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Abstract: An important issue involved in kernel methods is the pre-image problem. However, it is an ill-posed
problem, as the solution is usually nonexistent or not unique. In contrast to direct methods aimed at minimizing
the distance in feature space, indirect methods aimed at constructing approximate equivalent models have shown
outstanding performance. In this paper, an indirect method for solving the pre-image problem is proposed. In
the proposed algorithm, an inverse mapping process is constructed based on a novel framework that preserves
local linearity. In this framework, a local nonlinear transformation is implicitly conducted by neighborhood subspace
scaling transformation to preserve the local linearity between feature space and input space. By extending the inverse
mapping process to test samples, we can obtain pre-images in input space. The proposed method is non-iterative,
and can be used for any kernel functions. Experimental results based on image denoising using kernel principal
component analysis (PCA) show that the proposed method outperforms the state-of-the-art methods for solving the
pre-image problem.

Key words: Kernel method, Pre-image problem, Nonlinear denoising, Kernel PCA, Local linearity preserving
doi:10.1631/jzus.C1300248 Document code: A CLC number: TP391

1 Introduction

Kernel methods have been widely used in pat-
tern recognition and machine learning in recent
years. The basic idea is to implicitly map data
into a reproducing kernel Hilbert space, known as
the feature space, and then operate the data within
that space. Many algorithms using kernel meth-
ods have been proposed, such as support vector ma-
chine (SVM), support vector regression (SVR), ker-
nel principal component analysis (PCA), and ker-
nel K-means clustering. The key aspect of kernel
methods is the kernel trick. By introducing a kernel
function, data can be implicitly mapped from input
space to feature space, without the need to explicitly
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calculate the mapping. In some applications, such as
classifications using SVM, all subsequent operations
are carried out in feature space after the mapping.
However, in some other applications, such as noise
reduction, feature extraction, and kernel K-means
clustering, after performing certain operations in fea-
ture space, subsequent processing needs to be com-
pleted back in input space. In such situations, given
a point in the feature space, we need to calculate
its corresponding point in the input space. This is
known as the pre-image problem.

An informal definition of the pre-image problem
is as follows: φ defines the mapping from input space
to feature space, and Pφ(x) is some point in feature
space. The pre-image problem is to find some point
t within the input space which satisfies the following
equation:

φ(t) = Pφ(x). (1)

However, this is an ill-posed problem. The exact
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pre-image of Pφ(x) may not exist, or may not be
unique (Mika et al., 1998). Many methods, direct
and indirect, have been proposed over the years for
solving the pre-image problem. They will be dis-
cussed further in Section 2.

The pre-image problem is involved in many ker-
nel methods. A typical application is image de-
noising. The most widely used kernel method for
image denoising is kernel PCA (Bakir et al., 2003;
Gruber et al., 2006; Teixeira et al., 2008). Briefly,
training data is projected into feature space. The
clean data is considered to be in the subspace ob-
tained by PCA in feature space. After projecting
the noisy signal into the subspace, we can obtain a
clean signal in feature space. To obtain the repre-
sentation in input space, the final step is to solve
the pre-image problem. Other kernel methods have
also been used for denoising, such as support vec-
tor data description (SVDD) based denoising (Park
et al., 2007) and kernel entropy component analysis
(Jenssen, 2010). Another application is the visual-
ization of kernel-based clustering (Kwok and Tsang,
2004; Huang et al., 2011). Rathi et al. (2006) applied
the pre-image problem to statistical shape analysis.
Kim et al. (2005) used kernel PCA and a pre-image
algorithm to restore high-resolution images from low-
resolution images. Other applications include au-
tolocalization in wireless sensor networks (Honeine
and Richard, 2011b), interpolation of images of a
walking person (Arif et al., 2010), and expression
normalization (Zheng et al., 2010).

In this paper, an indirect method for solving the
pre-image problem is proposed. In our algorithm,
an inverse mapping process is constructed based on
a novel framework which preserves local linearity.
To preserve the local linearity between feature space
and input space, we perform a local nonlinear trans-
formation in input space, which is implicitly con-
ducted by neighborhood subspace scaling. With a
smoothness assumption, this transformation can be
extended from training data to test data. Thereby
an inverse mapping process for test data can be con-
structed, and the pre-image problem is solved.

The proposed algorithm has three advantages:
(1) It is non-iterative and can be calculated in a
closed form; (2) As the proposed method does not
require kernel functions to be differentiable or re-
versible, it can be applied to all kinds of kernel func-
tions; (3) The calculations are simple and the results

are outstanding.

2 Related studies

With kernel methods demonstrating outstand-
ing performance, the pre-image problem is of
widespread concern. Depending on the approach
used, pre-image algorithms can be divided into two
categories: direct methods and indirect methods. In
direct methods, the goal is to minimize expression
(2) using different optimization approaches, while
in indirect methods, approximate equivalent models
are constructed to replace the original optimization
problem.

t = argmin
t

‖φ(t)−Pφ(t)‖2. (2)

2.1 Direct methods

The pre-image problem and a solution using a
direct method were first described by Mika et al.
(1998). They used a fixed-point iteration algorithm
to solve the pre-image problem:

tk+1 =

∑n
i=1 γ̃ie

− ‖tk−xi‖2
c xi

∑n
i=1 γ̃ie

− ‖tk−xi‖2
c

. (3)

Because of the non-convexity of the optimization
problem (3), the solution of the algorithm is un-
stable, and falls easily into a local minimum. In
addition, the algorithm can be used only for RBF
kernels of the form of k(x, y) = exp(‖x−y‖2

c ).
Many improved algorithms have since emerged.

Rathi et al. (2006) calculated ‖tk−xi‖2 in Eq. (3) di-
rectly, based on the relationship between the distance
in feature space and the distance in input space, re-
sulting in a non-iterative formula. They applied the
same idea to obtain a formula given polynomial ker-
nels with odd orders. Some modern optimization
methods have been used to solve the optimization
problem (2), such as particle swarm optimization (Li
and Su, 2008) and the evolutionary strategy (Li et al.,
2011).

Inspired by Kwok and Tsang (2004), Teixeira
et al. (2008) proposed a method to determine the
initial value of Eq. (3), and thus enhance the stability
of the solution. Firstly, the nearby points of Pφ(x)
were found, and then the center of corresponding
points in input space was used as the initial value of
the algorithm (3).
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Additional regularization and constraints have
been considered for solving the pre-image problem
using direct methods. Abrahamsen and Hansen
(2011) enhanced the stability of the solution by
adding Tikhonov and Lasso regularization. Nguyen
and de la Torre (2008) added regularization functions
to the original cost function, forcing the obtained
pre-image close to the original test sample in input
space. Taking into account that in many practical
cases there exist certain actual constraints, Kallas
et al. (2013) added non-negativity constraints to the
cost function for image denoising.

Iteration is usually involved in direct methods
since the optimization problem (2) is non-convex.
This leads to a time-consuming and unstable solving
process. However, in most cases the main concern is
not the optimal solution of Eq. (2), but performance
in practical applications, measured by classification
accuracy, signal-to-noise ratio (SNR), and visualiza-
tion. Therefore, solving problem (2) is unnecessary.
Approximate equivalent models can be constructed
to calculate the pre-image more effectively.

2.2 Indirect methods

Many indirect methods have been proposed re-
cently. A priori knowledge obtained from training
samples was used to construct more effective models,
trying to solve the pre-image problem and improve
performance.

A novel approach combined with linear manifold
learning was proposed by Kwok and Tsang (2004),
where problem (2) was converted to a multidimen-
sional scaling (MDS) problem in input space. They
used the relationship between Euclidean distance in
feature space and in input space. After translat-
ing distance constraints between Pφ(x) and training
samples in feature space into those between its pre-
image t and training samples in input space, the
MDS algorithm was adopted to determine t. The
idea of constructing a model using local information
was first proposed in their paper. The key to the al-
gorithm is the distance conversion from feature space
to input space, which means that this algorithm is
not suitable for a lot of kernels, like polynomial ker-
nels with even orders and composite kernels.

Bakir et al. (2003) used kernel ridge regression
in an attempt to construct the inverse mapping pro-
cess from feature space to input space. However, this
algorithm would work only with a reasonable distri-

bution of samples. A new approach inspired by lo-
cally linear embedding (LLE) was proposed by Zheng
and Lai (2006). They assumed that the local linear-
ity of points in feature space and input space were
matched, an assumption that need not hold given
the nonlinearity of the kernel mapping. Honeine
and Richard (2011a) proposed a conformal mapping
method. They assumed there was a new set of co-
ordinate functions in feature space, such that under
that basis the dot product was invariable between
the points in feature space and the corresponding
points in input space. The inverse mapping process
could thus be constructed and they could obtain the
pre-image when a new test sample arrived. Actually,
a global linear assumption was made in this paper,
which did not hold in practice (Huang et al., 2011).

Regularization can also be added in indirect
methods. Zheng et al. (2010) added different regu-
larization functions and constraints based on Zheng
and Lai (2006). This led to an iterative solution
process.

All approaches to the pre-image problem used
indicators (like SNR or classification accuracy) to
evaluate the algorithms. It is generally accepted that
the actual performance is more important than min-
imizing the distance in feature space.

In this paper, we evaluate our proposed pre-
image algorithm in a kernel PCA denoising appli-
cation. Note that the proposed algorithm can be
extended easily to other kernel methods.

3 Kernel PCA and denoising

As the kernel extension of PCA, kernel PCA has
shown good performance in many applications. In
this section, kernel PCA and denoising are reviewed.
For a more detailed description, refer to Schölkopf
et al. (1997).

Define a d×n matrix X = {x1, x2, . . . , xn}, con-
taining n d-dimensional training samples. Kernel
PCA maps the object from input space to feature
space (usually high-dimensional space), where PCA
is applied. Matrix representation of training samples
in feature space is ΦX = {φ(x1), φ(x2), . . . , φ(xn)},
in which φ defines the mapping. Define the centered
training sample matrix in feature space ΦX. The
kth orthogonal eigenvector νk of centered covariance
matrix C = ΦXΦ

T
X can be expressed by linear com-

binations of training samples, i.e., νk = ΦXαi, in
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which the linear coefficient αi can be obtained by
singular value decomposition (SVD) on the kernel
matrix, as follows:

Define the centered kernel matrix K =

Φ
T
XΦX = HKH , in which H is the centering ma-

trix and K = ΦT
XΦX. By applying SVD on K,

U = [u1,u2, . . . ,un] and Λ = diag{λ1, λ2, . . . , λn}
satisfying K = UΛUT can be obtained. The linear
coefficient is αi = ui/

√
λi.

When a new test sample xt arrives, it is first im-
plicitly mapped to feature space by computing Kt =

[φ(xt)
Tφ(x1), φ(xt)

Tφ(x2), . . . , φ(xt)
Tφ(xn)]

T. Thus,
Pφ(xt), which is obtained by projecting φ(xt) to
the first l eigenvectors, can be represented by linear
combinations of φ(x1), φ(x2), . . . , φ(xn), as follows:

Pφ(xt) = ΦXβ, (4)

in which β = HMH(Kt − 1
nK · 1) + 1

n1 and M =
∑l

i=1 uiuT
i /λi. We consider Pφ(xt) to be the clean

signal in feature space. The last key step is to com-
pute the pre-image t in input space based on an al-
gorithm.

According to the representer theorem
(Schölkopf et al., 2001), many problems can be
written in the form of Eq. (4). Therefore, in
solving these problems we can take advantage of the
pre-image algorithm to obtain solutions in the input
space.

4 The proposed pre-image method

In this section, the proposed pre-image method
is described. Zheng and Lai (2006) borrowed the idea
from the LLE algorithm, and assumed that the lo-
cal linearity of the points in feature space and input
space was matched. However, this assumption may
not hold given the nonlinearity of the kernel map-
ping. In this study, the assumption is relaxed, and a
more general framework to retain this local linearity
is proposed. The proposed algorithm consists of two
steps. In step one, a local inverse mapping process
preserving the local linearity from feature space to
input space for training samples is established us-
ing our novel framework. In this framework, a lo-
cal nonlinear transformation is implicitly conducted
by neighborhood subspace scaling transformation to
preserve the local linearity between feature space and
input space. This intrinsically nonlinear transforma-
tion is consistent with the characteristics of the in-

verse mapping process, and results can be derived
in a much simpler fashion. In step two, this inverse
mapping process is extended to test samples to ob-
tain the pre-image under the smoothness assump-
tion. Thus, the pre-image can be calculated.

4.1 Step one: establish the local inverse map-
ping process for training samples

In step one, two tasks need to be completed:
calculating the locally linear representation (LLR)
in feature space and then constructing the local in-
verse mapping process. Calculating the LLR is sim-
ilar to the process for LLE algorithms, and may be
described as follows:

Following the definition in Section 3, for every
φ(xi) in feature space, the nearest k points φ(s1),
φ(s2), . . ., φ(sk) should first be found, where si ⊆ X.
Here, different distance metrics can be used, such as
the Euclidean distance or geodesic distance. In this
study, the Euclidean distance is used. Thus, the
distance between two points in feature space can be
shown as

d2(φ(xi), φ(xj)) = K(i, i) +K(j, j)− 2K(i, j).

After finding the nearest k points, compute the LLR
of φ(xi) as follows:

ΦSωi
∼= φ(xi) subject to ω

T
i 1 = 1,

in which ΦS = {φ(s1), φ(s2), . . . , φ(sk)} is the neigh-
borhood matrix of φ(xi), and ωi is the linear coef-
ficient determined by the neighborhood. The con-
straint ωT

i 1 = 1 ensures that the LLR is invariable
to translations, and can characterize the locally lin-
ear relationship better (Saul and Roweis, 2003).

The above problem can be expressed as the fol-
lowing constrained optimization problem:

ωi = argmin
ωi

‖φ(xi)−ΦSωi‖2,
subject to ωT

i 1 = 1. (5)

The solution to problem (5) is (Izenman, 2008)

ωi =
G−11

1TG−11
.

The matrix G in the above formula is calculated as
follows:

Gpq = (φ(xi)− φ(sp))T(φ(xi)− φ(sq))

= Kii −Kif̂(p) −Kf̂(q)i + Kf̂(p)f̂(q)

for p, q = 1, 2, . . . , k,
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in which f̂ : N �→ N maps the local indices p and q to
global indices. By solving the optimization problem
(5), we can obtain the LLR of training samples in
feature space.

To construct the local inverse mapping process,
a novel local linearity preserving framework is pro-
posed and described here. Define the neighborhood
subspace of one point as the subspace expanded by
the nearest k points of that point. Given a point xi

in input space, the local linearity from feature space
to input space can be retained by a transformation of
the neighborhood subspace. Define a d× d diagonal
scaling matrix Di, which is the scaling matrix of the
neighborhood subspace of xi. Thus, the local linear-
ity can be retained through this scaling transforma-
tion. It is expected that the inverse mapping infor-
mation is encoded in this scaling matrix. This trans-
formation is computationally linear and intrinsically
nonlinear. For point xi, define the neighborhood ma-
trix of xi in input space as Si = {s1, s2, . . . , sk}, in
which sj is the corresponding point in input space of
φ(sj). Thus, the following model is constructed:

DiSiωi = xi + εi, (6)

in which εi represents the fitness of the model. Note
that this mapping holds for all samples, including
training samples and test samples. To derive the
diagonal scaling matrix Di, we need to solve the
following optimization problem:

Di = argmin
Di

‖DiSiωi − xi‖2 + λR(Di). (7)

To prevent over-fitting and maintain the smoothness,
the regularization function R(Di) is added to the
original cost function. In this study, R(Di) = ‖Di‖22.
The solution of problem (7) is

Di(j, j) =
xi(j)Si(j, :)ωi

(Si(j, :)ωi)2 + λ
for j = 1, 2, . . . , d. (8)

4.2 Step two: extend the inverse mapping
process to test samples

In step one, the LLR of training samples is cal-
culated, and the local inverse mapping process for
training samples is constructed. In step two, we need
to calculate the LLR of test samples and construct
their local inverse mapping process.

We know that Pφ(xt) can be described by the
linear combination of φ(x1), φ(x2), . . . , φ(xn), i.e.,

Pφ(xt) = ΦXβ. Similar to step one, its nearest k

points in feature space should first be found. The
distance between Pφ(xt) and xi in feature space can
be calculated as follows:

d2(Pφ(xt), xi) = βTKβ − 2K(i, :)β +K(i, i).

Then, we need to solve an optimization problem sim-
ilar to (5), computing its locally linear coefficient ωt.
The specific formulas are not shown here since the
solution procedure is similar to that in step one.

Using model (6) we establish a local inverse
mapping process for training samples. However, the
mapping process for test samples cannot be con-
structed directly using this model. In this step, ac-
cording to the smoothness assumption, the neigh-
borhood subspace scaling transformation can be ex-
tended smoothly to test samples. Here, the smooth-
ness assumption means that the scaling matrix of one
neighborhood subspace can be obtained by averag-
ing the scaling matrices of the adjacent neighborhood
subspaces. Many average algorithms could be used
here, such as arithmetic average, geometric average,
harmonic average, and weighted average. Similar to
Huang et al. (2011), the weighted arithmetic average
is used in this study. Thus, the scaling matrix of
a neighborhood subspace for a test sample can be
calculated as follows:

Dt =
1

∑k
i=1 αi

k∑

j=1

αjDj , (9)

in which Dj is the neighborhood subspace scaling
matrix of neighbors of the test sample, and αj is
the weighting factor. In this paper, αj is computed
as αj = exp(−d2(Pφ(xt), φ(sj))/σ), in which σ =
∑k

j=1 d
2(Pφ(xt), φ(sj))/k.

Finally the pre-image can be computed as
follows:

t = DtStωt, (10)

in which ωt is the locally linear coefficient of Pφ(xt),
and St is the neighborhood matrix of t in input space.

5 Experiments and discussion

5.1 Verification of the assumption

To obtain the neighborhood subspace scaling
matrix Dt of test samples, we assumed that the
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scaling of neighborhood subspace can be extended
smoothly to test samples. The actual scaling matrix
Di of each neighborhood subspace is calculated using
Eq. (8). On the other hand, the approximate scal-
ing matrix D̃i of each neighborhood subspace can
be calculated using Eq. (9). With the smoothness
assumption, these two versions of the scaling matrix
should be pairwise matched.

In this subsection, this smoothness assump-
tion is verified experimentally. The USPS data
set consisting of 16 × 16 handwriting digits
(http://www.kernel-machines.org/) was used in this
experiment. For simplicity, the images were down-
sampled to 8 × 8, and 500 samples of number ‘8’
were randomly chosen as the experimental data
set. The RBF kernel k(i, j) = exp(− ‖xi−xj‖2

2τ ) with
τ =

∑n
i,j=1 ‖xi − xj‖2/n2 was used. Since there

was no noise in the data set, all the eigenvectors
were retained in kernel PCA. Using the approxi-
mate scaling matrix D̃i, the reconstructed sample
can be calculated using Eq. (10). Denote the orig-
inal sample as xi and the reconstructed sample as
x̃i. The reconstruction error erec can be calculated
as erec =

∑n
i=1 ‖x̃i − xi‖2/n. To obtain a minimum

value of erec, we set k = 60 and λ = 1 × 10−5.
Since the scaling matrix is a diagonal matrix, we
deal only with the diagonal of D̃i and Di. Denote
vD = diag{D} as the vector of diagonal. The Pear-
son correlation coefficient ρ of vDi and v˜Dj was cal-
culated as a metric of matching between Di and D̃j ,
using the following equation:

ρ(i, j) =

∑
r(v

Di
r − vDi)(v

˜Dj
r − v˜Dj )

√
∑

r(v
Di
r − vDi)2

∑
r(v

˜Dj
r − v˜Dj )2

.

The overall average correlation coefficient calculated
from

∑n
i,j=1 ρ(i, j)/n

2 is 0.34, and by computing
∑n

i=1 ρ(i, i)/n, the average correlation coefficient of
the actual scaling vector vDi and the corresponding
approximate scaling vector v˜Di is 0.62. The results
show that the actual scaling matrix and the approx-
imate scaling matrix are highly correlated. To vi-
sually describe this matching, two pairs of scaling
matrices were chosen randomly. Their values on the
diagonal are shown in Fig. 1. The actual scaling
matrix and the approximate scaling matrix are very
similar.
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Fig. 1 Comparison of the actual scaling matrix and
the corresponding approximate scaling matrix

5.2 Image denoising

5.2.1 Experimental database

In this study, the extended Yale Face Database
B (Georghiades et al., 2001; Lee et al., 2005) was
used. The database contains images of 38 human
subjects under 64 illumination conditions. All the
images were resized to 64 × 56, and the gray level
was scaled to [0, 1]. Each image was reshaped to
a vector column-wise. After removing 18 corrupted
images, the remaining 2414 images were included in
the data set. Five hundred images were randomly
selected as the training set, and the remaining images
comprised the test set. Random selection ensured
data independence and reliability of the results.

5.2.2 Parameter optimization

Two parameters need to be determined in the
proposed algorithm: the regularization parameter
λ and the number of nearest points k. One hun-
dred test samples were chosen from the test set,
and Gaussian noise N ∼ (0, σ2) with σ2 = 0.5 was
added to the test samples. The RBF kernel k(i, j) =
exp(− ‖xi−xj‖2

2τ ) with τ =
∑n

i,j=1 ‖xi − xj‖2/n2 was
used, and 95% of the variance was retained in PCA
in feature space. The grid search method was used
to determine the optimal parameters {λ, k}. The
mean square error (MSE) was used as the metric, as
follows:

MSE = ‖t− xc‖2,
in which t was the pre-image obtained, and xc was
the original clean sample. The MSE, which was the
average MSE over 100 samples, was used as the cost
function. Experimental results are shown in Fig. 2.

Fig. 2 shows that this is a convex optimization
problem, and the global minimum is obtained when k

and λ are relatively small. Note that the curvature of
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Fig. 2 MSE with different λ and k

the two sides along the direction of λ at the minimum
point varies a lot. With further reduction in the
value of λ, the MSE increases sharply. In contrast,
when the value of λ increases, MSE increases slowly.
This suggests that when making a trade-off between
smoothness and fitness, more smoothness is preferred
so as to obtain more satisfying results. For k, a
relatively small value usually achieves better results;
i.e., the local information can fit better the inverse
mapping process from feature space to input space.

5.2.3 Denoising results

In this experiment, 100 test samples were ran-
domly chosen. Two different types of noise were
added to the samples: Gaussian noise (N ∼ (0, σ2))
and salt-and-pepper noise (p), with different noise
intensities. For fair comparisons, the optimal pa-
rameters were used for all algorithms. The most
commonly used kernel, RBF kernel, was used, and
95% of the variance was retained. Some clean im-
ages, noisy images, and the corresponding denoised
images are shown in Figs. 3 and 4. In these fig-
ures, the first columns are the original clean figures;
the second columns are the noisy figures with dif-
ferent noise intensities; the third to sixth columns
are the denosied pre-images using Kwok’s method
(Kwok and Tsang, 2004), Zheng’s method (Zheng
and Lai, 2006), Honeine’s method (Honeine and
Richard, 2011a), and Huang’s method (Huang et al.,
2011), respectively; the last columns are the pre-
images denosied using the proposed method. As
can be seen, our approach obtained better visualiza-
tion. For Gaussian noise, when σ was small, all the
algorithms listed showed good performance. How-
ever, as σ increased, the performance of some al-
gorithms deteriorated sharply, while our algorithm

(a)

(b)

(c)

Fig. 3 Images with Gaussian noise: (a) σ2 = 0.3; (b)
σ2 = 0.4; (c) σ2 = 0.5
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(a)

(b)

(c)

Fig. 4 Images with salt-and-pepper noise: (a) p = 0.3;
(b) p = 0.4; (c) p = 0.5

performed only slightly worse. Thus, the proposed
algorithm showed a more stable performance under
different noise intensities. For salt-and-pepper noise,
all the algorithms tended to show ‘average face’ as
p increased. Comparing the results from the two
experiments, RBF kernels performed well for Gaus-
sian noise, but were not suitable for salt-and-pepper
noise.

Quantitative comparisons are shown in Tables 1
and 2, where the MSEs with different noise types and
noise intensities of different algorithms are shown.
The optimal value of k under Gaussian noise is also
listed for comparison. Our proposed method per-
formed better in all conditions. Observe in Table 1
that, based on parameter k, the algorithms listed can
be divided into two categories: those using global in-
formation and those using local information. Kwok’s
method, Huang’s method, and our method use lo-
cal information, and show better performance than
those using global information, including Zheng’s
method and Honeine’s method. This suggests that
by using local information the pre-image problem
can be solved more effectively. Note that although k

is included in Zheng’s method, experimental results
show that a large value of k is needed to achieve
the best performance. This means that approximate
global information is used in Zheng’s method.

Results shown in Table 2 were consistent with
the visualizations. Performance under salt-and-
pepper noise was worse compared to that under
Gaussian noise, although our method still performed
best. A possible reason is that the image corrupted
by salt-and-pepper noise was more noisy than that
corrupted by Gaussian noise with the same σ2 and
p value. The average MSE of images corrupted by
Gaussian noise with σ2 = 0.3 was 261.9, while under
salt-and-pepper noise with p = 0.3, the average MSE
was 7.1554 × 104. Different kernel functions might
also affect the performance under different types of
noise. Further experiments are needed to determine
the corresponding appropriate kernel function for
different noise types.

Note that the optimal k value under salt-and-
pepper noise was relatively large compared to that
under Gaussian noise. Different categories of noise
result in different optimal values of k. For both cat-
egories of noise, as the noise increased, the optimal
value of k decreased.
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Table 1 MSE comparison with Gaussian noise

Method
MSE Optimal k

σ2 = 0.3 σ2 = 0.4 σ2 = 0.5 σ2 = 0.3 σ2 = 0.4 σ2 = 0.5

Kwok 22.3979 24.6594 26.9366 10 5 5
Zheng 24.3877 43.1526 65.8261 205 215 215
Honeine 36.1106 69.6174 109.3635 500∗ 500∗ 500∗

Huang 19.5596 23.9229 28.2292 15 10 10
This paper 18.7613 21.8739 24.6841 20 10 10

∗ Since global mapping was used in Honeine’s method, the value of k was equal to the number of training samples

Table 2 MSE comparison with salt-and-pepper noise

Method
MSE Optimal k

p = 0.3 p = 0.4 p = 0.5 p = 0.3 p = 0.4 p = 0.5

Kwok 58.7487 97.1309 135.8279 10 10 5
Zheng 49.2949 70.0785 92.5192 105 140 160
Honeine 86.7215 120.1639 150.6930 500∗ 500∗ 500∗

Huang 57.4134 92.5925 134.6848 35 35 15
This paper 35.5646 61.3593 87.8186 60 35 20

∗ Since global mapping was used in Honeine’s method, the value of k was equal to the number of training samples

5.3 Time complexity analysis

Usually, training time is not a concern since the
training process is performed only once. However,
the time complexity of the test process (in this con-
text, the time it takes to calculate the pre-image
when a new test sample arrives), is usually of great
concern. Table 3 shows the time complexity (TC)
of the proposed algorithm and of other algorithms.
The TC is related to parameters d, k, and n. To
simplify the analysis, the TC of different algorithms
under condition d � n � k is shown in Table 4. The
TC of our algorithm is O(k3+dn). This result is the
same as that from using Zheng’s method. Because of
the locality of these two algorithms, if the value of k
is extremely small so that k2 	 d, the TC can be fur-
ther simplified as O(dn), which is the same as that of
Honeine’s method. The TCs of Kwok’s method and
Huang’s method are the largest, since d2k and n3 are
contained in the expressions, respectively. In Kwok’s
algorithm, SVD was performed on a d × k matrix,
with d the dimension of samples and k the number
of neighbors. In applications where the dimension
of samples is very large, such as image processing,
Kwok’s method is time-consuming. If the number
of training samples is very large, Huang’s method is
time-consuming.

To compare intuitively the computing time of
different algorithms, the execution time of calculat-
ing the pre-image 100 times was measured using the

Table 3 The time complexity of different algorithms

Method Time complexity

Kwok O(k3 + d2k + n2 + dn)

Zheng O(k3 + n2 + dn)

Honeine O(n2 + dn)

Huang O(n3 + k3 + k2n+ kn2 + dk2 + dn)

This paper O(k3 + n2 + dn)

Table 4 The time complexity of different algorithms
with d � N � k

Method Time complexity

Kwok O(d2k)

Zheng O(k3 + dn)

Honeine O(dn)

Huang O(n3 + dk2 + dn)

This paper O(k3 + dn)

optimal parameters for different algorithms. Experi-
mental results and comparisons are shown in Table 5.
The test procedure was run in the Matlab R2012a
environment on a laptop with a dual-core 2.53 GHz
processor and 8 GB main memory. The experimental
results are consistent with theoretical analysis. Note
that although the TC of Zheng’s method and of our
method were the same, Zheng’s method was more
time-consuming, since the optimal value of k was
relatively large according to previous experiments.
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Table 5 Execution time of different algorithms in seconds

Method
Gaussian noise Salt-and-pepper noise

Average
σ2 = 0.3 σ2 = 0.4 σ2 = 0.5 p = 0.3 p = 0.4 p = 0.5

Kwok 45.34 25.98 26.58 46.17 45.82 27.61 36.25
Zheng 6.52 6.41 6.48 5.63 5.79 5.98 6.14
Honeine 3.98 3.68 4.22 5.03 4.62 4.60 4.36
Huang 7.40 7.41 7.22 14.30 14.24 9.58 10.03
This paper 5.03 4.54 4.53 7.06 5.61 5.19 5.33

6 Conclusions

A novel pre-image algorithm for kernel methods
is proposed in this paper. By neighborhood sub-
space scaling transformation, we constructed a local
linearity preserving process for mapping from feature
space to input space for training samples. Assuming
that this transformation could be extended to test
samples smoothly, we could obtain the mapping for
test samples, thus solving the pre-image problem.
The proposed method is non-iterative, and can be
used for any kernel function. The effectiveness of the
algorithm was demonstrated in a common scenario:
image denoising using kernel PCA. Compared with
other algorithms, the proposed algorithm achieved
the lowest MSE, and also had obvious advantages
in reduced computational complexity. Experimental
results showed that the proposed algorithm outper-
forms state-of-the-art methods for solving the pre-
image problem. In the future, we will apply the
proposed method to other kernel applications. De-
pending on the solutions, alternative kernel functions
will be used to achieve the best possible results.
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