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Abstract: We investigate the stability of Boolean networks (BNs) with impulses triggered by both states and random

factors. A hybrid index model is used to describe impulsive BNs. First, several necessary and sufficient conditions

for forward completeness are obtained. Second, based on the stability criterion of probabilistic BNs and the forward

completeness criterion, the necessary and sufficient conditions for the finite-time stability with probability one and

the asymptotical stability in distribution are presented. The relationship between these two kinds of stability is

discussed. Last, examples and time-domain simulations are provided to illustrate the obtained results.
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1 Introduction

Boolean networks (BNs) were first proposed by
Kauffman (1969) to describe genetic regulatory net-
works, and have attracted a lot of attention since
then. However, due to the lack of powerful math-
ematical tools for logical systems, studies of BNs
were limited to a certain extent until Cheng and Qi
(2010) proposed the semi-tensor product (STP) of
matrices. Under the framework of STP, many chal-
lenging problems in BNs have been studied (Cheng
et al., 2009, 2011b, 2018; Cheng, 2011; Li F and
Sun, 2011a; Zhao et al., 2011; Li R and Chu, 2012;
Laschov et al., 2013; Li HT and Wang, 2013; Xu XR
and Hong, 2013; Fornasini and Valcher, 2014; Liu Y
et al., 2014, 2015, 2016, 2017; Guo et al., 2015, 2017;
Lu et al., 2015; Li HT et al., 2016; Meng et al., 2018;
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Zhu QX et al., 2018; Li YY et al., 2019; Wu et al.,
2019).

In nature, social life, and production, many dy-
namic systems may experience abrupt changes of
state (Shah et al., 2018). For example, injection of a
drug causes abrupt changes in the number of bacte-
ria in an organism. When we describe a system in a
relatively large timescale, these abrupt changes can
be regarded as ideal impulsive disturbances. BNs
with impulsive effects have been studied over the
last decade (Li F and Sun, 2011b; Zhong et al., 2014;
Chen H et al., 2015; Chen HW et al., 2016; Xu XJ
et al., 2018). In particular, Guo et al. (2019a) studied
the finite-time stability of BNs with state-triggered
impulses. Note that most of the research is con-
cerned with time-triggered impulsive systems. How-
ever, in fact, impulses may be triggered by not only
time, but also the state and environmental factors
(Chellaboina and Haddad, 2002; Ambrosino et al.,
2008; Jiao and Zheng, 2016; Li LL et al., 2019). In
addition, environmental factors introduce random-
ness into the state-triggered impulses. For instance,
in a state-triggered impulsive system, the state space


www.jzus.zju.edu.cn
engineering.cae.cn
www.springerlink.com
Administrator
新建图章

http://crossmark.crossref.org/dialog/?doi=10.1631/FITEE.1900454&domain=pdf

Shen et al. / Front Inform Technol Electron Eng 2021 22(2):222-231 223

is usually partitioned into two disjoint subsets, called
the flow and jump sets. An impulse is triggered
whenever the state falls in the jump set. However,
near the boundary of the jump set, due to the distur-
bance and noise, both the flow and jump behaviors
are possible when one detects that the state is in
the jump or flow set. To the best of our knowledge,
BNs with impulses triggered by both state and ran-
dom factors have not been investigated. Besides, it
is well known that stability is a fundamental require-
ment of any real system. Motivated by these factors,
we investigate the stability of state-triggered random
impulsive BNs (SRIBNS).

In this study, a hybrid index model is used to
characterize SRIBNs, based on which the finite-time
stability with probability one and the asymptotical
stability in distribution are investigated. Compared
with conventional models for impulsive BNs, the hy-
brid index model can better characterize the instan-
taneousness of an impulse, which is the essential
characteristic of impulsive systems. In addition to
the time index, the impulse index is introduced into
the hybrid index model to indicate the number of
impulses. Assume that the whole state space con-
sists of jump and step subsets. The system might
be disturbed by impulses only when the state falls
into the jump subset. In addition, to characterize
the randomness of the state-triggered impulses, we
allow that there exists an overlap between these two
subsets. When the state falls into the overlap, the
system randomly triggers the impulses subject to a
state-dependent probability distribution.

A state-triggered impulsive system may exist
with the Zeno phenomenon; that is, there are in-
finitely many successive impulses occurring at a sin-
gle time instant. However, a practical system should
be forward complete in the sense that there is no
Zeno phenomenon. One natural problem is under
the condition that an impulsive BN described by the
hybrid index model is forward complete. We prove
that a BN is forward complete if and only if it can
step to the next moment with probability one. We
decompose the transition probability matrix (TPM)
into the stepping and jumping parts, called the step-
ping probability matrix (SPM) and jumping proba-
bility matrix (JPM), respectively, and prove that an
SRIBN is forward complete if and only if the JPM is
a nilpotent matrix.

The finite-time stability with probability one

and the asymptotical stability in distribution for
SRIBNs are investigated herein. Note that the sta-
bility of ordinary probabilistic BNs (PBNs) has been
studied in recent years (Chen H and Sun, 2014; Li
R et al., 2014; Li Z et al., 2014; Zhao and Cheng,
2014; Guo et al., 2019b; Liu JY et al., 2019; Zhu SY
et al., 2019; Huang et al., 2020). The main differ-
ence between the stabilities of a PBN and an SRIBN
is that the stability of an SRIBN requires the sys-
tem be forward complete. Based on the forward
completeness obtained in this study and the existing
stability analysis methods for PBNs in the litera-
ture, several necessary and sufficient conditions are
obtained for the finite-time stability with probability
one and the asymptotical stability in distribution for
SRIBNs. Notations used in this paper are listed in
Table 1.

Table 1 Notations used in this paper

Notation Definition

D Logic domain {0,1}

X STP of matrices

Limxn Set of all m x n logical matrices

6; The i*h column of identity matrix I,
Ap Set of {88 i=1,2,--- ,n}

MA\N Set of {z ¢ Nz € M}

7+ Nonnegative integers

[M : N] Set of integers n satisfying M <n < N
Col; (M) The i*? column of matrix M

Row; (M) The 7*" row of matrix M

[M];, 5 The (i, j)-element of matrix M

2 Preliminaries and problem setting

2.1 A hybrid index model for random impul-
sive BNs

An n-node BN can be described as

Xl(t+1) :fl[Xl(t)7X2(t)77Xn(t)]7
X?(t+1) :fQ[Xl(t)7X2(t)77Xn(t)]7 ( )
1

where X; € D (D = {0,1},i = 1,2,...,n) denotes
the state of the i*" node and f; : D* — D is a
logical function. The vector of the logic variable X;
is defined as x; := (ngxi € As. Using the theory of
STP of matrices (Cheng et al., 2011a), Eq. (1) can
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be expressed in the equivalent algebraic form as
z(t+1) = Lz(t), (2)

wherex := 1 XZoX... X%, € Agn and L € Lonxon.
In this study, we consider BNs with random im-
pulsive disturbances subject to the state-dependent
probability distribution. When the system is not dis-
turbed by impulses, the state updates according to
Eq. (2), which is called the “step process.” When
impulses occur, the state updating time is much less
than the unit time in the step process. Thus, we
call this instantaneous change of the state the “jump
process” and use () to denote the new state after
jumping. The jump process can be described as

zt(t) = Gz(t), (3)

where G € Lanyon is a logical matrix. Assume that
the system can enter the jump process when the state
belongs to the jump subset J C Agn. When the
state belongs to the step subset S C Agn, the system
can enter the step process. The whole state space is
covered by the union of the jump and step subsets,
ie., JUS = Asn. Aside from that, we consider that
there exists an overlap between the jump and step
subsets, i.e., 7 NS # @. When the state falls into
the overlapping part of the jump and step subsets,
the system randomly enters the jump or step process.
In general, assume that the state of the network is
updated by the following laws:

1. When z(t) = 84, € J NS, the system enters
the jump process with probability p; (0 < p; < 1),
and enters the step process with probability ¢; :=
1-— Di-

2. When z(t) € J \ S, the system enters the
jump process with probability one.

3. When z(t) € S\ J, the system enters the
step process with probability one.

Although Eq. (3) describes the instantaneous-
ness of the jump process well, it is inconvenient for
Thus, we introduce an impulse index j
which represents the number of impulses, and re-
denote the state z(t) as x(t, j), which is defined on
the hybrid index space. Then, the SRIBN consid-
ered in this study can be described as the following
hybrid index model:

analysis.

{IL‘(t—Fl,j)—LIL‘(t,j), Vt,j:07 (4)

.’E(t,] + 1) :Gm(tm?)? Ytg = 17

where 7;; is a series of double-indexed Boolean
random variables that obey the following state-
dependent probability distribution:

pi = Priv = la(t,j) = 85}, Vi€ [1:2]. (5)

Note that p; = 1 for any 84, € J \ S and p; = 0
for any 84, € S\ J. Obviously, the value of 7 ;
determines whether the state triggers the impulses.
When 7; ; = 0, the system is not affected by impulses
and enters the step process where the state updates
according to the first equation of Eq. (4). Besides,
the number of impulses remains unchanged and the
time index t is added by 1 during each step process.
When v ; = 1, a state-triggered impulse occurs and
the system enters the jump process, where the state
updates according to the second equation of Eq. (4).
Due to the instantaneousness of the jump process,
assume that the time index ¢ remains unchanged and
that the impulse index j is added by 1 during each
jump process.

2.2 Definitions and problem setting

Definition 1 A stochastic sequence z(t, ji), k €
Z*, is called a solution to SRIBN given by Eq. (4),
if the following two conditions are satisfied:

1. If’yt,j = 0, then tk+1 = tk+1, jk+1 = jk7 and
T(tht1, jr+1) = La(te, ji).

2. If v ; = 1, then tp 41 = t, jr+1 = jr+1, and
T(tet1, ov1) = Go(te, ji)-

Denote the solution with the initial state ¢ by
x(tr, jk; To) and the stochastic sequence of time in-
dex ty for the solution with the initial state o by
tr(zo).

Definition 2 SRIBN is said to be forward complete
if any 9 € Agn and any T' € Z™, and there exists a
nonnegative integer K such that

Pr{te(zo) > T} =1, Vk > K.

Remark 1 For a system with state-dependent im-
pulses, the Zeno phenomenon means that infinitely
many jumps may happen at a single time instant.
However, for a practical system, the process of a sud-
den change in the state is not ideally instantaneous.
Instead, each jump process takes some time. Thus,
the Zeno phenomenon should not occur in a practical
system. Before stability analysis, we should investi-
gate under which conditions an SRIBN is forward
complete (that is, no Zeno phenomenon occurs).
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Definition 3 SRIBN is said to be finite-time x4-
stable with probability one, if it is forward complete
and if, for any ¢y € Agn, there exists a nonnegative
integer K such that

Pr{x(ty, jr;x0) =24} =1, Vk > K.

Definition 4 SRIBN is said to be finite-time M-
stable with probability one, if it is forward complete
and if, for any oy € Agn, there exists a nonnegative
integer K such that

Pr{z(tk,jk;xo) S M} =1, Vk > K.

Definition 5 SRIBN is said to be asymptotically
z4-stable in distribution, if it is forward complete
and if

klirn Pr{z(ti, jr;xo) = xq} = 1, VIp € Agn.
—00

Definition 6 SRIBN is said to be asymptotically
M-stable in distribution, if it is forward complete
and if

khm Pr{z(tk7jk;m0) S M} =1, Vg € Asn.
—00

Definition 7
Markov chain, which is characterized by the 1-step
TPM P, expressed as

Suppose that xj is a homogeneous

[P]i,j = Pr{$k+1 = 6Z2n |$k = 6én}

A subset C C Agn is called a P-invariant subset of
T, if

Pr{z, €Clzo €C} =1, Vk € Z*.

The union of all P-invariant subsets contained in
M C Agn is called the largest P-invariant subset,
denoted by Ip(M).

2.3 Transition probability matrices

The jump probability of the state 85, can be
expressed as
pi =Pr{tp1 = ti|z(t, jx) = 650}
:Pr{’ytkyjk = 1|‘T(tk7jk> = 6127@} (6)

For simplification, denote

p; = [2717]927-'-7}72”]

and

Ps = [1_17171_1927'--71_172"]-

Define the 1-step JPM P as
(Psli; =Pr{ve, jo = L&(tis1, o) = On | @(tn, ji)
=6}, }, Vk € ZT and Vi, j € [1: 2"
It is easy to see that
P; =G -diag(p,).
In the same way, define the 1-step SPM Pg as
[Ps)i,; =Pr{vt,.jr = 0,2(tks1, jk+1) = 69 | 2(te, ji)
=68}, }, Yk e Z" and Vi, j € [1: 2.

Then,
Pgs =L - diag(pg).

Since at each step, the state is updated through ei-
ther a jump process or a step process, the 1-step
TPM P can be expressed as

P=P;+ Pg. (7)

3 Forward completeness

In this section, we investigate the forward com-
pleteness of the SRIBN.

Lemma 1 For any k € Nt and any i,5 € [1 : 2"],

it holds that

[Pf;]i)j = Pr{ty = to,z(tx, jr) = één |z (to, jo) = (%n}
(8)

Proof Obviously, Eq. (8) holds for k = 1. Assume

that Eq. (8) holds for k = £ > 1, that is,

[P5)i,; = Prite = to, x(te, je) = 85 [2(to, jo) = 4.},

for any 7,5 € [1: 2"]. Then for any i,j € [1: 2"],

Pr{te1 = to,@(te 1, Je1) = 8n |2 (t0, Jo) = 63 }
2Tl

= Z Pr{tg = tg,d}(t&,jg) = 5gn |.’L'(t(),j0) = 6én}
a=1

Pritesr = te, x(ter1, Jer1) = 0an|2(te, je) = 65}

[ V)

[P5)ei[Prlisa

o 2
s |l
—

[Pri.a[P5a.
1

1
P,

Q
Il

implying that Eq. (8) holds for k = £ 4+ 1. Therefore,
Eq. (8) holds for any k € N* and any i,j € [1:2"].
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Theorem 1 SRIBN is forward complete if and only
if there exists a nonnegative integer K such that

Pr{tk(.’l,‘o) > 1} =1, Vk > K,on € Agn. (9)

Proof The necessity is obviously true. We need to
prove only the sufficiency. We suppose that Eq. (9)

holds and prove that for any T € ZT,
PI‘{tTk(.’Eo) > T} =1, Vk > K, Vxy € Agn. (10)

Obviously, Eq. (10) holds for T'= 1. Provided that
Eq. (10) holds for T'= s > 1, that is,

Pr{tsk(zo) > s} =1,
then

Pr{t(s+1)k(@o) = s + 1}

on
> ZPr{tsk > 5,2(tsk, jsk) = 0o |Z(to, o) = To}
i—1
Pr{t ey = tok + U (ors o) = O}
on
= ZPr{tsk > 57$(tsk7jsk) = 612" |.’L‘(t0,j()) - .’L‘()}
=1
= Pr{tsk > slz(to,jo) = o}
=1,

implying that Eq. (10) holds for T' = s+1. Therefore,
Eq. (10) holds for any 7' € Z*. Then we have

Pr{tK(a:g) > T} =1, Vo € AQn,VK > Tk,

implying that SRIBN is forward complete.
Theorem 2 SRIBN is forward complete if and
only if P%" = 0.

Proof = We need to prove only that P?,n =0is
equivalent to the condition in Theorem 1. According
to the condition in Theorem 1, SRIBN is forward

complete if and only if
Pr{t;(63.) =0} =1 — Pr{t;(63.) > 1} =0
holds for any k£ > K and any j € [1 : 2"]. Besides,

Pr{t,(8,) = 0}
2’7l

= > Pr{ty = 0,(tx, jx) = 85nla(to, jo) = 8%}

i=1

Then, the forward completeness is equivalent to
[P¥;; = 0 for any k > K and any i,j € [1 : 2"],
and thus is equivalent to P§ =0 Vk > K. Thus, we
need to prove only that there exists a nonnegative
integer K such that P% = 0 Vk > K if and only if
Py =o.

Sufficiency. Suppose that P?]n = 0. Then

k 2" pk—2" k—2m
Pt =p2 . P —0. P =0

holds for any k£ > 2™, implying that there exists a
nonnegative integer K such that Pt —o0vk>K.

Necessity. Assume that there exists a nonneg-
ative integer K such that P’} =0Vk > K. Itis
obvious that P is a nilpotent matrix. As we know,
the nilpotent exponent of a nilpotent matrix is less
than or equal to its order. Note that P ; is a 2"-order
matrix, and we observe that there exists a nonnega-
tive integer s < 2" such that P’ = 0. Then,

Py =pP5.PY*=0.PY " =0.

Example 1 Consider the SRIBN with L =
65]5,6,3,5,1,4,1,7), G = 85[8,7,7,4,1,7,3,2], S =
{6;,6%,63,63,6;}, J = {63762762762762}7 p2 = 0.4,
and ps = 0.5. The state transfer of the SRIBN
is shown in Fig. 1. Then, J NS = {d3,85},
T\ S = {63,65,65}, and S\ J = {d5,05,05}. By
the definition of p;, we have p; = pgs =p7r =0, p5 =
pe =ps = 1, and p; = [p1,p2, p3, P4, D5, Pe, P71, Ps] =
[0,0.4,0.5,0,1,1,0,1].

Fig. 1 State transfer graph of the SRIBN in

Example 1
Solid and dashed arrows represent the step and jump pro-

cesses, respectively

It is easy to check that the JPM of this SRIBN



Shen et al. / Front Inform Technol Electron Eng 2021 22(2):222-231 227

is
G - diag(p ;)

65[8,7,7,4,1,7,3,2]
.diag(0,0.4,0.5,0,1,1,0,1)

00 0 01000
00 0 00O0O0 1
00 0 0O0O0GO0O

o 0o 0 00000

~ o 0 0 00000
00 0 0O0O0GO0O
0 04 050010 0
L0 0 0 00 O0O0 O

A simple calculation shows that P% = 0. By Theo-
rem 2, this SRIBN is forward complete.

4 Stability analysis

In this section, we consider two kinds of stability
problems: finite-time stability with probability one
and asymptotical stability in distribution. According
to the definition of the TPM,

[Plij = Pr{z(tsi1, js+1) = 5;7@ |z (ts,js) = Jgn}

holds for any s € Z* and any 4, j € [1 : 2"]. Then, it
is obvious that

[PM)i.j = Pr{e(tr, ji) = 65 |2(to, jo) = 5.} (11)
holds for any k € Z* and any 4,5 € [1 : 2"].
4.1 Finite-time stability with probability one

Theorem 3 Given ¢4 € Asn, SRIBN is finite-

time x4-stable with probability one, if and only if
zg €S\ J and Col;[P* | =z, Vj € [1:2"].
Proof  Sufficiency. Assume that Col; [PY] = z4
holds for any j € [1 : 2"_], which implies that
Row;[P?"] = 11, and z4 = 85.. Then,
Row;[P*] =Row;[P?" - P*=?"]
=Row,[P*"]. P*?"
=13, - P"?

=13,
holds for any k£ > 2", and is equivalent to

[P, =1, Vje€1:2"], Vk > 2"

According to Eq. (11), we find that
Pr{x(ty, ju;T0) = 4n} = 1, Yk > 27 Vay € Agn.

Due to 4 € S\ J, it is clear that ¢1(z4) = 1. Note
that
x(t2n,j2n;$0) =Xy, V.’L‘O S A2n7

and we can easily have
Pr{t2n+1(z0) > 1} =1, Vg € A2TL,

meaning that SRIBN is forward complete. Thus,
SRIBN is finite-time x4-stable with probability one.

Necessity. Suppose that SRIBN is finite-time
z4-stable with probability one and xz; = J;TL. By
Definition 3 and Eq. (11), we find that there exists a
nonnegative integer K such that

[P}i; = Pr{z(te, ji) = 85 |2 (to, jo) = 5§n} =1

holds for any j € [1 : 2"] and any k > K. As-
sume that K is the smallest nonnegative integer k
satisfying

Colj[P*] = x4, ¥j € [1:2"] and K > 2",

Then, there exists a K-length path from xy to x4
and this path reaches x4 only once. Because there
are only 2" elements in the state space, then there
exist k1, k2 € [0, K) (k1 < k2) and «, ¢ with a # 1,
such that

Z(thy, Jry i T0) = Z(thys ko3 To) = 050
and
Pr{x(tky—k,, Jko—k,) = O5n|Z(t0, Jo) = 05 } > 0.
Then,

Pr{x(tk1+(k2*k1)s7jk1+(k27k1)s;$0) = 63"}
> Pr{:l:(tkl s Jka ;.’170) = (Sgn}

' [Pr{z(t]%*klvjlm*kl;&g") = g"}]s
>0

holds for any s € Z™. Thus, there exists an s such
that k1 + (k2 — k1)s > K and

Pr{x(ti, 4 (ko—rk1)s> Jhr +(ha—k1)s: T0) = O9n } > 0,
which contradicts

Pr{x(ty, ji; x0) = 0bn } = 1, Yk > K.
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Thus, K must be less than or equal to 2. According
to
[P =1, Vi€ [1:2", Vk > K,

it is obvious that
[P¥'],; =1, V¥je[1:2",

which is equivalent to condition 2.

If SRIBN is finite-time x4-stable with probabil-
ity one, then it is forward complete and x4 is a fixed
point. It is clear that Pr{t;(z4) = 1} = 1, which
implies that condition 1 holds.

Next, we consider finite-time set stability with
probability one. First, we give an algorithm to cal-
culate Ip(M).

Lemma 2 (Guo et al., 2019b) Given M = {&},.|j €
Ao}, we suppose that P is 1-step TPM. Define a
sequence of subsets as

> [P]m-_l}, s=1,2,....

1€EAs_1

As = {j S A571|

There must exist a k satisfying k& < | M| such that
Ay = Aj_1. In addition, Ip(M) = {6}.|j € Ax}.
Theorem 4  Given M € Agn with Ip(M) =
{6}.]j € A}, then SRIBN is finite-time M-stable
with probability one, if and only if P%n = 0 and
Yiea ROWi[P2n] =15..

Proof Sufficiency. Suppose that conditions 1 and
2 hold. By Theorem 2 and condition 1, it is easy
to see that SRIBN is forward complete. In addition,
condition 2 implies

Pr{m(tgn,jgn;mo) S IP(M)} =1, Vg € Asn.
According to the property of Ip(M), it holds that
Pr{m(tk,jk;zo) S ./\/l} =1, Vxg € Agn, VE > 2",

As a result, the SRIBN is finite-time M-stable with
probability one.

Necessity. Suppose that the SRIBN is finite-
time M-stable with probability one. Then, there
must exist a nonnegative integer K such that

Pr{z(tx, jr;x0) € Ip(M)} =1, Vo € Agn, VE > K.

Otherwise, there exists Z(tq, jo; Z0) € M\Ip(M) for
«a > K. Then, there must exist an integer 5 > « such
that

Pr{m(tg,jg;mo) S M} <1,

which contradicts the finite-time M-stability with
probability one. Thus, it holds that

Pr{x(tkv.]kazo) € IP(M)} = 17 Va’o € A2"7 vk > K7

implying that each initial state o can reach Ip(M)
with probability one. Note that there are only 2"
states in the whole state space. Then the length of
the shortest path from xo to Ip(M) is less than 2.
That is, there exists an integer k < 2" satisfying

Pr{z(ty, jr;xo) € Ip(M)} =1, Vzo € Agn.
Obviously, it holds that
Pr{m(t2n7j2n;$0) S IP(M)} = 1, on S AQn,

which is equivalent to condition 2. In addition, con-
dition 1 directly follows the fact that SRIBN is for-
ward complete.

4.2 Asymptotical stability in distribution

Note that SRIBN can be regarded as a special
finite Markov chain evolving in the k-domain; that is,
the step number k instead of the time ¢ is viewed as
the time parameter. Thus, the asymptotical stability
analysis is closely related to that of ordinary finite
Markov chains in Guo et al. (2019b).

Lemma 3 (Guo et al., 2019b) A finite Markov
chain z(t) € Agn is asymptotically x4-stable in dis-
tribution; that is,

tli)rgo Pri{z(t;xo) = x4} =1, Vo € Agn,
if and only if 24 is a fixed point and for any £y € Agn,
there is an admissible path from x( to 4.
Lemma 4 (Guo et al., 2019b) A finite Markov
chain z(t) € Agn with TPM P is asymptotically M-
stable in distribution; that is,

thm Pl“{.’l?(t;.’l?o) S M} = 1, on S AQn,
— 00

if and only if Ip(M) is nonempty and for any xq €
Agn, there is an admissible path from zg to Ip(M).
Based on Lemmas 3 and 4 and the forward com-
pleteness criterion, the following necessary and suf-
ficient conditions for asymptotical stability in distri-
bution are obviously true.
Theorem 5 SRIBN is asymptotically Jén—stable
in distribution, if and only if P?]n =0, [Pl;; =1,
and Row,[P?"] > 0.
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Theorem 6  Given M € Agn with Ip(M) =
{6J.]j € A}, SRIBN is asymptotically M-stable
in distribution if and only if P%n = 0 and
>4 Row;[P?'] > 0.

Example 2 Revisit the SRIBN in Example 1
with the target subset M = {d3,83,85}. Check the
M-stability of the SRIBN. TPM of this SRIBN is
calculated as

P = P;+Pg
= G -diag(p;) + L - diag(pg)
= 03[8,7,7,4,1,7,3,2]
-diag(0,0.4,0.5,0,1,1,0,1)
+65[5,6,3,5,1,4,1,7]
-diag(1,0.6,0.5,1,0,0,1,0)
0 0 0 0 1 0 1 0]
00 0 0O0O0O01
0 0 05 000 0 0
- 00 0 0O0O0O0O0
- 1 0 0 1 0000
0 06 0 00O0O0O
0 04 05 0 0 1 0 O
0 0 0 00 0 0 O]
Then,
1 04 0664 1 0 1 0 0.6 ]
0 0 0 0000 O
0 0 0004 0 0 0 0 O
ps_ 0 0 0 0000 O
"0 06 0328 01 0 1 04
0 0 0 0000 O
0 0 0004 0 0 0 0 O
L0 0 0 00O0O0O 0 |

By Lemma 2, we have Ip(M) = {85,83} and A =
{1,5}. Tt can be easily checked that

> Rowi[P”'] =[1,1,0.992,1,1,1,1,1].

€A
Besides, it holds that SRIBN is forward complete.
Thus, by Theorems 4 and 6, SRIBN is not M-stable
with probability one in finite time, but it is asymp-
totically M-stable in distribution. The time-domain
simulation has been done, and three sample trajecto-
ries of the solution with initial state 83 are shown in
Fig. 2, which verifies the convergence of the solution
to the target subset.
Remark 2 Note that ), , Row; [P¥'] = 190 im-
plies ), , Row; [P?"] > 0. Thus, finite-time set sta-
bility with probability one implies asymptotical set

8 T T T T T
- +- Sample trajectory 1
7t . 1 d 1
\ . A = o= Sample trajectory 2
6 F s :-‘ - == Sample trajectory 3
5L }"‘. 3 LI e 9 g ¢
\ Ao A ”n ’ "t ’y 3 k
— \ L 2t M . ”n ’ H ]
= 4L . PR Y B L e S " ’
= \ ’ = Yroer 3 'l HE R T S : [}
3 Guse@nund-n l‘.! - H K H : J (] H Fa P
\ toy ’ [
2+ \ / , /) ‘n: ,: “: " E l’ : ," : "’ E " : o’ E
\ 1 w,)! we '] " . [} o
‘B O S-SR A I SR A
O 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

~

Fig. 2 Three sample trajectories of solution x(t;83) =

Jg(t) over 0 < t < 10 for Example 2

stability in distribution. However, the inverse claim
does not hold in general, as shown by Example 2.

5 Summary

In this study, we studied the forward complete-
ness and stability of the state-triggered random im-
pulsive Boolean networks (SRIBNs). First, a hybrid
index model was introduced to describe SRIBNS.
Then, based on this model, several necessary and
sufficient conditions were presented for the forward
completeness of SRIBNs. Furthermore, several nec-
essary and sufficient conditions were provided for
finite-time stability with probability one and asymp-
totical stability in distribution. Finally, the rela-
tionships between these two kinds of stability were
discussed.

Contributors

Yu-gian GUO proposed the main idea. Ya-wen SHEN
derived the main results and drafted the manuscript. Wei-
hua GUI guided the research. Yu-qian GUO revised and
finalized the paper.

Compliance with ethics guidelines
Ya-wen SHEN, Yu-gian GUO, and Wei-hua GUI declare

that they have no conflict of interest.

References

Ambrosino R, Calabrese F, Cosentino C, et al., 2008. On
finite-time stability of state dependent impulsive dy-
namical systems. Proc American Control Conf, p.2897-
2902. https://doi.org/10.1109/ACC.2008.4586935

Chellaboina V, Haddad WM, 2002. A unification between
partial stability and stability theory for time-varying
systems. IEEE Contr Syst Mag, 22(6):66-75.
https://doi.org/10.1109/MCS.2002.1077786

Chen H, Sun JT, 2014. Stability and stabilisation of context-
sensitive probabilistic Boolean networks. IET Contr

Theory Appl, 8(17):2115-2121.

https://doi.org/10.1049 /iet-cta.2014.0536



230 Shen et al. / Front Inform Technol Electron Eng 2021 22(2):222-231

Chen H, Li XD, Sun JT, 2015. Stabilization, controllability
and optimal control of Boolean networks with impulsive
effects and state constraints. IEEE Trans Autom Contr,
60(3):806-811.
https://doi.org/10.1109/TAC.2014.2330432

Chen HW, Wu B, Lu JQ, 2016. A minimum-time control for
Boolean control networks with impulsive disturbances.
Appl Math Comput, 273:477-483.
https://doi.org/10.1016/j.amc.2015.09.075

Cheng DZ, 2011. Disturbance decoupling of Boolean control
networks. IEEE Trans Autom Contr, 56(1):2-10.
https://doi.org/10.1109/TAC.2010.2050161

Cheng DZ, Qi HS, 2010. A linear representation of dynamics
of Boolean networks. IEEE Trans Autom Contr, 55(10):
2251-2258. https://doi.org/10.1109 /tac.2010.2043294

Cheng DZ, Qi H, Li Z, 2009. Controllability and observability
of Boolean control networks. Automatica, 45(7):1659-
1667.
https://doi.org/10.1016 /j.automatica.2009.03.006

Cheng DZ, Qi HS, Li ZQ, 2011a.
Boolean Networks: a Semi-tensor Product Approach.
Springer, London, UK.
https://doi.org/10.1007/978-0-85729-097-7

Cheng DZ, Qi HS, Li ZQ, et al.,, 2011b. Stability and
stabilization of Boolean networks. Int J Robust Nonl
Contr, 21(2):134-156. https://doi.org/10.1002/rnc.1581

Cheng DZ, Li CX, He FH, 2018. Observability of Boolean
networks via set controllability approach. Syst Contr
Lett, 115:22-25.
https://doi.org/10.1016/j.sysconle.2018.03.004

Fornasini E, Valcher ME, 2014. Optimal control of Boolean
control networks. IEEE Trans Autom Contr, 59(5):
1258-1270. https://doi.org/10.1109/TAC.2013.2294821

Guo YQ, Wang P, Gui WH, et al., 2015. Set stability and
set stabilization of Boolean control networks based on

Analysis and Control of

invariant subsets. Automatica, 61:106-112.
https://doi.org/10.1016 /j.automatica.2015.08.006

Guo YQ, Ding Y, Xie D, 2017.
stability of Boolean networks under arbitrary switching
signals. IEEE Trans Autom Contr, 62(8):4209-4214.
https://doi.org/10.1109/TAC.2017.2688409

Guo YQ, Shen YW, Gui WH, 2019a. Stability analysis of
state-triggered impulsive Boolean networks based on a
hybrid index model. Asian J Contr, 21:3624-2633.
https://doi.org/10.1002/asjc.2161

Guo YQ, Zhou RP, Wu YH, et al., 2019b. Stability and set
stability in distribution of probabilistic Boolean net-
works. IEEE Trans Autom Contr, 64(2):736-742.
https://doi.org/10.1109/TAC.2018.2833170

Huang C, Lu JQ, Ho DWC, et al., 2020. Stabilization
of probabilistic Boolean networks via pinning control
strategy. Inform Sci, 510:205-217.
https://doi.org/10.1016/j.ins.2019.09.029

Jiao TC, Zheng WX, 2016. Noise-to-state stability of non-
linear systems with random disturbances and impulses.
Proc IEEE 55" Conf on Decision and Control, p.7276-
7281. https://doi.org/10.1109/CDC.2016.7799392

Kauffman SA, 1969.
in randomly constructed genetic nets.
22(3):437-467.
https://doi.org/10.1016,/0022-5193(69)90015-0

Invariant subset and set

Metabolic stability and epigenesis
J Theor Biol,

Laschov D, Margaliot M, Even G, 2013. Observability of
Boolean networks: a graph-theoretic approach. Auto-
matica, 49(8):2351-2362.
https://doi.org/10.1016 /j.automatica.2013.04.038

Li F, Sun J, 2011a. Controllability of Boolean control
networks with time delays in states. Automatica,
47(3):603-607.
https://doi.org/10.1016 /j.automatica.2011.01.040

Li F, Sun J, 2011b. Observability analysis of Boolean control
networks with impulsive effects. IET Contr Theory
Appl, 5(14):1609-1616.
https://doi.org/10.1049 /iet-cta.2010.0558

Li HT, Wang YZ, 2013. Output feedback stabilization con-
trol design for Boolean control networks. Automatica,
49(12):3641-3645.
https://doi.org/10.1016 /j.automatica.2013.09.023

Li HT, Wang YZ, Guo PL, 2016. State feedback based out-
put tracking control of probabilistic Boolean networks.
Inform Sci, 349-350:1-11.
https://doi.org/10.1016/j.ins.2016.02.035

Li LL, Wang X, Li CD, et al., 2019. Exponential syn-
chronizationlike criterion for state-dependent impulsive
dynamical networks. IEEE Trans Neur Netw Learn
Syst, 30(4):1025-1033.
https://doi.org/10.1109/TNNLS.2018.2854826

Li R, Chu TG, 2012. Complete synchronization of Boolean
networks. IEFEE Trans Neur Netw Learn Syst, 23(5):
840-846. https://doi.org/10.1109/tnnls.2012.2190094

Li R, Yang M, Chu TG, 2014. State feedback stabiliza-
tion for probabilistic Boolean networks. Awutomatica,
50(4):1272-1278.
https://doi.org/10.1016 /j.automatica.2014.02.034

Li YY, Liu RJ, Lou JG, et al., 2019. Output tracking of
Boolean control networks driven by constant reference
signal. IEEE Access, 7:112572-112577.
https://doi.org/10.1109/ACCESS.2019.2934740

Li Z, Song J, Yang J, 2014. Partial stability of probabilistic
Boolean network. Proc 26" Chinese Control and De-
cision Conf, p.1952-1956.
https://doi.org/10.1109/CCDC.2014.6852489

Liu JY, Liu Y, Guo YQ, et al., 2019. Sampled-data state-
feedback stabilization of probabilistic Boolean control
networks: a control Lyapunov function approach. IFEE
Trans Cybern. Early Access.
https://doi.org/10.1109/TCYB.2019.2932914

Liu Y, Chen HW, Wu B, 2014. Controllability of Boolean
control networks with impulsive effects and forbidden
states. Math Meth Appl Sci, 37(1):1-9.
https://doi.org/10.1002/mma.2773

Liu Y, Chen HW, Lu JQ, et al., 2015. Controllability of
probabilistic Boolean control networks based on transi-
tion probability matrices. Automatica, 52:340-345.
https://doi.org/10.1016 /j.automatica.2014.12.018

LiuY, Sun LJ, Lu JQ, et al., 2016. Feedback controller design
for the synchronization of Boolean control networks.
IEEE Trans Neur Netw Learn Syst, 27(9):1991-1996.
https://doi.org/10.1109/TNNLS.2015.2461012

Liu Y, Li BW, Lu JQ, et al., 2017. Pinning control for the
disturbance decoupling problem of Boolean networks.
IEEE Trans Autom Contr, 62(12):6595-6601.
https://doi.org/10.1109/TAC.2017.2715181



Shen et al. / Front Inform Technol Electron Eng 2021 22(2):222-231 231

Lu JQ, Zhong J, Li LL, et al., 2015. Synchronization analysis
of master-slave probabilistic Boolean networks. Sci Rep,
5(1):13437. https://doi.org/10.1038/srep13437

Meng M, Lam J, Feng JE, et al., 2018. Stability and guaran-
teed cost analysis of time-triggered Boolean networks.
IEEE Trans Neur Netw Learn Syst, 29(8):3893-3899.
https://doi.org/10.1109/TNNLS.2017.2737649

Shah V, George RK, Sharma J, et al., 2018. Existence and
uniqueness of classical and mild solutions of generalized
impulsive evolution equation. Int J Nonl Sci Numer
Simul, 19(7-8):775-780.
https://doi.org/10.1515 /ijnsns-2018-0042

Wu YH, Sun XM, Zhao XD, et al., 2019. Optimal control
of Boolean control networks with average cost: a policy
iteration approach. Automatica, 100:378-387.
https://doi.org/10.1016 /j.automatica.2018.11.036

Xu XJ, Li HT, Li YL, et al., 2018. Output tracking control of
Boolean control networks with impulsive effects. Math
Meth Appl Sci, 41(4):1554-1564.
https://doi.org/10.1002/mma.4685

Xu XR, Hong YG, 2013. Solvability and control design for
synchronization of Boolean networks. J Syst Sci Comp,

26(6):871-885.
https://doi.org/10.1007/s11424-013-2040-6

Zhao Y, Cheng DZ, 2014. On controllability and stabiliz-
ability of probabilistic Boolean control networks. Sci
China Inform Sci, 57(1):012202.
https://doi.org/10.1007 /s11432-013-4851-4

Zhao Y, Li ZQ, Cheng DZ, 2011. Optimal control of logical
control networks. IEEE Trans Autom Contr, 56(8):
1766-1776. https://doi.org/10.1109/TAC.2010.2092290

Zhong J, Lu JQ, Huang TW, et al., 2014.
tion of master-slave Boolean networks with impulsive

Synchroniza-

effects: necessary and sufficient criteria. Neurocomput-
ing, 143:269-274.
https://doi.org/10.1016 /j.neucom.2014.05.065
Zhu QX, Yang L, Lu JQ, et al., 2018. On the optimal control
of Boolean control networks. SIAM J Contr Optim,
56(2):1321-1341. https://doi.org/10.1137/16M1070281
Zhu SY, Lu JQ, Liu Y, 2019. Asymptotical stability of
probabilistic Boolean networks with state delays. IFEE
Trans Autom Contr, 65(4):1779-1784.
https://doi.org/10.1109/TAC.2019.2934532



	Introduction
	Preliminaries and problem setting
	A hybrid index model for random impulsive BNs
	Definitions and problem setting
	Transition probability matrices

	Forward completeness
	Stability analysis
	Finite-time stability with probability one
	Asymptotical stability in distribution

	Summary

