
ISSN 11309 - 3095 Journal of Zhejiang University(SCIENCE) V. 2, No. 1, P. 79 - 83, Jan. - Mar., 2001 
http://www, chinainfo, gov. cn/periodical; http://www, zju. edu. cn; 

http://lib, zju. edu. cn/English; http://www, zjupress, corn 79 

A LIMIT RESULT FOR SELF-NORMALIZED RANDOM SUMS" 

ZHANG Li-xin( ~ ~_~)r ) ,  WEN Ji-wei( IN~N)~ ) 

( Department o f  Mathematic.s, Zhejiang University, Hangzhou 310028, China) 

Received  Oct .  18 ,  1999 ; revision aecepted  Apr .  1 8 , 2 0 0 0  

Abstract: 
proved a conjec ture  of  R6v6sz ( 1 9 9 0 )  : if  P ( X  = _+ 1) : 1 /2 ,  t hen  

i=j+k 

~=~! 
lira m a x  m a x  . _ _ . .  - 1 
. -= 0<_~<o ,_<~_<,, i _ _{2t~logn) v2 

Suppose  { X ,  X,  ; n t> 1 } is a s e q u e n c e  i .  i ,  d.  r . v .  with EX = 0 and  EX 2 < ~ . 

Furthemaore he  conjec tured  that 

a . s .  

i=j+k 

X~ X~ z_a 
i=y+l 

1 ~< l i m m a x  m a x  ~i*~ - K < ~ a . s .  

i=]+I 
In  this  paper  we prove that if s u p P ( X  = b) >I P ( X  = 0 )  then  this conjec ture  is tu re .  

K e y  w o r d s :  ser f -normal ized ,  i . i . d . t a n d o m  vmqables ,  C h e m o f f f u n e t i o n  

D o c u m e n t  c o d e :  A C L C n u m b e r :  O 2 1 1 . 4  

Shao ( 1 9 9 5 )  

INTRODUCTION 

Suppose {X,  X n ; n 1 > l }  is a sequence  i . i .  

d .  r . v .  Le t  S,, = )_~ Xi  and V2~ = ~ X2/. R6v6sz 
i=1 i = l  

( 1 9 9 0 )  studied the limit behavior  of  the se- 
quence  

L~ = max maxk- l / e (Sy+k  - S j )  ( 1 )  
O<~3<n l<k<n- j  

1 
and proved that if P (  X = --- 1 ) = ~- then 

L,, 
1 ~< l im i n f  (21ogn)l /2  ~< 

Ln 
l i m s u p  (21ogn)i/~ - K < oo a . s .  , ( 2 )  

where the exact value of K is unknown ( o f .  
R6v6sz 1990,  p171 ) .  R6v6sz ( 1 9 9 0 )  conjec-  
tured that K = 1. Shao ( 1 9 9 5 )  corroborated 
R6vOsz conjecture  and proved a general  result  as 

follows. 

Theorem A .  Suppose that EX = 0 ,  E X  2 = 

1 and Ee  tx < ~ for some t > 0 .  Let p ( x )  = 

i n f e -  O~Ee ~ be the Chemoff  function of X .  De- 
0~>0 

fine 

= s u p { x ; p ( x )  /> e-1/cl(C > 0 ) ,  

2t = sup 
0< x< aa J 2  

Then A I> 1 and 

i=j+k 

P__, xi 
l im  max  max  ~=;+' 
n ~  0~<j<n l~<k<n j ( 2 k l o g n )  '/2 -- A a . s .  ( 3 )  

and ,  A < zo if  and only i f E e  tx~ < ~ for some t 

> 0 .  
Zhang ( 1 9 9 8 )  proved some general  results 

on the lag sums of  i .  i .  d .  r .  v. s ,  his Theorem 5 
extended the Theorem A above.  

From Theorem A,  we see that if  we want to 
get a finite limit as in ( 2 )  for general  random 
variables we must  add a very strong moment  con-  

dition Ee  ar < ~ ,  which can not be  weakened .  
But in the past  several  years ,  many authors stud- 
ied the so-cal led self-normalized limit theorems.  
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For example ,  Griffin and Kuelbs  ( 1 9 8 9 )  ob- 
tained the self-normalized law of i terated loga- 
r i thm, Cs6rgt~ and Shao ( 1 9 9 4 )  s tudied the self- 
normalized Erd6s-R6nyi  law of  large numbers ,  
Shao ( 1 9 9 7 )  studied self-normalized large devia- 
t ions.  The previous self-normalized limit theo- 
rems show that when the normalizing constants in 
the classical  limit theorem are rep laced  by an 
appropriate sequence  of random var iables ,  a 
similar resul t  may still hold under  less or even 
without any moment  condi t ions .  The  significance 
of the self-normalized limit theorems is obvious.  
So,  one may ask if the following self-normalized 
result re la ted to ( 3 )  is true or not :  for i .  i .  d .  
random variables  { X , X , ;  n > l  1 t ,  if  EX = 0  

and EX ~ < *r then 

S i + k - S  j 
1 ~< l i m m a x  max = 

. . . .  0.,<,, ,<_~_<,,-, { ( - V~ ) ( 2 1 o g n )  } ~/)+ k ~ 1/2 

K < ~ a . s .  ( 4 )  

This was also a conjecture  of Shao ( 1 9 9 5 )  . 
In this paper  we prove that under  suitable 

condit ions this conjecture  is t rue .  
T h e o r e m  1 .  

Let f ( x )  = sup infEeL(bx-,>_o *(x~'+ ~2)/2) ' 

Co = 1 / i n ( l / P ( X = 0 ) ) ,  

k ( c )  = i n f l x > ~ O ; f ( x )  < e- l lc t  and 

f k ( c )  for  c > Co 
2 ( c )  = l l  for  c ~ [ 0 ,  c 0 ] ,  

UTa( ) 
2 ~ = sup 

O<c< 0r ~/2  

If E X = O ,  EX 2I{ [ X l < ~ x }  slowly varies as x 
- - " ~  and s u ~ P ( X  = b )  >/ P ( X  = O) then 

X' <ar  and 

S j + k - S j  
1 ~< l im max  max = 

. . . .  0<_,<,,,~<,,-, {( V~+ k _ V~)(21ogn)} , /2  

, a ~' a . s .  ( 5 )  

R e m a r k .  Obviously,  if  EX2 < ~ ,  then 

EX 2 1 { I X I <~ x t slowly varies as x --~ Qr 

PROOFS 

We start the proof with several  prel iminary 
L e I I l l T I a S .  

L e m m a 2 . 1 .  I f E X = 0  and EX 2 I { I X l < ~  

x } slowly varies as x ~  ~ . Then  for any 0 < 
1 

< ~ ,  there exist 0 < (3 < 1, x0 > 1 , 0 0  > 1 and 

no such that for any n > t  no ,  x0 < x < 8 ~/n and 

1 < 0~<00 

1 2 p( Sn ) e_(l_<)x2 
e - ( + ~ ) x / 2  ~< iV ,  ~> x <~ /2 ;  

P ( m a x  ~? ~ >~ x)<~ e-('- ')x2/2. ( 6 )  
n~k~On r k 

Proof .  See Remark 4 . 1  and Remark  4 . 2  of  Shao 

( 1 9 9 7 ) .  

L e m m a  2 . 2 .  Assume that EX = 0 or EX 2 
~ .  T h e n  

! imP  V j t m  >I x = f ( x )  ( 7 )  

for x > 0 ,  and f ( 1 )  = s u ~ P ( X  = b ) , f ( x )  = P 

( X  = 0 )  for x > 1. 
Proof. See Corollary 1. 1 and Lemma 8.  1 of 
Shao ( 1 9 9 7 ) .  

L e m m a  2 . 3 .  Assume that EX = 0 or EX 2 
~ .  T h e n  

l ira max  Sk+[dog~] - Sk = k ( c )  a . s .  
n ~  I ~ k ~ n - [ c ' l r ~ n ] [  i= k+[clogn] 

r clog.  
i= k+l 

(8) 

for any c > Co. Fur thermore ,  if s u ~ P (  X = b ) 

I > P ( X = 0 )  then 

l im max Sk+[dog~? - Sk = 1 a . s .  

, ~  l_~k_~,,-Idos, l [ c l o g n  ] X2/ 
i= k+l 

( 9 )  

for a n y 0 <  c~<c0 .  

Proof.  ( 8 ) follows from Theorem 8.  1 of  Shao 
( 1 9 9 7 ) .  ff  P ( X  = 0 )  = 0 then there is nothing 
to prove .  Suppose P ( X = 0 )  > 0 .  Noting that 

Sk+Iclogn] - Sk 
l im sup max - -  ~< 

n ~  1~ k~ rt-[ c/ogn] ~ i=k+[clogn] 

)_7 
i = k+l 

i= k+ [ c/ogn] 

[ c l o g n ]  ~ X 2 

l im sup max i= k.~ 
n ~  l~k<~n- [c |ogn] [  i=k+[clog~ --  1 a . s .  

[clogn] x 2 
i = ,~-+l 
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we only need to prove for any 0 < e < 1 

Sk+[clogn] -- S k 
l im inf  max 1> n ~  l<~k~n [ clogn] / i=k+[clogn] 

E clog.  
i =  k+l  

l - (  a . s .  

Suppose that f (  1 - , )  > P ( X = 0 ) .  Then there 
exists r] > 0 such that f ( 1  - ~) - 7] > exp 

- V) .  by Lemma 2 . 2  for m large 
1 

Then 
Co 

enough 

( Sj+[cml - SJ ) 
P max l_~_<:-E<{( 2 - - - -  5 = - -  1/2 ~< 1 - ~  ~< Vj+[cml -  V~)(cm)} 

( S(l+l)[cm]-Sl[cm] ) 
P m a x  2 - -  - - 2 1/2 ~< 1 - ~ 

0 ~ , ~ g ' / [ ~ ] ,  {(V(l+l)Eon I - Vl[,=l)(cm)} 

p(  S[cm]~ ~< (1 - ~ ) (  cm)l /2)  [e'/[cm]]-I 

(1 - ( f ( 1  - ~) - q ) [c , . ]  )[e~/[em]]-I < 

(1 - exp(1 - (1 - rl)cm/co)) [e~/[~m]]-l 

exp'( - em - K~mmeXp( ( 1 -  v)cmlco))<~ 

exp(-  Keg~m) , 

which implies that 

l im inf  max S~+[c~og~] - S~ ~> 
n~zo l<.k<~n-[clogn] ~ i=k+[clogn] 

E elogn3 ~ X~ 
i =  k+l  

s,+c  l - sj 
l im inf  max "~-| ~_<i<_g-I~l {(l /2+[~m]- V ~ ) ( c m ) }  'n ~ 

1 - (  a . s .  

At last ,  we need to prove f ( 1  - ~) > P ( X  
= 0 ) .  S i n c e s u ~ P ( X =  b ) ~ P ( X = O ) ,  there 

exists b > 0 s u c h  that P ( X =  b ) ~ > P ( X = 0 ) .  
Otherwise, there would exist a sequence { b i t  

1 
such that P ( X =  b i ) I > ~ - P ( X = O ) .  Then P 

( U { X = b i } ) = ~ P  ( X = b i ) = ~ which is a 
i 

contradiction.  Define 

r ( x )  = in fEe t(bx-x(x~+b~)n) x ~ 0 
t~>0 

let t~ t> 0 be given by 

r ( x )  = E e  t~(bX-x(Xz+b~)/2) x ~ 0 

It is easy to show that P (  bX = x ( X 2 + b 2 ) / 2 )  
1. Thus according to lemmas 1 and 3 of Cher- 

noff ( 1 9 5 2 ) ,  t~ exists and is unique.  

We now show that for 0 < x < 1, tx is f ini te ,  

1 
Put x '  = ~ ( x + l ) .  Note that 

E e  t( bx- x( X2+ b2)/2) 

f by_ x, ( f +bZ)/2> 0 e t( by- x( y2+b2)/2) d F ( y )  i> 

e t ( X ' - " ) P ( b X  - x t ( X  2 + b2) /2  > O) = 

e~( l -x)  P(f f--7(1 - j 1  - x ' 2 )  < x < 

e~(1-x) P (  X = b)  >t e~('-x) p (  x = O) , 
which implies the finiteness of t~ . Now for 0 < x 

< 1, if tx = 0  then 

v ( x )  = Ee~ (~x-~tX~+b2>/2) = 1 > P ( X  = O) ; 

if tx > 0  then 

r (x )  = Ed~ <bx-x<x~§ >I e ~ l - x ~ p ( x  = O) 

> P ( X  = o )  . 
Hence f o r O < x < l ,  

su -  in fEe  t (bX-x(X2+b2)/2) P (  X O) f ( x )  : ~>_~,~o ~ > = " 

The proof of Lermna 2 . 3  is now complete.  
R e m a r k :  If  one could prove that f (  x ) is 

strictly decreasing for 0 < x ~< 1, then the condi- 
tion su~ P ( X = b)  >1 P ( X = 0)  is superfluous. 

P r o o f  o f  t h e  T h e o r e m  1 

Step  1.  For any ~ > O, then we have for C l 

large enough,  

lim sup max max 
n--~ O~j<nc, logn<k<n-j t (  V~ ) (21ogn) } ~/~+k --  2 1/2 

1 + ~ a . s .  ( 1 0 )  

Proof. By Lemma 2 . 1 ,  for cl large enough and 

then large enough,  

( I S j + k - S j l  ) 
P max, max 

l( - -vji m)t + <- 

p[ max max max 

I O~j<~e log( f'+tlct m) Cl r ~  ~ k ~. C1 /t~]+l 
0 ~ < l ~ + l  

, - l ) 
2- --  - ~ - - -  1/2 ~> 1 + r ~< {(V~+k- V~)(2m)t 

Kemm 

maxP ,. max ., ~> (1 + ~ ) ( 2 m )  1/2 ~< 
c, ,~_< <<c, ,,~ Vk 

Kmemexp( 'L (1 + c ) m )  = Kme .... 
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It follows that 

f_.~ p (  max max 
O~<j~< e ''< m+l c I m ~ k < e  

m=l 

I S j + k - S j l  ) 

t( l/2+k 7 V j 2 . ~ ) & L ) }  1/2 ~ 1 -t- , < ~ , 

which implies 

l im sup max max 

l im sup max m a x .  - -  
m~ a~ 0_<,_<~ ,o+' ~,=_<,_<,: .... {( V~+~ - V 2 ) ( 2 m ) }  '/2 

~ 1 + ~  a . s .  
S tep  2 .  It is easy to see that for c small 

enough,  

lira sup max max 
t ~  O<~]<n l<_k<(n-j) P~(ci~gn) 

I S j + ~ - S ~ I  
t(V~+~ - } ~ ) ( 2 1 o g n )  

lira sup max max 
t l ~  0<~j<n l ~ k < ( n - j )  A(ch)gn) 

1/2 

( 2 2 1/2 

{( V~) (21ogn)  V~+  k __ }1/2 

= 4 2  < <" (11)  

t ~  

S t e p 3 .  For a n y O < c <  c j < ~ we have 

lim supmax m a x  Sj+ k -- Sj  
,,~= 0~j . . . .  ,,,s,,~-<,,,,~,, {(l/~+k - V~)(Zlogn)} 1/2 ~ 

 xa(x) 
sup a . s .  (12)  

c 6 x ~ c  I +1 , 7 2  

Proof. For r / >  0 small enough such that r/c < 1 
by Lemma 2 . 3  we have 

l im sup max max 
n ~  O~j<n clogn~k~cllCga 

E+ -E 
{(V~+k - V ~ ) ( 2 1 o g n ) f  u2 <~ 

lira sup max max max 
n ~  O<.l C,jc O~j<n (l+lT)clogn<k~(l+(l+l)~)cl~n 

- 

{( ~ ~ 1/2 <~ max l i m s u p  V~+, - V ~ ) ( Z l o g n ) }  ,.,-,, ,,~- 
r/c 

max 
0~j < n 

S j + ( l + l r l ) c l o g  n --  S j  

{ (  V 2 + ( l + b ? ) c l o g n  - -  V } ) ( 2 1 o g n ) } , / 2  + 

max lira sup max max 
e l - c  r ~  O<~j<n (I+lr])ctoga<k<( +(l+ ),7)cog~ O~ l < - -  ~ tic 

V~+~ - V~)(21ogn)}1/2 ~< 

J ( 1  + ZV)ca((1 + lv)c + 

lira inf  max max 
n ~ w  O~j<n I<k<~n 

l im inf  max 
n ~  O<j<n-[dogn] { 

JTa(c) 
a . s ,  

72 

Sj+k  - S j  

{( V~) (21ogn)  v +k - t 

Sj+[c logn]  - -  S j  

l/~+[clog~l- l/~)(21ogn)} '/2 I> 

which implies (13)  immediate ly .  
Now noting that 

Sj+k - S j  
lira in f  max max 

tl ~ t ~  O<~.j<a Cl |O~tl<.k~l l -  j { (  V ~ + k  __ V~)(21ogn)}, /2 

S j  + [ CI lOgl, 1 I 
l i m  ~ n f  m a x  

. . . .  O<~j<n-[c, logn] { (  V2+[Cl,ogn] __ g~)(21ogn)}vz = 

, /7,, 
72  ' 

thus by Step 1, we know that for c t large enough 

~ 1  ~ ( C 1 )  
~/~ ~ < 1 + ~ .  

Then,  combining Step 1, 
Step 4 implies ( 5 ) .  

( 1 4 )  

Step 2 ,  Step 3 and 

Since k ( c ) ~< ka ( c ) for any c > 0 and ~ > 

0 ,  where k ( c )  = i n f  { x ~ 0 ; J ~ ( x )  < e -u~ and 

jr ( x ) = s ~  infe(~)~/2,a0 Eet(bx- ~(x~ + b2)/2) ' we have 

f o r 0 < c <  Cl < 

~ k  ( x ) J-x~ka ( x ) 
sup ~< sup < zo (15)  

by the fact that k~ ( c )  is continuous (c f .  Lemma 

8 . 1  of Shao ( 1 9 9 7 ) ) .  Hence  by ( 1 1 ) , ( 1 4 )  

and (15)  we knowA ~ < 

m a x  
O~l<q  -c 

tic 

max l im sup max max 
O~l q -C  n~z~ 0~<j<n (l+l~)clogn<~k~(l+(l+l)Tl)clagn 

ry 

( k -  (1 + b?)clo  m 
(21ogn)  1/2 

 a(x) 
+ (rio~2) 1/2 , sup 

c < x ~ c  I +1 7 2  

which implies (12)  immediate ly .  
S tep  4 .  We have 

S j + k - S j  
l im inf  max max 

,,.~ 0_<j<,l_<k_~-~I(V~+k - V~)(21ogn)} la ~> 

~ a . s .  ( 13 )  
Proof. For any c > 0 ,  by Lemma 2 . 3  we have 
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On the other  h a n d ,  noting that by  L e m m a  

( 2 .  1 ) ,  for C l > 0 large enough and then  m 

large enough 

( S;+I" ' ] -SJ  ) 
P max 

[~<j~<e=_[% m ] { (  2 ( 

S<l+l)[c,m] - -  Sl[c,m] ) 
P max 2 2 }1/2"-- < 1 - ~  

O<~l<.em/[~lm] -1 1( V(l+l)[c,m] - Vl[c,m? )(2m) 

p(SI~,.~ ) [e~'/[c' m]]-I 
V[qm--~ ~< (1 - ~ ) (2m)  1/2 . 

(1 - e x p ( -  (1 - c)m)) I~/[q']]-I <~ 
e x p ( -  Kgm / ra ) , 

we have  

9 (  P max Sj+[c 'm]-SJ ) 
~ 0~J~em-[Cl m] { ( ~ ~ - -  -- ~ 1/2 ~ 1 - e < m=, V~+Eqm] - V~)(2m)} 

OO~ 

which implies  

- l ira m a x  n ~  O<~j<n-[ctlagn] 

E+I ,,os l- E 
( V~ ) (21ogn) } P~+ [c, logn] -- 2 1/2 

l im inf  max 
//l--~ O~.j< e"-- I t  I ?/r { ( t~ V~+b..] _ V2)(21ogn)} , /2  i> 

l -- r a . s .  

So A ~ I> 1. The proofs are now comple te .  
Similar ly ,  we can  prove:  

T h e o r e m  1 ' .  Assume  that  there exist 0 < a < 2 ,  

c 1 ~ 0 ,  c 2 I > 0 ,  c 1 + c 2 > 0 and a slowly varying 

funct ion h ( x ) such that  

P ( X  >1 x)  - ct + o ( 1 ) h ( x )  
X a 

and 

P ( X ~ -  x )  - c2 + o ( 1 ) h ( x )  a s x  ---~ 
~a 

Moreover ,  a ssume that EX = 0 if 1 < a < 2 ,  X 

is symmetr ic  if  c~ = 1 and  that cl > 0 if  0 < a < 

1. Fur the rmore ,  assume that s u D P (  X = b ) i >  P 

( X  = 0 ) .  Then  ( 5 )  holds and 1 /~ /2p (a ,  c~ c2) 

~<A* < a r  

where  t3( a ,  cl , c2 ) is the solution of  F ( p ,  a ) = 

0 and 

: 

f _ e(2X-X2/fl) �9 cl o= 1 + 2 x ~ + ~  dx + 

f = 1 - 2 x  - e (-2~-~z//n 
C2 0 7~+~ d x ,  

if  1 < a < 2 ,  

f 
= 2 -  e (2x-xz/fl) - e (-2x-x2/t3) 

C1 0 .~2 dx , 

i f  a = 1. 

f~  1 _  e(2~-*2/P) f~  1 _  e(-2x-x~/~) 
CI 0 2ca+ 1 d0c + c 2 0 xa+l d x  

if  0 <  a < 1. 
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