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Abstract: We investigate the problem of ﬁnding optimal one-bit perturbation that maximizes the size of the basin
of attractions (BOAs) of desired attractors and minimizes the size of the BOAs of undesired attractors for large-scale
Boolean networks by cascading aggregation. First, via the aggregation, a necessary and suﬃcient condition is given
to ensure the invariance of desired attractors after one-bit perturbation. Second, an algorithm is proposed to identify
whether the one-bit perturbation will cause the emergence of new attractors or not. Next, the change of the size
of BOAs after one-bit perturbation is provided in an algorithm. Finally, the eﬃciency of the proposed method is
veriﬁed by a T-cell receptor network.
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1 Introduction
As a mathematical basis to model gene regulatory networks (Kauﬀman, 1969), Boolean networks
(BNs) or probabilistic BNs have been widely studied
in recent years. In BNs, each node (gene) can take
two values: 1 (on) or 0 (oﬀ). Assuming the time is
discrete, the value of each node at a given time is determined by a Boolean function of its neighborhood
at a previous time. The vector composed of all values of nodes at a given time is called a state of the
BN. Therefore, for the state of a BN with n nodes,
there are 2n values to be taken. With Boolean functions of the network, the state transition graph can
be obtained.
Recently, a new matrix product, semi-tensor
product of matrices, has been proposed by Cheng
‡
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et al. (2011). Based on it, BNs can be converted
to algebraic forms, under which many interesting results can be obtained, for example, the decoupling
problem (Zhang et al., 2014; Liu Y et al., 2017;
Yu et al., 2019a), pinning controllability (Lu et al.,
2016), stabilization (Lu et al., 2018b), observability (Yu et al., 2019b), optimal problems (Zhu et al.,
2018), control design of BNs (Liu YS et al., 2018),
problems about probabilistic BNs (Liu JY et al.,
2019; Wang and Feng, 2019), fuzzy relations (Fan
et al., 2020), and some other problems (Ding et al.,
2017; Lu et al., 2017, 2018a, 2018c; Xu et al., 2018;
Zhu et al., 2018; Li and Ding, 2019; Li et al., 2019;
Wang et al., 2019; Zhong et al., 2020).
From any initial state, the state of the network
is limited to a subset of all possible states, called
an attractor. This attractor is called a singleton
attractor if it has only one state. It is called a lengthl cycle if it contains l (l ≥ 2) states. The states that
ﬂow into the same attractor make up the basin of
attractions (BOAs) of the attractor. The size of the
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BOA of one attractor is the number of states in it
(including the attractor itself). The larger the size
of the BOA is, the more states will end up in this
associate attractor.
Finding all attractors (singleton attractors or
cycles) of a network and analyzing the change of the
state transition network after intervention play important roles in protecting the desired attractor from
being damaged. For example, genetic mutations may
cause a wide variety of diseases through aﬀecting the
within-cell signaling and regulatory networks and altering the behavior of cells. The control of gene regulatory networks has been widely studied (Shmulevich
et al., 2002a, 2002c). There are two kinds of control, i.e., external control and structure intervention.
In this study, the one-bit perturbation considered is
the simplest structure intervention. Structure intervention is to directly change the network structure
(Shmulevich et al., 2002b). For example, in biology,
drugs can be used to aﬀect the state of the target
genes in some speciﬁc situations. With structure intervention, the state transition graph of the whole
network may change. The aim of structure intervention is to ﬁnd the optimal structure intervention,
under which the size of the BOAs of the desired attractors is maximized. The problem has been much
investigated. Xiao and Dougherty (2007) ﬁrst studied the impact of function perturbation on the BOAs
of BNs based on a state transition graph. Li et al.
(2012) studied the impact of function perturbation
using the semi-tensor product (Cheng et al., 2011);
their method is more applicable to multiple function
perturbations and the cycle case. After intervention,
the stabilization of a BN may be changed. In Campbell and Albert (2014), stabilization of attractors
after perturbation was investigated through compensatory interactions. In Ostrowski et al. (2016),
BN identiﬁcation from perturbation was proposed.
These methods are eﬀective; however, when the number of nodes in the networks tends to be larger, they
become inappropriate.
In Hu et al. (2016), an eﬃcient algorithm was
provided to identify the optimal one-bit perturbation; their method can be applied to networks with
about 25 nodes. In Zhao et al. (2013, 2016), an algorithm was proposed to ﬁnd the attractors of BNs
based on network aggregation, signiﬁcantly reducing
the computation load. In this study, we use cascading aggregation to ﬁnd the optimal one-bit pertur-
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bation for BNs with a special structure.
The problem to be solved is to ﬁnd the optimal
one-bit perturbation that maximizes the size of the
BOAs of the desired attractors and minimizes the
size of the BOAs of the undesired attractors. An
eﬀective way to deal with the problem is network aggregation. The problem can be solved in four steps.
First, divide the network into several blocks. Second, check the one-bit perturbations that destroy
the desired attractors and cause the emergence of
new attractors. Third, ﬁnd the change of the size
of the BOAs of the desired attractors and undesired
attractors. Fourth, pick up the optimal one-bit perturbation in the candidate perturbation set.
The main contributions of this study are as follows: network aggregation is ﬁrst used to ﬁnd the
optimal one-bit perturbation, under which we need
to consider only the perturbed subsystem to ﬁnd the
one-bit perturbation that causes the emergence of
attractors. The problem of ﬁnding the basin of a
state is partitioned to ﬁnding the basin of the corresponding state in each subnetwork, which reduces
the computation load.

2 Preliminaries and problem formulation
2.1 One-bit perturbation
Consider the following BN, which contains n
state nodes, x1 , x2 , . . . , xn :
⎧


x1 (t + 1)=f1 xj (t) , j ∈ N1 ,
⎪
⎪
⎪
⎪
⎨ x (t + 1)=f x (t), j ∈ N ,
2
2
j
2
..
⎪
⎪
.
⎪
⎪


⎩
xn (t + 1)=fn xj (t) , j ∈ Nn ,

(1)

where xi (t) can take 1 or 0 and fi (i = 1, 2, . . . , n)
are logical functions. Ni ⊆ {1, 2, . . . , n} is an index
set, which expresses the adjacency relation of nodes
corresponding to genes.
A one-bit perturbation can be accessed in
Eq. (1) by choosing one Boolean function fi (i =
1, 2, . . . , n) and ﬂipping the output value for a speciﬁc input of this function. For example, let fij be
the output value to the j th entry in the truth table
of fi before perturbation. Denote the one-bit per(j)
turbation fi as a change in the output value of the
th
j entry in its truth table to 1 − fij . If |Ni | = ki ,
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then the one-bit perturbation can cause 2n−ki state
transition changes.
Example 1
Consider a Boolean function
f1 (x1 , x2 , x3 ). The truth table of f1 is given in Table 1. If a one-bit perturbation occurs on the 3rd
entry of the truth table, then f13 = 1 is converted to
1 − f13 = 0.
Table 1 The truth table of f1 (x1 , x2 , x3 )
Label

1

2

3

4

5

6

7

8

x1 x2 x3
f1

111
1

110
0

101
1

100
0

011
0

010
0

001
0

000
1

The states that ﬂow into the same attractor
make up the BOAs of the attractor, and the size
of the BOAs of an attractor is the number of states
contained in it. The size of the BOAs of a set of
attractors is the number calculated by adding every
size of the BOAs of each attractor.
For Eq. (1), assuming that the set of desired
attractors and the set of undesired attractors are,
respectively, given by
Ad = {d1 , d2 . . . , dη },
Aud = {ud1 , ud2 . . . , ud }.

di ∈Ad

−

udo ∈Aud

(p)

Bj (udo ) − B(udo ) ,

C = ∪si=1 Ui = ∪si=1 Yi .
Therefore, the subnetwork Σi with nodes χi and inputs Ui is a Boolean control network, which can be
described as
Σi : xij (t + 1) =fij (xi1 (t), xi2 (t), . . . , xini (t),
ui1 (t), ui2 (t), . . . , uimi (t))

(5)

for i = 1, 2, . . . , s and j = 1, 2, . . . , ni .
Definition 1 (Zhao et al., 2016) The aggregation
is said to be cascading if (with possible reordering)
the groups
q(i)

χi = ∪j=q(1) χj (i = 1, 2, . . . , s)

(3)

have zero in-degree, where q(·) is a one-to-one mapping from {1, 2 . . . , s} to itself.
Definition 2 (Zhao et al., 2013) The aggregation
is said to be acyclic if its aggregation graph contains
no cycle.
Lemma 1 (Klamt et al., 2006) An aggregation is
a cascading aggregation if and only if it is an acyclic
aggregation.
The method to ﬁnd an acyclic aggregation of a
network has been given in Zhao et al. (2013). In
this study, we consider only the BNs that can be
partitioned by cascading aggregation.
Example 2
Consider the BN in Fig. 1, which
contains nine nodes.
The node set is χ =
{x1 , x2 , x3 , x4 , x5 , x6 , x7 , x8 , x9 } and can be partitioned into three blocks χi (i = 1, 2, 3), where
χ1 = {x1 , x2 , x3 }, χ2 = {x4 , x5 }, and χ3 =
{x6 , x7 , x8 , x9 }. Reorder the blocks, and deﬁne
χ1 = χ3 , χ2 = χ3 ∪ χ1 , and χ3 = χ. By Deﬁnition 1, the aggregation is cascading.
The problem to be solved is analyzed based on
the state transition graph of BNs. So, we present the
deﬁnition of the state transition graph of a BN ﬁrst.
Definition 3 The state transition graph of a BN
is an ordered pair G = (V, E), where V denotes a set

(p)

Bj (di ) − B(di )

Let χi = {xi1 , xi2 , . . . , xini }, where ni is the number
of state nodes in the ith block, and si=1 ni = n.
Denote the sets of starting nodes of the incoming and outgoing edges of block χi as Ui =
{ui1 , ui2 , . . . , uimi } and Yi = {yi1 , yi2 , . . . , yipi }, respectively. Ui (Yi ) may be an empty set, when there
are no incoming (outgoing) edges of block χi . Let C
be the set of starting nodes whose edges are cut by
the aggregation. Then we have

(2)

Our aim is to ﬁnd the optimal one-bit perturbation such that the following conditions hold: First,
after one-bit perturbation the BOAs of the desired
attractors are to be maximized and the BOAs of the
undesired attractors are to be minimized. In addition, the desired attractors are not destroyed, and no
new attractors are generated.
The problem can be converted to maximize the
following objective function:
ΔB =
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(4)

(p)

where B(di ) and Bj (di ) denote the size of the BOAs
(p)

for attractor di before and after perturbation fj ,
respectively, i = 1, 2, . . . , η, and j = 1, 2, , . . . , .
This objective function has been proposed in Hu
et al. (2016).
2.2 Aggregation of Boolean networks
Denote χ = {x1 , x2 , . . . , xn }. Then χ can be
partitioned into s blocks χ = χ1 ∪ χ2 ∪ . . . ∪ χs ,
where χi = ∅, χi ⊂ χ, and χi ∩ χj = ∅ for i = j.

(6)
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of vertices and each vertex is a state. A BN with n
nodes has 2n vertices. Let E denote a set of edges.
If f (vj ) = vi , where f : Δn → Δn is the Boolean
function of this network, we have (vj , vi ) ∈ E.
In this study, the sizes of the basins of states
(BOSs) are used to calculate ΔB . To ﬁnd the basin of
states, the deﬁnitions of the immediate predecessor
(successor) and predecessor (successor) of a given
vertex are provided as follows:
Definition 4 (Liu M, 2015) The immediate predecessor and immediate successor sets of a vertex
v ∈ V in a directed graph are deﬁned as ipred(v) =
{u|(u, v) ∈ E} and isucc(v) = {u|(v, u) ∈ E},
respectively.
Definition 5 (Liu M, 2015) The predecessor set
pred(v) of a vertex v ∈ V is a subset of V containing
all vertices in which v is reachable. Similarly, the
successor set succ(v) of a vertex v ∈ V is a subset of
V containing all vertices reachable from v.
χ1

x3
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ak → a1 } is a length-k attractor of Eq. (1). A is
not aﬀected by the one-bit perturbation if and only
if after the perturbation, ai is still mapped to ai+1
(when i = k, let k + 1 := 1).
To ensure the invariance of the desired attractors, the states in the desired attractors cannot be
perturbed.
3.1 Revealing attractors of subnetworks
If Eq. (1) is partitioned into {χ1 , χ2 , . . . , χs },
the subnetwork Σi is described as Eq. (5). Deﬁne
Ψ (·, S) as a projection of state a onto state b ∈ S (l =
|S|), with order (xi1 , xi2 , . . . xil ) and i1 < i2 < . . . <
il . Deﬁne φ(·, Σi ) : Dn → Dni +mi as the projection
of state a1 in Dn onto state b1 ∈ Dni +mi with order (xκ1 , xκ2 , . . . , xκmi , xν1 , xν2 , . . . , xνni ) and κ1 <
κ2 < . . . < κmi , ν1 < ν2 < . . . < νni . Here,
xκi (i = 1, 2, . . . , mi ) are the inputs of Σi . Deﬁne projection Φ(·, Σi ) as the projection of attractor a onto a path in Σi : for a length-k attractor
a = {a1 → a2 → . . . → ak → a1 }, the projection
Φ(·, Σi ) is given by
Φ(a, Σi ) := {φ(a1 , Σi ) → φ(a2 , Σi ) → . . .

x1

→ φ(ak , Σi ) → φ(a1 , Σi )} .

x2

Example 3 Considering Example 2 again, assume
that a length-4 attractor is given as
χ3

χ2
x4

x7

x6

A = {(1, 0, 0, 1, 0, 0, 1, 1, 0) → (0, 0, 0, 1, 0, 1, 0, 1, 1)
→ (0, 0, 1, 1, 0, 0, 1, 1, 0) → (0, 1, 1, 1, 1, 1, 0, 1, 1)
→ (1, 0, 0, 1, 0, 0, 1, 1, 0)} ,

x5

x8

x9

Fig. 1 Aggregation of a network with nine nodes into
three Boolean control networks

where the state is ordered as (x1 , x2 , x3 , x4 , x5 , x6 ,
x7 , x8 , x9 ). Then the length-4 path in Σ1 can be
obtained by projection
Φ(A, Σ1 ) = {(1, 1, 0, 0) → (0, 0, 0, 0) → (1, 0, 0, 1)
→ (0, 0, 1, 1) → (1, 1, 0, 0)} ,

3 Main results
In this study, the one-bit perturbation considered must satisfy the following rules:
1. After one-bit perturbation, desired attractors
cannot be destroyed.
2. No new attractors are generated.
Therefore, we need to identify such one-bit perturbations ﬁrst.
Lemma 2 Assume that A = {a1 → a2 → . . . →

the length-4 path in Σ2 can be obtained by
projection
Φ(A, Σ2 ) = {(1, 1, 1, 0) → (0, 0, 1, 0) → (0, 1, 1, 0)
→ (0, 0, 1, 1) → (1, 1, 1, 0)} ,
and the length-4 path in Σ3 can be obtained by
projection
Φ(A, Σ3 ) = {(0, 1, 1, 0) → (1, 0, 1, 1) → (0, 1, 1, 0)
→ (1, 0, 1, 1) → (0, 1, 1, 0)} ;
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i.e., the input-state cycle in Σ3 is
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{(0, 1, 1, 0) → (1, 0, 1, 1) → (0, 1, 1, 0)} .
Theorem 1
For Eq. (1), the desired attractors
(Eq. (2)) stay the same after a one-bit perturbation,
if and only if for subsystems Σ1 , Σ2 , . . . , Σs , cycles
Φ(dr1 , Σr2 ) remain unchanged (r1 ∈ {1, 2, . . . , η} and
r2 ∈ {1, 2, . . . , s}).
Example 4 Consider Example 3 again. Assume
that
A1 = {(1, 1, 1, 1, 1, 1, 1, 0, 0) → (1, 0, 1, 1, 1, 1, 1, 1, 1)

0010

1110

1000

1001

1001

0011

0110

1111

0001

0000
0101

0100

0111

1010

1011

1000

→ (1, 1, 1, 1, 1, 1, 1, 1, 0) → (1, 0, 1, 1, 1, 1, 1, 1, 0) Fig. 2 A simple Boolean network with four nodes.
The changed arrows after perturbation are marked
→ (1, 1, 1, 1, 1, 1, 1, 0, 0)}
is the desired attractor. Using Theorem 1, for subsystem Σ3 , f6 (0), f7 (1), f8 (1, 0), and f9 (0) should
(2)
(1)
(2)
(2)
remain unchanged; i.e., f6 , f7 , f8 , and f9 are
not the one-bit perturbation candidates.
(2)
(3)
(4)
Similarly, for subsystem Σ1 , f1 , f2 , and f3
are not the one-bit perturbation candidates. For
(7)
(1)
subsystem Σ2 , f4 and f5 are not the one-bit perturbation candidates.
Without loss of generality, in this study we assume that χ1 , χ2 , . . . , χs satisfy Eq. (6).
3.2 Algorithm for finding the basin of states
Deﬁne the BOS size of state a as the number
of transient states (written as BOS(a)) that can
reach a plus 1 (i.e., |pred(a)| + 1). For example,
in Fig. 2, the BOS of state 0101 before perturbation is {1110, 0010, 1001, 0000, 1010, 0111, 1000}, so
BOS(0101) = 8.
The state transition matrix of a BN with n nodes
is constructed as follows: First, the size of this matrix
is 2n × 2. For the ith row (i = 1, 2, . . . , 2n ), the ﬁrst
element is i−1, and its corresponding binary number
is written as dec2bin(i − 1). The second element is
the decimal number corresponding to the image of
dec2bin(i − 1).
The input-state transition matrix of a Boolean
control network with n nodes and m inputs is deﬁned
based on the following conditions:
1. The size is 2m+n × 3.
2. For the ith row (i = 1, 2, . . . , 2m+n ), the ﬁrst
element is mod(i, 2n ) − 1 (if mod(i, 2n ) = 0, the ﬁrst
element is 2n − 1). The second element is the decimal number corresponding to the image with input
dec2bin(floor(i/2m )) and state dec2bin(rem(i/2m )),

by the red color
References to color refer to the online version of this ﬁgure

where rem(i/2m ) is the reminder of i/2m , and
floor(i/2m ) is the divisor of i/2m . The third element
is floor(i/2m ).
For ease of presentation, we ﬁrst give some notations. For matrix A, size(A, 1) is the number of
rows in A and size(A, 2) is the number of columns in
A. Σ1 ∗ Σ2 ∗ . . . ∗ Σk is the subnetwork composed of
Σ1 , Σ2 , . . . , Σk . The state transition matrix of Σ1 is
denoted by B1 , and the input-state transition matrices of Σ2 , Σ3 , . . . , Σs are denoted by B2 , B3 , . . . , Bs ,
respectively.
Assume c = [c1 , c2 , . . . , cm ] ∈ R1×m , d = [d1 ,
d2 , . . . , dn ] ∈ R1×n , and ci , dj ∈ R. Deﬁne ¯∗ as
follows: c¯∗d = [(c1 , d1 ), (c1 , d2 ), . . . , (c1 , dn ), . . .,
(cm , dn )]. Given two row vectors C and D, C =
[C1 , C2 , . . . , Cp ] and D = [D1 , D2 , . . . , Dp ], the ma¯ of C and D is deﬁned as C ⊗D
¯
trix product ⊗
=
¯
¯
¯
[C1 ∗D1 , C2 ∗D2 , . . . , Cp ∗Dp ].
To obtain the basin of state a, we need to ﬁnd
ipred(a) ﬁrst. The algorithm to seek ipred(a) is presented in Algorithm 1.
1
For each state in V s , repeating the process presented above, we can obtain the neighbors that can
2
reach a in two steps. Here, we use V s to denote
k
their set. Continue the process until |V s | > 0 and
k+1
|V s | = 0. Then the basin of state a is derived,
i
k
i.e., i=1 V s .
3.3 Emergence of new attractors
In this study, new attractors are not wished to
emerge, so we need to ﬁnd such one-bit perturbations
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and avoid using them. We discuss the problem in two
conditions. One case is the one-bit perturbation that
occurs in the root block, and the other is the one-bit
perturbation that occurs in blocks with inputs.
When one-bit perturbation occurs in the root
block, we have the following result:
Corollary 1
The emergence of new attractors
in the root block will cause the emergence of new
attractors for the whole BN.
When one-bit perturbation emerges in block Σi
with inputs, attractors in Σ1 ∗ Σ2 ∗ . . . ∗ Σi−1 are not
destroyed; i.e., the input sequences corresponding to
attractors in Σ1 ∗ Σ2 ∗ . . . ∗ Σi−1 are not changed.
Therefore, a new attractor emerges for the whole
network when one of the following two conditions is
satisﬁed:
1. The one-bit perturbation appears on the
input-state cycles of Σi .
2. Under the input sequences corresponding to
attractors in Σ1 ∗ Σ2 ∗ . . .∗ Σi−1 , a new cycle emerges
after the one-bit perturbation.
Two algorithms are given to judge whether the
one-bit perturbation causes the emergence of new
attractors. First, we consider the one-bit perturbation that occurs in root block Σ1 . Presenting the

original attractors of Σ1 in a column matrix Ã, the
state transition matrix after a one-bit perturbation
is written as Ā, and the perturbed states in Σ1 constitute a row matrix A1 . Algorithm 2 identiﬁes the
emergence of new attractors in the root block.
If the one-bit perturbation does not occur in the
root block, assume the one-bit perturbation occurs
in Σe .
Write the input-state transition matrix as B̂ after one-bit perturbation, and assume the number of
attractors in Σ1 ∗ Σ2 ∗ . . . ∗ Σe−1 is ξ. Suppose one
attractor in system Σ1 ∗ Σ2 ∗ . . . ∗ Σe−1 is Ai . In Σe ,
assume the number of input-state cycles corresponding to Ai is ki , and the longest cycle is of length li .
For all input-state cycles, expand their lengths to li .
Denote matrix Ci ∈ Rli ×(ki +1) as follows: Taking
the input sequence of the longest cycle as the last
column of Ci , the other columns are the states of the
corresponding input-state cycles in Σe . Construct
matrix B̄ by choosing the perturbed states in B̂.
Based on the above representation, Algorithm 3
is proposed to identify the emergence of new attractors in blocks with inputs.

Algorithm 1 Seeking ipred(a)

After one-bit perturbation, if the perturbed
states still enter the original desired attractors or
the undesired attractors, this kind of perturbed state

Input: Set Ω = {1, 2, . . . , s}, Vi = [ ], i ∈ Ω, ci = 0
1
Output: V s // ipred(a)
1: for all k ∈ Ω do
2:
sk ← Ψ (a, χk )
3:
for i1 = 0 to size(B1 , 1) do
4:
if B1 (i1 , 2) = s1 then
5:
V1 [c1 + +] ← B1 (i1 , 1)
6:
end if
7:
end for
8:
V1 ← [V11 , V12 , . . . , V1(2m2 ) ] //Ψ (V1j , U2 ) = j − 1
// (j = 1, 2, . . . , 2m2 )
9: end for
10: for all l ∈ Ω\{1} do
11:
for il = 1 to size(Bl , 1) do
12:
for rl = 1 to 2ml do
13:
if Bl (il , 2) = sl and Bl (il , 3) = rl − 1 then
14:
Vlr1 [cl + +] ← Bl (il , 1)
15:
end if
16:
Vl ← [Vl1 , Vl2 , . . . , Vl(2ml ) ]
17:
18:
19:
20:
21:

1

V 1 ← V1
1
1
¯ l
V l ← V (l−1) ⊗V
end for
end for
end for

3.4 ΔB after one-bit perturbation

Algorithm 2 Identifying new attractors in the root
block
Input: Set B1 = [ ], C1 = [ ], R = 0
Output: R
1: for i = 0 to size(A1 , 2) do
2:
for j = 0 to size(Ā, 1) do
3:
B1 (1, i) ← A1 (1, i) and
B1 (j + 1, i) ← Ā(B1 (j, i) + 1, 2)
4:
for k = 1 to j do
5:
if B1 (j + 1, i) = B1 (k, i) then
6:
C1 (i) ← B1 (k, i)
7:
end if
8:
end for
9:
end for
10: end for
 = ∅ then
11: if C1 ∩ A
12:
R ← 0 // No new attractors emerge
13: else
14:
R ← 1 // The one-bit perturbation causes the
// emergence of new attractors
15: end if
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Algorithm 3 Identifying new attractors in blocks
with inputs

Algorithm 4 Finding the corresponding attractor
for a given state a

Input: Set B2 = cell(1, ξ), R = 0
Output: R
1: for i = 1 to size(B̄, 1) do
2:
for j = 1 to ξ do
3:
for l = 2 to size(B̂, 1)/2me−1 − 1 do
4:
if B̄(i, 3) ∩ Cj (, kj + 1) = sij then
5:
B2 {1, j}(1, i) ← B̄(i, 1)
6:
B2 {1, j}(2, i) ← B̄(i, 2)
7:
B2 {1, j}(l + 1, i) ← B̂(B2 {1, j}(l, i) ·
2me−1 + Cj (l, kj + 1) + 1, 2)
8:
if there exists p such that
{B2 {1, j}(p · li + sij , i), B2 {1, j}(p · li +
sij +1, i),. . ., B2 {1, j}((p+1) · li +sij , i)}∩
{Cj (, 1), Cj (, 2), . . . , Cj (, kj )} = ∅ then
9:
R ← 0 // No new attractors emerge
10:
else
11:
R ← 1 // The one-bit perturbation causes
// the emergence of new attractors
12:
end if
13:
end if
14:
end for
15:
end for
16: end for

1: Find the corresponding attractor for state Φ(a, Σ1 ).

is not taken into consideration. We provide an algorithm to determine the attractors that the perturbed
states will eventually enter.
If the one-bit perturbation occurs in the root
block, the algorithm is similar to Algorithm 2.
If the one-bit perturbation occurs in other
blocks, Algorithm 4 is presented to ﬁnd the attractor
that perturbed state a will eventually enter.
Using Algorithm 4, we just need to consider the
perturbed states entering the desired attractors (undesired attractors) before perturbation. After perturbation, the perturbed states enter the undesired
attractors (desired attractor).
For state a, pred(a) ∪ {a} is the subset of
isucc(a). If state a is a perturbed state, then
pred(a) ∪ {a} expects the other perturbed states
and the BOS of them will be the subset of isucc(a)
in the new state transition graph after one-bit
perturbation.
For example, in Fig. 2, there are two attractors A1 = {0101 → 1010 → 0111 → 0101} and
A2 = {0100 → 1011 → 0100}. States 1011
and 1010 are the perturbed states; before perturbation, isucc(1001) =0101 with BOS(1001)=3 and
isucc(1010) =0101 with BOS(1010)=8. After per-

2:

3:

4:

5:
6:
7:

Put the transition states into a row vector D1 , which
includes the attractor states
For each state in D1 , ﬁnd the corresponding inputs
to Σ2 and put the corresponding states into a row
vector D12
D2 is the set of states in Σ2 with D2 (1) = Ψ (a, χ2 ),
and the (j + 1)th element of D2 is determined by
D1 (j) and D12 (j)
[D12 , D2 ] does not contain input-state cycles, enlarging D1 and D12 with the multiple of the length
of attractor until [D1 , D12 ] has an input-state cycle
Regard system Σ1 ∗ Σ2 as the new root block, and
construct matrix D3 via the similar method
Construct matrices D4 , D5 , . . . , Ds in a similar way
Choosing the last elements of matrices D1 , D2 , . . .,
Ds , and arranging them in sequence to form a row
vector, the attractor that state a will eventually enter
can be found

turbation, isucc(1001) =0011 and isucc(1010)=0100.
Because state 0011 is an element of the BOA of A2
and state 1001 is an element of the BOS of state
1010, the size of BOA of attractor A2 is increased by
ﬁve.
Through the above analysis, ΔB after one-bit
perturbation can be obtained through Algorithm 5.
3.5 Method for finding the optimal one-bit
perturbation
Through the above analysis, we can use
the following method to ﬁnd the optimal one-bit
perturbation:
Step 1: Find the cascading aggregation that partitions the network into several blocks.
Step 2: Use Theorem 1 to ﬁnd the one-bit perturbations that destroy the desired attractors.
Step 3: Check the one-bit perturbations that
cause the emergence of new attractors based on Algorithms 2 and 3.
Step 4: On the basis of Algorithm 4, ﬁnd the
perturbed states entering diﬀerent sets of attractors
after one-bit perturbation.
Step 5: For each perturbed state obtained in
step 4, calculate ΔB based on Algorithm 5.
Step 6: Seek out the largest ΔB , and the corresponding one-bit perturbation is the optimal one-bit
perturbation.
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Remark 1
Enlarge all desired attractors of
the same length, and write attractor dj as dj . If
Φ(d1 , Σi ) = Φ(d2 , Σi ) = . . . = Φ(dη , Σi ), i =
1, 2, . . . , s, then we just need to consider the onebit perturbations occurring in the root block and
the one-bit perturbation that causes the disappearance of undesired attractors. If the condition is not
satisﬁed, ﬁnd the ﬁrst k such that at least two elements in {Φ(d1 , Σk ), Φ(d2 , Σk ), . . . , Φ(dη , Σk )} are
diﬀerent. Then we just need to consider the one-bit
Algorithm 5
perturbation

Calculating

ΔB

after

one-bit

Input: Set C = [c1 , c2 , . . . , cl ] // the perturbed states
// that enter diﬀerent attractors after the one-bit
// perturbation; assuming that the maximum
// distance between state ci and the states that can
// eventually reach it is ki
Output: ΔB
1: for i = 1 to l do
2:
Ci1 ← ipred(ci )/C
3:
for j = 2 to ki do
4:
Cij = ipred(Ci(j−1) )/C // Cij is the diﬀerence
// between the set of the immediate
// predecessors of each state in Ci(j−1) and C
5:
end for
6:
if ci enters a desired attractor before perturbation,
and eventually enters an undesired attractor after
one-bit perturbation then
 i
7:
ΔBi ← − kt=1
|Cit |
8:
end if
9:
if ci enters an undesired attractor before perturbation, and eventually enters a desired attractor
after one-bit perturbation then
 i
10:
ΔBi ← kj=1
|Cij |
11:
end if

12:
ΔB ← li=1 ΔBi
13: end for
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perturbation occurring in Σ1 , Σ2 , . . . , Σk , and the
one-bit perturbation that causes the disappearance
of undesired attractors.

4 Application to bimolecular networks
In this section, the BN model of T-cell receptor
kinetics (Klamt et al., 2006) is to be analyzed. Its
network graph is shown in Fig. 3. For the BN, there
are three inputs, CD45, CD8, and TCRlig. We ﬁx
their values to (1, 1, 1). We use xi to represent the
nodes of this network (Fig. 4). The network is partitioned into ﬁve blocks. Its state equation is given in
Eq. (7).
The attractors of Eq. (7) are A1 =
(204, 0, 0, 2, 0) → (204, 0, 0, 2, 0) and A2 =
(221, 32, 0, 2, 130) → (206, 19, 0, 2, 256) → (200,
8, 0, 2, 576) → (76, 0, 0, 2, 32) → (132, 0, 0, 2, 16) →
(236, 0, 0, 2, 8) → (221, 32, 0, 2, 130), where each
state is written as a 1 × 5 vector and the ith element
is the decimal number corresponding to the binary
number in χi . Assume that A1 is the undesired attractor and A2 is the desired attractor. First, the desired attractors should remain unchanged; thus, one(1,3,4)
(1,3,4,7)
(1,2)
(2,3,4,8)
, f2
, f3 , f4
,
bit perturbations f1
(1,2,3)
(1,2)
(1,2)
(1,2)
(1,2)
(1,2)
(1,2)
(2)
, f6 , f7 , f8 , f9 , f10 , f11 , f12 ,
f5
(1,2)
(1,2)
(8,28,31,32)
(2)
(2)
(2)
(2)
(2)
, f16 , f17 , f18 , f19 , f20 ,
f13 , f14 , f15
(2)
(2)
(2)
(2)
(2)
(2)
(1)
(1,2)
(1,2)
f21 , f22 , f23 , f24 , f25 , f26 , f27 , f28 , f29 ,
(1,2)
(2,4)
(1,2)
(1,2)
(1,2)
(1,4)
(1,2)
f30 , f31 , f32 , f33 , f34 , f35 , f36 , and
(3,4)
f37 should stay the same. Attractors A1 and A2
satisfy the condition in Remark 1. So, we just need to
(2)
consider the one-bit perturbations in Σ1 , i.e., f1 ,
(2,5,6,8)
(1,5,6,7)
(4)
f2
, f4
, and f5 . Using Algorithm 2,
(2)
(1)
we can see that one-bit perturbations f1 and f4
cause the emergence of new attractors. Using Al(6)
gorithm 5, we can obtain that f4 is the optimal

x1 (t + 1) = x3 (t) ∨ x6 (t), x2 (t + 1) = x1 (t) ∨ (x3 (t) ∧ x6 (t)), x3 (t + 1) = ¬x5 (t),
x4 (t + 1) = ¬x7 (t) ∧ x3 (t) ∧ x2 (t), x5 (t + 1) = x1 (t) ∨ ¬x6 (t), x6 (t + 1) = ¬x7 (t),
x7 (t + 1) = x4 (t), x8 (t + 1) = x3 (t), x9 (t + 1) = x4 (t), x10 (t + 1) = x9 (t),
x11 (t + 1) = x10 (t), x12 (t + 1) = x11 (t) ∧ x4 (t), x13 (t + 1) = x9 (t), x14 (t + 1) = x9 (t),
x15 (t + 1) = (x8 (t) ∨ x12 (t)) ∧ (x4 (t) ∧ x11 (t) ∧ x14 (t)) , x16 (t + 1) = x15 (t),
x17 (t + 1) = x16 (t), x18 (t + 1) = x17 (t), x19 (t + 1) = x18 (t), x20 (t + 1) = x15 (t),
x21 (t + 1) = x23 (t), x22 (t + 1) = x21 (t), x23 (t + 1) = x20 (t), x24 (t + 1) = x22 (t),
x25 (t + 1) = x23 (t), x26 (t + 1) = ¬x25 (t), x27 (t + 1) = ¬x26 (t), x28 (t + 1) = x29 (t),
x29 (t + 1) = x30 (t), x30 (t + 1) = x34 (t), x31 (t + 1) = x13 (t) ∨ x35 (t), x32 (t + 1) = x31 (t),
x33 (t + 1) = x32 (t), x34 (t + 1) = x33 (t), x35 (t + 1) = x20 (t) ∧ x23 (t),
x36 (t + 1) = x34 (t), x37 (t + 1) = x36 (t) ∧ x24 (t).

(7)
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Fig. 4 Network after aggregation
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Fig. 3 A Boolean network implementing a T-cell receptor model. Adapted from Klamt et al. (2006)

one-bit perturbation.
If we use the method presented in Hu et al.
(2016) to solve the problem, we need to consider all
one-bit perturbation candidates for the whole network. Here, after network aggregation, we just need
to consider the one-bit perturbations occurring in
Σ1 , which clearly reduces the computation load.

traditional methods, the computational complexity
is O(2(n1 +n2 +...+ns )·k ), k ≥ ki , i = 1, 2, . . . , s. It is
clear that the computation load has been reduced
signiﬁcantly. For BNs that cannot be partitioned,
the method proposed in our study is useless. Future
work will focus on ﬁnding methods to solve the
optimal intervention problem for large-scale BNs
without a special structure.
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In this study, we have considered the problem
of ﬁnding the optimal one-bit perturbation of largescale BNs. The study has been carried on the basis
that the BN can be partitioned by network aggregation. After aggregation, the problem has been reduced to ﬁnding the optimal one-bit perturbation for
the corresponding subnetworks. Methods to check
the candidate one-bit perturbations have been given
by Algorithms 2 and 3. After that, the way to ﬁnd
the optimal one-bit perturbation has been proposed
based on Algorithms 4 and 5.
For a BN that can be partitioned through
cascading aggregation, the computational complexity of ﬁnding the BOA of an attractor is
O(2n1 ·k1 ) + O(2n2 ·k2 ) + . . . + O(2ns ·ks ). Under
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