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1 Introduction
Sliding mode control (SMC) is an important
control method because of its robustness, invariance
to uncertainties, and resistance to external disturbance (Utkin, 1977; Sira-Ramirez, 1989; Edwards
and Spurgeon, 1998). Over the past several decades,
SMC has attracted major research interest and has
been widely applied to many industrial processes,
such as ﬂying craft control, motor drive, and chemical engineering. In recent years, many researchers
have begun to investigate the application of SMC
into adaptive control and intelligent control meth*
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ods, such as the combination of SMC with neural
networks (Morioka et al., 1995) or with fuzzy logic
systems (Zhang and Panda, 1999). Particularly, in
the ﬁeld of fuzzy logic control, its combination with
SMC can be used to overcome an obvious shortcoming, namely, the chattering phenomenon that impedes the application of SMC.
Fuzzy logic control (FLC) has been speciﬁcally
widely applied to the practical control systems, in
which the precise mathematic model cannot be acquired easily. Fuzzy logic systems (FLSs) are applied
to sliding mode control systems in order to improve
the performance of SMC, and to approximate unknown dynamic functions or eliminate chattering in
particular. Since FLS has a great approximation
ability, it has wide potential applications in many
control design ﬁelds with fast development. Numerous studies have been done related to online or oﬄine
identiﬁcation for nonlinear dynamics (Wang, 1995;
Lee and Vukovich, 1997; Wang and Yu, 2000). To
improve the performance of SMC, FLS is applied
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into SMC design. Such a combination approach is
also known as fuzzy sliding mode control (FSMC).
FSMC has very wide applications. For example,
the chaos SMC of a class of fractional-order chaotic
systems was propounded (Chen et al., 2012a). Then
a new FSMC method was proposed for diﬀerent initial conditions and diﬀerent dimensions (Chen et al.,
2012b). Hwang et al. (2009) applied the FSMC to an
electric bicycle system. They employed two scaling
factors to normalize the sliding surface and its derivative, and adopted an appropriate ‘if-then’ rule for the
FLS. Such a method can help deal with huge uncertainties of the bicycle system. In the situation of
unavailable state information, Wang and Liu (2010)
proposed an FSMC design based on a sliding mode
estimator. Zhu and Li (2010) proposed a decentralized FSMC for manipulators. Many other FSMC
related applications were proposed, such as the development of hydraulic pressure coupling drive systems (Ho and Ahn, 2012), uncertain micro-electromechanical systems (Yau et al., 2011), and nonlinear chemical processes (Shahraz and Boozarjomehry,
2009).
On the other hand, the use of the SMC principle to construct fuzzy ‘if-then’ rules might lead to
sliding mode fuzzy logic control (SMFC). For example, for the control of a digital signal processor based
(DSP-based) boost converter, Guo et al. (2011) proposed an SMFC design which encompasses the desirable characteristics of both fuzzy and sliding mode
controllers. Experimental results were assessed compared to the cases when a linear PID or PI controller was used. Poursamad and Davaie-Markazi
(2009) proposed a robust adaptive fuzzy control algorithm, which consists of an FLS and a robust controller, and applied it to unknown chaotic systems.
Particularly, the fuzzy logic system was designed
based on the sliding mode control with all parameters adaptively tuned. Hsu et al. (2009) proposed a
self-regulating fuzzy control (SRFC) design method
using a gradient rule modiﬁcation method to regulate the fuzzy rules. Also, a self-regulating fuzzy
sliding mode control (SRFSMC) design method was
developed (Hsu et al., 2009) that could be used to
control a forward DC-DC converter. Zhang (2009)
proposed an extending sliding mode-like fuzzy logic
control (SMLFC) method for nonlinear systems. Allaoua and Laouﬁ (2013) proposed a new FLC based
on sliding mode by taking the advantage of support
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vector machines (SVMs), and applied it to an electric vehicle propulsion system. Farhoud and Erfanian (2014) proposed an FLC method based on a
higher-order sliding mode, which demonstrated excellent transient and steady-state responses.
These FSMC or SMFC designs are clearly successful in practical use. The advantages of the
SMC and the FLC controllers could be integrated,
and their disadvantages could be reduced or even
removed. However, most of the above-mentioned
studies just considered continuous systems, whereas
FSMC or SMFC designs for discrete nonlinear systems were sporadically reported. In practice, the
control scheme is always implemented by a computer
or a DSP apparatus. Therefore, the discrete sliding
mode control (DSMC) has high potential in engineering, and it could be conveniently applied for the
realization of digital devices, so that a sampled data
system could be established. Numerous studies have
been carried out in the ﬁeld of DSMC over a long
period (Sarpturk et al., 1987; Furuta, 1990; Monsees
and Scherpen, 2002; Reddy et al., 2009; Corradini
et al., 2012; Khandekar et al., 2013; Pande et al.,
2013; Lian et al., 2014; Pai, 2014; Zhang and Guo,
2014).
SMC has one obvious drawback, i.e., the chattering phenomenon, which would signiﬁcantly impede its practical application. In particular, the
chattering becomes more serious for discrete systems due to the processes of sampling, digitization
of analog signals, and complicated discrete modeling
(Castillo-Toledo et al., 2008). Monsees and Scherpen
(2002) put forward a method of online tuning the
switching gain by an adaptive law, so that the chattering for the concerned discrete systems could be
reduced. Another problem in engineering practice is
the unknown precise model dynamics. Fortunately,
FLS has a great approximation ability and it has a
ﬁltering function to deal with such problems. Therefore, the combination of SMC and FLS is a proper
approach to dealing with discrete nonlinear systems,
especially for those systems with unknown dynamics. As for online control applications, however, a
key point is to seek a proper adaptive law.
In this study, we consider a class of non-aﬃne
discrete nonlinear systems with an adaptive FSMC
design speciﬁcally presented. For a discrete nonlinear system with unknown nonlinear dynamic functions, a dynamic fuzzy logic system (DFLS), for
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which the parameters are self-tuned by the adaptive laws, is ﬁrst constructed to approximate the unknown dynamics. The SMC controller is designed
based on the DFLS. The stability of the tracking error and the reaching condition of the sliding mode are
then validated using the Lyapunov stability theory.
This paper is an extension of Zhang et al. (2015).
The contributions of the current work are listed as
follows:
1. The analysis and discussion of the disturbance
are elaborated to further clarify the signiﬁcance of
the discrete model considered in this paper. The assumption of the disturbance is revised, which further
relaxes the model condition and makes the method
adapt to more general applications.
2. The adaptive DFLS design is extended in detail and the parameters of the forward and backward
parts are clearly designed.
3. The main results achieve more strict and rigorous improvements. First, in the DFLS design for
approximation, relations of the estimated function,
its optimal approximation, and the absolute error
are clearly clariﬁed. The point is very important
for the rigorous controller design (Theorem 1). Second, the parameter design of the controller and the
adaptive law are improved. Under the same tuning condition (αi > 0, 0 < βi < 1), the controller
parameters (ki,1 , ki,2 ) have been simpliﬁed. Again,
the chattering problem is considered with analysis
and discussion. Chattering depends on the absolute
approximation error. Fortunately, this value is very
small due to the strong approximation ability of the
DFLS. Therefore, the proposed design method has
nearly no chattering.
4. An application to a robotic arm with two
degrees of freedom is added via simulation.

2 Problem formulation
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T

[yi,k , yi,k+1 , . . . , yi,k+ri −1 ] for i = 1, 2, . . . , m. Con(r)
(r ) (r )
(rm ) T
sequently, yk = [y1,k1 , y2,k2 , . . . , ym,k
] denotes its
(r )

forward diﬀerence vector with yi,ki = yi,k+ri (i =
1, 2, . . . , m). Additionally,
f (xk , uk ) =[f1 (xk , u1,k ), f2 (xk , u2,k ),
. . . , fm (xk , um,k )]T
is deﬁned as the nonlinear dynamic vector, whose
components fi (xk , ui,k ) ∈ L2 (R) (i = 1, 2, . . . , m)
are unknown. Moreover,
d(xk ) = [d1 (xk ), d2 (xk ), . . . , dm (xk )]

T

ȳi,k = [ȳi,k , ȳi,k+1 , . . . , ȳi,k+ri −1 ] , i = 1, 2, . . . , m,
the tracked mathematic model is described by
(r )

Consider a class of discrete nonlinear systems:
(r)

T

T

represents the unknown disturbance or unmodeled
dynamics.
The disturbance d(xk ) in the controlled system (1), which has relation with only the system
state xk , is certainly unknown and is not required
to be bounded. It is only a type of interference to
the state equation, related with the state xk itself
and aﬀecting the movement of the system state xk .
Therefore, if the adaptive mechanism has the ability of tracking it, this kind of eﬀect can be treated.
In this study, the disturbance d(xk ) is considered
as part of the unknown dynamics, which can be approximated by the DFLS online. Then the SMC
controller is not required to consider that the disturbance is matched or unmatched, or compensated by
the switching signal (the nonlinear part of the SMC).
The subscript i represents every branch of the
subsystem and the subscript k denotes the discrete
time instant. If ȳk = [ȳ 1,k , ȳ 2,k , . . . , ȳ m,k ]T represents the trajectory to be tracked and comprises the
following vectors:

ȳi,ki = −

yk = f (xk , uk ) + d(xk ),
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r
i −1

aj ȳi,k+j + ri (k),

(2)

j=0

(r )

(1)

where yk = [y1,k , y2,k , . . . , ym,k ] denotes the
T
output vector, r = [r1 , r2 , . . . , rm ] with each
element ri denoting a subsystem’s relative dem
gree (the total relative degree n =
i=1 ri ),
and uk = [u1,k , u2,k , . . . , um,k ]T denotes the
control input vector.
The system state vecT
T
T
T
, y2,k
, . . . , ym,k
] with yi,k =
tor is xk = [y1,k

where ȳi,ki = ȳi,k+ri (i = 1, 2, . . . , m) with aj (j =
0, 1, . . . , ri − 1) being Hurwitz coeﬃcients and ri (k)
the reference signal. The control problem is to design
a controller for system (1) such that the tracking
error is
T
T
T
(3)
ek = [eT
1,k , e2,k , . . . , em,k ] ,
where each element
ei,k = yi,k − ȳi,k = [ei,k , ei,k+1 , . . . , ei,k+ri −1 ]

T

(4)
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with ei,k = yi,k − ȳi,k (i = 1, 2, . . . , m) converges to
the origin asymptotically.
By the above deﬁnitions, we obtain ei,k+ri from
Eqs. (1)–(4) as
ei,k+ri =fi (xk , ui,k ) + di (xk ) +

r
i −1

aj ȳi,k+j − ri (k).

j=0

(5)
The sliding manifolds are deﬁned as follows:
T

Sk = [S1,k , S2,k , . . . , Sm,k ] ,
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and we should conﬁrm that the function to be estimated is bounded. Only in this way, can Lemma 1
(given later) be used. Hence, there is Assumption 3
in Zhang et al. (2015). However, in this study the
function to be estimated is gi,k (x) ∈ L2 (R), if we
suppose di (xk ) ∈ L2 (R) (Eq. (11)). So, the function gi,k (x) can be approximated optimally by the
DFLS. Therefore, the constraint condition becomes
Assumption 3 in the current paper, which releases
the condition for the unknown disturbance or unmodeled dynamics.

(6)

3 Dynamic fuzzy logic system design

where
Si,k = Ci ei,k , i = 1, 2, . . . , m,

(7)

T

with Ci = [ci,1 , ci,2 , . . . , ci,ri ] satisfying the discrete
Hurwitz polynomial:
hi (·) = ci,ri ei,k+ri −1 + ci,ri −1 ei,k+ri −2 + . . . + ci,1 ei,k .
We aim to look for a design of the fuzzy adaptive
sliding mode controller:
ui,k = ueq,i + uv,i , i = 1, 2, . . . , m,

(8)

where ueq,i is the equivalent control and uv,i the
hitting control such that the manifold Si,k can be
reached. Because function fi (xk , ui,k ) is unknown,
the control input ui,k cannot be designed directly.
In the following section, a DFLS will be adopted to
realize an SMC controller.
The following assumptions are necessary to underlie the remainder of this study:
Assumption 1 The function fi (xk , ui,k ) ∈ L2 (R)
and
∂fi (xk , ui,k )
 0, ∀ xk ∈ Ωxk ,
=
fi,ui =
∂ ui,k
def

where Ωxk is the compact set of state xk .
For all xk ∈ Ωxk , the smooth function satisﬁes
fi,ui > 0 or fi,ui < 0. Without loss of generality, it
is assumed fi,ui > 0.
Assumption 2
There exists a positive upper bound function b̄i (xk ) such that ∀xk ∈ Ωxk ,
0 < fi,ui ≤ b̄i (xk ).
Assumption 3 The unknown disturbance or unmodeled dynamic di (xk ) ∈ L2 (R), i = 1, 2, . . . , m.
The constraint condition for di (xk ) is released
compared with that mentioned in Zhang et al.
(2015). In general, di (xk ) is required to be bounded,

Using the singleton fuzziﬁer, product inference
rule, and average defuzziﬁer method, a dynamic
fuzzy logic system (DFLS) can be described as follows (Lee and Vukovich, 1997). However, since system (1) is discrete, we adopt a discrete DFLS as
follows:
ĝ(x, τ + 1) = −ξ[ĝ(x, τ ) − Θ T (τ ) p(x)],

(9)

where ĝ(x) is the approximation of g(x) (a nonlinear scalar function to be approximated), τ is the
sampling time interval of the DFLS which is different from the sampling time interval k of sysT
tem (1), Θ (τ ) = [θ1 (τ ) , θ2 (τ ) , . . . , θM (τ )] is the
support point vector of the fuzzy rule base, being an
adjustable parameter of the fuzziﬁer of the DFLS,
ξ > 0 is a real scalar parameter to be designed, and
p(x) = [p1 (x), p2 (x), . . . , pM (x)]T is the fuzzy basis function vector. The element of the fuzzy basis
function is determined by
N


pl (x) =

j=1

μlj

M 
N

l=1 j=1

,

(10)

μlj

where M is the number of fuzzy rules and N the
number of input variables of the DFLS. The input
variables of the DFLS are selected as state variables
T
of the system with xk = [x1,k , x2,k , . . . , xn,k ] . Obviously, in this case N = n.
The membership functions of input variables
are all triangular (Fig. 1). In the ﬁgure, ϕj (j =
1, 2, . . . , n), which are set up by the designer, are
the fuzzy partition parameters of the input variables. The universe ﬁeld partitions and the triangular membership function of the output variables
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ĝ(x) are shown in Fig. 2. We adopt the product
inferring method, resulting in the following fuzzy inference rules:
If x1,k is a11 , x2,k is a12 , . . ., and xn,k is a1N , then
ĝ(x) is θ1 ;
If x1,k is a21 , x2,k is a22 , . . ., and xn,k is a2N , then
ĝ(x) is θ2 ;
...
M
M
If x1,k is aM
1 , x2,k is a2 , . . ., and xn,k is aN ,
then ĝ(x) is θM .
A weighted averaging defuzziﬁer is adopted.
Therefore, the fuzzy rule base (10) is obtained,
where pl is the lth rule membership value of the
output variable ĝ(x). Here, l = 1, 2, . . . , 3n is
Accordthe number of rules, i.e., M = 3n .
ing to the fuzzy rules and the output variable
partitions (Fig. 2), the support point vector element of the fuzzy rule base is obtained as ∀i =
1, 2, . . . , M, θi = φq for q = 1, 2, . . . , 5. Therefore, the support point vector of the fuzzy rule base,
Θ (τ ) = [θ1 (τ ) , θ2 (τ ) , . . . , θM (τ )]T , is essentially
the partition parameter of the defuzziﬁer, which
will be self-tuned online by the adaptive law for
approximation.
The following Lemma is introduced for its application in this study (Wang, 1995):
Lemma 1 For smooth nonlinear vector ﬁeld g(x) :

 P
μj j 
N  Z
Z  P
 N
P

M

M
φ j

−φj j

j

x

xj,k j,

Fig. 1 Fuzzy sets of the input variables in the dynamic
fuzzy logic system (N: negative; Z: zero; P: positive)

 Pμ 
PS  PB
NB
ZR  PL
PB 
NB NS
NL ZR

Iϕ11

I22
ϕ

Iϕ33 ϕI44

Iϕ55

̭
gˆg(x)
( x)

Fig. 2 Fuzzy sets of the output variables in the dynamic fuzzy logic system (NB: negative big; NS: negative small; ZR: zero; PS: positive small; PB: positive
big)
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Rn → R, there is a parameter


∗
∗
Θ = arg min sup g(x) − g (x)
θ∈Ωθ

x∈Rn

to guarantee ∀ε ∈ R, ε > 0, g(x) − g ∗ (x) <
ε, where g ∗ (x) is the approximation output of
DFLS (9), namely g ∗ (x) = (Θ ∗ )T p.
In the SMC controller design, the DFLS described by Eq. (9) and the above rules of the fuzzy
logic system are adopted for the approximation of
unknown dynamics.

4 Main results
We use the DFLS described by Eq. (9) to approximate the unknown dynamics, so that the equivalent control can be obtained. Then the approximation error can be compensated by the hitting control
design.
4.1 Adaptive sliding mode control law design
The objective is to design a sliding mode controller ui,k (Eq. (8)) such that Si,k = 0. The SMC
controller requires a method to approximate those
unknown dynamics. Here, the approach of function
approximation described in Section 3 which is based
on the DFLS will be adopted to approximate the unknown dynamics. In the following analysis, only one
branch Si,k of the sliding mode Sk and one control input branch ui,k will be processed for convenience. To
carry out the subsequent control law design, the following Lemma is introduced (Zhang and Su, 2004):
Lemma 2
For Hurwitz polynomial parameters
ci,j > 0 (j = 1, 2, . . . , ri − 1) and ci,ri > 0, there are
always parameters λi,j > 0 (j = 0, 1, . . . , ri ) which
guarantee
⎤
⎡
··· 0
ci,1
λi,0 0
⎢ 0
λi,1 · · · 0
ci,2 ⎥
⎥
⎢
⎥
⎢ .
.
.
.
⎥>0
⎢
..
..
..
Di = ⎢ ..
⎥
⎥
⎢
⎣ 0
0
· · · λi,ri −1 ci,ri ⎦
ci,1 ci,2 · · · ci,ri
λi,ri
and Di = DiT .
For the convenience of the design, we deﬁne
Si,a (k) =

ri −1

1 
λi,j e2i,k+j − e2i,k+j−1
2 j=0

−

λi,ri 2
e
− Si,k−1 ei,k+ri −1 ,
2 i,k+ri −1
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and deﬁne a nonlinear dynamic function

−1
gi,k (x) = Si,k b̄i (xk )
Si,a (k) + 0.5λi,ri e2i,k+ri
−1
+ b̄i (xk )
(fi (xk , ui,k ) + di (xk )) − ui,k ,
(11)
which will be approximated as ĝi,k (x) by the DFLS.
According to Lemma 1, there is a parameter Θi∗
such that


∗
∀ε ∈ R, ε > 0, gi,k (x) − ĝi,k
(x) < ε,
(12)
∗
where ĝi,k
(x) is the approximation output of the
fuzzy logic system, namely,
∗
(x) = (Θ ∗ )T p.
ĝi,k

(13)

Therefore, we have the following relationship:
∗
gi,k (x) = ĝi,k
(x) ± ε,

(14)

where ε is the absolute value of the minimum approximation error.
Consequently, an SMC controller is designed as
i −1
−1 r
−1
ui,k =− b̄i (xk )
aj ȳi,k+j + b̄i (xk )
ri (k)

j=0





−ĝi,k (x)− εi,h + ki,1 +ki,2 b̄i (xk ) |Si,k | sgn(Si,k ),
(15)
where sgn(·) is the sign function with parameters
εi,h > |ε| , ki,1 > 0, ki,2 >

αi
βi
−1
+ G i  .
2βi
2
(16)

Here, Gi ∈ RM×M is an optional parameter matrix
satisfying Gi = GT
i and Gi > 0 , and αi > 0, 0 <
βi < 1 are optional scalar parameters.
To approximate the unknown nonlinear dynamic function gi,k (x) online, the adaptive laws of
the adopted DFLS are designed as follows:
⎧
⎪
ΔΘi (k) = βi G−T
⎪
i pSi,k b̄i (xk ),
⎨

Substituting the designed controller (15) into the
above and using Eq. (5), we have
Si,k b̄i (xk ) (gi,k (x) − ĝi,k (x)) = Si,a (k)
+ 0.5λi,ri e2i,k+ri + Si,k ei,k+ri + εi,h |Si,k | b̄i (xk )

2 
2
|Si,k | .
(18)
+ ki,1 b̄i (xk ) + ki,2 b̄i (xk )
It will be used for stability analysis in the following
subsection.
According to Lemma 1, the approximation error
will be arbitrarily small. Then εi,h can be selected
as any real size according to the situation of system
uncertainties and disturbance. In Eq. (17), the ﬁrst
formula describes the adaptive mechanism, and the
second one describes the DFLS. From these two formulas, it can be seen that both the operation of the
DFLS and the adaptive mechanism need the sliding
mode value Si,k . When the system state reaches the
sliding mode, i.e., Si,k = 0, the adaptive mechanism
is in a steady state. The SMC controllers (11)–(16)
constitute a complex dynamic subsystem. In the
following, the analysis of the closed-loop system stability is carried out.
4.2 Stability analysis
The main result of system stability is summarized in the following theorem:
Theorem 1 Given nonlinear system (1) and reference trajectory (2), the sliding modes (6) and (7)
are reachable and the system tracking errors (3)
and (4) are globally asymptotically stable under the
FSMC controllers (11)–(16), which are based on
the DFLS (Eqs. (9), (10), and (17)), if the coeﬃcients of sliding modes (6) and (7), ci,j > 0 (i =
1, 2, . . . , m, j = 1, 2, . . . , ri ), are Hurwitz.
Proof Choose the Lyapunov function of the tracking error as
Vi,k =

T

Δĝi,k (x) = − (1 − βi ) [ĝi,k (x) − (Θi (k)) p]

+ αi + βi pT G−T
i p Si,k b̄i (xk ).
(17)
Following the above deﬁnitions and Eq. (11), we
can obtain the following equation:
⎪
⎪
⎩

Si,k b̄i (xk )gi,k (x) = Si,a (k) + 0.5λi,ri e2i,k+ri
+ Si,k [fi (xk , ui,k ) + di (xk )] − Si,k b̄i (xk )ui,k .
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2
αi βi T
1
ẽi,k Di ẽi,k + ĝi,k (x) − (Θi (k))T p
2
2
αi
+ Θ̃iT Gi Θ̃i ,
(19)
2

where
ẽi,k = [ei,k−1 , ei,k , . . . , ei,k+ri −1 ]

T

and Θ̃i = Θi∗ − Θi (k) is the error between Θi (k) and
the optimum parameter Θi∗ . According to Lemma 2,
we have Di = DiT , Di > 0, and Vi,k > 0. Furthermore, when ẽi,k  → ∞, |Vi,k | → ∞.
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Seeking the time diﬀerence of the Lyapunov
function (19), we have


λi,ri 2
ei,k+ri
ΔVi,k = αi βi Si,a (k) + Si,k ei,k+ri +
2
αi ∗
T
∗
+ [Θi − Θi (k + 1)] Gi [Θi − Θi (k + 1)]
2
αi ∗
T
− [Θi − Θi (k)] Gi [Θi∗ − Θi (k)]
2
2
1
T
+ ĝi,k+1 (x) − (Θi (k + 1)) p
2
2
1
− ĝi,k (x) − (Θi (k))T p .
2
Then substituting the adaptive law (17) into the
above equation, we have


λi,ri 2
e
ΔVi,k = αi βi Si,a (k) + Si,k ei,k+ri +
2 i,k+ri
T
αi  ∗
Θi − Θi (k) − βi G−T
+
i pSi,k b̄i (xk ) Gi
2


· Θi∗ − Θi (k) − βi G−T
i pSi,k b̄i (xk )
αi
T
− [Θi∗ − Θi (k)] Gi [Θi∗ − Θi (k)]
2
1
T
+
ĝi,k (x) − (1 − βi ) [ĝi,k (x) − (Θi (k)) p]
2
2
T
+αi Si,k b̄i (xk ) − (Θi (k)) p
2
1
T
− ĝi,k (x) − (Θi (k)) p .
2
Continuing simplifying the above, we have


λi,ri 2
ΔVi,k = αi βi Si,a (k) + Si,k ei,k+ri +
ei,k+ri
2
T
 −T
∗
− αi βi Gi pSi,k b̄i (xk ) Gi [Θi − Θi (k)]

T

αi βi2  −T
Gi pSi,k b̄i (xk ) Gi G−T
+
i pSi,k b̄i (xk )
2

2
1 
T
+
βi ĝi,k (x) − (Θi (k)) p + αi Si,k b̄i (xk )
2
2
1
T
− ĝi,k (x) − (Θi (k)) p
2


λi,ri 2
ei,k+ri
= αi βi Si,a (k) + Si,k ei,k+ri +
2


T
∗
− αi βi Si,k b̄i (xk ) ĝi,k
(x) − (Θi (k)) p
2 1 2

αi βi2 T −T 2
+
p Gi pSi,k b̄i (xk ) +
βi − 1
2
2
2 1

2
T
2 2
· ĝi,k (x) − (Θi (k)) p + αi Si,k b̄i (xk )
2


T
+ αi βi Si,k b̄i (xk ) ĝi,k (x) − (Θi (k)) p .
Subsequently, by using Eq. (14) and substitut-
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ing Eq. (18) into the above, we have
ΔVi,k = εαi βi Si,k b̄i (xk ) − εi,h αi βi |Si,k | b̄i (xk )

2 
2
− αi βi ki,1 b̄i (xk ) + ki,2 b̄i (xk )
|Si,k |
2 1
2
αi βi2 T −1 2
2
p Gi pSi,k b̄i (xk ) + α2i Si,k
b̄i (xk )
2
2
2

1 2
T
+
βi − 1 ĝi,k (x) − (Θi (k)) p .
2
+

Because 0 < βi < 1 and εi,h > |ε| (inequality (16)), the above equation satisﬁes

2 
|Si,k |2
ΔVi,k ≤ − αi βi ki,1 b̄i (xk ) + ki,2 b̄i (xk )
 2
2
αi  2 T −1
βi p Gi p + αi Si,k
b̄i (xk ) .
+
2
(20)
It is known that p is the fuzzy basis of DFLS
−1
satisfying pT p ≤ 1. Then pT G−1
. Aci p ≤ Gi 
cording to the parameter design conditions (16), inequality (20) is equivalent to
2

ΔVi,k ≤ −αi βi ki,1 b̄i (xk )|Si,k | ,
which means that ΔVi,k is negative semi-deﬁnite.
ΔVi,k ≡ 0 holds if and only if |Si,k | ≡ 0. ∀ẽi,k ∈
Rri +1 , S (k)  = 0, then ΔVi,k < 0.
According to the Lyapunov stability theory, the
system error asymptotically converges to

def 
Ωe = ẽi,k | |Si,k | = 0 .
Namely, the sliding mode can be reached.
After the state reaches the sliding mode, i.e.,
Si,k = 0, the system error equation becomes
ci,ri ei,k+ri −1 = − ci,1 ei,k − ci,2 ei,k+1
− . . . − ci,ri −1 ei,k+ri −2 .
If ci,j > 0 (j = 1, 2, . . . , ri ) is Hurwitz, then the
above (ri − 1)th-order system is asymptotically stable. The same situation holds on every branch of
the sliding surface Si,k for i = 1, 2, . . . , m. As a result, the overall closed-loop system is asymptotically
stable and the theorem is proved.
4.3 Chattering
Chattering reduction or elimination is dependent on the adaptive mechanism. The chattering
signal of controller (15) in this study is produced by
the nonlinear part




− εi,h + ki,1 + ki,2 b̄i (xk ) |Si,k | sgn(Si,k ).
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Fortunately, the part [ki,1 + ki,2 b̄i (xk )] |Si,k | exists
only in the transient process. When Si,k = 0, the
chattering of controller (15) depends only on εi,h .
Therefore, the chattering amplitude is determined
only by εi,h .
Consequently, εi,h is the switching signal to
compensate the absolute error of the minimum ap∗
(x) (deproximation error between gi,k (x) and ĝi,k
ﬁned by Eqs. (11) and (13)). Therefore, the chattering intensity is determined by the approximation
ability of the DFLS. Because of the great approximation ability of the DFLS (the absolute approximation
error can be arbitrarily small), parameter εi,h can
be designed to be very minor so that chattering is
greatly reduced.
As we know, many eﬀorts have been made to
eliminate or weaken the chattering. For example,
a famous chattering-weakening method can also be
used, namely the saturation function:
⎧
Si,k > φ,
⎨ 1,
sat(Si,k ) =
S /φ, |Si,k | ≤ φ,
⎩ i,k
−1,
Si,k < −φ,
where φ is called the boundary layer.

5 Simulation examples
5.1 A numerical example
A discrete mathematical model example is described as follows:
⎧
2
⎪
y
= y1,k+1
+ (1.1 + 0.3 cos(2y2,k ))u1,k ,
⎪
⎨ 1,k+2
√
3
y2,k+2 = y2,k + y1,k+1 + y2,k+1
+ 1.3u2,k
⎪
⎪
⎩
+0.3 cos(4πy1,k ).
(21)
The state of the system is xk = [y1,k ,
y1,k+1 , y2,k , y2,k+1 ]T and the output is yk =
T
[y1,k , y2,k ] .
From the mathematical model (21), we can ﬁnd
the coupling between the two subsystems. Also, the
nonlinear dynamics are unknown. The control design in this study will conquer them by the designed
DFLS.
By using the proposed method, the estimations of the upper bounds of functions f1,u1 and
f2,u2 are b̄1 (xk ) = 1.4 and b̄2 (xk ) = 1.6, according to Assumption 1 and Eq. (21). The disturbance or unmodeled dynamic is considered as
T
d(xk ) = [0, 0.3 cos(4πy1,k )] .
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A reference model is given as follows:

y1,k+2 = −0.3y1,k+1 − 0.02y1,k + r1 (k),
y2,k+2 = −0.3y2,k+1 − 0.02y2,k + r2 (k).
The reference signals are r1 (k) = r2 (k) = 0. The
sliding manifolds are

S1,k = x2 (k) + 0.1x1 (k),
S2,k = x4 (k) + 0.05x3 (k).
The FSMC controller is designed as Eqs. (11),
(15), (16) and the parameters of its adaptive law (17)
are selected as α1 = 0.3, β1 = 0.1, α2 = 0.58, β2 =
0.3, and G1 = G2 = I (an identity matrix). The
parameters of controller (15) are designed as ε1,h =
ε2,h = 0.01, k1,1 = 0.8, k1,2 = 1.6, k2,1 = 1.12, and
k2,2 = 0.6 by inequality (16). The Gaussian function
is selected as the membership function for the DFLS.
Based on all the above-mentioned DFLS and
control design, a relevant simulation is executed.
Figs. 3 and 4 show the curves of the output signals when the initial state is x0 = [0.2, 0, 0.5, 0]T .
The two output signals are all asymptotically stable. Figs. 5 and 6 show the curves of the two sliding
manifolds, which are also stable.
We set the sampling time of the designed DFLS,
τ , to be 0.01 s. This is because the approximation
can be guaranteed only if the DFLS output approximates to the nonlinear function within every sampling time interval of the system. Figs. 7 and 8 show
the control input signals of the two subsystems. Parameters εi,h , ki,1 , and ki,2 have imposed an important impact on the dynamic and stable performance.
Parameter εi,h processes mainly the approximation
0.3
0.2

Output y1,k
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0.1
0
−0.1
−0.2

0

10

20
30
Sampling step k

40

50

Fig. 3 Simulated output signal curve of y 1,k (sampling
time 0.1 s)
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error of the DFLS. Furthermore, it determines the
swing of the controller from Eq. (15). Parameters ki,1
and ki,2 mainly make the reaching of the sliding mode

0.6

Output y2,k

0.4
0.2
0

−0.4
0

10

20
30
Sampling step k

40

50

faster. Appropriate values of them are necessary and
they can be obtained by an experimental approach.
From Figs. 3–8, it can be seen that there is no
chattering either in state variables or in control signals. This is due to the ﬁltering function of FLS for
higher frequency signals.

A robotic arm, which is widely applied to an industrial process, is the nonlinear and coupled nature
of the dynamics (Lewis et al., 2006). A robotic arm
with two degrees of freedom (Fig. 9) is considered to
visualize the contributions of this study. Its kinetic
equation can be written as follows:
M (q)q̈ + C(q, q̇) + G(q) = T ,

Fig. 4 Simulated output signal curve of y 2,k (sampling
time 0.1 s)
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Fig. 5 Simulated sliding mode curve of S 1,k (sampling
time 0.1 s)
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Fig. 7 Simulated control input signal curve of u1,k
(DFLS sampling time 0.01 s)
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0.2
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0
−0.1
−0.2
−0.3
−0.4
0

(22)

where q = [θ1 , θ2 ]T is the angular vector with θ1 and
θ2 being the angular positions of the links, M (q) is

Control input u1,k

Sliding mode S1,k
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5.2 An application to a robotic arm with two
degrees of freedom

−0.2

Sliding mode S2,k
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Fig. 6 Simulated sliding mode curve of S 2,k (sampling
time 0.1 s)
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Fig. 8 Simulated control input signal curve of u2,k
(DFLS sampling time 0.01 s)
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method we proposed, the sliding manifolds are designed as follows:

S1,k = θ1,k+1 + 0.2θ1,k ,

y

l2

θ2

S2,k = θ2,k+1 + 0.1θ2,k .
l1

τ2

θ1
O

x

Fig. 9 Diagram of a robotic arm (with two degrees of
freedom) with two drivings

the inertia matrix, C(q, q̇) represents the centrifugal
and Coriolis torques, G(q) is the vector of gravitational torques, and T = [τ1 , τ2 ]T is the vector of
torques acting at the joints.
We assume that the gravitation of the two links
is light enough to be neglected, i.e., G(q) = 0, and
the matrices


p1 + 2p3 cos θ2 p2 + p3 cos θ2
M (q) =
,
p2 + p3 cos θ2
p2
C(q, q̇) =

−2p3 θ̇1 θ̇2 sin θ2 − p3 θ̇22 sin θ2
p3 θ̇12 sin θ2


,

where p1 = m1 r12 + m2 (r22 + l12 ), p2 = m2 r22 , and
p3 = m2 l1 r2 with m1 and m2 being the masses of
links 1 and 2 respectively, r1 and r2 the distances
from the joint to the centers of masses of links 1
and 2 respectively, l1 and l2 the lengths of links 1
and 2 respectively. For a robotic arm model with
two degrees of freedom, one may refer to Corradini
et al. (2012). In this study, the parameters are set to
p1 = 2.91, p2 = 0.12, and p3 = 0.18.
By the general discretization technique, the discretization of Eq. (22) with a sampling time Ts can
be given as follows:
qk+2 = qk+1 + Ts (M (qk ))−1 [T − C(qk , qk+1 )] ,
(23)
T

where qk = [θ1,k , θ2,k ] and

2
p3 sin θ2,k −2Δθ1,k Δθ2,k −Δθ2,k
C(qk , qk+1 ) =
2
Δθ1,k
Ts2
with Δθ1,k = θ1,k+1 − θ1,k and Δθ2,k = θ2,k+1 − θ2,k .
Obviously, model (23) is a typical example of Eq. (1),
in which qk is the output vector.
In this study, the sampling time of the robotic
arm is 0.01 s. According to the controller design

The FSMC controller is designed as Eqs. (11), (15),
and (16), and the parameters of its adaptive law (17)
are selected as α1 = 2, β1 = 0.1, α2 = 0.1, β2 = 0.2,
G1 = I, and G2 = 2I. The parameters of controller (15) are designed as ε1,h = ε2,h = 0.01,
k1,1 = 4, k1,2 = 3, k2,1 = 1, and k2,2 = 0.8 by
inequality (16). The Gaussian function is selected as
the membership function for the DFLS. The estimations of the upper bounds for the control gains are
b̄1 (qk ) = 0.4 and b̄2 (qk ) = 1. The reference model
to be tracked is given as follows:

θd1,k+2 = 0.3θd1,k+1 + 0.1θd1,k + r1 (k),
θd2,k+2 = 0.3θd2,k+1 + 0.1θd2,k + r2 (k),
where θd1,k and θd2,k are the angular positions to be
tracked.
First, the reference trajectories are step signals,
i.e., r1 (k) = r2 (k) = 1. The simulation results
are obtained under the initial positions θ1 (0) = 0,
θ2 (0) = 0. Figs. 10 and 11 show the angular positions
of the robotic arm. Figs. 12 and 13 show the sliding manifolds and the control torques, respectively.
From Figs. 10–13, it can be seen that the robotic
arm has fast response and the control torques have
no chattering. These simulation results validate the
eﬀectiveness of the method.
Furthermore, the reference trajectories are replaced by r1 (k) = 0.5 sin t and r2 (k) = 0.4 cos t.
To increase the convergence speed of the sliding
1.2
Angular position θ1,k (rad)

τ1
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Fig. 10 Angular position curve θ1,k (sampling time
0.01 s)
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Fig. 12 Sliding mode curves: S 1,k and S 2,k (sampling
time 0.01 s)
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Fig. 15 Tracking curves of link 2: θ 2,k and θ d2,k
(DFLS sampling time 0.001 s)
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Fig. 14 Tracking curves of link 1: θ 1,k and θ d1,k
(DFLS sampling time 0.001 s)
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Fig. 11 Angular position curve θ 2,k (sampling time
0.01 s)
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The sampling time of the designed DFLS, τ ,
is 0.001 s. In Fig. 18, the control torque signals
of the two links are continuous, which validates
the chattering-free performance. The tracking errors in Fig. 16 converge very quickly. As mentioned before, parameters ki,1 and ki,2 have imposed
an important impact on the dynamic and stable

Angular position (rad)

Angular position θ2,k (rad)

manifolds, the estimations of the upper bounds for
the control gains are set to b̄1 (qk ) = b̄2 (qk ) = 5,
and the parameters of controller (15) are changed
to k1,1 = 10, k1,2 = 2, k2,1 = 5, and k2,2 = 1.
The tracking performance under the initial positions
θ1 (0) = 0.5, θ2 (0) = 0 are shown in Figs. 14–18.
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Fig. 13 Control torque curves: τ 1,k and τ 2,k (DFLS
sampling time 0.001 s)
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Fig. 16 Tracking error curves: e1,k and e2,k (DFLS
sampling time 0.001 s)
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Fig. 17 Sliding mode curves of links 1 and 2: S 1,k
and S 2,k (sampling time 0.01 s)
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Fig. 18 Control torque curves of links 1 and 2: τ 1,k
and τ 2,k (DFLS sampling time 0.001 s)

performance. Hence, their values are selected a little
larger in this application. These simulation results
certiﬁcate the good performance of the proposed
method.

6 Conclusions
An adaptive FSMC design method for a class of
non-aﬃne discrete nonlinear systems has been proposed in this paper. The sliding mode control was designed based on the DFLS, which has strongly arbitrary approximation properties of the unmodeled dynamics. The appropriate adaptive mechanism guarantees the stability of the closed-loop system. Due
to the use of the DFLS, the chattering of the SMC
has been greatly weakened, whereas the robustness
has been retained. Finally, the presented simulation
results have validated the good performance of the
proposed method.
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