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Abstract: The cross-layer resource allocation problem in wireless multi-hop networks (WMHNs) has been ex-
tensively studied in the past few years. Most of these studies assume that every node has the perfect channel
state information (CSI) of other nodes. In practical settings, however, the networks are generally dynamic and CSI
usually becomes outdated when it is used, due to the time-variant channel and feedback delay. To deal with this
issue, we study the cross-layer resource allocation problem in dynamic WMHNs with outdated CSI under channel
conditions where there is correlation between the outdated CSI and current CSI. Two major contributions are made
in this work: (1) a closed-form expression of conditional average capacity is derived under the signal-to-interference-
plus-noise ratio (SINR) model; (2) a joint optimization problem of congestion control, power control, and channel
allocation in the context of outdated CSI is formulated and solved in both centralized and distributed manners.
Simulation results show that the network utility can be improved significantly using our proposed algorithm.
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1 Introduction

We consider the resource allocation problem
in multi-radio and multi-channel wireless multi-hop
networks such as ad hoc, mesh, and sensor net-
works. To achieve optimal resource allocation, joint
cross-layer optimization draws substantial attention.
In general, cross-layer optimization methods break
through the conventional layered architecture and
allow direct communication between protocols at
nonadjacent layers or share variables between lay-
ers to obtain performance gains (Akyildiz and Wang,
2008).

Various cross-layer design methods for multi-
radio and multi-channel wireless multi-hop networks
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have been proposed recently. Nguyen et al. (2012)
proposed a cross-layer optimization framework for
cognitive radio networks (CRNs) by jointly taking
the physical layer and transport layer into account.
Chen et al. (2013) designed a cross-layer framework
to jointly schedule the sleep time and control the
transmission power of mobile stations in the uplink
of IEEE 802.16 networks. Qu et al. (2010), Augusto
et al. (2011), Huang et al. (2011), and Shi et al. (2011)
have also introduced different cross-layer methods to
improve the energy efficiency of the networks. These
cross-layer designs depend on two assumptions: the
network is static; nodes have the real-time and per-
fect channel state information knowledge for resource
allocation. However, network is dynamic, and the
channel state information (CSI) obtained at nodes is
imperfect due to the varying channel and transmit-
ting delay, which make the above two assumptions
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impractical.

‘Imperfect CSI’ is usually referred to as ‘lim-
ited CSI’ or ‘outdated CSI’. Limited CSI refers to
incomplete CSI induced by limited CSI feedback or
the channel estimation error and can be improved
by the use of strong channel coding. Outdated CSI
signifies that there is a delay from CSI estimation
to CSI utilization. CSI outdatedness is induced by
the following two reasons: first, the CSI is estimated
and may be fed back to the 1-hop transmitter or
even the n-hop neighbors in a wireless multi-hop
network; second, the CSI cannot be exchanged fre-
quently due to network overhead. The unavailability
of perfect CSI necessitates the design of resource al-
location techniques that ensure communication with
the required quality of service (QoS) despite the im-
perfect CSI. In fact, some researchers (Aggarwal et
al., 2011; Biyanwilage et al., 2011; Li XC et al., 2011;
Ahmad and Assaad, 2013) have considered the im-
pact of CSI outdatedness in the cross-layer design
for the orthogonal frequency-division multiple-access
(OFDMA) downlink. In the studies of this type, the
base station (BS) runs the centralized algorithm to
allocate power and subcarriers to the downlink ac-
cording to outdated CSI fed back by the users around
the BS. Ahmad and Assaad (2013) studied optimal
power and subcarriers allocation for the downlink of
a multi-user OFDMA system with imperfect channel
knowledge. Li Y et al. (2011) proposed a sub-optimal
power allocation scheme to address the impact of
outdated CSI on single-user multi-channel OFDM
systems. Aggarwal et al. (2011) jointly considered
user scheduling, power allocation, and rate selec-
tion in OFDMA downlink systems to maximize the
expected sum-utility under a sum-power constraint
with imperfect CSI. Biyanwilage et al. (2011) inves-
tigated the power allocation problem in an OFDM
relay link with a non-regenerative relay where the
available CSI is an outdated version of the actual in-
stantaneous CSI. There is also literature (Kim et al.,
2012; Lim et al., 2012) which considers the impact
of outdated CSI in spectrum sharing environments
in cognitive radio (CR) systems. Kim et al. (2012)
investigated the impact of outdated CSI between sec-
ondary and primary users in spectrum sharing envi-
ronments, and derived the ergodic capacity of the
secondary users with optimal power allocation un-
der the average received-power constraint. Lim et
al. (2012) proposed a power allocation scheme based

on the mean value of the outdated channel gain be-
tween secondary transmitters and primary receivers
in a spectrum sharing system. In addition, Xu and
Dong (2012) designed an optimized relay precoding
strategy for a multi-input multi-output (MIMO) re-
lay downlink system by taking the effects of both the
channel quantization error and feedback delay into
account. Bin et al. (2013) and Cui et al. (2013) both
analyzed the impact of outdated CSI in a simple
amplify-and-forward (AF) relay system consisting of
one source, N relays, and one destination.

However, these centralized allocation strategies
in a single hop environment may not be directly ap-
plicable in a distributed wireless multi-hop network.
To the best of our knowledge, limited research on dy-
namic multi-hop wireless networks has been carried
out in terms of either performance analysis or design
of dynamic cross-layer resource allocation with out-
dated CSI. In practical settings, however, the impact
of feedback delay is more prominent in a multi-hop
environment, since nodes need to send outdated in-
formation back to the BS or other nodes more than
1-hop away. Therefore, it is necessary to design a
distributed algorithm accounting for outdated CSI,
to improve the accuracy of resource allocation, es-
pecially in wireless multi-hop networks. In this pa-
per, we investigate cross-layer resource allocation in
dynamic wireless multi-hop networks with outdated
CSI under channel conditions where there is corre-
lation between the outdated CSI and current CSI;
as a consequence, the network utility is significantly
enhanced. The main contributions of this paper are
listed as follows:

1. A closed-form expression of conditional av-
erage capacity under the signal-to-interference-plus-
noise ratio (SINR) model is derived over Rayleigh
fading channels by considering the probability distri-
bution function of current CSI conditioned on out-
dated CSI. The SINR model is widely regarded as a
better model for interference characterization. How-
ever, there are many difficulties in carrying out anal-
ysis with this model due to the computational com-
plexity SINR involves, particularly when we study it
in a multi-hop environment.

2. To the best of our knowledge, we have consid-
ered for the first time the impact of outdated CSI on
cross-layer resource allocation in dynamic multi-hop
wireless networks, and proposed a framework with
outdated CSI to jointly optimize congestion control
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in the transport layer, channel allocation in the data
link layer, and power control in the physical layer. In
the proposed framework, the network is modeled as
a generalized network utility maximization (NUM)
problem with elastic link data rate and power con-
straints. By applying the Lagrangian dual decom-
position technique, the NUM problem is solved in a
distributed manner.

2 System model

2.1 Network model

We consider a dynamic multi-radio and multi-
channel wireless multi-hop network where nodes can
move randomly. Let N denote the set of wireless
nodes, L the set of unidirectional logical links, and
(m,n) a logical link with transmitter m and receiver
n. The sets of the incoming and outgoing logical
links of node n are defined as Lin

n ⊂ L and Lout
n ⊂ L

respectively, and the sets of in- and out-neighbors
of node n are defined as N in

n = {m : (m,n) ∈ Lin
n }

and Nout
n = {m : (n,m) ∈ Lout

n }, respectively. In
denotes the set of available radios for node n ∈ N .
Lk
n denotes the set of logical links that use radio k at

node n. Θ = {1, 2, · · ·, C} represents the available
orthogonal frequency channel set. In addition, it is
assumed that the network operates in slotted time
with slot set T and the Hyacinth algorithm proposed
in Raniwala and Chiueh (2005) is used to form our
ripple-effect free logical topology.

2.2 Channel model

With the aforementioned logical link model, the
signal received by node n can be written as follows:

yn = hmnxm + wn, (1)

where xm ∈ Ω is the transmitted symbol from node
m with power Pm = E[|xm|2], wn ∈ Ω is the addi-
tive white Gaussian noise (AWGN) with zero mean
and variance σ2

w (independent of n), and hmn ∈ Ω

is the channel response of link (m,n), modeled as
Rayleigh fading. For mathematical convenience, we
assume a block-fading channel where the channel re-
sponse remains constant during one time-slot and
that different channels (for different links (m,n)) are
independent and identically distributed (i.i.d.).

Each link receiver estimates the CSI and sends it
to the link transmitter or to its neighbors more than

1-hop away in a multihop network. Due to feedback
delay, the receiver has only outdated CSI at its dis-
posal and can allocate only the resources at time t
according to the CSI estimated at time t− τ , where
τ is the feedback delay. The effects of delay and the
time-varying characteristic of channel are analyzed
based on the general correlation model, in which the
actual CSI accounting for the CSI outdatedness is
modeled as (Kim et al., 2012; Lim et al., 2012)

hmn(t) = ρĥmn(t) +
√
1− ρ2emn(t), (2)

where ĥmn(t) denotes the outdated channel response,
emn is a complex Gaussian random variable with zero
mean and unit variance, uncorrelated with ĥmn, and
ρ is the time correlation coefficient defined as

ρ = E[hmn(t)ĥ
∗
mn(t)]. (3)

For mathematical tractability, we assume ρ is
the same for all the nodes. In this study, the Jakes
scattering model is adopted; hence, ρ = J0(2πfdτ),
where fd represents the Doppler frequency, τ is the
delay in time units, and J0(·) denotes the zero-order
Bessel function of the first kind. Actually, this model
just gives us an easy way to relate the correlation co-
efficient ρ to the delay τ . The analysis and designs
throughout this paper do not depend on the specific
Jakes model as long as ρ is given. Note that ρ de-
notes the degree of CSI uncertainty; hence, it is equal
to 0 when ĥmn is completely unreliable for current
resource allocation. This worst case is not consid-
ered in this paper. Instead, we limit the discussion
under general channel conditions where there is cor-
relation between the outdated CSI and current CSI
as in most of the literature (Li Y et al., 2011; Kim et
al., 2012; Ahmad and Assaad, 2013).

According to the channel model given in Eq. (2),
it can be derived that hmn and ĥmn follow a joint
complex Gaussian distribution with correlation co-
efficient ρ; as a consequence, the probability density
function (PDF) of hmn conditioned on ĥmn can be
easily obtained by applying Bayes’ theorem:

hmn|ĥmn ∼ CN(ρĥmn, 1− ρ2). (4)

Let γmn = |hmn|/σ2
w denote the instantaneous

channel-to-noise ratio (CNR) of link (m,n) in a given
time slot and γ̂mn =

∣∣
∣ĥmn

∣∣
∣/σ2

w the corresponding
outdated value. Based on the above discussion, it
is straightforward that γmn conditioned on γ̂mn fol-
lows a non-central chi-square distribution with two
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degrees of freedom. The PDF takes the following
expression (Lim et al., 2012):

fγmn|γ̂mn
=

σ2
w

1− ρ2
exp

[
− σ2

w

1− ρ2
(γmn + ρ2γ̂mn)

]

· I0
(

2σ2
w

1− ρ2

√
ρ2γmnγ̂mn

)
,

(5)
where I0(·) stands for the zero-order modified Bessel
function of the first kind.

3 Problem formulation

Our objective is to jointly optimize the data
rate, channel and power allocation with outdated
CSI to improve network utility in a multi-hop net-
work environment. To solve the problem, the follow-
ing constraints are considered:

1. Channel allocation constraint. Let X =

[xT
1 , xT

2 , · · · , xT
|L|] ∈ R

C×|L| be the binary channel
allocation matrix where xl = [xl1, xl2, · · · , xlC ]. The
elements x(l, c) in X are equal to 1 if channel c ∈ Θ

is allocated to logical link l ∈ L; otherwise, it is
equal to 0. So, the channel allocation must satisfy
the following two equations:

xl1T = 1, ∀l ∈ L, (6)

xl = xi, ∀l, i ∈ Lk
n, n ∈ N, k ∈ In, (7)

where 1 denotes a 1 × C vector with all elements
equal to 1.

Eq. (6) means that only one channel can be as-
signed to each logical link at one time slot. Eq. (7)
represents that the logical links which share a radio
should be assigned the same channel.

2. Total power constraint. Let Pmax
n denote the

total power budget at node n in each time slot and
P = [P1, P2, · · · , P|L|] the transmit power vector.
Thus, we have

0 ≤
∑

m∈Nout
n

Pnm ≤ Pmax
n . (8)

3. Link capacity constraint. Assume that
there are S = {1, 2, · · · , s} flows in the multi-
radio and multi-channel wireless multi-hop network
and flow s is transmitted through the path L(s).
F = {f1, f2, · · · , fs} is the data rate vector. Since
the total traffic rate of the flows on each link must
be less than its link capacity, we have

∑

s:l∈L(s)

fs ≤ Cl(X,P), ∀l ∈ L. (9)

We consider the scheme of concurrent transmit-
ting, according to which all links are active simul-
taneously. The instantaneous data rate for link l is
given as

Cl(X,P) = B log2(1 +K · SINRl(X,P))

= B log2

(

1 +K · Plγll∑
i�=l xixT

l Piγil + 1

)

,

i �= l, ∀i, l ∈ L.

(10)
Here, constant B is the transmission bandwidth on
each channel, SINRl denotes the SINR of link l,
K = −φ1/ log(φ2 · BER), where φ1 and φ2 are con-
stants determined by the modulation and BER is the
required bit-error rate, and γil denotes the instanta-
neous channel-to-noise ratio (CNR) of the link from
the transmitter of link i to the receiver of link l.

As aforementioned, the node cannot obtain the
current CSI because of delay; however, it has the
PDF of instantaneous CSI conditioned on outdated
CSI. So, we can derive the expectation of conditional
capacity of link l as follows:

C̄l,γ|γ̂(X,P)

= Eγ|γ̂

[

B log2

(

1 +K
Plγll∑

i�=l xixT
l Piγil + 1

)]

,

i �= l, ∀i, l ∈ L,

(11)
where γ = {γ1l, γ2l, · · · , γ|L|l} and γ̂ =

{γ̂1l, γ̂2l, · · · , γ̂|L|l} are the actual CNR set and out-
dated CNR set respectively, and Eγ|γ̂ denotes the ex-
pectation with respect to γ conditioned on γ̂. Hence,
we can remodel the link capacity constraint in terms
of the expectation of conditional capacity as follows:

∑

s:l∈L(s)

fs ≤ C̄l(X,P), ∀l ∈ L. (12)

It is obvious that the expectation of conditional
capacity under the SINR model is a complex mul-
tiple integral, which is difficult to solve. However,
by applying Eq. (33) in Ahmad and Assaad (2013)
iteratively, we can derive the closed-form expression
for it:

C̄l,γ|γ̂(X,P) =
B

log 2
[τl − τ1′βl + τ2′βl(β1′ − 1)

− τ3′βl (β1′ − 1)(β2′ − 1) + · · ·+ (−1)mτm′βl

· (β1′ − 1)(β2′ − 1) · · · (β(m−1)′ − 1) + (−1)m+1

· βl(β1′ − 1)(β2′ − 1) · · · (βm′ − 1) + βl logK] ,

(13)
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where M ′ = {1′, 2′, · · · ,m′} , l /∈ M ′ denotes the
interference link set of link l, xixT

l = 1 ∀i ∈ M ′,
τi = αi+βiψ(ai)+βi log2(Piθi), αi = log2(1+ zi)−
zi

1+zi
log2 zi, βi =

zi
1+zi

,

zi =

⎧
⎪⎪⎨

⎪⎪⎩

KPiγ̂il∑
j∈{i+1,i+2,...,m′} Pj γ̂jl + 1

, i �= l, i ∈M ′,

KPiγ̂ii∑
j∈{1,2,...,m′} Pj γ̂ji + 1

, i = l,

ai =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(
σ2
w

1−ρ2 ρ
2γ̂il + 1

)2

2
σ2
w

1−ρ2 ρ2γ̂il + 1
, i �= l, i ∈M ′,

(
σ2
w

1−ρ2 ρ
2γ̂ii + 1

)2

2
σ2
w

1−ρ2 ρ2γ̂ii + 1
, i = l,

θi =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
ρ2γ̂il +

σ2
w

1−ρ2

)2

ai
, i �= l, i ∈M ′,

(
ρ2γ̂ii +

σ2
w

1−ρ2

)2

ai
, i = l,

∀i ∈ M ′ ∪ l. The derivation process for Eq. (13) is
provided in Appendix A.

According to the above discussion, the NUM
problem can now be stated as

max
F,X,P

∑

s∈S

U(fs)

subject to

xl1T = 1, ∀l ∈ L,

xl = xi, ∀l, i ∈ Lk
n, n ∈ N, k ∈ In,

0 ≤
∑

m∈Nout
n

Pnm ≤ Pmax
n ,

∑

s:l∈L(s)

fs ≤ C̄l,γ|γ̂(X,P), ∀l ∈ L,

(14)

where function U(fs) is a continuously differentiable,
increasing and strict concave. We use U(fs) = log fs
in Mo and Walrand (2000) to obtain the proportional
fairness among the flows.

4 Centralized optimal algorithm

Problem (14) is a non-linear mixed integer pro-
gramming problem, since it has a binary matrix X,
real vectors F and P, as well as mixed binary-real
cubic constraints. Even relaxing the binary con-
straints, it is still non-convex. In this section, we
use binary linearization techniques (Rad and Wong,

2008) and log-transformed convex optimization tech-
niques (Chiang, 2005) to obtain the global optimal
solution of the NUM problem (14) in a centralized
manner.

According to the binary linearization techniques
(Rad and Wong, 2008), we firstly define a C × 1

auxiliary link channel assignment vector

uil = xi ◦ xl, (15)

where ◦ denotes the Hadamard product. Eq. (15)
can be described as the following linear constraints:

xi + xl − uil ≤ 1, xi + xl − 2uil ≥ 0. (16)

Then, we define an auxiliary real scalar variable zil
to linearize the cubic constraint:

zil = xixT
l Pi = uil1TPi. (17)

So, we have

0 ≤ zil ≤ Pi, ∀i, l ∈ L,
∑

i∈Lout
n

zil =
∑

i∈Lout
n

xixT
lPi ≤

∑

i∈Lout
n

Pi ≤Pmax
n . (18)

Furthermore, using log-transformation, we define
Ql = logPl, Ril = log zil. Problem (14) can be trans-
formed into the following optimization problem:

max
F,X,P

∑

s∈S

U(fs)

subject to

xl1T = 1, ∀l ∈ L,

xl = xi, ∀l, i ∈ Lk
n, n ∈ N, k ∈ In,

0 ≤
∑

m∈Nout
n

Pnm ≤ Pmax
n ,

xi + xl − uil ≤ 1, xi + xl − 2uil ≥ 0,

0 ≤ zil ≤ Pi, ∀i, l ∈ L,
∑

i∈Lout
n

zil ≤
∑

i∈Lout
n

Pi ≤ Pmax
n , ∀l ∈ L, n ∈ N,

∑

s:l∈L(s)

fs ≤

Eγ|γ̂

⎧
⎨

⎩
B

⎡

⎣log2(KeQlγll)−log2

⎛

⎝
∑

i�=l

eRilγil+ 1

⎞

⎠

⎤

⎦

⎫
⎬

⎭
.

(19)
It is known that the utility function U(fs) is a

continuously differentiable, increasing and strict con-
cave. The constraints except the last one are all lin-
ear functions. For the last constraint, the first part in
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the curly braces log2(KeQlγll) is obviously linear in
Ql, and the second part − log2

(∑
i�=l e

Rilγil + 1
)

is
concave in Ril because the logarithm of a sum of ex-
ponentials of linear functions of Ql is convex. There-
fore, problem (19) is a convex optimization problem.
We can use the branch and bound algorithm (Bert-
sekas, 1995) to find the global optimal solution.

5 Distributed sub-optimal algorithm

The centralized algorithm helps us find the op-
timal solution of the NUM problem (14). In this
section, we propose a sub-optimal distributed design
which is more practical. According to the Lagrangian
dual decomposition technique (Boyd and Vanden-
berghe, 2004), we first obtain the Lagrange dual
of the original optimization problem (14), and then
divide the dual problem into smaller sub-problems
which are coordinated by a resource price. Consider
the Lagrange dual to primal problem (14):

min
ξ≥0

D(ξ) (20)

with partial dual function

D(ξ) =

max
F,X,P

⎡

⎣
∑

s∈S

U(fs)−
∑

l∈L

ξl

⎛

⎝
∑

s:l∈L(s)

fs−C̄l,γ|γ̂(X,P)

⎞

⎠

⎤

⎦ ,

(21)
where ξl ≥ 0 is the Lagrange multiplier and also
called the dual variable. As mentioned, we divide
the Lagrange dual (21) into smaller sub-problems:

D1(ξ) = max
F

⎛

⎝
∑

s∈S

U(fs)−
∑

l∈L

ξl
∑

s:l∈L(s)

fs

⎞

⎠ ,

(22)
and

D2(ξ) = max
X,P

∑

l∈L

ξlC̄l,γ|γ̂(X,P). (23)

The first sub-problem (22) is a classical conges-
tion control problem. It can be solved as follows:

f∗
s = (U

′
s)

−1

⎛

⎝
∑

l∈L(s)

ξl

⎞

⎠ . (24)

The second sub-problem (23) is a joint channel
allocation and power control problem with outdated
CSI, which will be discussed later. The interaction

between the two sub-problems is coordinated by the
dual variable ξl. Since each sub-problem depends on
ξl to decide the amount of resources to be used, ξl
can be interpreted as the congestion price of link l.
Using the sub-gradient method, ξl can be updated
at each intermediate node as follows:

ξl(t+ 1) =
⎡

⎣ξl(t)+
μ

C̄l,γ|γ̂(X,P)

⎛

⎝
∑

s:l∈L(s)

fs(t)−C̄l,γ|γ̂(X,P)

⎞

⎠

⎤

⎦

+

,

(25)
where fs, X, and P are the solutions of sub-problems
(22) and (23) respectively, {·}+ = max(0, ·), μ is a
sufficiently small step size, and t is the iteration time
slot.

Furthermore, to solve sub-problem (23), accord-
ing to the primal decomposition method (Chiang
et al., 2007), we decompose (23) directly into two
smaller sub-problems: (1) channel allocation prob-
lem with outdated CSI, and (2) power control prob-
lem with outdated CSI.

The channel allocation problem with outdated
CSI can be written as

max
X

∑

l∈L

ξlEγ|γ̂

[

B log2

(

1+K
P ∗
l γll∑

i�=l xixT
l P

∗
i γil+1

)]

subject to

xl1T = 1, xl = xi, ∀l, i ∈ L, n ∈ N,
(26)

where P ∗
l is obtained by solving sub-problem (28).

To reduce the computational complexity, sub-
problem (26) can be implemented in a distributed
manner, which can be described as

max
xj ,j∈Ln

∑

l∈L

ξlEγ|γ̂

[

B log2

(

1+K
P ∗
l γll∑

i�=l xixT
l P

∗
i γil+1

)]

subject to

xl1T = 1, xl = xi, ∀l, i ∈ L, n ∈ N.
(27)

During the implementation, each node n is responsi-
ble for assigning the optimal channel to link j ∈ Ln

in sequence and periodically exchanges its channel
information xj , j ∈ Ln, as well as its collected data
ξj , j ∈ Ln with all other nodes. Let Vmax denote
the maximum number of links connected to the node
in the network. The possibility for xj, j ∈ Ln is C,
which is the number of available channels. Thus,
the computational complexity of sub-problem (27)
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for each node is at most C · Vmax. Since the value
of Vmax generally keeps stable even though the net-
work grows in size, the computational complexity of
the local channel allocation sub-problem is a stable
value, independent of the network size.

The power control problem with outdated CSI
can be formulated as

max
P

∑

l∈L

ξlEγ|γ̂

[

B log2

(

1+K
Plγll∑

i�=l x
∗
i (x

∗
l )

TPiγil+1

)]

subject to

0 ≤
∑

m∈Nout
n

Pnm ≤ Pmax
n , ∀n ∈ N,

(28)
where x∗

l , ∀l ∈ L is obtained by solving sub-problem
(27). Sub-problem (28) can be implemented in a cen-
tralized manner after log-transformation; however,
we solve it using a distributed algorithm due to the
computational complexity and computing time.

5.1 Distributed power control with outdated
CSI

Let P̃l = logPl, ∀l ∈ L. Then, we can define
the Lagrangian function in P̃ -space as

L(P̃, ζ) =
∑

n∈N

∑

l∈Lin
n

ξlC̄l,γ|γ̂(P̃)

−
∑

n∈N

ζn

⎛

⎝
∑

l∈Lin
n

eP̃l − Pmax
n

⎞

⎠ ,

(29)

where ζn ≥ 0 is the dual variable. The corre-
sponding dual problem for (28) can be formulated
as min

ζ
max

P̃
L(P̃, ζ). Furthermore, according to the

strong duality theorem, the solution of the Lagrange
dual is the global optimum of original problem (28).

We update dual variable ζn through a gradi-
ent descent (Bertsekas, 1995; Papandriopoulos and
Evans, 2006):

ζn(t+ 1)=

⎡

⎣ ζn(t)+ε

⎛

⎝
∑

l∈Lin
n

Pl(t)−Pmax
n

⎞

⎠

⎤

⎦

+

, (30)

where [·]+ = max(0, ·), ε is a sufficiently small step
size, and t is the iteration time slot. It is obvious
that ζn is updated locally by node n. ζn can also
be interpreted as power price: as the sum of power
consumption exceeds the total power budget at node
n, node n will increase the power price, and vice

versa. Next, for each ζn, we need to find the solution
of dual problem (29) with respect to P̃. By taking the
derivative of L(P̃, ζ) with respect to P̃l, we obtain

∇lL(P̃, ζ) =
ξlBβl
log 2

−
∑

n∈N

∑

i�=l,l∈Lin
n

x∗
l (x

∗
i )

T ξiBβiβli
log 2

−ζneP̃l ,
(31)

where βl and βi can be derived from Eq. (A2), and
βli can be obtained from Eq. (A5). The derivation
process for Eq. (31) is provided in Appendix B.

Then, since ∇lL(Pl, ζ) = (1/Pl)∇lL(P̃l, ζ), by
transforming Eq. (31) back to the P solution space
instead of P̃, we have

∇lL(P, ζ) =
ξlBβl
Pl log 2

− 1

Pl

∑

n∈N

⎛

⎝
∑

i�=l,l∈Lin
n

x∗
l (x

∗
i )

T ξiBβiβli
log 2

− ζn

⎞

⎠ .

(32)
We now use the gradient method (Boyd and

Vandenberghe, 2004) to solve the dual problem (29)
with respect to Pl. With ζ fixed,

Pl(t+ 1) = Pl(t) + η∇lL(P , ζ)

= Pl(t) + η
ξlBβl

Pl(t) log 2
− ηζn

− η
B

Pl(t) log 2

∑

n∈N

∑

i�=l,l∈Lin
n

x∗
l (x

∗
i )

Tξiβiβli.

(33)
Here, η is a sufficiently small step size. We can
rewrite the gradient steps as the following distributed
power update algorithm through a combination of
measurement and message passing:

Pl(t+ 1) = Pl(t) + η
ξlBβl

Pl(t) log 2
− ηζn

− η
B

Pl(t) log 2

∑

n∈N

∑

i�=l,l∈Lin
n

x∗
l (x

∗
i )

Tmli(t),

(34)
where mli(t) = ξiβiβli is the message passed from
the transmitter of link i to the transmitter of link l,
η and B are predefined constants, and ξl(t), βl, and
ζn can be obtained through local measurement. The
physical meaning of Eq. (34) is that: the transmitter
of link l increases power proportional to the local
congestion price and decreases power by the sum of
the congestion messages from all other transmitters.
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According to the message passing method, we
briefly describe the power update algorithm with
outdated CSI as follows:

1. Each transmitter of link i ∈ L calculates a
message mli(t) based on locally measurable quanti-
ties for interference link l ∈ L, and passes the mes-
sage to the transmitter of link l.

2. After receiving mil(t), the transmitter of link
l updates the power according to Eq. (34).

3. After updating the power, the transmitter
updates the power price according to Eq. (30).

4. The transmitter computes βl(t) as follows:

βl(t) =
z0(t)

1 + z0(t)
,

z0(t) = K · P ∗
l γ̂ll∑

i�=l x
∗
i (x

∗
l )

TP ∗
i γ̂il + 1

.

(35)

5. Return to step 1.

5.2 Distributed joint congestion control,
channel allocation, and power control algo-
rithm with outdated CSI

The proposed distributed joint congestion con-
trol, channel allocation, and power control algorithm
with outdated CSI is described as follows:

1. We initially generate the network topology
using the algorithm in Raniwala and Chiueh (2005)
and then set xl = [1, 0, · · · , 0], ∀l ∈ L.

2. During each time slot, the following three op-
erations are carried out simultaneously:

(1) Each transmitter n ∈ N updates the con-
gestion price ξn = {ξl, ∀l ∈ Lout

n }, power message
mn = {ml, ∀l ∈ Lout

n }, and power price ζn =

{ζl, ∀l ∈ Lout
n }.

(2) Each transmitter n ∈ N sends ξl back to the
source nodes of the flows if link l is on the paths of
the flows.

(3) Each transmitter passes mn to correspond-
ing transmitters by the routing protocol.

3. In the time slots belonging to the set ΓD,n,
each node n ∈ N carries out the following algorithms
at a period of TD time slot:

(1) If the node belongs to the source node of a
flow, the node updates the f∗

s according to Eq. (24).
(2) Each node updates the local channel allo-

cation according to the solution of sub-problem (27)
and informs other nodes the new results of local chan-
nel allocation.

(3) Each transmitter updates the transmitted
power according to Eq. (34).

In the proposed distributed resource allocation
algorithm, each node should calculate five parame-
ters: congestion price ξn, power message mn, power
price ζn, traffic rate f∗

s , and the transmitted power;
it also needs to solve the local channel allocation sub-
problem. So, the computational complexity of each
node is O(5 + CVmax).

In this study, the primal problem (14) is decom-
posed into sub-problems (22), (27), and (28). The
convergence of the algorithm for sub-problem (22) is
obvious. For (27), the convergence is guaranteed by
global signal exchange and local exhaustive search.
The sub-problem (28) is converted into a convex
optimization problem after log-transformation. De-
pending on the strong dual theory, the distributed
power update algorithm can converge to the joint
and global optimum of sub-problem (28). So, the
solution of dual problem (20) is guaranteed. Fur-
thermore, according to the Lagrange dual theory, the
solution of dual problem (20) is the lower bound of
primal problem (14) due to non-convexity of primal
problem (14). Therefore, the proposed algorithm is
convergent and sub-optimal. We will further demon-
strate the convergence and sub-optimality through
the simulation results in the next section.

6 Simulation results and discussions

To evaluate the performance, we compare the
proposed distributed sub-optimal resource allocation
algorithm (RAA) with the following two algorithms
by MATLAB simulation:

1. The centralized optimal RAA: The central-
ized algorithm is proposed in Section 4. This algo-
rithm can find the global optimal solutions of NUM
problem (14) for different ρ.

2. Conventional RAA (Huang et al., 2011):
Nodes jointly optimize the rate, power, and channel
allocation without consideration of outdated CSI.

Furthermore, we do the performance compari-
son under three different states: perfect CSI, ρ =

0.75, and ρ = 0.35. The performance is eval-
uated in terms of network utility, fairness index,
and energy efficiency. Network utility is defined by
U(fs) = log fs in Mo and Walrand (2000). The
fairness index (Jain et al., 1984) is measured by
(
∑

s∈S fs)
2

(S
∑

s∈S fs)
2 . Power efficiency is defined as

∑
s∈S fs∑
l∈L Pl

.
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In the simulated model, there are 15 wireless
mesh routers which are randomly located in a 700
m×700 m square field and the one nearest to the cen-
ter acts as the gateway. Each router is equipped with
three radios and three orthogonal frequency chan-
nels are available in the network. Each non-gateway
node transmits a flow through the shortest path to
the gateway. In fact, we simulate a time varying dy-
namic environment where speed dependent Doppler
spectrum is included (using Jakes’ isotropic scat-
tering model). The channel gain has a small-scale
Rayleigh fading component and a large-scale path
loss component with a path loss exponent of 4. The
non-gateway nodes move randomly at a speed of 50
km/h and results are averaged over 4000 time slots.
The parameters used in the simulations are listed in
Table 1. We select the step-size parameters by using
the method described in Section 1.2.1 of Bertsekas
(1995).

Table 1 List of simulation parameters

Parameter Value

Received noise power, nl 1.0× 10−11 W
Signal wavelength, λ 0.0517 m
Channel bandwidth, B 2 Mb/s
Processing gain, K 128
Step size of congestion price update, ξ 0.01
Step size of power price update, ε 0.01
Step size of power update, η 0.006
The maximum power constraint, Pmax

n 0.5 W

In Fig. 1, we plot the network utility curves of
the optimal RAA, proposed distributed RAA, and
conventional RAA with perfect CSI, ρ = 0.75, and
0.35, respectively. Several characteristics are note-
worthy. First, as we can see, the network utility
curves converge to within a neighborhood of the op-
timal values for different ρ. Thus, our proposed algo-
rithm can lead to a near-optimal solution for NUM
problem (14). Second, as expected, network utility
decreases, as correlation coefficient ρ decreases, as
shown by lines labeled as perfect CSI, ρ = 0.75, and
ρ = 0.35. Third, for the perfect CSI situation, the
proposed RAA and conventional RAA all use perfect
CSI to optimize resource allocation; thus, they show
the same performance. However, for ρ = 0.75 and
ρ = 0.35, the proposed RAA shows obviously better
performance than the conventional one. This is be-
cause nodes may assign an even higher (or lower) rate
when the real links have bad (or good) channel con-

ditions in the outdated-CSI-dependent conventional
RAA. Unfortunately, both conditions lead to lower
available fs. In contrast, the proposed distributed
RAA takes outdatedness of CSI into consideration
to decrease the probability of misallocation, which
improves network utility. In addition, with lower ρ,
the performance improvement between the proposed
distributed RAA and the conventional RAA is more
obvious. Since higher ρ means that the outdated
CSI is closer to the actual CSI, the allocated results
by the conventional algorithm are more reasonable,
so the possible compensated part by the proposed
algorithm is limited.
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Fig. 1 Evolution of network utility

Fig. 2 shows the evolution of the fairness index.
The fairness index may also converge to sub-optimal
solutions. However, the conventional RAA takes out-
dated CSI as instantaneous CSI to allocate rates to
users. The allocated rates may deviate from what
are actually required, so the real fairness cannot be
guaranteed. In contrast, the proposed RAA uses the
conditional average capacity to replace the capacity
computed with outdated CSI. By this means, the
allocation error can be reduced and the results are
made more in line with the actual situation. Thus,
the proposed RAA shows a better fairness index than
the conventional one in the context of outdated CSI.

The energy efficiency curves are shown in Fig. 3.
The performance of the proposed RAA is obviously
superior to that of the conventional one. The per-
formance gaps are induced by two kinds of misjudg-
ments. First, the conventional algorithm misjudges a
good channel condition as a bad one, so the transmit-
ted power is increased according to the power control
algorithm. As a result, the available link capacity is
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increased. However, the actual flow rate through the
link has been set to a relatively small value due to
the supposed bad channel condition. As a conse-
quence, the allocated power is useless and wasted.
Second, the conventional algorithm misjudges a bad
channel condition as a good one, so the transmitted
power is decreased. Unfortunately, the link capacity
cannot even satisfy the requirements of the allocated
flow rate. Both misjudgments degrade the energy ef-
ficiency. In contrast, the proposed RAA decreases
the misallocation and thus increases the energy
efficiency.

We further investigate the performance depen-
dence on node speed (Fig. 4). In the simulations,
nodes move at speeds from 50 to 200 km/h, and re-
sults are averaged over 2000 time slots. As expected,
the gaps between the perfect CSI cases and the com-
pensated cases increase since the error after com-
pensation increases for higher speeds. However, the
proposed RAA outperforms the conventional RAA
in all cases.
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7 Conclusions

In this paper, we have first studied the problem
of resource allocation in wireless multi-hop networks
with outdated channel sensing under channel condi-
tions where there is correlation between the outdated
CSI and current CSI. The closed-form expression of
the expectation of conditional capacity is obtained.
According to this, both a centralized optimal and
a distributed sub-optimal joint power, channel, and
rate allocation algorithm are proposed in wireless
multi-hop networks with outdated CSI. Based on
the simulation results, we have verified that the pro-
posed RAA can allocate the resource reasonably and
achieve significantly higher network utility than the
conventional one.
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Appendix A: Derivation for C̄l,γ|γ̂(X,P)

We first use the following equation (Ahmad and Assaad, 2013, Eq. (33)):

Eγ|γ̂ [log(1 + κγ)] = α+ β [log(κθ) + ψ(a)] , (A1)

where ψ(·) is the Euler psi function (Gradshteyn et al., 2000, Section 8.360), α = log(1 + z) − z
1+z log z,

β =
z

1 + z
, z = κγ̂, θ = (ρ2γ̂ +

σ2
w

1− ρ2
)
2

/a, a = (
σ2
w

1− ρ2
ρ2γ̂ + 1)2/(2

σ2
w

1− ρ2
ρ2γ̂ + 1).

Because different channels (for different links (m,n)) are independent and identically distributed (i.i.d.)
as defined in Section 2.2, we have
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(A2)

where αl = log(1+zl)− zl
1 + zl

log zl, βl =
zl

1 + zl
, zi =
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∗
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, θl =
(
ρ2γ̂ll +

σ2
w

1− ρ2

)2

/al,

al =

(
σ2
w

1− ρ2
ρ2γ̂ll + 1

)2

/

(
2

σ2
w

1− ρ2
ρ2γ̂ll + 1

)
.

Let M ′ = {1′, 2′, · · · ,m′} ⊂ L denote the interference link set of link l. We obtain
∑

i�=l xixT
l Piγil+1 =∑

i′ �=l,i′∈M ′ Pi′γi′l + 1. So, based on Eq. (A2), Eq. (11) can be written as
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And the equation
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⎛

⎝
∑

i′ �=l,i′∈M ′
Pi′γi′l + 1

⎞

⎠ |(γ̂1′l, γ̂2′l, · · · , γ̂m′l)

⎤

⎦

= E

⎧
⎨

⎩
log

⎡

⎣

⎛

⎝1 +
∑

i′ �=l,i′ �=1′,i′∈M ′
Pi′γi′l

⎞

⎠

(

1 +
P1γ1′l

1 +
∑

i′ �=l,i′ �=1′,i′∈M ′ Pi′γi′l

)⎤

⎦ |(γ̂1′l, γ̂2′l, · · · , γ̂m′l)

⎫
⎬

⎭

= E

⎡

⎣log

⎛

⎝1 +
∑

i′ �=l,i′ �=1′,i′∈M ′
Pi′γi′l

⎞

⎠ |(γ̂2′l, · · · , γ̂m′l)

⎤

⎦

+ E

[

log

(

1 +
P1′γ1′l

1 +
∑

i′ �=l,i′ �=1′,i′∈M ′ Pi′γi′l

)

|(γ̂1′l, γ̂2′l, · · · , γ̂m′l)

]

(A4)
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= E

⎡

⎣log

⎛

⎝1 +
∑

i′ �=l,i′ �=1′,i′∈M ′
Pi′γi′l

⎞

⎠ |(γ̂2′l, · · · , γ̂m′l)

⎤

⎦

+ α1′ + β1′ψ(a1′) + β1′ log(P1′θ1′)− β1′E

⎡

⎣log

⎛

⎝1 +
∑

i′ �=l,i′ �=1′,i′∈M ′
Pi′γi′l

⎞

⎠ |(γ̂2′l, · · · , γ̂m′l)

⎤

⎦

= α1′ + β1′ψ(a1′) + β1′ log(P1′θ1′)− (β1′ − 1)E

⎡

⎣log

⎛

⎝1 +
∑

i′ �=l,i′ �=1′,i′∈M ′
Pi′γi′l

⎞

⎠ |(γ̂2′l, · · · , γ̂m′l)

⎤

⎦

holds. Let τi = αi + βiψ(ai) + βi log(Piθi). Thus, Eq. (A4) can be simplified as follows:

E

⎡

⎣log

⎛

⎝
∑

i′ �=l,i′∈M ′
Pi′γi′l + 1

⎞

⎠ |(γ̂1′l, γ̂2′l, · · · , γ̂m′l)

⎤

⎦

= τ1′ − (β1′ − 1)E

⎡

⎣log

⎛

⎝1 +
∑

i′ �=l,i′ �=1′,i′∈M ′
Pi′γi′l

⎞

⎠ |(γ̂2′l, · · · , γ̂m′l)

⎤

⎦

= τ1′ − (β1′ − 1)

⎧
⎨

⎩
τ2′ − (β2′ − 1)E

⎡

⎣log

⎛

⎝1 +
∑

i′ �=l,i′ �=1′,i′ �=2′,i′∈M ′
Pi′γi′l

⎞

⎠ |(γ̂3′l, · · · , γ̂m′l)

⎤

⎦

⎫
⎬

⎭

= τ1′ − τ2′(β1′ − 1) + (β1′ − 1)(β2′ − 1)E

⎡

⎣log

⎛

⎝1 +
∑

i′ �=l,i′ �=1′,i′ �=2′,i′∈M ′
Pi′γi′l

⎞

⎠ |(γ̂3′l, · · · , γ̂m′l)

⎤

⎦

= τ1′ − τ2′(β1′ − 1) + τ3′(β1′ − 1)(β2′ − 1)− · · ·
+ (−1)m−1(β1′ − 1)(β2′ − 1)...(β(m−1)′ − 1)E [log(1 + Pm′γm′l)|γ̂m′l]

= τ1′ − τ2′(β1′ − 1) + τ3′(β1′ − 1)(β2′ − 1)− · · ·
+ (−1)m−1τm′(β1′ − 1)(β2′ − 1)...(β(m−1)′ − 1) + (−1)m(β1′ − 1)(β2′ − 1)...(βm′ − 1),

(A5)

where αi′ = log(1 + zi′) − zi′

1 + zi′
log zi′ , βi′ =

zi′

1 + zi′
, zi′ =

KPi′ γ̂i′l∑
j′∈{i′+1,i′+2,...,m′} Pj′ γ̂j′l + 1

, θi′ =

1

ai′

(
ρ2γ̂i′l +

σ2
w

1− ρ2

)2

, ai′ = (
σ2
w

1− ρ2
ρ2γ̂i′l + 1)2/(2

σ2
w

1− ρ2
ρ2γ̂i′l + 1), i′ ∈M ′.

Finally, plugging Eq. (A5) into Eq. (A2), the expectation of conditional capacity under the SINR model
can be derived as

C̄l,γ|γ̂(X,P) =
B

log 2

[
τl − τ1′βl + τ2′βl(β1′ − 1)− τ3′βl(β1′ − 1)(β2′ − 1) + · · ·+ (−1)mτm′βl

·(β1′ − 1)(β2′ − 1)...(β(m−1)′ − 1) + (−1)m+1βl(β1′ − 1)(β2′ − 1)...(βm′ − 1) + βl logK
]
,

(A6)

where τi = αi + βiψ(ai) + βi log2(Piθi), αi = log2(1 + zi) − zi
1+zi

log2 zi, βi = zi
1+zi

,

zi =

{ KPiγ̂il∑
j∈{i+1,i+2,...,m′} Pj γ̂jl+1 , xixT

l = 1, i �= l, i ∈M ′,
KPiγ̂ii∑

j∈{1,2,...,m′} Pj γ̂ji+1 , i = l,
ai =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
σ2
w

1−ρ2
ρ2γ̂il+1

)2

2
σ2
w

1−ρ2
ρ2γ̂il+1

, xixT
l = 1, i �= l, i ∈M ′,

(
σ2
w

1−ρ2
ρ2γ̂ii+1

)2

2
σ2
w

1−ρ2
ρ2γ̂ii+1

, i = l,

θi =

⎧
⎨

⎩

1
ai

(
ρ2γ̂il +

σ2
w

1−ρ2

)2
, xixT

l = 1, i �= l, i ∈M ′,
1
ai

(
ρ2γ̂ii +

σ2
w

1−ρ2

)2
, i = l,

∀i ∈M ′ ∪ l.
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Appendix B: Derivation for ∇lL(P̃, ζ)

Rewrite Eq. (29) here:

L(P̃, ζ) =
∑

n∈N

∑

l∈Lin
n

ξlC̄l,γ|γ̂(P)−
∑

n∈N

ζn
∑

l∈Lin
n

(
eP̃l − Pmax

n

)
. (B1)

Let

f(P̃) =
∑

n∈N

∑

l∈Lin
n

ξlC̄l,γ|γ̂(P̃) =

for link l
︷ ︸︸ ︷
ξlC̄l,γ|γ̂(P̃)+

for link i�=l
︷ ︸︸ ︷∑

n∈N

∑

i�=l,l∈Lin
n

ξiC̄i,γ|γ̂(P̃) = fl(P̃) + fi(P̃). (B2)

According to Eq. (A2), we can obtain ∇lfl(P̃) = ξlBβl/ log 2 with respect to P̃l. Next, we need to
obtain the ∇lfi(P̃) with respect to P̃l. It is obvious that ∇lfi(P̃) �= 0 only if link l belongs to the interference
link set of link i. So, we define the interference link set of link i as N ′ = {l, 2′, 3′, · · · , n′} ⊂ L. By plugging
Eq. (A5) into Eq. (A2), we can derive that

C̄i,γ|γ̂(P̃) = E

[

B log2

(

1 +
KeP̃iγii

∑
k �=i x

∗
k(x

∗
i )

TeP̃kγki + 1

)

|(γ̂1i, γ̂2i, · · · , γ̂|L|i)

]

=
B

log 2
αi +

B

log 2
βiψ(ai) +

B

log 2
βi log(KeP̃iθi)

− B

log 2
βi

⎧
⎨

⎩
αl +βlψ(al) + βl log(eP̃lθl)−(βl − 1)E

⎡

⎣log

⎛

⎝1 +
∑

j′ �=i,j′ �=l,j′∈N ′
eP̃jγj′i

⎞

⎠ |(γ̂2′i, · · · , γ̂n′i)

⎤

⎦

⎫
⎬

⎭
.

(B3)
Here, α,β,a,θ are constants and can be calculated using Eq. (A6). So, we plug Eq. (B3) into fi(P̃) and take
the derivative of fi(P̃) with respect to P̃l. As a consequence, we obtain

∇lfi(P̃) =
∑

n∈N

∑

i�=l,l∈Lin
n

x∗
l (x

∗
i )

T ξiBβiβli
log 2

, (B4)

where βli = βl is used to distinguish βl in Eq. (B3) from that in ∇lfl(P̃). So far, it is straightforward that

∇lL(P̃, ζ) =
ξlBβl
log 2

−
∑

n∈N

⎛

⎝
∑

i�=l,l∈Lin
n

x∗
l (x

∗
i )

T ξiBβiβli
log 2

− ζneP̃l

⎞

⎠ , (B5)

where βl and βi can be derived from Eq. (A2), and βil can be obtained from Eq. (A5).


