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Abstract:
hyperbolic B-splines, inherit most properties of B-splines and have some advantages over B-splines. The interest

Unified and extended splines (UE-splines), which unify and extend polynomial, trigonometric, and

of this paper is the degree elevation algorithm of UE-spline curves and its geometric meaning. Our main idea is
to elevate the degree of UE-spline curves one knot interval by one knot interval. First, we construct a new class
of basis functions, called bi-order UE-spline basis functions which are defined by the integral definition of splines.
Then some important properties of bi-order UE-splines are given, especially for the transformation formulae of the
basis functions before and after inserting a knot into the knot vector. Finally, we prove that the degree elevation of
UE-spline curves can be interpreted as a process of corner cutting on the control polygons, just as in the manner of

B-splines. This degree elevation algorithm possesses strong geometric intuition.

Key words: Degree elevation, Unified and extended splines (UE-splines), Bi-order UE-splines, Corner cutting,

Geometric explanation
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1 Introduction

B-spline is very popular in generating and rep-
resenting curves and surfaces due to its proper-
ties, such as local support and shape preserva-
tion.  However, B-splines do suffer from some
shortcomings. For example, many transcendental
curves which play important roles in engineering
cannot be represented exactly by polynomial B-
splines. Though the non-uniform rational B-spline
(NURBS) can represent some analysis curves ex-
actly, its derivative and integral are very complex.
To avoid these flaws of (rational) B-splines, many
new splines are constructed. The original C-B-
splines which are generated over the space spanned
by {sint,cost,t,1|0 < t < a} were introduced
by Zhang (1996; 1997). Wang et al. (2004) pro-
posed non-uniform algebraic-trigonometric B-splines
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(NUAT B-splines) generated over the space spanned
by {1,t,...,t*73 sint,cost} (k > 3). The NUAT
B-splines, which can represent the cycloid and the
helix exactly, not only share the same properties
with polynomial B-splines but also preserve the op-
timal shape (Min and Wang, 2004). Li and Wang
(2005) and Lii et al. (2002) constructed the H-Bézier
curves and the non-uniform hyperbolic polynomial
B-splines (NUAH B-splines) in the space spanned
by {1,t,...,t*73 sinht,cosht} (k > 3). This kind
of curve can exactly represent the catenary. Re-
cently, Wang and Fang (2008) proposed the unified
and extended (UE) splines over the space spanned by
{1,¢,...,t*=3 sin(wt), cos(wt) } which unify all splines
listed above by introducing a frequency sequence
{w; = \/a;} T2, For all w;:

1. If w; = 0, the UE-splines reduce to B-splines.

2. If a; > 0, the UE-splines turn to be trigono-
metric B-splines.

3. If a; < 0, the UE-splines are hyperbolic B-
splines.

UE-splines not only unify the above mentioned
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splines but also include much more forms (Wang and
Fang, 2008). A UE-spline can include a hyperbolic
segment, a segment of usual B-splines, etc.
uniform spline curve without using several piecewise
curves. Furthermore, UE-splines inherit most of the

in a

outstanding properties of usual B-splines.

It is well known that the degree elevation of
Bézier curves is a corner cutting process. However,
the degree elevation of B-spline curves, which has
been studied by many researchers (Forrest, 1972; Co-
1980; 1985; Prautzsch, 1984; Barry and
Goldman, 1988), is somewhat complex and is not in-

hen et al.,

terpreted as a corner cutting process until Wang and
Deng (2007) proposed a new degree elevation algo-
rithm of B-spline curves and pointed out that the de-
gree elevation also can be interpreted as corner cut-
ting. Zhu et al. (2010) and Zhang and Wang (2008)
gave the degree elevation algorithm of C-B-splines
and algebraic hyperbolic B-splines, which also can
be interpreted as corner cutting. All of these degree
elevation algorithms use a new kind of spline called
bi-order splines which put strong geometric meaning
on the process of degree elevation. These methods
inspired the degree elevation algorithm of UE-splines
and revealed its connection to corner cutting. In this
paper, we explore the degree elevation algorithm of
UE-splines and show that the degree elevation algo-
rithm of UE-splines can also be interpreted as corner
cutting.

2 UE-spline and its degree elevation

The UE-splines, whose basis functions are con-
structed based on the integral definition of splines,
provide a unified form over a common space for those
existing splines, such as B-splines, C-B-splines, and
H-B-splines.

2.1 UE-spline basis functions
Definition 1

{t;}7° with
quency sequence {w; =

Let T be a given knot sequence
< t;41 and W be a given fre-
Vaitt%, where a; € R
and a; < minj:i’Hl (ﬂ/(tj+1 — tj))z. A UE—spline
of order k is defined over the space spanned by
{1,t,...,t"=3 sin(wt), cos(wt)} in which k is an arbi-
trary integer larger than or equal to 3. A set of basis
functions N; i (t) of the space is defined as follows
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(Wang and Fang, 2008):
sin (w; ( i) bt < b,

SlIl (wi(ti+1 — ti)) ’

sin (wiy1(tipe —t))
sin (wit1(tiv2 — tit1))
0, otherwise,

N;o(t) =

st <t <tiqo,

in which if w; = 0, the value of the function is evalu-
ated by the limit as w; approaches 0.
For k > 3, N; i (t) is defined recursively by

t NG Nty g
= [ (Bt et

Oit1,k—1
where

(1)

+oo
N; i (t)dt.

Oik =
— 00
This is a UE-spline basis with a simple knot
sequence. If there are multiple knots in the knot
sequence, we set 0/0 = 0 and N, /0;r = 0 when
N; k(t) = 0. In addition, o0; and N, have to

satisfy
/ Nl k 17 > ti+k7
Oik O, t<titk.

The UE-spline basis function N; j(t) is Ck—"i—1
at the knot ¢; if ¢; has multiplicity r;.

Like the basis functions of polynomial B-splines,
the UE-spline basis functions V; ; (t) have properties
such as positivity, local support, partition of unity,
and linear independence.

It is apparent that each w; corresponds to a knot
interval [t;, ¢;41). This is important for our study.

2.2 UE-spline curve

Definition 2
defined as follows:

A UE-spline curve of order k is

= ZNi,k(t)Pia the1 <t <tmy1, (2)
i=0

where P; (i = 0,1,...,m) are the control points and
{N; k(t)}™, is the UE-spline basis of order k corre-
sponding to the knot vector T = {t;}" ¥ and the
frequency sequence W = {w; = /a;}bk=?
a; € Rand o; < minj:i’Hl (ﬂ/(tj+1 — tj))2 (Wang
and Fang, 2008).

When all the frequencies w; = 0,1, or —1, the

UE-splines reduce to B-splines, NUAT B-splines, or

where
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NUAH B-splines, respectively. UE-spline curves not
only include the above-listed spline curves, but also
unify the above splines in a single curve using a uni-
fied formula.

2.3 Degree elevation of UE-spline

Similar to B-splines, the UE-splines of order
k in the space I}, = {l1,t,..,t" 3
can be represented exactly in the space [k41 =
{1,t,...,t"2 sinwt,coswt}. This means that any
UE-spline of order k£ can be represented as a UE-
spline of order k + 1 without changing the shape of
the original curves. Assume that the UE-spline P(t)
of order k is defined the curve as given in Eq. (2). To
elevate the degree of P(t), we should find the control
points j’, a frequency sequence W, and a knot vector
T such that

,sinwt, cos wt}

P(t) = P(t) = Y Nipa(t) P, (3)
1=0

where P; are new control points whose basis func-
tions are ]\Afi7k+1 (t), and 7 is the number of the con-
trol points.

Since the UE-splines before and after degree el-
evation share the same continuity at the knots, the
multiplicities of the knots in the knot vector increase
along with the degree elevation. In fact, knot vectors
can be classified as clamped or unclamped ones. We
rewrite the knot vector T as

T = {t1, st ooty oty
SN—— N——
zZ1 Zj Zn
where z; denotes the multiplicity of the knot ¢; and

t; < t; with ¢ < j. Similarly, W could be clamped as

y Wny "'7("}11}'
———

Zn—1

W= {wl, ey Wy e
——

,wj, ...,(.Oj,
———

zZ1 Zj

Considering that the multiplicities of the knots

in the knot vector increase along with the degree
elevation, the multiplicities of the knots ¢; increase
by 1 in P(t) compared with P(t). Therefore, the

knot vector T must be

T={t1, s tiy s tjy sty st b
zn+1

z1+1 Zj-‘r].

From the definition of the degree elevation for
UE-spline curves in Eq. (3), we find that each knot
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interval [t;, t;41) corresponds to an w;. So, the fre-
quency sequence W must take the form

W ={wi, ..y Wi, ey Wiy ooy Wiy eeey Wy ooy Wt

z1+1 zj+1 Zn

The degree elevation for UE-spline curves is
transformed to find the new control points P in
Eq. (3) such that P(t) = P(t). The intuitive way is
to obtain and solve the linear equations of P, through
computing N; x(t) and Njx(t) at some 7 + 1 suit-
able values. Then we can obtain the transformation
formulae between the UE-spline basis functions of
orders k and k + 1. In this method, we insert all the
knots t; at the same time. Thus, it is difficult to find
the geometric meaning.

In fact, to elevate the degree of UE-splines we
can insert the required knots one by one, rather than
inserting all at the same time. In each step, we
elevate the degree in one knot interval by inserting
only one knot. This means that the degree of basis
functions will be elevated in the former knot intervals
after inserting one knot. As a result, the degree of
the curves will be elevated in the knot interval one by
one. In effect, the splines are of different degrees in
different knot intervals during the process. Thus, we
introduce a new kind of UE-splines called bi-order
UE-splines.

3 Bi-order UE-splines
Let

TV ={t1, ey try sty s i tjnty oo tjaty ooy by s tn }
——— ~—— —— ——

z1+1 zj+1 Zj+1 Zn

= {5, 17, o, }

where m; = z1 + 22 + ... + 2z, + j — 1. We define bi-
order UE-spline basis function Nf; & (t) whose order is
k-+1in[ty,tj41) and k in [tj41,t,] on TV.

Note that TV = TV~ + {t;}. We insert ¢; into
T?~'. The order of Nij;;l(t) is k+1in [ti,t;) and
kin [t;,t,]. After the knot insertion, the order of
ka(t) turns to be k + 1 in [¢;,¢;41). The order of
the basis functions will be elevated one knot interval
by one knot interval since the knots are inserted one
by one. Meanwhile, we can obtain the transforma-
tion formulae between NZJ (1) and NZJ ;1(t) through
knot insertion. Based on the basis functions Nf; L(1),

we define bi-order UE-spline curves P’(t) over TV.



Duan et al. / J Zhejiang Univ-Sci C (Comput & Electron)

According to the transformation formulae, the con-
trol points of P’(t) can be obtained from P77 (t).
This process can be interpreted as corner cutting on
the control polygons of P/~* (t).

3.1 Bi-order UE-spline basis functions

Definition 3 First, we give a non-decreasing knot
vector TV and a frequency sequence W7 as follows:

TV = {1, sty ostyy ooy byt oo by 1y s Ey ooy b}
——
z1+1 zj+1 Zj4+1 Zn
J
- {t t17~ * mj}
and
I’Vj :{wl, ey Wy ey Wy ey, Wy Wi 1y ey Wyt 1,
——
z1+1 zj+1 Zj+1
7wn7 7wn}
zZn—1
Y G B J
_{w07w17'~'7wmj—1}7
where mj = 21 + 22+ ... + 2z, +j — L.
Assume
: J J
sin(w] (t —t])) j
H<t<tl,,

sin(w (t§+1 ) t}))
SlIl( z+1(t1+2 B t))
Sin(w§+1(t?+2 - tg+1))
0, otherwise,

Agz(t) =

J
, o <t<tl,,

and DI, = [T2° A, (t)dt.
When k = 2, the bi-order UE-spline basis func-
tions over T and WY are defined as follows:

Ni],Q(t) =
/t Ag’2(s) B Agﬂ,z(s)
—o \ Dj, Dii1,
cos (wgﬂ(tg“ —t)) — 24 cos (wf+1(t - tgﬂ))
1 —cos (wf+1(t§+2 - t?+1))
! <t<tl,andi=s;—1,
1 — cos (wf(t — tf))
1— cos ( Tt — tf))
sin (wi+1(ti+2 - t))

>d5,0§i<sj—1,

t]<t<tl,andi=s;,

; - ; t!
sin (Wfﬂ(ﬂw - tg+1))
Ag’2(t)7 7 > Sj,

0, otherwise,

T <t<tl,andi=s;, Theorem 1
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where s; =21+ 22+ ...+ 2; +7 — 1.
For k > 3, N; 1 () is defined recursively by

N (1) = / (Nim«s)_thl,kl(s))dS? "

J
-0 0% k-1 O0i11,k-1

where i = 0,1, ...,m; — k and

ol = N/, (t)dt.

— 00

Here we set 0/0 = 0. If Nik(t) = 0, we define

. 1, t>t+k+(z<sj—k)

/t Ng’k(t)dt— ort >t (i>s;—k),
o o'g’k 0, t<t1+k+1(z<sj k)
ort <t] .(i>s;—k).

From the definition above, we can find that
when 0 < ¢ < s; — 1 the order of N/,(t) is 3, and
when ¢ > s; the order of Nij;2(t) is 2. When ¢ = s;,
Nij,Q (t) is a bi-order basis function (Fig. 1).

MSfZ,Z i

&,1 =lls fjs+1 t!s+2 t/s+3
t

ts=tos

Fig. 1 The initial basis functions {IN} 2}, where s = s;

Thus, szk(t) (t=0,1,...,m; — k) are bi-order
UE-spline basis functions for the orders are k + 1 in
[t1,tj41) and are k in [t;41,t,] on TV.

Since t, is the last knot, the basis func-
tions {Nf,;l(t)} on T" ! and {N%@)} on T" are
equal. It can be easily inferred that {N)(¢)} and
{N"-1(t)} are UE-spline basis functions of order k
and k + 1, respectively.

3.2 Transformation formulae of bi-order UE-
spline basis functions

It is easy to find that T° = T and T" =
Then we have the following theorem:
Assume that {N,r(¢t)} and
{Nirp1(t)} are UE-spline basis functions defined
over knot vectors T and T, respectively. {NPL (1)}
and {N/} Y(t)} are the bi-order UE-spline basis
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functions defined on T° = T and T ', respec-

tively. Then we can obtain N x(t) = N, (t) and
Nigr1(t) = NJH(t).
Proof When k=2, Nj(t) = N?,(t) for T’ = T.

NP, (t) when k > 1.
) and N x(t) = N2,.(t).

2

(t
Assume that Nzk( ) =
Then we have o; j,(t) = (
Thus,

t (NP (t) N2, .t
i,k i+1,k
N (1) = / ( ot of «

— 00 i+1,k
— 4Va k+l(t)

It is apparent that N;3(t) =
Similarly we can obtain Ni)k.}rl(t) =
mathematical induction.

In fact, {N)(t)} and {Nf,;l(t)} are UE-spline
basis functions of orders k£ and k + 1, respectively.
However, we also call them bi-order UE-spline basis
functions.

Relationships between {NZJ >

N[f;l(t) over T.
NNt by

H(t)} and {N7 (1)}

are (Fig. 2)
NIyt =
NZQ@)? . Z<Sj—27
| NIt
Ny (t) + Nivalt) , 1=85-2,
2 cos? <w§+2(tg+3 - tf+2)/2)
N0 »
- 2] S +Nij+1,2(t)a i=sj—1,
2 cos? (%‘H (tiio —f¢+1)/2>
Nii1 (), 1238

When k = 3, {Nf;l(t)} can be represented as
the linear combination of {szk(t)}
Nij,gl( )=010-«] )sz3( )+ ag+173Ng+173(t),

where o , satisfies

0, 1< s;—3,

J Jj—1 — ..
i _ Jl-ois/oiy, i=si—2,
Qg3 = 1
z+12/0127 =355 )

1, iZSj.

Knowing that we can obtain Ni’k+1(t) =
folzl(t) by inserting knots one by one on T, we
deduce the transformation formulae of bi-order UE-
spline basis functions {Nf;l(t)} and {ka(t)}

Duan et al. / J Zhejiang Univ-Sci C (Comput & Electron)
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0 S ; . ,
o=t , ts=t, toq ts tor

MS‘H,Z

tg—1 =tjs t{;+1 tiyz
t
(b)

Fig. 2 The basis functions {Nf;l} (a) and {Nfz}
(b), where s = s;

0=
t/s—Sztlsz

tg_3=t"s,2

Theorem 2 For the bi—Qrder UE-spline basis func-
tions {Nf;l(t)} and {Nigl (t)} defined over TV°*
and TY by Eq. (4), we have
N () =

Nij;k: (t)a

(I—=af )N/ () +af (N (),
s;—k<i,and i<s;—1,

i<8j—k,

Nij+17k(t)7 7’ Z Sj7

(5)

where o , satisfies
,

07 i<s;—h-1
J _ .
Qi ht1 = z+lh H—l h/azh7 —h<i<s;—1,
1, iZSj,
when h > 3 and
0, i <s;—3,
j 1_012/0127 t=5j 2,
O3 =
z+12/0127 i =55 —1,
1 1> 5

) — 9j-

Proof It is trivial that Theorem 2 holds fqr k=3.
Assume that it holds for k£ > 3. Since Nfgl (t) =

(l—azk)N ()+az+lsz+1k(t) we have o m =

(1- O‘Z,k) ik T O‘z+1 kaz+l k-
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Considering the definitions of Ni;l(t) and
ka(t) we have

CNGNO NI
1 i,k i+1,k
szk-i-l( ) / ( -1 e dt
(L—af )N/ (8) + ag+1,kNi+1,k(t)
(1- a?,k)fff,k + agﬂ,kagﬂ,k

—o0 Ok Otk
¢
-/
T N k(O + o NY Ly ()

- /_too - _(1a— a

For

dt

dt.

J J J J
i+1,k)0i+1,k + QG0 k0o k

az-i-l,kNij-&-l,k(t)
(1-aol,)o!

j J J
ik T Qg kT
J J
B (1 _ (1- O‘i,k)%k
- J J J J
(1= )0] p + Qi 1071k

and

) Nij-fl,k(t)

J
Oit1,k

(1- agﬂ,k)Nin,k(t)

J J J J
(1- ai+1,k)ai+1,k QG0 102k

_ (1 B 42,8042,k ) Nij+1,k(t)
(I =iy )ik + Ol nOiion ) Tisrn
(1- a?,k)fff,k

(1- a'z?,k)af

szk-qlrl()*

j J J
ik T i1 1Ttk

t (NI (t) N2 . (1)
i,k i+1,k
/ ( J o’ d¢
—o© Ok Otk

J J
Q10 10512k

J J J J
(1- QG k)Ui+1,k T Q10 1010k

_/t <N17+1 1) B Nij+2,k(t)> it
—00 Gi']+2,k

H—l,k:

j

B i Tk j

= (1 — Qg i1 N @)
z k

7,-‘1-2 k 7
+a1+2k —1 Nipq g (1)
Uz—i—l k
o] k
7 | i+1
Thus, o 1 = @iy g1
z k

This means that the theorem holds for &+ 1. By
induction, Theorem 2 holds.

3.3 Properties of bi-order UE-spline basis
functions

The bi-order UE-spline basis functions have
good properties like normal UE-splines:
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1. Positivity: N7, (t) > 0 for ] <t <t}
(i >s; —k)ort] <t<tl+kle (i <sj—k).

2. Partition of unity: >, N7, (t) = 1.

3. Linear independence: {Nf x(t)} are linearly
independent of TV if there is no zero function in
{N/p(D)} -

In fact, we define bi-order UE-spline basis func-
tions based on the properties above.

3.4 Bi-order UE-spline curves

Based on the definition of bi-order UE-spline
basis functions, we construct the bi-order UE-spline
curves.

Definition 4 A bi-order UE-spline of order k
defined on 7Y is defined as

mjfk

()= ) N ()P, (6)
=0

where { P!} are the control points and {ka(t)} are
bi-order UE-spline basis functions.

P°(t) is the original UE-spline of order k de-
fined on the knot vector T and frequency vector
W. P" '(t) is the UE-spline of order k + 1 ele-
vated from P(t) defined on the knot vector T !
the frequency vector W" ™. Since the bi-order UE-
spline basis functions {Nf;gl(t)} can be represented
by {N7.(t)}, we can derive { P}} from {P!™'}.
Theorem 3 If P/~ (t) is a bi-order UE-spline curve
defined over T?~! while P?(t) is a bi-order UE-spline
curve defined over 77, their control points { P/} and
{ P/} satisfy

P
(1-af )P +al P~}
sj—k+1<tandi<s; —1,

iSSj—k,

Pj:

3
j—1 s o
P, 12> 5§,

(7)

where a'z’k is defined in Eq. (5).
Proof Based on the fact that the knot insertion
does not change the shape of the curve, we obtain
P/ (t) by inserting a knot ¢; into knot vector 79~ '.
_ - , ,
According to N/ "(t) = (1 — o )N, (1) +

Nj

J
«a i+1,k

1k (t), we have

Pl =(1-a] )P +a] P

This completes the proof.
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According to Theorem 3, we can obtain { P!} by
corner cutting on control points {PZ’ 1. Applying
this method one knot interval by one knot interval,
the order of UE-splines will be elevated from order k
to k + 1 using a corner cutting process.

Theorem 4 The degree elevation of UE-spline
curves can be interpreted as a corner cutting process
for control polygons.

Proof Assume that a UE-spline of order k£ on
T={,.., s 19 1.} is defined as

m"

P(t)=> Nix(t)
1=0

Rewrite the knot vectors T and W as

Py, ) <t<tp.1. (8)

T = {t1,.rtiyostay s tas sty sty coos by ooy b b
—— ——

Z1 Za Zb Zn

and

W:{wh ey W1y ee
——
zZ1 Za Zp

Wiy oees Wi 1y
———
Zn—1

where t2—1 = tq, t9n+1 =tp, and t; < t; when i < j.
Inserting all the diverse knots ¢; in the knot vector
T, we can find that the order of the basis functions
defined on T can be elevated as k + 1.
n — 1 steps to obtain the degree elevation of basis
functions.

There are

Thus, we can obtain the degree elevation process
through the following formula:

m+1
P(t):Zle P_ZNl
m-+a—1 m-+j
= > NEOPT =)0 NP
i=a—1 i=a—1
m+b—1 m-+b—1
b 1 1 1
= Z Nzk z Z Nznk t) P}~
1=a—1 1=a—1

where t, = t9_, <t <9, =t;, and the {P!} can
be inferred from Eq. (7). It means that the degree
elevation of UE-splines can be interpreted as a corner
cutting process for control polygons.

Without loss of generality, Fig. 3 shows the cor-
ner cutting process of the degree elevation of UE-
spline defined as Eq. (8).

2014 15(12):1098-1105

P p2 P P
P -~ P P
P, < P / Pz — : 1
P! -1 : _
P N 1 P : - Pz — i —F 1
P!
’?2 \ Pj \ Pg
: "3 \ po-1
P \: Pi B pr-2 / m+b-k-3 : / m+nk4
k-2 1 s . m+b-k-3 _
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Fig. 3 The corner cutting process of the degree ele-
vation of UE-splines

Fig. 4 presents the corner cutting process of the
degree elevation of the UE-spline whose original or-
The knot vector is T = {tJ,t9,...,t3}

, 19 = t2, and other knots are simple

der is four.
where tJ = ¢!
knots.

4 Conclusions

We have shown how to elevate the degree of
UE-spline curves in this paper. First, we propose
the definition of bi-order UE-splines. Then we give
the properties of bi-order UE-spline basis functions,
especially for the transformation formulae between
the bi-order UE-spline basis functions. Finally, the
degree elevation of UE-spline curves is proved to be
a corner cutting process.

After elevating a UE-spline curve from order k
to k + 1, we can obtain a new control polygon by
corner cutting. When the elevated order goes to in-
finity, we wonder whether the new control polygon
sequences converge to the initial UE-spline curve.
If the conjecture can be proved, the degree eleva-
tion algorithm can be used to construct the splines
by geometric methods.
ing that the UE-spline curve can be obtained by the
degree elevation algorithm, and using the integral
definitions of spline to investigate more properties
and applications of the bi-order UE-splines to con-
struct multi-degree splines (Wang and Deng, 2007;
Shen and Wang, 2010; Cao and Wang, 2011; Shen
et al., 2013). In addition, iso-geometric analysis may
be studied using UE-splines (Xu et al., 2011; 2013).

Future work includes prov-
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Fig. 4 A sample graph of degree elevation on control
polygon (a) can be interpreted as corner cutting after
inserting knots t3 (b), t3 (c), t (d), tJ (e), t3 (f), t9
(g), and t3 (h) one by one
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