Shi et al. / Front Inform Technol Electron Eng

842

2019 20(6):842-848

Frontiers of Information Technology & Electronic Engineering
www.jzus.zju.edu.cn; engineering.cae.cn; www.springerlink.com
ISSN 2095-9184 (print); ISSN 2095-9230 (online)
E-mail: jzus@zju.edu.cn

Taylor expansion MUSIC method for joint DOD and DOA
estimation in a bistatic MIMO array∗
Wen-tao SHI†‡1,2 , Qun-fei ZHANG1 , Cheng-bing HE1 , Jing HAN1
1School

of Marine Science and Technology, Northwestern Polytechnical University, Xi’an 710072, China

2Science

and Technology on Electronic Information Control Laboratory, Chengdu 610041, China
† E-mail:

swt@nwpu.edu.cn

Received Oct. 8, 2017; Revision accepted Sept. 28, 2018; Crosschecked June 11, 2019

Abstract: We propose a Taylor expansion multiple signal classiﬁcation (TE MUSIC) method for joint direction of
departure (DOD) and direction of arrival (DOA) estimation in a bistatic multiple-input multiple-output (MIMO)
array. First, using a Taylor expansion of the steering vector, a two-dimensional (2D) search in the conventional
MUSIC method for MIMO arrays is reduced to a two-step one-dimensional (1D) search in the proposed TE MUSIC
method. Second, DOAs of the targets can be achieved via Lagrange multiplier by a 1D search. Finally, substituting
the DOA estimates into the 2D MUSIC spectrum function, DODs of the targets are obtained by another 1D search.
Thus, the DOD and DOA estimates can be automatically paired. The performance of the proposed method is better
than that of the MIMO ESPRIT method, and is similar to that of the 2D MUSIC method. Furthermore, due to the
1D search, the TE MUSIC method avoids the high computational complexity of the 2D MUSIC method. Simulation
results are presented to show the eﬀectiveness of the proposed method.
Key words: Bistatic multiple-input multiple-output array; Direction of departure; Direction of arrival; Multiple
signal classiﬁcation; Taylor expansion; Computational complexity
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1 Introduction
Multiple-input multiple-output (MIMO) array
has been a subject of considerable research and development for its potential advantages over conventional phased-array systems (Fishler et al., 2004a;
Bekkerman and Tabrikian, 2006; Zhang and Zhu,
2013; Guo et al., 2015; Yeo et al., 2017). The MIMO
array uses multiple antennas to emit independent
waveforms, and exploits multiple antennas in receiving reﬂected signals. According to the conﬁguration,
‡
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MIMO arrays can be classiﬁed into two categories.
The ﬁrst category is the statistical MIMO array
(Fishler et al., 2004b, 2006; Haimovich et al., 2008; Ai
et al., 2015; Sharify and Nayebi, 2017), whose transmit antennas or both transmit and receive antennas
are located far from each other to achieve a spatial
diversity gain. This MIMO array framework can
overcome performance degradation caused by target scintillations. The other category is the monostatic or bistatic MIMO array (Robey et al., 2004; Li
and Stoica, 2007; Xu et al., 2008; Zheng and Chen,
2015; Zheng et al., 2016; Cao et al., 2017). In this
category, transmit and receive antennas are closely
spaced, and can provide many high-resolution angle
estimations, thus achieving ﬂexible spatial transmit
beam-pattern design and signiﬁcantly improving parameter identiﬁability. In this study, we focus on the
second category.
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Researchers have great interest in the bistatic
MIMO array framework (Jin et al., 2009; Chen et al.,
2010; Koupatsiaris and Karystinos, 2013; Tang et al.,
2013; Chen et al., 2014; Li and Zhang, 2014). Angle estimation is important in a bistatic MIMO array, and many joint direction of departure (DOD)
and direction of arrival (DOA) target estimation
methods in a bistatic MIMO array have been investigated (Chen DF et al., 2008; Chen JL et al.,
2008; Yan et al., 2008; Zhang and Xu, 2010; Jiang
et al., 2015; Xu et al., 2017). By exploiting the
invariance properties of both transmit and receive
arrays, the estimation of signal parameters via the
rotational invariance technique (ESPRIT) method
was applied for the estimation of DODs and DOAs
in a bistatic MIMO array (Chen DF et al., 2008).
Unfortunately, it still needs additional pair matching between DODs and DOAs of targets. To avoid
the additional pair-matching problem, another ESPRIT method was proposed by Chen JL et al. (2008)
to obtain automatically paired DODs and DOAs for
target estimation by employing the interrelationship
between invariance properties of the transmit and
receive arrays.
The two-dimensional Capon (2D Capon)
method for a bistatic MIMO array was proposed by
Yan et al. (2008) to estimate DODs and DOAs of
the targets. Unfortunately, the 2D Capon method
requires a 2D peak search, leading to the high computational complexity. A reduced-dimension Capon
(RD Capon) method was proposed by Zhang and Xu
(2010), using the property of the Kronecker product. The high computational complexity of the
2D peak search for 2D Capon is avoided, but this
method separately estimates DODs and DOAs of
the targets. Then an estimated DOD-DOA pairmatching method was required, which adds computational loads. To avoid the added computational loads, Zhang and Zhu (2013) improved the RD
Capon method and showed the estimation performance of the improved RD Capon method. The 2D
multiple signal classiﬁcation (2D MUSIC) method
was to estimate DODs and DOAs in MIMO arrays
(Li et al., 2005). The 2D MUSIC method shows excellent joint DOD and DOA estimation performance,
but it is similar to the 2D Capon method because of
its requirement for 2D angle peak searching renders
which create high computational complexity. Using the same RD Capon theory, a reduced MUSIC
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method (RD MUSIC) was proposed by Zhang and
Xu (2010), which not only avoids the high computational complexity of the 2D MUSIC method, but also
provides an excellent angle estimation performance.
Bencheikh et al. (2010) proposed a polynomial root
MUSIC method to estimate transmit and receive angles of targets with automatic pairing and to avoid
the peak searching required in the MIMO 2D MUSIC method. Bencheikh and Wang (2010) proposed
an algorithm combining the ESPRIT method with
the root MUSIC approach to estimate the DODs
and DOAs of targets without being paired in bistatic
MIMO arrays.
In this study, the 2D MUSIC method in bistatic
MIMO arrays is reviewed. An improved MUSIC estimator is proposed based on the Taylor expansion
multiple signal classiﬁcation (TE MUSIC) method.
This estimator avoids the high computational complexity of 2D MUSIC and achieves automatically
paired estimates of DODs and DOAs using two onedimensional (1D) searches.
Notations: (·)T and (·)H denote transpose and

conjugate transpose, respectively;
stands for the
Kronecker product; Mr Mt is the product of Mr and
Mt ; IMr Mt is an Mr Mt × Mr Mt identity matrix; E(·)
stands for the expectation operation.

2 Signal model
Consider a narrowband bistatic MIMO array
system with Mt -element transmit antennas and Mr element receive antennas (Fig. 1). Both of the transmit and receive antennas are closely spaced in uniform linear arrays (ULAs). Elements of the arrays
are omnidirectional, and the inter-element spaces in
transmit and receive antennas are dt and dr , respectively. At the transmit site, transmit antennas simultaneously emit M diﬀerent narrowband waveforms,
which have the identical bandwidth and center frequency but are temporally orthogonal. Assume that
the eﬀect of Doppler frequency on the orthogonality of the waveforms can be ignored. There are P
targets, which are located at (θp , φp ) (p = 1, 2, ..., P )
in the far ﬁeld of the receive and transmit antennas,
and all targets are assumed to locate at the same
range bin from these antennas. Here, φp is the DOD
of the pth target with respect to the transmit antennas, and θp is the DOA of the pth target with
respect to the receive antennas. At the receive site,
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Φ
1

where I is the snapshots. Using eigenvalue decomposition, the covariance matrix can be rewritten as
θ

dt

2
3 ... Mt
Transmitter array
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R̂ = US ΛS USH + UN ΛN UNH ,

dr
1

2
3 ... Mr
Receiver array

Fig. 1 Bistatic MIMO array framework

all antennas receive echoes from the targets for all
transmitted waveforms. Thus, the outputs of the
matched ﬁlters in all receivers can be expressed as
(Xu et al., 2008)
y(t) = As(t) + n(t),

(1)

where s(t) = [s1 (t), s2 (t), . . . , sP (t)]T ∈ CP ×1 consists the amplitudes and phases of the P targets at
time t. sp (t) = ηp ej2πfp t , where ηp is the reﬂection
coeﬃcient and fp the Doppler frequency. A is an
Mr Mt × P matrix composed of the P steering vectors, expressed as
A = [a(θ1 , φ1 ), a(θ2 , φ2 ), . . . , a(θP , φP )],

(2)

where
a(θp , φp ) = ar (θp ) ⊗ at (φp )

(3)

is the Kronecker product of the receive and transmit
steering vectors for the pth target, and


j2πdr sinθp
j2π(Mr −1)dr sinθp T
λ
λ
ar (θp ) = 1, e
,...,e
, (4)


j2πdt sinφp
j2π(Mt −1)dt sinφp T
λ
λ
,...,e
, (5)
at (φp ) = 1, e
where λ is the wavelength. Here, ar (θp ) and at (φp )
are the receive and transmit steering vectors for the
pth target, respectively. n(t) is an Mr Mt × 1 complex Gaussian white noise vector with zero mean and
covariance matrix of σ 2 IMr Mt .

3 Taylor expansion multiple signal classification (TE MUSIC) estimator

where ΛS is a P × P diagonal matrix, whose diagonal elements are the largest P eigenvalues. The other
(Mr Mt −P ) eigenvalues are the diagonal elements for
the diagonal matrix ΛN . US is a matrix composed
of the eigenvectors of R̂ arranged in descending order of the corresponding largest P eigenvalues. UN
stands for the matrix containing other eigenvectors
of R̂. US and UN are the signal subspace and noise
subspace, respectively. Furthermore, US and UN are
orthogonal. Then we have the following orthogonality condition:
aH (θ, φ)UN = 0.

(8)

The 2D MUSIC spectrum function can be constructed by
F2D

MUSIC (θ, φ)

=

1
.
aH (θ, φ)UN UNH a(θ, φ)

(9)

Estimates of DOAs and DODs of targets can
be achieved by searching the P largest peaks of
F2D MUSIC (θ, φ). The estimation performance of
the 2D MUSIC method is excellent. However, the
method is ineﬃcient due to the exhaustive 2D search.
In the following subsections, the TE MUSIC method
is presented to estimate DODs and DOAs of targets
through two 1D searches to avoid the high computational complexity of the 2D MUSIC method.
3.2 TE MUSIC method
The steering vector a(θ, φ) can be approximated
by a factorization. By exploiting an L-order Taylor
expansion with respect to variable φ at φ = φ0 , the
factorization can be expressed as
a(θ, φ)a(θ, φ0 ) +

L


a(l) (θ, φ0 )

l=1

In this section, a 2D MUSIC method is reviewed
and a TE MUSIC method is derived.

l

(φ − φ0 )
l!

(10)

= Θ(θ)V (φ),
where

3.1 2D MUSIC method
The covariance matrix, R̂, can be achieved by
I
1
R̂ =
y(ti )y H (ti ),
I i=1

(7)

Θ(θ) = [a(θ, φ0 ), a(1) (θ, φ0 ), . . . , a(L) (θ, φ0 )], (11)


(6)

L

(φ − φ0 )
V (φ) = 1, (φ − φ0 ), . . . ,
L!

T
,

(12)
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and a(l) (θ, φ0 ) is the lth derivative of a(θ, φ) evaluated at φ = φ0 .
Inserting Eq. (10) into Eq. (9), we obtain the
TE MUSIC spectrum function as
FTE

MUSIC (θ, φ)=

1
H

.

(Θ(θ)V (φ)) UN UNH (Θ(θ)V (φ))
(13)

Deﬁne
H

J(θ, φ) = (Θ(θ)V (φ)) UN UNH (Θ(θ)V (φ)) , (14)
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From Eq. (23), β can be given by
β=

1
.
eH Q−1 (θ)e

Substituting Eq. (24) into Eq. (22), V (φ) is obtained by
Q−1 (θ)e
V (φ) = H −1
.
(25)
e Q (θ)e
Then inserting V (φ) of Eq. (25) into the optimization problem (19), we achieve the estimates of
DOAs via

where
θ̂ = arg min

J(θ, φ) = (Θ(θ)V (φ))H UN UNH (Θ(θ)V (φ))
= V H (φ)Θ H (θ)UN UNH Θ(θ)V (φ)

θ

(15)

= V H (φ)Q(θ)V (φ)
and
Q(θ) = Θ H (θ)UN UNH Θ(θ).

(16)

The TE MUSIC spectrum function can be rewritten
as
FTE

MUSIC (θ, φ)

=

1
.
V H (φ)Q(θ)V (φ)

(17)

Deﬁning e = [1, 0, . . . , 0]T ∈ RL×1 , we will
obtain
(18)
eH V (φ) = 1.
Then the optimization problem of Eq. (17) can
be reconstructed as
min V H (φ)Q(θ)V (φ) s.t. eH V (φ) = 1.
θ,φ

(19)

Exploiting the Lagrange multiplier, the following cost function will be achieved ﬁrst:

F (θ, φ)=V H (φ)Q(θ)V (φ)−λLM eH V (φ)−1 , (20)
where λLM is a constant. Then we have
∂F (θ, φ)
= 2Q(θ)V (φ) + λLM e = 0.
∂V (φ)

(21)

With Eq. (21), V (φ) is
V (φ) = −

λLM −1
Q (θ)e = βQ−1 (θ)e,
2

(22)

where β = −λLM /2 and β is a constant. Combining
Eqs. (18) and (22), we can obtain
eH V (φ) = eH βQ−1 (θ)e = 1.

(23)

(24)

1
eH Q−1 (θ)e

= arg max eH Q−1 (θ)e.

(26)

θ

The P largest peaks of the (1, 1) element of Q−1 (θ) will be achieved by searching
θ ∈ [−90◦ , 90◦ ].
All these P largest peaks
(θ̂1 , θ̂2 , . . . , θ̂P ) correspond to the DOAs of targets.
The DOD estimates can be easily obtained by substituting the DOAs into the 2D MUSIC spectrum
function of Eq. (9) followed by another 1D search.
Because the pth DOD is derived from the pth
DOA, the pairing between DOAs and DODs of the
targets is automatically obtained, thus avoiding an
additional pairing procedure.
Assume that NT is the search time within one
search range. Then the TE MUSIC method requires
O((P + 1) × NT ) search time, whereas the 2D MUSIC method needs O(NT2 ) search time. Therefore,
the TE MUSIC method has a lower computational
complexity than the 2D MUSIC method.
3.3 Steps of the TE MUSIC method
Steps of the TE MUSIC method are given as
follows:
Step 1: Compute R̂, the covariance matrix of
y(t).
Step 2: Obtain Θ(θ) using an L-order Taylor
expansion of a(θ, φ) with respect to variable φ at
φ = φ0 .
Step 3: Calculate Q(θ) = Θ H (θ)R̂−1 Θ(θ).
Step 4: By searching φ, we obtain the P largest
peaks of the (1, 1) element of Q−1 (θ) to obtain the
estimates of DOAs.
Step 5: Substitute the DOAs into the spectrum
function and do another 1D search, and then we obtain the estimates of DODs.

Shi et al. / Front Inform Technol Electron Eng

4 Simulations and discussion
To verify the DOD and DOA estimation performances of the TE MUSIC method, Monte-Carlo
tests are presented in this section.
Deﬁne the root mean squared error (RMSE) as
RMSE =
1
P

P


ψp − E(ψ̂p )

2

+E

(27)

2
ψ̂p − E(ψ̂p )
,

p=1

where ψ̂p is the estimate of the pth target
DOD/DOA.
Consider a bistatic MIMO array system with
Mt = 8 and Mr = 6, and assume that there are four
uncorrelated targets located at angles of [θ1 , φ1 ] =
[10◦ , 15◦ ], [θ2 , φ2 ] = [40◦ , 25◦ ], [θ3 , φ3 ] = [20◦ , 35◦ ],
and [θ4 , φ4 ] = [30◦ , 45◦ ], respectively. Antennas of
the arrays are spaced half a wavelength apart and
the number of the snapshots is 200. φ0 = 30◦ is for
the ﬁfth-order Taylor expansion.
Fig. 2 shows the paired results of the TE MUSIC
method for four targets over 200 Monte-Carlo tests
with signal-to-noise ratio (SNR) = 0 dB, and shows
that the DODs and DOAs are correctly paired. The
DODs and DOAs can be clearly observed.
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four methods. As shown in Fig. 3, the DOA estimation RMSE of the ESPRIT method is the worst
among these four methods. It is obvious that the
TE MUSIC method has almost the same DOA estimation as the RD MUSIC method (Zhang and Xu,
2010). Due to the Taylor expansion of the steering vector, the DOA estimation performances of the
TE MUSIC method and the RD MUSIC method are
slightly worse than that of the 2D MUSIC method.
In Fig. 4, the ESPRIT method has the worst DOD
estimation RMSE among these four methods; the
DOD estimation RMSEs of the TE MUSIC method
and RD MUSIC method are similar to that of the
2D MUSIC method. Furthermore, with high SNRs,
the DOD estimation performance of the TE MUSIC
method is better than that of RD MUSIC. As mentioned in Section 3.2, the TE MUSIC method needs
only two 1D searches, while the 2D MUSIC method
requires an exhaustive 2D search.
100

RMSE (°)

846

TE MUSIC
2D MUSIC
RD MUSIC
ESPRIT

10−1

60
50
10−2
−10

DOA (°)

40

−5

0
SNR (dB)

5

10

Fig. 3 RMSE of DOA estimation from 200 MonteCarlo tests for four targets
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TE MUSIC
2D MUSIC
RD MUSIC
ESPRIT

0
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30
DOD (°)

40

50

60

Fig. 2 Paired results of the TE MUSIC method for
four targets from 200 Monte-Carlo tests with 0-dB
SNR (crosses denote the real locations of the targets)

Figs. 3 and 4 present the comparisons of the
DOA and DOD estimation performances with the
2D MUSIC method (Li et al., 2005), the RD MUSIC method (Zhang and Xu, 2010), and the ESPRIT
method (Chen JL et al., 2008). Two hundred MonteCarlo tests were used to achieve the RMSEs of these

RMSE (°)

0

10−1

10−2
−10

−5

0
SNR (dB)

5

10

Fig. 4 RMSE of DOD estimation from 200 MonteCarlo tests for four targets
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Finally, the inﬂuence of φ0 chosen by the TE
MUSIC method is simulated in Figs. 5 and 6.
The change range of φ0 was [15◦ , 20◦ , 25◦ , 30◦ ,
35◦ , 40◦ ]. Two hundred Monte-Carlo tests were conducted to achieve the DOA and DOD estimation
RMSEs for each SNR of each φ0 . Figs. 5 and 6 show
the DOD and DOA estimation performances of the
TE MUSIC method with diﬀerent φ0 , respectively.
It is clearly illustrated that the angle estimation performances of the TE MUSIC method with diﬀerent φ0 are similar, which means that the variety of
φ0 in [15◦ , 20◦ , 25◦ , 30◦ , 35◦ , 40◦ ] has little eﬀect on
the angle estimation performance of the TE MUSIC
method.
100

RMSE (°)

the steering vector to avoid high computational cost
of the 2D MUSIC method for DOD and DOA estimations in bistatic MIMO arrays. The TE MUSIC
method could reduce the 2D search of the 2D MUSIC method to two 1D searches. Simulation results
have veriﬁed that the TE MUSIC method has better
DOD and DOA estimation performances compared
with the ESPRIT method, and has performances
that are very close to those of the 2D MUSIC and RD
MUSIC methods. With high SNRs, the TE MUSIC
method has a slightly better DOD estimation performance than the RD MUSIC method. Furthermore,
the TE MUSIC method can automatically achieve
paired DOD and DOA estimates.
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5 Conclusions
In this paper, an improved MUSIC method has
been presented that exploits the Taylor expansion of
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