
the intersection point of fo(¢) and fi(¢) is touy=33.6633,
and the area of the intersection set Ay(¢) of fo(¢) and
fU(I) is ay=0.9914.

It is easy to see that 0.5(ap+ay)=0.99>1-0.5a
=0.95; that is, the mean of a; and ay does not satisfy
the rejection region. The hypothesis H, can accor-
dingly be accepted. The conclusion is that at the 90%
confidence level, the relative difference information
of R, to Ry is not significant. This is true as stated in
the beginning of this case.

In this case, if 0=0.05 is considered, the related
results are as follows:

P=95%, a1=0.9876, ay=0.9901,
0.5(ar+ay)=0.989>1-0.50=0.975.

The mean of a and ay does not satisfy the re-
jection region. The hypothesis H, can accordingly be
accepted. The conclusion is that at the 95% confi-
dence level, the relative difference information of R,
to Ry is not significant. The conclusion is the same as
above (¢=0.1), although the significance is increased.
This is true as stated in the beginning of this case.

To test the robustness of the proposed method, a
Gaussian noise, N(0, 0.22), viz., with mean of 0 and
standard deviation of 0.2, is added to 7. The results of
the estimated truth-value are presented in Table 2. It
can be seen that the relative errors of the estimated
results of the three Weibull parameters are still very
small, showing that the proposed method is robust.

In this case by adding the noise term, if «=0.05 is
considered, the related results are as follows:

P=95%, a;=0.9877, ay=0.9906,
0.5(aL+ay)=0.989>1-0.5¢=0.975.

Table 2 Estimated truth-value of Weibull parameters
in a simulation case with Gaussian noise

Weibull Estimated Relative
Truth-value
parameter  truth-value error (%)
n 30.41634 30 1.39
p 2.54684 2.5 1.87
T 9.60825 10 3.92

The mean of a and ay does not satisfy the re-
jection region. The hypothesis H, can accordingly be
accepted. The conclusion is that at the 95% confi-
dence level, the relative difference information of R,
to Ry is not significant. The conclusion is the same as
above (a=0.1), although the significance is increased
and the noise term is added. This is true as stated in
the beginning of this case.

9.2 Helicopter component case

In failure analysis, the lifetime data (h) of a
helicopter component are obtained as follows (n=13)
(Luxhoj and Shyur, 1995):

T=(156.5, 213.4, 265.7, 265.7, 337.7, 337.7, 406 .3,
573.5,573.5, 644.6, 744.8, 774.8, 1023.6).

The aim in this case is to test whether the life-
time data deviate from the three-parameter Weibull
distribution.

Test 2: Hy: Ri=R, vs. H: R\#R,.

Let a=0.1, and then P=90%. The results obtained
using the method proposed are shown in Figs. 3 and 4.

Fig. 3 shows the results of Ry and R;. Obviously,
although R, has a similar trend to Ry, its uncertainty
and fluctuation relative to R are large.

Fig. 4 shows the results of the estimated truth-
value function fy(7), the lower bound function f(7),
and the upper bound function f{;(¢). The abscissa value
of the intersection point of fy(f) and fi(¢) is
to.=449.162, and the area of the intersection set Ay ()
of fo(¢) and fi(¢) is @.=0.9336. The abscissa value of
the intersection point of fy(¢) and fi,(?) is toy=372.4257,
and the area of the intersection set Ay(#) of fo(¢) and f(7)
is ay=0.9475.

It is easy to see that 0.5(ap+ay)=0.94<1-0.5a
=0.95; that is, the mean of a; and ay satisfies the
rejection region. The hypothesis Hy can accordingly
be rejected. The conclusion is that at the 90% confi-
dence level, the relative difference information of R,
to Ry is significant and the lifetime data tested deviate
from the three-parameter Weibull distribution.
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Fig. 4 Estimated truth-value function fy(7), lower
bound function f; (¥), and upper bound function f(?) in
a helicopter component case

9.3 Ceramic material case

In life tests, Duffy et al. (1993) obtained the
lifetime data (h) of aluminum oxide ceramics, as
follows (n=35):

T=(307, 308, 322, 328, 328, 329, 331, 332, 335, 337,
343, 345, 347, 350, 352, 353, 355, 356, 357, 364,
371, 373, 374, 375, 376, 376, 381, 385, 388, 395,
402, 411, 413, 415, 456).

Suppose the failure lifetime of aluminum oxide
ceramics is of the three-parameter Weibull distribu-
tion. The aim of this case is to test whether the result
of the lifetime experiment is credible.

Test 3: Hy: Ri=R, vs. H;: Ri#R,.

Let a=0.1, and then P=90%. The results obtained
using the method proposed are shown in Figs. 5 and 6.

Fig. 5 shows the results of Ry and R;. Obviously,
R, has a similar trend to R, and its uncertainty and
fluctuation relative to R, are also very small.
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o
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Fig. 5 Theoretical and experimental value vectors of
reliability in a ceramic material case

Fig. 6 shows the results of the estimated truth-
value function fy(¢), the lower bound function f(7),
and the upper bound function fy(¢). The abscissa value
of the intersection point of fy(f) and fi(¢) is
to1=376.520, and the area of the intersection set Ay (?)
of fo(?) and fi(¢) is @a1=0.9534. The abscissa value of
the intersection point of fy(¢) and fy(?) is £ou=350.138,
and the area of the intersection set Ay(z) of fy(¢) and
Ju(?) is ay=0.9601.
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Fig. 6 Estimated truth-value function fy(#), lower bound
function fi(f), and upper bound function fy(¢) in a ce-
ramic material case

It is easy to see that 0.5(ar+ay)=0.957>1-0.5a
=0.95; that is, the mean of a; and ay does not satisfy
the rejection region. The hypothesis H, can accor-
dingly be accepted. The conclusion is that at the 90%
confidence level, the relative difference information
of R, to Ry is not significant and the result of the
lifetime experiment tested is credible.

In this case, if a=0.05 is considered, the related
results are as follows:

P=95%, a;=0.9336, ay=0.9475,
0.5(aL+ay)=0.941<1-0.56=0.975.
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The mean of a; and ay satisfies the rejection re-
gion. The hypothesis Hy can accordingly be rejected.
The conclusion is that at the 95% confidence level,
the relative difference information of R, to Ry is sig-
nificant and the result of the lifetime experiment
tested is not credible. The conclusion is not the same
as above (0=0.1), as the significance is increased. As
shown in Fig. 5, although the uncertainty and fluctu-
ation of R, relative to Ry are very small, it is still
identified due to higher significance.

From the three cases above, the method pro-
posed is good at testing of hypothesis for the reliabil-
ity with the three-parameter Weibull distribution as its
results reflect the practical situation of lifetime
experiments.

The mechanism of the proposed method lies in
the discovery of the optimal information vector of the
Weibull parameters by six criteria based on the rela-
tive difference information of the experimental value
vector to the theoretical function vector. On this
ground, the estimated truth-value function and its
confidence interval function of the three-parameter
Weibull distribution are established with the bootstrap,
and the rejection region used in hypothesis testing is
demarcated via the area of the intersection set of the
estimated truth-value function and its confidence
interval function of the three-parameter Weibull
distribution.

10 Conclusions

The proposed criteria of the minimum weighted
relative entropy norm are based on the relative dif-
ference information of the experimental value vector
to the theoretical value vector of the reliability, and
can be used for extraction of the optimal information
vector of the parameters of the three-parameter
Weibull distribution in the reliability experiment of a
product lifetime.

The proposed rejection region is able to make the
hypothesis testing for the reliability experiment via
the area of the intersection set of the estimated
truth-value function and its confidence interval func-
tion of the three-parameter Weibull distribution.

The case studies of simulation lifetime, heli-
copter component failure, and ceramic material fail-
ure indicate that the proposed hypothesis testing me-

thod reflect the practical situation of the reliability
experiment.
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