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Abstract: A robust polynomial observer is designed based on passive synchronization of a given class of fractional-order Colpitts
(FOC) systems with mismatched uncertainties and disturbances. The primary objective of the proposed observer is to minimize the
effects of unknown bounded disturbances on the estimation of errors. A more practicable output-feedback passive controller is
proposed using an adaptive polynomial state observer. The distributed approach of a continuous frequency of the FOC is considered to analyze the stability of the observer. Then we derive some stringent conditions for the robust passive synchronization
using Finsler’s lemma based on the fractional Lyapunov stability theory. It is shown that the proposed method not only guarantees
the asymptotic stability of the controller but also allows the derived adaptation law to remove the uncertainties within the nonlinear
plant’s dynamics. The entire system using passivity is implemented with details in PSpice to demonstrate the feasibility of the
proposed control scheme. The results of this research are illustrated using computer simulations for the control problem of the
fractional-order chaotic Colpitts system. The proposed approach depicts an efficient and systematic control procedure for a large
class of nonlinear systems with the fractional derivative.
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1 Introduction
In many engineering problems, different approaches used in controlling nonlinear systems can be
more easily understood using fractional-order deriv‡
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atives (Podlubny, 1999; Dasgupta et al., 2015). Since
the discovery of fractional derivatives in the 16th
century, the theory of equations with non-integerorder derivatives has remained a broad field of applied science that has been widely explored (Li CP
and Deng, 2007; Aghababa, 2012b). Fractional-order
systems have been applied in many related areas
such as economics, engineering, physics, electrical
engineering, robotics, control systems, chemistry, and
bioengineering, and there is still no doubt about other
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pure science areas (Ghoudelbourk et al., 2016; Azar
et al., 2018a, 2018b; Ammar et al., 2019; Djeddi et al.,
2019). This is because many real systems can be
more clearly described and easily modeled using a
fractional-order derivative compared to integer derivatives. One of the important areas of application
for our case study is in chaos theory and its control
(Tavazoei and Haeri, 2007, 2008; Azar et al., 2017a,
2017b). Since Carroll and Pecora introduced synchronization of two chaotic systems with integer
order, fractional-order systems have received special
interest among scientists and wide interest in information security, process control, and system modeling among others (Pecora and Carroll, 1990;
Aghababa, 2012a; Chen et al., 2012; Rabah et al.,
2018). The analysis of nonlinear coupled systems
with fractional-order derivatives is an important area
of research for detailed understanding of the various
complexities of emerging dynamics in real systems.
Most research today is predominantly linked to neural
networks, but it is worthwhile to mention that the
synchronization of coupled systems remains a
benchmark of all topologies encountered in the literature survey (Kammogne et al., 2019). Several synchronization techniques have been proposed in the
literature, such as sliding mode control (Zhang and
Yang, 2013; Aghababa, 2014, 2015a; Vaidyanathan
and Azar, 2015a, 2015b; Vaidyanathan et al., 2015,
2019), the state observer (Kammogne et al., 2013;
Wang et al., 2013), linear and nonlinear methods (Li
C et al., 2013), passive methods (Song QK and Wang,
2010; Song J and He, 2015; Issakhov and Baitureyeva,
2018), adaptive control (Vaidyanathan and Azar,
2016a, 2016b), and the Lyapunov method (Li TZ et
al., 2017), which have been applied with success to
the synchronization of chaos.
In addition, the idea of passivity provides an
effective method for the study of nonlinear processes,
and has drawn research interest in recent years. The
concept of passivity allows the stability of the system
to be maintained, which is the main property of this
theory. The Lyapunov-Krasovskii functional method
has been used in several studies analyzing the robust
synchronization of nonlinear fractional-order systems
(Shen and Lam, 2014; Song S et al., 2017; Khan et al.,
2020a, 2020b). Recently, finite-time passivity and
passification for stochastic time-delayed Markovian
switching systems with partly known transition rates

were proposed by Qi et al. (2016), while Song J and
He (2015) proposed a finite-time robust passive controller for a class of uncertain Lipschitz nonlinear
systems with time delays. Finite-time non-fragile
passivity control for neural networks was developed
by Rajavel et al. (2017). Kuntanapreeda (2016) proposed adaptive control of fractional-order unified
chaotic systems using a passivity-based control approach. Recently, Thuan et al. (2019) studied the
robust finite-time passivity for fractional-order neural
networks with uncertainties. Song QK and Wang
(2010) proposed a mixed H∞/passive projective synchronization method for fractional-order neural networks with uncertain parameters and delays.
From the above literature survey, it is noted that
the robustness of the control scheme is basically
linked to many constraints required by the strategy.
On the other hand, many control schemes depict
poorer performance and less efficiency when a complex noisy environment is considered in the calculation. It is also remarked that most of the results mentioned above and others encountered in the literature
(Li LL and Yao, 2014; Sun et al., 2017; Noun and
Botmart, 2018) deal more with both passive stability
of neural networks and a standard class of dynamical
systems (unified chaotic, Lorenz system, power chaotic systems) with fractional derivative order. However, some nonlinear system topologies, such as the
Colpitts oscillator, present many important features
(fractals, bifurcations, coexistence, and so on) that
provide an additional specification on the control
scheme. Strictly speaking, the Colpitts oscillator
family presents better spectral properties that are
suitable for communication application.
It is worth remembering that describing a chaotic
system in observation design provides added freedom
that allows the efficiency of synchronization of
steady-state errors to be controlled. Note that a
derivative-order system can be realized to change the
synchronization effect to the extent that the polynomial viewer benefits. Also, note that the system’s
derivative order and polynomial observer gains can
automatically be configured to resolve the synchronization effect.
In the modeling process, the modeling error
creates a large number of uncertainties that can not
only degrade the efficiency of the control system but
also lead to dynamic system instability. Thus, the
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dynamic environment is taken into account in the
control design to improve the closed-loop system
performance of the fractional-order system.
Furthermore, the consideration of these factors
in the controller’s algorithm development provides
fundamental concepts for designing robust controllers.
As mentioned earlier, the passivity control method
has been reported for uncertain integer-order linear
and nonlinear systems. The techniques developed are
based on the linear matrix inequality (LMI) to the best
of our knowledge. It is very difficult and unpredictable to control the LMI with unknown parameters (for
example, the loop gain or the Lipschitz constant
cannot be infinite in spite of the perturbations or the
uncertainties in the system). In fact, controlling the
nonlinear effect in the control scheme will make the
observer structure considerably more complicated,
and requires extra control effort. Therefore, the main
contributions of this paper are based on the modern
robust control technique and significant results regarding recent developments. Our contributions can
be listed as follows:
1. A polynomial robust observer is designed by
means of algebraic manipulation, adaptation laws,
and passivity theory for synchronization of a general
class of uncertain fractional nonlinear systems.
2. Synchronization robustness is evaluated in
terms of the control effort, which enables the driveresponse system to have a coupling speed cost.
3. A method is proposed to attenuate unmatched
disturbances in fractional systems.
4. The control scheme is implemented in PSpice.
To the best of our knowledge, this is the first
time that a method has been proposed to attenuate
unmatched disturbances in fractional systems. A robust polynomial observer is used in this study to
evaluate the observability condition based on differential algebraic parameters. Considering the complex
environment, our proposed synchronization approach
is best suited to actual applications.

Definition 1 (Podlubny, 1999)

For any real number

th

n denoting the n derivative of φ(t), Dtq is used as a
Caputo fractional differential operator. The differentiation of φ(t) with fractional order q is established as
follows:
Dt  (t ) 

t
1
 ( n ) ( )(t   ) n 1d .

(n   ) t0

Lemma 1 (Skelton et al., 1998; de Oliveira and
Skelton, 2000) Let η(t)ún, Qún×n, Gús×n, and
rank(G)<n. Then,
ηT Qη  0, η  0 such that Gη  0

Some fundamental lemmas and definitions of
fractional-order derivatives are discussed.

(2)

is satisfied if and only if under the following
conditions:
1. GπTQGπ  0, where Gπ is such that GGπ=0,
and GG T  GπTGπ  0，where Gπ is any basis of the
right null space of G.
2. ρú: Q−ρGTG<0.
3. Vún×s: Q+VG+GTVT<0.
Lemma 2 (Gai et al., 2016) Consider a fractionalorder system as follows:
q
 Dt x (t )   (t , y (t )), 0  t   ,
 (r )
(r )
 x (0)  x0 , r  0,1,..., m  1,

(3)

where  (t , y (t ))   is a continuous linear frequencydistributed system. The frequency-distributed state
f(ω, t)ú satisfies
f ( , t )
  f ( , t )   (t , y (t )),
t

(4)

where  (t , y (t )) is the weighted integral defined as
follows:


2 Some fundamental properties of fractional
derivatives

(1)

 (t , y (t ))   q ( ) f ( , t )d ,
0

(5)

and the frequency weighting function is given by

q ( ) 

q
sinh(qπ).
 q

(6)
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3 Problem formulation

ΛT Λ  ΛT Λ  1 ΛT Λ  11 ΛT Λ.

3.1 Preliminaries

The state formulation of the fractional-order
system is defined as follows:

 D q x (t )  ( A  A) x (t )  f ( x (t ))  Gς (t ),

 y (t )  Cx (t ),

(7)

3.2 Robust passivity-observer design
This subsection presents some conditions for the
robustness of an adaptive robust observer. Consider
the observer of the following form:
 D q xˆ (t )  ( A  A) xˆ (t )   ( xˆ (t ))

  L  y (t )  Cxˆ (t )   Gd (t )  uf (t ),
 yˆ (t )  Cxˆ (t ),


where xún are the state variables and y   m are
n×n

the measurable output vectors of system (7). Aú
and Cúm×n are known matrices such that (A, C) is
observable. G   n . f :  n   n is a smooth vector
mapping. ς (t )    0,   refers to unknown external
disturbances and ΔA(t) are uncertain terms constituting the unmodeled dynamics. q=(q1, q2, …, qn) are
the fractional orders for 0<qi<1 (i=1, 2, …, n).
Assumption 1
The triplet ( A, G , C ) satisfies the
minimum-phase assumption, i.e.,   , i=1, 2, …,
 I  A G 
n, rank  n
  n  rank(G ), arg( )   i π/2,
0
 C
with αi being a positive integer.
ΔA represents the time-varying
Assumption 2
system uncertainty matrix with a suitable dimension
defined as follows:

A  DT ( x , t ) D,

(8)

T T ( x , t )T ( x , t )  I , t   0,   ,

(9)

where I is the identity matrix.
Assumption 3 The nonlinear vector function φ(x(t))
is λ-Lipschitz if for an arbitrary constant λi>0, the
following condition is satisfied:
n

 ( x )   ( xˆ )   i xi  xˆi

(10)

i 1

the estimation measurement output vectors of system
(12). The switching function d(t) is the disturbance
input and L is the designed matrix. uf(t) is a nonlinear
input vector for the observer system.
Our objective is to construct a suitable controller
uf(t) that allows the trajectory of observer system (12)
to asymptotically approach the trajectory of system (7)
and eventually perform the synchronization.
Definition 2 For the external nonlinear input uf(t)
and output ye(t), system (7) subjected to disturbances
and uncertainties is said to be passive if for any two
nonnegative constants ħ and  the following relationship holds:
t

u

T
f

t

t

0

0

(t ) ye (t )dt     s ( x (t ))dt   2  r (t )dt , t  0,

(13)
where s(x(t)) is a semi-definite function, r(t) is a
nonnegative function, and ye(t)=y(t)−ŷ(t). The energy
of system (12) is closely related to the power supply
from the external source. Indeed, the amount of supplied energy cannot be greater than that of the stored
energy. This is the meaning of a physical system. Any
system that maintains this property is objectively
stable.
Corollary 1 (Byrnes et al., 1991) In the case where
the disturbances and unmodeled dynamics are not
considered (ΔA≈0 and ς(t)=d(t)≈0), inequality (13)
becomes
t

u
0

Lemma 3 Consider matrices Λ and Λ with compatible dimensions. The following inequality is satisfied for any positive constant ε1:

(12)

where xˆ   n are the system states and yˆ   m are

0

where D and D are constant matrices to be adopted
by the designer and T(x, t) is a known time-varying
matrix which is Lebesque measurable in t and
satisfies

(11)

T
f

t

(t ) ye (t )dt     s ( x (t ))dt , t  0.
0

(14)

This is a well-known mathematical definition of the
passivity for an ideal system. It is straightforward to
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see that system (7) is strictly passive and lossless for
the conditions s(x(t))>0 and s(x(t))=0, respectively.
Definition 3 Consider that systems (7)–(12), when
submitted to a complex noisy environment, are passive, and suppose that any infinitely differentiable
function f(·) such that f(0)=0 satisfies
y (t ) f ( ye (t ))  r (t )  0.
T
e

(15)

Hence, the nonlinear control law uf(t)=−f(ye(t)) makes
system (12) asymptotically stabilize to a fixed point.

p

+G (t )  Ae (t )   K  y  Cxˆ (t ) 

D q e (t )  x (t )  xˆ (t ).

(16)

Based on Eq. (16), the error system can be expressed
as

D q e (t )  ( A  LC )e (t )   ( x (t ))   ( xˆ (t )) 
 Gς (t )  Gd (t )  Ae (t )  uf (t ),

(17)

where e(t)=[e1(t), e2(t), …, en(t)]Tún are the state
vectors of error system (17).
First, controller uf(t) is stated as follows:

 ξ (t ),

(21)

where  (t )  ς (t )  d (t ).

Proposition 1 (Cho and Rajamani, 1997; Khalil,
2007; Ngouonkadi et al., 2014) Let us restrict each
 ( xi (t )) to a non-increasing and bounded function in
the closed ball Bθ (θ>1). It follows that
n

i

i 1

The synchronization error vector is expressed as
follows:

2 j 1

j 1

  ( x (t ))   ( xˆ (t )) 

3.3 Synchronization results

p

D q e (t )  ( A  LC )e (t )   ( x (t ))   ( xˆ (t )) 

i

n

  xi (t )  xˆi (t ) 

   1.

(22)

i 1

This condition also refers to Sabatier and Farges
(2017), showing that the fractional models are physically inconsistent and can be viewed as differential
equations describing the collective behavior of the
particle’s displacement on an infinite-dimensional
space. It is obvious that some properties, such as the
Lipschitz condition, and their direct consequences on
observability and controllability, can be questionable
and do not necessarily reveal the characteristics of the
physical system. To consider this aspect, in this work
we choose the Lipschitz constant to be small compared to 1 (λi1).

(18)

We derive error system (17) based on Gai et al.
(2016) as

where p   is considered as an odd number and j>1.

 Z ( , t )
  Z ( , t )   A  LC  e(t )
 t

  ( x (t ))   ( xˆ (t ))   G (t )


(23)
p

2 j 1
  H  y  Cxˆ (t )   Ae(t )  ξ (t ),

j 1



e (t )  0 μ(t ) Z ( , t )d.

uf (t )   H  y  Cxˆ (t ) 

2 j 1

 ξ (t ),

j 1

ξ(t) denotes the external input signal to be determined
later. H represents the adaptive control strength gain
matrix with elements chosen according to the rules:
n

k1i (t )  ki (0) e j (t ) Pij ei (t ),

(19)

j 1

where ki(0) are positive constants.
Remark 1 The nonlinear input signal uf(t) achieves
passivity with respect to signal y(t). We define
y (t )  2 Pe (t ).

(20)

3.4 Observation error stability
Assumption 4 Select an appropriate matrix Lú3×3
and two matrices P and Q such that P=PT>0 and
Q=QT, which satisfy the following conditions:
P  A  LC  H1C    A  LC  H1C  P
T

Finally, we derive the dynamic overall observer error
equation:

 PH  H T P  PDD T P  D T D   2 I  Q,

(24)
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min  Ei  EiT   0, i  2,3,..., p,

(25)

with Ei=PHiC.
Then, robust passivity synchronization can be
obtained using controller (18) with adaptive law (19).
Theorem 1 With the aforementioned assumptions,
master system (7) asymptotically synchronizes observer system (12) under conditions (18) and (19).
Proof We select the Lyapunov functional candidate
for system (21) as follows:
V (t )  V1 (t )  V2 (t ),

(26)

V (t )   Z T ( , t ) μ( ) PZ ( , t )d ,
0
 1
n

1
2
V2 (t )  
 ki (0)  ki  .

i 1 2ki (0)

(27)

Substituting inequalities (30) and (31) into inequality (29), one obtains
V (t )  e T (t )  P ( A  LC  H1C )  ( A  LC  H1C )T
 PH  H T P  PDD T P  D T D   2 I  e (t )
 2e T (t ) P (e (t ))  2e T (t ) P Ae (t )
p

  H  Ce (t ) 
j 2

From Assumption 3, we derive the following:
V (t )  e T (t )Qe (t )  2e T (t ) P (e (t ))  2e T (t ) P Ae (t )
p

2 j 2

j 2

e T (t )  Ei  EiT  e (t )

2e T (t ) Pξ (t )   2 T (t ) (t )
T

 e (t )   Q
=
 
 (e (t ))   P



V (t )   [   Z ( , t )  ( A  LC )e (t )
0

  ( x (t ))   ( xˆ (t ))   G (t )  Ae (t )
p

 H  y  Cxˆ (t ) 

2 j 1

e T (t )  Ei  EiT  e (t )

 2e T (t ) Pξ (t )   2 T (t ) (t ).

 H  Ce (t ) 

The combination of Eqs. (18), (21), and (22) gives

2 j 2

P   e (t ) 
 2e T (t ) Pξ (t )
0   (e (t )) 
p

 2 T (t ) (t )   H  Ce (t ) 

2 j 2

j 2

 ξ (t )]T μ( ) PZ ( , t )d

e T (t )  Ei  EiT  e (t ).
(33)

j 1



  Z T ( , t ) μ( ) P[ A  LC  e (t )   ( x (t ))   ( xˆ (t )) 
0

p

G (t )  Ae (t )   H  y  Cxˆ (t ) 

2 j 1

 ξ (t )]d

j 1

n


i 1

n
1
2
 ki (0)  ki  ki (0) e j (t ) Pij ei (t ).
ki (0)
j 1

 e (t ) 
 Q
and Σ  
Let η(t )  

 (e (t )) 
P
quality (33) becomes

From Eq. (21) and inequality (25), one obtains

Integrating both sides of inequality (34) in the range
[0, t] gives

V (t )  e T (t )  P ( A  LC )  ( A  LC )T  PH  H T P  e (t )

t

V (e (t ))  V (e (0))   ηT ( ) Ση( )d
0

 2e T (t ) P (e (t ))  2e T (t ) PG (t )  2e T (t ) P Ae (t )
p

2 j 1

P
, and ine0 

V (t )  ηT (t ) Ση(t )  y T (t )ξ (t )   2 T (t ) (t ). (34)

(28)

 2 H  y  Cxˆ (t ) 

(32)



2

 2e T (t ) Pξ (t ).

j 1

(29)
By Lemma 1, the following inequalities hold:

2e T (t ) P Ae(t )  e T (t )  PDDT P  DT D  e(t ), (31)
where  (t )  ς (t )  d (t ),  (e (t ))   ( x (t ))   ( xˆ (t )).

t

T
  ( ) ( )d   y ( )ξ ( )d .
0

T

(35)

0

Then, we have



t

0

2e T (t ) PG (t )   2 e T (t ) P 2 e (t )   2 T (t )G (t ), (30)

t



t

y T ( )ξ ( )d  V (e (0))    ηT ( ) Ση( )d
0

2

t


0

T

( ) ( )d  V (e (t )).

(36)

Let R(t)=  T(t)  (t) and consider that V(e(t))≥0. One
obtains
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t

0

y T ( )ξ ( )d  V (e (0))
t

t

0

0

  ηT ( ) Ση( )d   2  R( )d .

(37)

(38)

It is clear that if ω(t)=0, then
2
V (e (t ))  min (Q ) η(t )  0.

(39)

This establishes the global and asymptotic stability of
dynamic error system (21). From Eq. (22), we have
η(t )  0 when t   that is lim e (t )  0. (40)
t 

If ω(t)≠0 and rearranging inequality (38), we have
V (t )  ηT (t ) Ση(t )   2 T (t ) (t )  0.

(41)

T

 η(t )    Σ
V (t )  
 
 (t )   0

T

 η(t )  
δP

   

 (t )  
0
T

 η(t )  δP
 
 
 (t )   0

0    η(t ) 
(47)

0    (t ) 

0   η(t ) 
 0,
0   (t ) 

which allows us to conclude that J0(η(t),  (t )) <0.
Then, error system (21) through control input uf(t) is
asymptotically stable, and the proof of Theorem 2 is
completed.
From Definition 3, ξ(t)=−f(y(t)) satisfies f(0)=0
and yeT (t ) f ( ye (t ))  0 enables error system (21) to
asymptotically stabilize.
Theorem 3 For any selected signal ξ(t) such as
ξ (t )   2 y (t )  2 2 Pe (t ),

0   η(t ) 
.
 2 I   (t ) 

where η′(t)=[η(t),  (t), y(t)]T and

Substituting inequality (38) into Eq. (43) yields
(44)

0

0
.
0

*
 2I
0

* 
*    T .
 2 I 

(η(t ))T  η(t )  0.

(50)

From inequality (47), we can easily obtain the following for the bounded disturbances:

where

C T C
0 
C

,


 2 I 
 0

 Σ
   0
 0

From Finsler’s Lemma 1, we obtain

T

 Σ  C

(49)

(42)

J 0 (η(t ), (t ))  V (t )  yeT (t ) ye (t )   2 T (t ) (t ). (43)

 η(t )   η(t ) 
J 0 (η(t ), (t ))  
 
,
 (t )   (t ) 

(48)

error system (21) satisfies the stability criteria.
Proof Combining inequality (38) and Eq. (48), we
obtain

 (η(t ))T  η(t ),

Define a cost function J 0 (e (t ), ω(t )) as follows:



T

 η(t )   η(t ) 
J 0 (η(t ), (t ))  
 

 (t )   (t ) 

V (t )  ηT (t ) Ση(t )   2 T (t ) (t )   2 y T (t ) y(t )

This leads to

 

0 
  0. (46)
 2 I 

Thus, we have

The external input signal ξ(t) renders error system (17)
passive under uf(t). Relation (37) satisfies the passivity stated in Definition 2. The proof is completed.
Theorem 2 (Zero-input error response) If ξ(t)=0,
then the closed-loop error system (17) is asymptotically stable.
Proof Inequality (34) takes the following form:
V (t )  ηT (t ) Ση(t )   2 T (t ) (t ).

δP 0    Σ  C  δP

0  
0

    
0

(45)

Consider a positive constant δ and suppose that the
following is satisfied:

2
V (t )  min ( Ω ) η(t )  0, η(t )  0. (51)

Then, the global error system (21) is Lyapunov stable.
This ends the proof.
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4 Simulation results and discussion

4.1 Fractional-order modified Colpitts oscillator
We consider the Colpitts circuit for this study.
The simplified diagram of the fractional-order modified Colpitts oscillator (FMCO) is sketched in Fig. 1.
Compared with the common Colpitts oscillator
(Fotsin and Daafouz, 2005), the modified circuit includes an extra resistance Rd, which offers the possibility of an electronic analog or digital control on the
system dynamics (Kammogne and Fotsin, 2014). This
circuit uses an inductor (L) with fractional order q3
and a pair of ultracapacitors ( c1  C q and c2  C q )

VCC

RC
L
i1
ic
ib

c1 u1

2

with fractional orders q1 and q2, respectively.
Remark 2 In electronic design, there is no fractional
component that can be implemented physically. At
any frequency, the behaviors of the supposed fractional capacitances and inductor are assumed to be
comparable to the behaviors of those considered as
integer ones. Thus, the resulting behavior of the experimental setup in Fig. 1 is questionable in practice.
Note that these components must not be modified in
practice, which reduces the bandwidth of the system
and causes instability in the circuit, because the
highest resistance value of the fracture unit is sometimes not available.
From Fig. 1, we derive the following dimensionless state equations:
 d q1 x1
 q1  x3   exp(ax3  bx2 ),
 dt
 d q2 x2
 q2      x2  x3 ,
 dt
 d q3 x3
 q3  1  x1  x2   x3 ,
 dt

iL

Rd

i2

i3
c2

Re

u2

VEE

Fig. 1 Schematic circuit model of the fractional-order
modified Colpitts oscillator (FMCO)
0.8
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(a)
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(b)

0.6

0.4

x3

1

inition of the fractional-order derivative (Aghababa,
2015b; Kengne et al., 2018; Pelap et al., 2018). Typically, for q=0.95, FMCO depicts the chaotic behavior
as shown in Fig. 2.
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Fig. 2 Phase portraits of the fractional-order modified
Colpitts oscillator (FMCO): (a) x2 vs. x1; (b) x3 vs. x2

(52)

where a, b, α, β, and γ are the system’s parameters.
For instance, system (52) has a complex phenomenon
for a specific set of values:
a  2.251362, b  192.3,   0.106 481 481 5,

  0.934,   8.518 518 1011.
For the numerical solution of all fractional-order
differential equations in this study, we use the
Adams–Bashforth–Moulton method proposed by
Diethelm et al. (2002). This algorithm is based on the
predictor-corrector method and uses the Caputo def-

4.2 Numerical results for robust passive synchronization
Consider Eq. (52) as follows:

 D q x (t )  ( A  A) x (t )   ( x (t ))  Gς (t ),

 y (t )  Cx (t ),

(53)

where

0
1
0



T
 A   0   1  , Gς (t )  h[d1 (t ), d 2 (t ), d3 (t )] ,

 1 1  
(54)

  exp( ax3  bx2 ) 

,
 ( x )  






1
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and h is a positive constant. For a real-time control
scheme, simply select the matrices in Eqs. (20) and
(21) as

1
1 0 0 
1 0 0 




C   0  , P  0 1 0 , L  0 1 0 .
 1
0 0 1 
0 0 1 

(55)

T ( x , t )    0.085,

(61)

1
0 
sin(2t ) 1 0 
0



D 0
0 0  , D  0
1
0  . (62)
 0
0 cos(5t ) sin t 
1 1 
The initial conditions of the master and the slave
systems are chosen as

The controller takes the following form:

uf (t )   K  y  Cxˆ (t ) 

2 j 1

( x10 , x20 , x30 )  (5 108 ,2 109 ,7 109 ),
 ξ (t )

( xˆ10 , xˆ20 , xˆ30 )  (5 102 ,3 103 ,7 104 ).

j 1

 k11 (e1  e3 )  k21 (e1  e3 )3    k(2 p 1)1 (e1  e3 ) 2 p 1 


   k12 (e1  e3 )  k22 (e1  e3 )3    k(2 p 1)2 (e1  e3 ) 2 p 1 
 k13 (e1  e3 )  k23 (e1  e3 )3    k(2 p 1)3 (e1  e3 ) 2 p 1 


0
0  .
e3 
(56)
Obviously Eq. (56) is designed to deal with unknown
parameters. The appropriate control law for synchronization is given as follows:
(57)

Note that this control law significantly improves the
transient error response and logically improves the
accuracy of steady-state tracking. The parameters of
the scheme are set as follows:

1.5

 k21 
15


3 
m  2, h  10 ,  k22   10  6  .
 k23 
12

(58)

0.6

ς ( x, t )  [6sin(5t ),(7 / 3)cos t ,5sin(3t )] ,
T

(59)
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(c)

0.4
0.2
0
−0.2

0

10

d ( x, t )  [6cos(5t ),(7 / 3)sin(2t ),5cos(3t )] . (60)
T

The parametric uncertainties (8) can take the following form:

0.6

0.2

−0.2

Parameter h represents the perturbed strength compared with the magnitude of state variables xi (i=1, 2,
3). The time-varying parameter perturbations added
to the observer system are given as follows:

0.8

0.5

0.4

4

1.0

1.0

0
0

x2m, x2s

n

1.2

(a)

x1m, x1s

 k11 (0)e (t ) 


k1 j (t )  k jj (0) ei (t ) Pij e j (t )   k12 (0)e (t )  .
i 1
 k13 (0)e (t ) 


2
1
2
2
2
3

x3m, x3s

e1 0
 2  0 e2
 0 0
2

The derivative order considered for the simulation is
q=0.95, and we notice that for this specific value, the
modified Colpitts oscillator exhibits chaotic behavior
(Kammogne et al., 2020). When the disturbances are
not considered in the scheme, the trajectories are
presented in Fig. 3. It is clear that the controller
achieves complete synchronization after a short transient period. When the controller is not activated, i.e.,
taking u(t)=0, the trajectories of state variables between the master and the observer are shown in Fig. 4.
x1m, x1s

p

20

30

40

50
60
Time (s)

70

80

90

100

Fig. 3 Evolution of the trajectories when the disturbances
are not considered: (a) x1(t), x̂1 ( t ); (b) x2(t), x̂2 ( t ); (c)
x3(t), x̂3 ( t )
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Fig. 4 Evolution of the trajectories when the controller is
deactivated: (a) x1(t), x̂1 ( t ); (b) x2(t), x̂2 ( t ); (c) x3(t), x̂3 ( t )

For clarity, we adopt subscripts “m” and “s” to denote
the master and the observer system trajectories, respectively. It seems that the trajectories diverge after a
long, irregular, transient oscillation. This is due to the
complex environment considered in this approach.
Note that the transient period shows apparent synchronization as observed in any physical system that
is subjected to external disturbances and uncertainties.
These undesirable features are often probabilistic and
cannot be handled by the designer to control an automatic scheme.
To design the controller and provide a criterion
for ensuring robust passivity based on the synchronization of the drive-response system, we select the
following initial conditions: (k11(0), k12(0), k13(0))=
(10−4, 1.41×10−7, 4.51×10−7) and γ=5×10−3. Fig. 5
shows the state variable trajectories of the master and
observer systems. We observe that these systems
approach synchronization after a short transient time.
The novelty of this control scheme is linked to many
control gains and the associated adaptation gain
schedule. The principle of passivity used in this context provides a powerful tool to improve the robustness of the control system with many sources of
disturbance.

10
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Time (s)

70
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90

100

Fig. 5 Evolution of the trajectories when the controller is
activated: (a) x1(t), x̂1 ( t ); (b) x2(t), x̂2 ( t ); (c) x3(t), x̂3 ( t )

Fig. 6 depicts the controller gains K11(t). Note
that the optimum value of the gain matrix (K11)max
cannot be reached, so complete synchronization is
achieved partially. The number of variations of the
matrix elements that allow the designer to execute the
system physically is very small, which demonstrates
how effective the synchronization is.

Fig. 6 Time evolution of the feedback gains K11(t)

Performance indices are considered to determine
the performance of the control system, such as the
integral of a squared error (ISE) and the integral of an
absolute error (IAE) (Tavazoei, 2010). A general form
of the integral index is defined by

I (r , s)  



0

s

 n

t   ei2 (t )  dt ,
 i 1

r

(63)

where r and s are set as follows: r=0 and s=1 for IAE;
r=1 and s=2 for ISE. The quadratic gap of the corresponding synchronization process can be evaluated as
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t

2

ISE  I (1, 2)  (t  0.001)1  eq ( ) d .
0

(64)

Fig. 7 depicts the performance index of the
synchronization.

Fig. 7 Performance index of the synchronization (ISE:
integral of a squared error)

Remark 3 (Comparative analysis) Let us point out
some promising results obtained in the literature using similar approaches. Dadras and Momeni (2013)
discussed the problem of designing a passivity-based
fractional-order integral sliding mode controller for
uncertain fractional-order nonlinear systems using the
passivity definition of integer-order systems. We note
that the dissipative inequality in the definition of
dissipativity of integer-order systems cannot characterize the memory property of the fractional energy
dissipation of fractional-order systems. The same
results were obtained by Song S et al. (2017) and
Chen et al. (2019) using the LMI approach for the
passive projective synchronization associated with
uncertain systems and the LMI technique for robust
passivity for linear systems, respectively. Although
good results have been obtained, the following should
be considered: (1) the feedback gain is high which
characterizes the effort supplied by the scheme to
achieve synchronization; (2) the LMI approach used
in many papers renders the controller complex in its
topological form, and consequently its physical implementation boring. In this work, the observer is
robust and allows the scheme to reach synchronization faster with respect to the approach proposed by
Kammogne et al. (2013).
4.3 Reduction of the size of the feedback coupling
controller

The special aspect provided in this work is that
there is a real possibility of choosing large observer
gains such that the linear part overcomes nonlinear
ones. These quantities are known as high-gain ob-
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servers (Gauthier et al., 1992; Nijmeijer and Mareels,
1997; Feki, 2003; Noube et al., 2013). This approach
can be applied in any dynamic system. This subsection deals with the specific case linked to a topological property of the systems. We will show that the
minimum phase characteristic of the Colpitts system,
as defined in Assumption 1, allows the size of the
feedback coupling controller to be reduced.
The presence of the controller in each observer
equation remains a major drawback of the polynomial
controller, because knowledge of all states is not
necessary in the question of synchronization.
Theorem 4 The Colpitts system satisfies the minimum phase property. Hence, when the single controlled state converges to zero, the other uncontrolled
system states also stabilize at the origin. Therefore,
only the first state of the slave system should be controlled to achieve complete synchronization.
Proof The synchronization error dynamics can be
written in the following detailed form:
e1q1  F  u1 , e2q2    e2  e3 , e3q3  e1  e2   e3 ,

where
F  e3  ( e axˆ3 bxˆ2 )  ( e ax3 bx2 )  .
Note that the feedback coupling controller is
applied only on the first state variable. Hence, for
m=2, controller (56) can be simplified as follows:

u1  k11 (e1  e3 )  k21 (e1  e3 )3 .

(65)

The adaptive feedback gain in Eq. (57) can be simplified as
k11  k11 (0)e12 .
(66)
To demonstrate that the error system is at the minimum phase, we must show that e2q2    e2  e3 and
e3q3  e1  e2   e3 converge asymptotically to the

origin when e1=0. The dynamics of the two uncontrolled error subsystems can be written as

e q  Ee,

where E  
 1

1
e 
and e   2  .

 
 e3 

(67)
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x3m, x3s

1.5

x2m , x2s

x1m , x1s

Note that matrix E is Hurwitz because its trace is
negative and its determinant is positive (i.e., tr(E)=
−β−γ<0 and det(E)=βγ+1>0). Hence, error subsystem
e q  Ee is asymptotically stable, and system (53) is a
minimum-phase one. So, when we apply feedback
coupling on the first state variable of the observer
(slave system) to achieve e1(t)=0, the other uncontrolled states (e2(t), e3(t)) will converge to zero when
t→∞ for the so-called minimum-phase behavior.
Fig. 8 depicts the trajectories of the master-slave
systems when the reduced controller is applied.
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This circuit allows the current to be regulated by
the inductor. The component values are chosen as
I0=10−12 A, VT=0.026 V, R=10 kΩ, Rd=117.39 Ω, R1=
170.837 kΩ, R2=2 kΩ, R3=R4=93.913 kΩ, R5=10.7 kΩ,
V1=V2=1 V, Ra=666.66 kΩ, Rb=1.66 MΩ, Rc=883.33 kΩ.
The complete circuit is supplied with V+=+15 V and
V−=−15 V. Fig. 9c presents the controller.
The constant parameters of the polynomial controller (56) are calculated as follows:

k21  R / Ra , k22  R / Rb , k23  R / Rc .

In this subsection, we analyze the effect of fractional order on passive synchronization of the FMCO
by the polynomial robust observer.
Case 1: q=1. Fig. 10 shows the synchronization
error. After a short transient time, the master and the
slave systems reach synchronization. Note that during
1.0

Fig. 8 Trajectory states of the master and the slave for the
passive controller (53) when q=0.9

0

Voltage (V)

4.4 Implementation scheme of the polynomial
observer for passive synchronization

V(ys, ym)
V(xs, xm)

(a)
−3.0

0
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2.0
Time (ms)

5.0

4.0

1.0
0

Voltage (V)

Slave

V(zs, zm)

−1.0
−2.0

The corresponding circuit diagram of the FMCO
is sketched in Fig. 9, for the master system and slave
system. A detailed description of this circuit in integer
order has been studied in detail by Kammogne et al.
(2013).
Master

(68)

V(u3)
V(u2)
V(u1)

−2.0

(b)
−4.0

(a)

(b)

Controller

0

1.0
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Time (ms)
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2.3

Voltage (V)

2.0

(c)

Fig. 9 Equivalent model of the fractional-order modified
Colpitts oscillator (FMCO) view as a master system (a),
circuit implementation of the slave system (b), and circuit
implementation of the feedback coupling controller given
by Eqs. (56) and (57) (c)
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V(k12)
V(k13)

1.0

(c)
0

0
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3.0
2.0
Time (ms)

4.0

5.0

Fig. 10 Time evolution of the synchronization errors (a),
feedback coupling controllers u1, u2, and u3 (b), and
feedback gains k11, k12, and k13 (c) when q=1
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the synchronization process, the master system remains chaotic. Fig. 11 shows this behavior.
Case 2: q=0.98. The PSpice results from this
derivative order are presented in Fig. 12.

Case 3: q=0.95. The results for this case are
presented in Fig. 13.
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Fig. 11 Phase portraits corresponding to the master system during synchronization when q=1
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Fig. 13 Time evolution of the synchronization errors (a),
feedback coupling controllers u1, u2, and u3 (b), and
feedback gains k11, k12, and k13 (c) when q=0.95
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Fig. 12 Time evolution of the synchronization errors (a),
feedback coupling controllers u1, u2, and u3 (b), and
feedback gains k11, k12, and k13 (c) when q=0.98

The circuit implementation of the integral operator is the key point of designing a fractional-order
chaotic circuit. The standard definition of a fractional
differintegral does not allow direct implementation of
the fractional operators in time-domain simulations.
The approximate formula of the fractional order using
the integer operator was designed in Liu (2011) and
Hammouch and Mekkaoui (2018). The main characteristics of these results are summarized in Table 1 for
two derivative orders (q=0.95, 0.98).
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Table 1 Fractional-order chains with their corresponding
values
Derivative
order
q=0.98

q=0.95

Component
Transfer
values
function
Rf1=91.19 MΩ
Rf2=190.09 MΩ
H(s)
Cf1=60.93 nF
Cf2=230 nF
Rf3=15.1 kΩ
Rf4=1.51 MΩ
Rf5=692 MΩ
H(s)
Cf3=227 nF
Cf4=287 nF
Cf5=80 nF

Electric diagram
Rf1

Rf2

Cf1

Cf2

Rf3

Rf4

Cf3

Cf4

Rf5

Cf5

4.5 Reduced passive feedback coupling controller
on PSpice

In this case, we consider the derivative order
0.95. Taking into account Eqs. (65) and (66), we derive the passive controller diagram shown in Fig. 14.

Remark 4 From PSpice results, it is obvious that the
convergence rate of the fractional synchronization
error deserves an additional definition. Indeed, in
many studies, researchers have shown indubitably
that the convergence of the synchronized states of
fractional systems is faster than that of their counterparts with integer-order derivatives (Aghababa,
2012a; Kuntanapreeda, 2016). Our results show the
opposite. This is due to the physical nature of the
polynomial controller, and more precisely the concept
of passivity with which it is associated. The variation
of the curve in Fig. 7 does not describe an exponential
decay compared to the work presented in Kammogne
et al. (2019). These characteristics of the control
scheme ensure slower decay compared with those
usually encountered in the literature.
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Fig. 14 Circuit implementation of the feedback coupling
controller given by Eqs. (65) and (66)
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The PSpice results of the controlled fractionalorder Colpitts system are shown in Figs. 15a and 15b.
These figures show that synchronization is achieved
after a long period. Compared with Figs. 12 and 13,
we observe that the transient period for the reduced
passive feedback coupling (Trpf) for synchronization
is twice that of the initial polynomial observer (Tpo),
or Trpf≈2Tpo. This feature is a drawback of the reduced
feedback coupling. Fig. 15c depicts the adaptive
control law of controller u1(t). It is observed that the

0

200

u1 (t )dt , is

quite similar to the previous results. From the above
results, the response system of the fractional-order
Colpitts chaotic system is synchronized with the observer and has good control performance.
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200
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Fig. 15 Time evolution of synchronization errors (a),
feedback coupling controller u1 (b), and feedback gain
k11 (c)
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Remark 5 Passivity remains an important characteristic of controllers interacting with uncertain systems. The controller assures the relation between
external force ξ(t) and the system states, which yields
stable behavior in free motion. Figs. 10b, 12b, 13b,
and 15b show the stabilization of the controller to the
origin. When the systems reach synchronization, the
effect of the controller vanishes. These results
strongly illustrate the passivity concept presented in
Definition 2.

5 Conclusions

In this paper we have proposed robust observer
strategy based passive synchronization for two chaotic fractional-order systems (FOSs) with structural
disturbances. We designed a polynomial robust observer in terms of the adaptive control theory and the
concept of passivity. Based on the Lyapunov stability
theory and Finsler’s lemma, sufficient conditions
were derived for stability of closed-loop systems. A
special case based on the minimum-phase properties
of Colpitts oscillators was also considered and the
practicable robust observer derived. The proposed
approach allows us to establish a typical procedure for
analysis of stability in chaotic FOSs. PSpice’s implementation showed that our approach is not limited
to numerical simulations, but offers important computational methods for the design of a passive controller in real time. An illustrative example was used
to test the efficiency of the proposed solution, which
offers strong robustness properties against structural
uncertainty and unmodeled dynamics. The efficiency
of our methodology is of great significance for applications in the real world.
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