Zhou et al. / Front Inform Technol Electron Eng

1494

2020 21(10):1494-1503

Frontiers of Information Technology & Electronic Engineering
www.jzus.zju.edu.cn; engineering.cae.cn; www.springerlink.com
ISSN 2095-9184 (print); ISSN 2095-9230 (online)
E-mail: jzus@zju.edu.cn

Multi-UAV cooperative target tracking with
bounded noise for connectivity preservation∗
Rui ZHOU1 , Yu FENG1 , Bin DI2 , Jiang ZHAO†‡1 , Yan HU1,3
1School
2National

of Automation Science and Electrical Engineering, Beihang University, Beijing 100191, China

Innovation Institute of Defense Technology, Academy of Military Sciences PLA China, Beijing 100171, China
3CETC

Key Laboratory of Aerospace Information Applications, Shijiazhuang 050081, China
† E-mail:

jzhao@buaa.edu.cn

Received Nov. 12, 2019; Revision accepted Jan. 3, 2020; Crosschecked July 28, 2020

Abstract: We investigate cooperative target tracking of multiple unmanned aerial vehicles (UAVs) with a limited
communication range. This is an integration of UAV motion control, target state estimation, and network topology
control. We ﬁrst present the communication topology and basic notations for network connectivity, and introduce
the distributed Kalman consensus ﬁlter. Then, convergence and boundedness of the estimation errors using the ﬁlter
are analyzed, and potential functions are proposed for communication link maintenance and collision avoidance. By
taking stable target tracking into account, a distributed potential function based UAV motion controller is discussed.
Since only the estimation of the target state rather than the state itself is available for UAV motion control and
UAV motion can also aﬀect the accuracy of state estimation, it is clear that the UAV motion control and target
state estimation are coupled. Finally, the stability and convergence properties of the coupled system under bounded
noise are analyzed in detail and demonstrated by simulations.
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1 Introduction
Cooperative target tracking of multiple unmanned aerial vehicles (UAVs) has received significant attention in recent years. It is believed that
multiple UAVs can improve the estimation accuracy
and tracking robustness in comparison with a single
UAV (Kim et al., 2010; Yan et al., 2017). MultiUAV organization, distributed estimation and information fusion methods, and UAV motion control
‡
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and network connectivity are the main concerns in
the multi-UAV cooperative target tracking problem
(Stachura and Frew, 2011; Lim et al., 2013; Ma and
Hovakimyan, 2013; Li et al., 2019).
For the state estimation problems over multiple
UAVs, the corresponding results can be categorized
according to whether a fusion center exists or not.
Unfortunately, due to inevitable cost constraints,
such a centralized approach might be infeasible as
it requires signiﬁcant resources. As such, an alternative approach called distributed state estimation has
recently received much research attention. The main
idea of the distributed algorithm is to decentralize
the function of the fusion center by employing local
estimators in each intelligent sensor, where each estimator uses the local information and messages from
the neighboring nodes (rather than all the nodes) to
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generate an estimate (Liu QY et al., 2018).
Consensus-based distributed estimation algorithms emerged as the combination of consensus
algorithms and traditional ﬁlters, especially the
Kalman ﬁlter (Olfati-Saber, 2007a, 2009; Casbeer
and Beard, 2009a, 2009b; Wang YT et al., 2013).
Olfati-Saber (2007a, 2009) developed several similar
distributed Kalman ﬁlters based on consensus algorithms and the Kalman ﬁlter. The convergence of the
estimation errors without considering the noise has
been proven, and comparison of the algorithms has
also been made. The distributed information ﬁlter
(Casbeer and Beard, 2009a, 2009b) can be seen as the
dual form of the Kalman consensus ﬁlter. The distributed unscented information ﬁlter was developed
by Wang YT et al. (2013) for coordinated tracking of the target with nonlinear dynamics in sensor
networks.
In centralized methods, all nodes transmit the
collected data to a centralized data processing center, and the center shares the data processing results
and returns them to each node. Therefore, the computational complexity of the fusion center is high.
In distributed methods, each node exchanges information with other nodes within the communication
range. The nodes can generate their own networks
according to the location and energy. The network
topology can be dynamically adjusted with the number, location, and external environment of the nodes
to achieve the eﬀect of energy saving, fault tolerance,
and a great reduction in computational complexity.
Each UAV in the network fuses others’ information through multi-hop communication in multiUAV cooperative target tracking, so it is crucial to
preserve network connectivity. The communication
topology in the sensor network can be represented
by undirected graphs in general (Yu et al., 2019).
The second smallest eigenvalue of the graph Laplacian (λ2 ) is an important parameter for graph connectivity. Maximizing λ2 will result in connectivity
improvement (Kim and Mesbahi, 2006; Zavlanos and
Pappas, 2007). λ2 can also be estimated in a decentralized manner; hence, the global connectivity can
be maintained using decentralized controllers (Yang
et al., 2010).
Connectivity preservation is quite popular in the
multi-agent ﬂocking and formation control problem
(Zavlanos et al., 2009; Kan et al., 2012; Wen et al.,
2012). The potential function method is a funda-
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mental way to prevent the original communication
links from disconnecting (Ji and Egerstedt, 2007;
Zavlanos and Pappas, 2008; Zavlanos et al., 2009,
2011; Ajorlou et al., 2010). Thus, local network connectivity can be maintained. A hybrid system, which
is an integration of connectivity control in discrete
space and motion control in continuous space, was
investigated in Zavlanos and Pappas (2008) and Zavlanos et al. (2009). The artiﬁcial potential functions therein are used to maintain communication
links and avoid collision. Proper potential functions
can also drive multi-agent systems to achieve desired
conﬁgurations and ﬂocking behaviors (Olfati-Saber,
2006; Tanner et al., 2007; Kan et al., 2012).
In multi-UAV cooperative target tracking, appropriate motion of UAVs can increase the network’s information about the target, and this is
called information-driven motion control (OlfatiSaber, 2007b; Olfati-Saber and Jalalkamali, 2012).
In turn, the information increase would also aﬀect
the UAV motion control. Coupled estimation and
motion control framework and algorithms for mobile
sensor network ﬂocking were studied in Olfati-Saber
and Jalalkamali (2012), where stability analysis of
the coupled system was also presented. However, the
ﬁlter and the coupled system were analyzed without
taking the input noise into account, and the network
connectivity was not considered explicitly.
In this study, we investigate the multi-UAV cooperative target tracking problem with a limited
communication range under bounded noise. The
distributed Kalman consensus ﬁlter is presented, and
the boundedness of the estimation errors is analyzed.
With the estimation of the target state, we design a
potential function based distributed UAV controller
that drives the network to track a mobile target and
also ensures communication link maintenance and
collision avoidance. The stability and convergence
of the coupled estimation and motion control system
are analyzed in detail. It shows that the network as
a whole tracks the target stably, and the estimation
converges under certain assumptions.

2 Communication topology and network connectivity
Consider a network of N UAVs with integrated
communication and sensing capabilities tracking
a mobile target.
Assume that two UAVs can

Zhou et al. / Front Inform Technol Electron Eng

1496

communicate with each other when the distance between them does not exceed R. Let qi ∈ Rm denote
the position of the ith UAV and q = col(qi ) the spatial conﬁguration of the team.
Taking UAVs as vertices in the graph, the proximity graph G(q) = (V, E(q)) can be used to represent the communication topology. Here, V is the set
of vertices, and E(q) is the set of edges deﬁned as

The network of N sensors tracks the state of the
target collaboratively. The measurement model of
the ith sensor is given by
zi = Hi x + υi ,

3 Distributed Kalman consensus filter
Consider a mobile target with dynamics:
ẋ = Ax + Bω,

(1)

where A ∈ Rn×n , B ∈ Rn×d , and ω is the zero-mean
white Gaussian noise satisfying
T

E[ω(t)ω (τ )] = Q(t)δ(t − τ )
with δ(·) the Dirac delta function.

(2)

where Hi ∈ Rl×n and υi is the zero-mean white
Gaussian noise satisfying
E(υi (t)υiT (τ )) = Ri (t)δ(t − τ ).

E(q) = {(i, j) ∈ V × V : qi − qj  ≤ R, i = j} ,
where · means the 2-norm. If (i, j) ∈ E(q), then
the j th vertex is adjacent to the ith vertex, also
known as a neighbor of the ith vertex. Clearly, G(q)
is undirected. A path from the ith vertex to the
j th vertex is a sequence of distinct vertices starting
with the ith vertex and ending with the j th vertex,
and the consecutive vertices are adjacent. The undirected graph G = (V, E) is said to be connected if
there exists a path between any two diﬀerent vertices
in G (Godsil and Royle, 2001).
The Laplacian matrix of graph G is deﬁned as
L = Δ − A, where A = [aij ] denotes the adjacency
matrix with elements aij = 1 if (i, j) ∈ E, and aij =
0, otherwise. Δ = diag(σii ) denotes the valency
N
matrix with diagonal elements σii = j=1 aij . The
following statements hold for the Laplacian matrix
L (Godsil and Royle, 2001; Olfati-Saber, 2006):
1. L is positive semideﬁnite. Denote its eigenvalues as λ1 ≤ λ2 ≤ . . . ≤ λn . The smallest eigenvalue
λ1 = 0 and 1N = (1, 1, . . . , 1)T is the eigenvector
associated with λ1 .
1 
2
aij (zj − zi ) , z ∈ RN .
2. z T Lz =
2 i j
3. If graph G is connected, then the second
smallest eigenvalue λ2 (L) > 0. λ2 (L) is also known
as algebraic connectivity of graph G, and is often
used to indicate the speed of convergence of a linear
consensus protocol (Olfati-Saber, 2006).
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Assume that the system described by Eqs. (1)
and (2) is controllable and observable, and that the
covariance matrices Q(t) and Ri (t) are ﬁnite.
Then, the distributed Kalman consensus ﬁlter
is described as follows (Olfati-Saber, 2007a):

x̂˙ i = Ax̂i +Ki (zi −Hi x̂i )+γPi
(x̂j − x̂i ), (3)
j∈Ni

Ki = Pi HiT Ri −1 , γ > 0,
Ṗi = APi +Pi AT +BQB T −Pi HiT Ri −1 Hi Pi ,

(4)
(5)

where x̂i is the estimated state by the ith sensor and
Ki denotes the gain matrix of the ﬁlter. Deﬁne ηi =
x − x̂i as the estimation error of the ith sensor. η =
col(η1 , η2 , . . . , ηN ) denotes the collective estimation
error.
Assumption 1
There exists δ > 0 such that
Λ + 2γ L̂ ≥ δI, where Λ = diag(HiT R−1
i Hi +
Pi−1 BQB T Pi−1 ), L̂ = L ⊗ In , and L denotes the
Laplacian matrix of the network.
If there exist constants bω and bυ such that
ω ≤ bω and υi  ≤ bυ , the input and measurement noise is called bounded. Then we have the
following proposition:
Proposition 1
Consider a network of N sensors tracking a mobile target collaboratively. The
target dynamics and sensor measurement model are
given in Eqs. (1) and (2), respectively. Each sensor
adopts the distributed ﬁlter given in Eqs. (3)–(5). If
Assumption 1 holds, the collective estimation error
η = col(η1 , η2 , . . . , ηN ) is bounded.
Proof Noting x̂j − x̂i = ηi − ηj , we have

x̂˙ i = Ax̂i + Ki (zi − Hi x̂i ) − γPi
(ηj − ηi )
j∈Ni

and
η̇i = (A − Ki Hi )ηi + γPi



(ηj − ηi ) + Γi ωi , (6)

j∈Ni


T
where Γi = [B, Ki ] and ωi = ω T , ηiT .
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Since the system described by Eqs. (1) and (2)
is controllable and observable, there exist constants
p > p > 0 such that pI ≤ Pi ≤ pI for any i ≤ N
(Liu S and Zhang, 2011).
Consider the following candidate Lyapunov
function:
N

ηiT Pi−1 ηi .
(7)
V (η) =
i=1

Compute the time derivative of V :
V̇ (η) = −η T Λη−2γη TL̂η+2

N


ηiT Pi−1 Γi ωi . (8)

⎧
qi,x = pi,v cos θi ,
⎪
⎪
⎨
qi,y = pi,v sin θi ,
⎪
ṗ = ai ,
⎪
⎩ i,v
θ̇i = wi ,

⎧
⎨ pv,min ≤ pi,v ≤ pv,max ,
≤ ai ≤ amax ,
a
⎩ min
wmin ≤ wi ≤ wmax .

(9)

1
1
V̇ (η) ≤ − δη2 + bη2 + Γ ω̃2
p
pb


1
1
2
≤ − δp − bp̄ V (η) + Γ ω̃ .
p
pb
1
bp̄ > 0, and bounded
p
Γ ω̃, we obtain that η is bounded.
Remark 1
Assume Λ + 2γ L̂ ≥ δI in Assumption 1; i.e., Λ + 2γ L̂ is positive deﬁnite. L̂ is positive
semideﬁnite. The dimension of the input noise or
the dimension of the measurement should be equal
to the dimension of the states to make sure that Λ is
positive deﬁnite.
If the network is connected, η T L̂η = 0 only
when η = 0 or η1 = η2 = . . . = ηN . It is very
rare that all the estimation errors are equal. When
it happens, one obtains

−1
T −1
(HiT R−1
η T Λη = η1T
i Hi +Pi BQB Pi ) η1 .

Deﬁning qi = [qi,x , qi,y ]T and pi =
[pi,x , pi,y ]T = [pi,v cos θi , pi,v sin θi ]T , we obtain
(Oriolo et al., 2002)
q̈i =ṗi

 
cos θi −pi,v sin θi
ai
=
sin θi pi,v cos θi
ωi


ui,x
=
,
ui,y

Choosing b > 0, δp −

i

Thus, if the summation is positive deﬁnite, Λ +
2γ L̂ would also be positive deﬁnite, which is more
possible in the cases with heterogeneous sensors.

4 Kinematic model of unmanned aerial
vehicles
Consider a team of N UAVs tracking a mobile
target. Assume that the UAVs are ﬂying at a constant height. The dynamics of the ith UAV is given

(10)

where [qi,x , qi,y ] is the position of the ith UAV, pi,v
and θi are the velocity and heading of the ith UAV
respectively, and ai and wi are the control inputs.
The velocity and control inputs are constrained by
the capabilities of the UAVs. It is assumed that

With Assumption 1, one obtains

where Γ = diag(Γi ) and ω̃ = col(ωi ). Furthermore,
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by

i=1

1
2
V̇ (η) ≤ −δη + 2 η T Γ ω̃,
p
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where

⎧
⎪
⎨ ai =ui,x cos θi + ui,y sin θi ,
ui,y cos θi − ui,x sin θi
⎪
.
⎩ wi =
pi,v

(11)

(12)

The input wi is singular if pi,v = 0, and this
will never occur while the ith UAV is moving. The
equivalent linear system of Eq. (10) is given as


q̇i =pi ,
ṗi =ui ,

(13)

where ui = [ui,x , ui,y ]T , qi , pi , ui ∈ R2 . We further
design the control input ui for the linear system (13).

5 Motion control design of unmanned
aerial vehicles
Since norm z is not diﬀerentiable at z = 0,
the σ-norm was introduced by Olfati-Saber (2006)
to derive the smooth controller:


1
2
zσ =
1 + εz − 1 ,
ε
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where ε > 0 is a constant. The σ-norm is diﬀerentiable everywhere. The gradient of zσ is given by
(Olfati-Saber, 2006)
z
σε (z) = ∇zσ = 
.
2
1 + εz
For the sake of collision avoidance and connectivity maintenance, repulsive and attractive actions
of UAVs are needed. Let r, ra , rc , and R denote
the safety distance, repulsive distance, attractive distance, and communication range, respectively, where
0 < r < ra < rc < R. Two bounded continuous functions φa , φc : R≥0 → R are deﬁned to represent the
repulsive and attractive forces respectively (Wang L
et al., 2015):

 


= 0, z ∈ 0, rσ ∪ ra σ , +∞ ,
(14a)
φa (z)


< 0, z ∈ rσ , ra σ ,

 


= 0, z ∈ 0, rc σ ∪ Rσ , +∞ ,
φc (z)
(14b)


> 0, z ∈ rc σ , Rσ .

ra σ

We obtain
0 ≤ ϕa (h) ≤ ϕa (rσ ), 0 ≤ ϕc (h) ≤ ϕc (Rσ ).
Taking into account the object of target tracking, initial link maintenance, and collision avoidance, we design the following UAV motion controller
(Olfati-Saber, 2006; Wang L et al., 2015):
 
 

φa qj − qi σ σε qj − qi
ui =
+



j∈Ni ∩Ni0


+ bi sgn



φc qj − qi σ σε (qj − qi )


+ fˆiξ ,

(15)

j∈Ni ∩Ni0

where
fˆiξ = −c1 (qi − q̂i,ξ ) − c2 (pi − p̂i,ξ ).

fˆiξ is for target tracking, which drives the ith UAV
to move toward the target, improving the accuracy
of target estimation. In Eq. (16), q̂i,ξ and p̂i,ξ are
the estimated target position and velocity respectively obtained by the ith UAV using the estimation
algorithm in Eqs. (3)–(5). c1 > 0 and c2 > 0 are
the feedback gains. Clearly, the UAV motion control
and target state estimation are coupled.

6 Analysis of the coupled system
Let qξ and pξ denote the position and velocity
of the target, respectively. Then Eq. (16) can be
rewritten as
fˆξ = − c1 (qi − qξ + qξ − q̂i,ξ )
i

− c2 (pi − pξ + pξ − p̂i,ξ )
where fiξ = −c1 (qi − qξ ) − c2 (pi − pξ ), C =
[c1 Im , c2 Im ], and ηi = [(qξ − q̂i,ξ )T , (pξ − p̂i,ξ )T ]T
is the estimation error. If Assumption 1 holds, the
estimation error ηi is bounded, and there exists a
constant b > 0 satisfying Cηi  < b .
The controller described in Eq. (15) depends on
the initial states of the UAVs. Deﬁne the collective
potential function as


1 
V (q, q0 ) =
ϕa qj − qi σ
2 i
j∈Ni

1
+
2 i



j∈Ni ∩Ni0



ϕc qj − qi σ .

The dynamics of the ith UAV can be expressed


pj − pi

positive constant, and sgn(·) is the signum function
satisfying
⎧
⎪
⎨ 1, z > 0,
sgn(z) = 0, z = 0,
⎪
⎩
− 1, z < 0.

=fiξ − Cηi ,

The potential function is given as
 h
ϕa (h) =
φa (z)dz.

j∈Ni
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(16)

In Eq. (15), Ni0 denotes the set of neighbors of
the ith UAV at the beginning, Ni denotes the set of
neighbors of the ith UAV at the current time, bi is a

as
⎧
⎪
q̇i =pi ,
⎪
⎪
 

⎪
⎪
⎨
ṗi = − ∇qi V (q, q0 ) + bi sgn
(pj − pi )
⎪
j∈Ni ∩Ni0
⎪
⎪
⎪
⎪
ξ
⎩
+ fi − Cηi .
(17)
N
N
1 
1 
Let qc =
qi and pc =
pi be the
N i=1
N i=1
position and velocity center of the UAV group, respectively. The relative position and velocity of the
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ith UAV are given as xi = qi − qc and vi = pi − pc ,
respectively. We have xi − xj = qi − qj , vi − vj =


xi = 0, and
vi = 0.
pi − pj ,
i

i

Consider the target dynamics and sensor measurement model in Eqs. (1) and (2), and the linear kinematic model and distributed controller in
Eqs. (13) and (15). Each UAV adopts the distributed
Kalman consensus ﬁlter in Eqs. (3)–(5) for target
state estimation. Deﬁne the target state estimation
of the UAV network as Σe , the collective UAV motion dynamics as Σc , and the coupled system as Σ.
Since the feedback term fˆξ in Eq. (15) is lini

ear, according to Lemma 2 in Olfati-Saber (2006),
we have the following proposition (Olfati-Saber and
Jalalkamali, 2012):
Proposition 2 Σc can be separated into subsystems which consist of the dynamics of UAVs relative to the group center (Σs ) and the translational
dynamics of the UAV group center (Σt ); i.e., the
coupled system Σ is an integration of translational
dynamics, relative dynamics of UAVs, and collective
estimation dynamics:
⎧
ẋi = vi ,
⎪
⎪
⎪
⎪
⎪
⎪
⎨ v̇i = −∇xi V (x, x0 )


Σs :

⎪
sgn
(v
−
v
)
+b
i
j
i
⎪
⎪
⎪
j∈Ni ∩Ni0
⎪
⎪
⎩
−c1 xi − c2 vi + δi − δ̄,

q̇c = pc ,
Σt :
ṗc = −c1 (qc − qξ ) − c2 (pc − pξ ) + δ̄,

Σe : η̇i = Fi ηi + γPi
(ηj − ηi ) + Γi ωi ,
j∈Ni

1 
δi .
N i
Let q0 and p0 be the initial position and velocity
of the UAV network, respectively, and G0 be the
initial proximity graph. The corresponding initial
relative states are given by x0 and v0 . Deﬁne the
energy function of system Σs as
where δi = −Cηi and δ̄ =

1
1
H(x0 , x, v) = V (x, x0 ) + x2 + v2 .
2
2
Since system Σs depends on the initial states,
the invariant set theory may not be eﬃcient. Deﬁne

2020 21(10):1494-1503

1499

the admissible set as (Wang L et al., 2015)

Ω = (x, v) : H(x0 , x, v) < c∗ ,
c∗ = min(ϕa (rσ ), ϕc (Rσ )),





vi = 0, xi = xj for i = j .

xi = 0,

i

i

Proposition 3
Given the initial UAV states
(q0 , p0 ), the corresponding relative states are denoted as (x0 , v0 ). If (1) (x0 , v0 ) ∈ Ω, (2) the initial
proximity graph G0 is complete, (3) Assumption 1
holds, and (4) the constant bi in Eq. (15) satisﬁes
bi > 2b , then the initial communication links are
maintained and the inter-UAV distances are always
larger than the safety distance.
Proposition 4 For a mobile target with bounded
acceleration inputs, the deviation between the states
of the group center and the target is bounded; i.e.,
the group would keep pace with the target. The
deviation is also related to the estimation errors and
the acceleration input of the target.
Proofs of Propositions 3 and 4 are given in the
Appendix.

7 Simulation results
Consider a target moving in a two-dimensional
(2D) space with the discrete-time kinematic model:
x(k + 1) = Ax(k) + Bω(k),


I2 T I2
where x =
A =
, B =
0
I2


(T 2 2)I2
, and T = 0.1 s is the time step.
I2
The sensing model of the ith UAV is given by
[qξT ,

T
pT
ξ] ,

zi (k) = Hi x(k) + υi (k),
where
Hi = [I2 , 0].
Here, ω(k) and υi (k) are zero-mean Gaussian noise
with statistics:
 

E ω(k)ω T (l) = Qk δkl ,


E υi (k)υiT (l) = Ri,k δkl .

1500
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1000

Without loss of generality, assume that the measurement errors are related to the distance between
the ith UAV and the target; hence,

900
800
700
y (m)

Ri = (α(di − rs )2 + σ02 )I2 ,

600
500

where α, rs , and σ0 are positive constants, and di
is the distance between the ith UAV and the target.
We can see that Ri reaches its minimum if di = rs .
The functions φa and φc in Eq. (14) are deﬁned
as (Wang L et al., 2015)

where the constants are chosen as α1 = α2 = 20.
Example 1
Consider a network of four UAVs
tracking a mobile target cooperatively. The initial
position of the target is (600, 600) m, and the initial positions of the UAVs are (200, 200), (400, 200),
(400, 400), and (200, 400) m. The communication range and safety distance between UAVs are
R=350 m and r=50 m, respectively. The initial proximity graph G0 is complete.
The acceleration and changing rate of the heading angle of the ith UAV are computed from Eq. (12).
The control input constraints are given as [−5,
5] m/s2 and [−0.3, 0.3] rad/s. The velocity of the
UAVs is constrained within [20, 30] m/s. The initial velocities and heading angles of the UAVs are
all set as 21 m/s and 0.79 rad, respectively. The
initial velocity of the target is pξ = [15, 10]T m/s,
and the acceleration input of the target satisﬁes
uξ ∼ N (0, 52 I2 ). Parameters of estimation are given
as Q = 100I2 , α = 0.003, rs = 150 m, σ0 = 10, and
P0 = diag(500, 500, 50, 50).
Figs. 1–4 show the numerical results of Example 1. The trajectories of the target, UAVs, and the
center of the UAV group are presented in Fig. 1. It
can be seen that the UAVs move toward the target
cooperatively. The distance between each UAV can
be found in Fig. 2. It shows that the distances between the initially connected UAVs are smaller than

300

UAV 4

UAV 3

UAV 1

UAV 2

Target
Group center

200
100

200

Initial target position

600
800
x (m)

400

1000

1200

Fig. 1 Trajectories of the target and UAVs in Example 1
700
UAV 1, 2
UAV 1, 3
UAV 1, 4
UAV 2, 3
UAV 2, 4
UAV 3, 4
R
r

600
500
d (m)

⎧
0, z ∈ [0, rc σ ] ∪ [Rσ , +∞),
⎪
⎪
⎪


⎨
z − rc σ
π ,
φc (z) = α2 sin
⎪
Rσ − rc σ
⎪
⎪
⎩
z ∈ (rc σ , Rσ ),

400

400
300
200
100
0
0

5

10

15

20
t (s)

25

30

35

40

Fig. 2 Inter-UAV distances in Example 1
900
850
800

y (m)

⎧
0, z ∈ [0, rσ ] ∪ [ra σ , +∞),
⎪
⎪
⎪


⎨
z − rσ
π ,
− α1 sin
φa (z) =
⎪
ra σ − rσ
⎪
⎪
⎩
z ∈ (rσ , ra σ ),
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Fig. 3 Target trajectory and estimated trajectories
of the four UAVs in Example 1

the communication range R. The distances between
any two UAVs are larger than the safety distance r.
The target trajectory and the estimated trajectories
of the four UAVs are presented in Fig. 3. The mean

of norm of estimation errors,
i ηi /N , is given
in Fig. 4. It can be seen that the estimation errors
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Fig. 4 Mean of norm of the estimation errors in Example 1

converge within 10 s after 3 s and that the target
tracking can be accomplished.
Example 2 The assumption that the initial proximity graph is complete in Proposition 3 is a little
conservative here. In the simulations, we consider
the case in which the UAVs are arranged in a line so
that each UAV can communicate with only its immediate neighbors. The initial positions of the UAVs are
(50, 500), (220, 300), (400, 100), and (590, −100) m.
Other parameters are the same as in Example 1.
Figs. 5–8 show the numerical results of Example 2. The trajectories of the target, UAVs, and the
center of the UAV group are presented in Fig. 5. The
distance between each UAV can be found in Fig. 6.
It shows that the connectivity preservation and collision avoidance constraints are all satisﬁed. The target trajectory and estimated trajectories of the four
UAVs and the mean of the norm of the estimation
errors are presented in Figs. 7 and 8, respectively.
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Fig. 5 Trajectories of the target and UAVs in Example 2
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Fig. 6 Inter-UAV distances in Example 2. Dashed
lines represent that there exist initial communication
links between UAVs, while solid lines represent that
there do not exist initial communication links between
UAVs
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8 Conclusions

600
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The distributed Kalman consensus ﬁlter has
been presented, and the boundedness of estimation
errors has also been analyzed. The kinematic model
of UAVs has been linearized, and the distributed
potential-based UAV motion controller for target
tracking, connectivity maintenance, and collision
avoidance has been designed. The analysis of the
multi-UAV target tracking system which integrates
estimation and motion control showed that the
network connectivity and collision avoidance can be
guaranteed, and that the estimation errors would
converge. For a mobile target with bounded noise
as acceleration input, the group of UAVs would
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Fig. 7 Target trajectory and estimated trajectories
of the four UAVs in Example 2

track the target stably. Numerical simulations
demonstrated the validity of the proposed method.
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Appendix:
and 4

Proofs of Propositions 3

Proof of Proposition 3 Given (x0 , v0 ) ∈ Ω, we
assume that
H(x0 , x0 , v) = c .
Since c < c∗ = min(ϕa (rσ ), ϕc (Rσ )),
there exists a constant γ  > 0 such that
H(x0 , x, v) > c for any (x, v) in the set

(x, v) : ∃i = j such that
r < xi − xj  < r + γ  (R − r)
or ∃(k, l) ∈ E(G0 ) such that


r + (1 − γ  )(R − r) < xk − xl  < R .
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For any (x0 , v0 ) ∈ Ω, deﬁne the following compact set:

Ψ (G0 , γ  , c ) = (x, v) : H(x0 , x, v) ≤ c ,


xi = 0,
vi = 0, xi − xj  ≥ r + γ  (R − r)
i

i

for i = j, xk − xl  ≤ r + (1 − γ  )(R − r)

for (k, l) ∈ E(G0 ) .
It is shown that if Ḣ(x0 , x, v) ≤ 0, starting
with the initial state (x0 , v0 ) ∈ Ω, the solution of
system Σs will be in the set Ψ forever (Wang L et al.,
2015).
It is assumed that G0 is complete. We have
⎧
⎪
⎨ ẋi =vi ,
v̇i = − ∇xi V (x, x0 ) − bi sgn(vi ) − c1 xi − c2 vi
⎪
⎩
+ δi − δ̄.
The derivative of the energy function is given by


Ḣ(x0 , x, v) =−c2 v2 −
bi vi 1 +
viT (δi − δ̄)
i
2

≤ − c2 v −



i



(bi − δi − δ̄ ) vi 

i

≤0.
Therefore, the initial communication links are
maintained and the inter-UAV distances are always
larger than the safety distance.
Proof of Proposition 4
The dynamics of the
mobile target is given by

q̇ξ =pξ ,
ṗξ =uξ ,
where uξ is the bounded noise as acceleration input.
Deﬁne the deviations of the state between the group
center and the target as y1 = qc − qξ and y2 =
pc − pξ . The dynamics of the deviations can be
written as

ẏ1 =y2 ,
ẏ2 = − c1 y1 − c2 y2 + δ̄ − uξ .
Choosing c1 and c2 to ensure the stability of
the linear system, and noting that the input δ̄ −
uξ is bounded, one obtains that the deviations are
bounded.

