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Abstract: The weighting subspace fitting (WSF) algorithm performs better than the multi-signal classification
(MUSIC) algorithm in the case of low signal-to-noise ratio (SNR) and when signals are correlated. In this study,
we use the random matrix theory (RMT) to improve WSF. RMT focuses on the asymptotic behavior of eigenvalues
and eigenvectors of random matrices with dimensions of matrices increasing at the same rate. The approximative
first-order perturbation is applied in WSF when calculating statistics of the eigenvectors of sample covariance. Using
the asymptotic results of the norm of the projection from the sample covariance matrix signal subspace onto the
real signal in the random matrix theory, the method of calculating WSF is obtained. Numerical results are shown
to prove the superiority of RMT in scenarios with few snapshots and a low SNR.
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1 Introduction
Estimation of the direction of arrival (DOA) of
narrow-band signals in array signals has been widely
studied (Krim and Viberg, 1996; Zhao et al., 2015).
Schmidt (1986) ﬁrst proposed the multi-signal classiﬁcation (MUSIC) algorithm, which starts the research of subspace algorithms in array signal processing. Algorithms of MUSIC (Basha et al., 2013)
and root MUSIC (Li et al., 2014; Liu et al., 2018)
directly give solutions of the parameter estimate and
avoid spectral peak search in MUSIC. The process
of calculating the weighting matrix is given in the
weighting subspace ﬁtting (WSF) method (Viberg
et al., 1991; Bai XJ et al., 2014), and the estimation
‡
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error (Wu and Guo, 2011) of WSF is signiﬁcantly
lower than the error produced by MUSIC with a
small number of snapshots and a low signal-to-noise
ratio (SNR). Random matrix theory (RMT) (Bai
YC et al., 2018; Chen et al., 2018) concentrates on
studying the asymptotic behavior of eigenvalues and
eigenvectors of random matrices when the dimensions of matrices increase at the same rate, making
RMT-based algorithms suitable for scenarios with
a small number of snapshots and a low SNR. The
RMT-based method proposed here, however, is targeting to obtain better performance.

2 Proposed method
Considering a linear array (Wan et al., 2017)
with M sensors receiving N narrow-band signals
from the far ﬁeld, the M -dimensional output x of
the array is modeled as
x = A(θ)s + n,

(1)
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R = Us Λs UsH + σ 2 Un UnH ,

(2)

where (·)H denotes the conjugate transpose, Us
is called the signal subspace, and its eigenvectors ui correspond to the largest N eigenvalues
in descending order in the diagonal matrix Λs =
2
). The noise subspace spanned
diag(σ12 , σ22 , . . . , σN
by Un contains (M − N ) eigenvectors corresponding to the eigenvalue σ 2 , which is also the variance of
noise n. Normally, R is obtained through the sample
covariance R̂, which is calculated as

1.10
1.05


a.s.
ÛsH Us UsH Ûs → diag |u1 , û1 |2 ,

|u2 , û2 |2 , . . . , |uN , ûN |2 ,

Value

where Ûs and ûi are the estimates of Us and ui , respectively. Ûs contains N eigenvectors corresponda.s.
ing to the largest N eigenvalues of R̂, → denotes
almost sure convergence, and |ui , ûi |2 is expressed
by
|ui , ûi |2
⎧
⎪
⎨ 1 − c (1 + λi ) , λi > c1/2 ,
a.s. 2
λi (λi + c)
→ αi =
⎪
⎩ 0,
otherwise,

H
H
Uˆ s UsUs Uˆ s(2, 2)

0.90
4

(3)

(4)

α22
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where L is the number of snapshots.
As M, L → ∞ and M/L → c ∈ (0, ∞), the
equation below is obtained from RMT (BenaychGeorges and Nadakuditi, 2011; Asendorf, 2015):

(a)

1.00

L

1
R̂ =
x(t)xH (t),
L t=1

1303

prove its accuracy when the number of snapshots is
close to 12.
The convergence of ÛsH Us UsH Ûs is demonstrated in Fig. 1, where M/L was set as 1. When
there are only a few snapshots, the diagonal values
of ÛsH Us UsH Ûs are close to α2i ; as shown in Fig. 1a,
the diagonal value is the second one and i = 2. The
non-diagonal values are almost equivalent to 0; as
shown in Fig. 1b, the non-diagonal item is in row 2,
column 1, which also proves the validity of Eqs. (4)
and (5).

Value

where A(θ) = [a(θ1 ), a(θ2 ), . . . , a(θN )] denotes the
M × N steering matrix with θi being the DOA of the
ith signal for i = 1, 2, . . . , N . The N -dimensional
source signal s is assumed to be Gaussian distributed
with zero mean, and the M -dimensional n is the additive zero-mean Gaussian noise. The eigen structure
of array covariance R can be written as
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Fig. 1 Convergence of ÛsH Us UsH Ûs (M/L = 1; SNR=
−3 dB; number of snapshots: 4–30): (a) the second
diagonal value of ÛsH Us UsH Ûs converges to α2
2 ; (b) the
non-diagonal value of ÛsH Us UsH Ûs at row 2, column 1
converges to 0

From
ÛsH Un UnH Ûs + ÛsH Us UsH Ûs = I,

(6)

we have


a.s.
ÛsH Un UnH Ûs → diag 1 − α21 , 1 − α22 , . . . , 1 − α2N .
(7)

(5)



where λi is calculated by σ̂i2 − σ̂ 2 /σ̂ 2 . σ̂i2 are the
largest N eigenvalues of the sample covariance matrix R̂, and σ̂ 2 is calculated by averaging the smallest
(M − N ) eigenvalues of R̂. In theory, we require that
M and L are inﬁnite, which is infeasible in the practical world. The results, however, are remarkably
accurate, even for relatively moderate M and L such
as tens (He et al., 2017). Our simulation can also

A certain column of Ûs is ûi , which is Gaussian independent and identically distributed (IID)
(Viberg et al., 1991). Let ĉi (θ) = UnH ûi ; for simplicity, ĉi (θ) will be denoted as ĉi in the following.
2
Then ĉH
i ĉi ≈ 1 − αi . ĉi is also Gaussian IID; thus,
the mean and variance are easily given by
E (ĉi ) ≈ 0,


1 − α2i
E ĉi ĉH
IM−N .
≈
i
M −N

(8)
(9)
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The log likelihood function l (ĉ1 , ĉ2 , . . . , ĉN |θ)
is
l (ĉ1 , ĉ2 , . . . , ĉN |θ)
=−

N


log (2π)(M−N )/2 (1 − α2i )

i=1
N

1 H
ĉ
−
2 i=1 i

1 − α2i
M −N

−1

ĉi .

(10)

The maximum of the log likelihood function that
obtains the argument θ can be written as
max l (ĉ1 , ĉ2 , . . . , ĉN |θ)
= min
θ

ĉH
i

i=1
N


= min tr
θ

α2i

1−
M −N


−1

ĉi

wi ĉi ĉH
i

i=1


= min tr PA⊥ Ûs WRMT ÛsH
θ


= max tr PA Ûs WRMT ÛsH ,


θ

(11)

where
⎧ ⊥
H
⎪
⎨ PA = Un Un ,
PA = I − PA⊥ = A(AH A)−1 AH ,
⎪
⎩
wi = 1/(1 − α2i ).
Then the weighting matrix is
WRMT = diag(w1 , w2 , . . . , wN )
= diag

1
1
1
,
, ...,
2
2
1 − α1 1 − α2
1 − α2N

.
(12)

Note that the weighting coeﬃcient in Eq. (12)
is formally similar to that for the multi-frequency
spatial spectrum in Bai YC et al. (2018); however, it
is used under the single-frequency multi-signal subspace. Furthermore, the two methods have diﬀerent
calculations of α.
The weighting matrix in WSF (Viberg et al.,
1991) can be calculated by
WWSF

Because of the complex computation of multidimensional search, one-dimensional search with corresponding degrees of the largest N peaks of the expression is the result of the estimation of DOA. It is
applied to simplify operations to estimate directions;
i.e., A is replaced by a. In practice, optimization of
the problem of the last expression in Eq. (11), therefore, can be simpliﬁed as


max tr a(aH a)−1 aH Ûs WRMT ÛsH
θ


= max tr aÛs WRMT Û H aH .
(14)
θ

3 Simulation results

θ

N
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(σ̂12 − σ̂ 2 )2 (σ̂22 − σ̂ 2 )2
=diag
,
,
σ̂ 2
σ̂ 2
2
(σ̂N
− σ̂ 2 )2
...,
.
(13)
σ̂ 2

In this section, simulations are performed to verify the superiority of the proposed method. We assume that three signals located at 10◦ , 40◦ , and 60◦
respectively are received by a linear array with 15
sensors and generated by three zero-mean Gaussian
random variables with variances determined by SNR.
The variance of noise is set as 1. Our simulations are
performed under three diﬀerent scenarios. First, the
number of snapshots is ﬁxed at 10 with SNR ranging
from −10 to −2 dB. The ﬁrst and second variables
are correlated with a correlation coeﬃcient of 0.8,
and the third variable is uncorrelated to the ﬁrst two.
Second, SNR is ﬁxed at −3 dB with the number of
snapshots set from 4 to 18, and the three signals are
the same as those in the ﬁrst scenario. In the third
scenario, the simulation is performed with three uncorrelated signals when the number of snapshots is
set at 10 with SNR varying from −14 to −8 dB.
The performances of the MUSIC method, spatial smoothing method (SSP), compressive sensing (CS), WSF method, and the proposed method
(RMT) are compared. The root mean square error
(RMSE) of each algorithm in each simulation is averaged over 10 000 trials with independent signals and
noise realizations. RMSE can be calculated by


Y 
N
2
1 1 
θ̂iy − θi ,
(15)
RMSE = 
Y N y=1 i=1
where Y is the number of trials and θ̂iy is an estimate
of θi in the y th trial.
Fig. 2 shows the normalized amplitudes of spatial spectrum of MUSIC, SSP, CS, WSF, and RMT
versus the search direction ranging from –90◦ to 90◦ ,
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Fig. 2 Normalized amplitude of spatial spectrum versus the search direction ranging from −90◦ to 90◦
(SNR: −8 dB; number of snapshots: 10)
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Fig. 4 RMSE versus the number of snapshots varying
from 4 to 18 under correlated signals with coeﬃcient
0.8 (SNR: −3 dB)
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CS, WSF, and RMT are plotted under the ﬁrst scenario. Fig. 4 shows the estimation error curves of the
ﬁve methods under the second scenario. As shown
in Figs. 3 and 4, when the SNR and number of snapshots are less than −2 dB and 16 respectively, the
performance of the RMT method is superior to those
of the others. While the SNR and the number of
snapshots are comparatively large, all ﬁve methods
achieve better performance, and estimation errors
almost converge to the same value as SNR and the
number of snapshots increase.
Figs. 5 and 6 show the probability of outliers
of MUSIC, SSP, CS, WSF, and RMT under the ﬁrst
and second scenarios, respectively. In our simulation,
the estimated angles deviating from the true ones

RMSE (°)

Normalized amplitude of spatial spectrum

with the DOAs at 10◦ , 40◦ , and 60◦ . The corresponding angles of the three largest peaks of RMT
are all around the given DOAs, and are high enough
to distinguish easily. The curve of WSF basically
coincides with that of RMT, but the peaks of WSF
around 10◦ and 40◦ are slightly lower than those of
RMT. The spike of CS around 40◦ has a larger error
than those around 10◦ and 60◦ . The peaks of SSP
around 10◦ and 60◦ are sharper than that around
40◦ , and the position of the peak around 40◦ has a
larger deviation. The spikes of MUSIC around DOA
exist, but there might still be large spikes at other
locations that may easily be misjudged as targets at
a low SNR.
In Fig. 3, the estimation errors of MUSIC, SSP,
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Fig. 3 RMSE versus SNR varying from −10 to −2 dB
under correlated signals with coeﬃcient 0.8 (number
of snapshots: 10)
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Fig. 5 Probability of outliers versus SNR varying
from −10 to −2 dB under correlated signals with
coeﬃcient 0.8 (number of snapshots: 10)
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over 0.5◦ are considered as outliers. The estimation
error of RMT is lower than the errors computed from
MUSIC, SSP, CS, and WSF at few snapshots and a
low SNR because of the superiority of RMT in this
kind of scenario. The lower error probability of RMT
compared with those of MUSIC, SSP, CS, and WSF
also veriﬁes its better performance.
Comparative simulations of MUSIC, SSP, CS,
WSF, and RMT methods are performed under the
third scenario (Figs. 7 and 8). While the signals are
uncorrelated, RMSE and the probability of outliers
of RMT are still lower than the counterparts of the
other methods at a low SNR and small number of
snapshots, which also proves the superiority of RMT.
The proposed method is used to deal with signal
subspace weighting. For coherent signals, the rank
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Fig. 8 Probability of outliers versus SNR varying
from −14 to −8 dB with uncorrelated signals (number
of snapshots: 10)

4 Conclusions
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of the signal subspace decreases; thus, our method
is unsuitable for DOA estimation of coherent signal
sources.
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Fig. 6 Probability of outliers versus the number of
snapshots varying from 4 to 18 under correlated signals with coeﬃcient 0.8 (SNR: −3 dB)

In this paper, we have presented a new method
of DOA estimation for narrow-band signals. The
weighting matrix is calculated to achieve a lower
RMSE. The performance of RMT is better than
those of MUSIC, SSP, CS, and WSF under the same
scenario with few snapshots and at a low SNR,
which was veriﬁed through numerical simulations.
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