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Abstract :

The author provides a new discretization method-the finite volume method( FVM) . For the Stokes

equation the velocity space is approximated by the nonconforming linear element based on the dual partition
and the pressure by the piecewise constant based on the primal triangulation . Under the suitable smoothness of
the solution, the optimal convergence rate O(h) is obtained, where h denotes the parameter of the space dis-

cretization .
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INTRODUCTION

We consider the Stokes equation:

~-Au+Vp=f inQ (1)
divii =0 in Q (2)
z=0 ondQ

where @ = (u,, u, )" and p denote the velocity
and the pressure of the fluid respectively. f de-
notes the external body forcing density. 2 is an
open bounded and convex polygonal domain. J)
denotes the boundary of Q.

The discrete form for the conservative elliptic
equation was recently obtained by FVM. The ba-
sic idea is that after the original continuous prob-
lem is integrated in a box, the integral equation
is then discretized. Vanselow Reiner (1998)
considered the equivalence between the FVM
and the nonconforming Galerkin finite element
method(FEM) for the simple Poisson equation.
Generally speaking, FVM can be viewed as the
Galerkin FEM or Petrov-Galerkin FEM. For ex-
ample in (Li et al.,1993), FVM based on the
box which is obtained by the inner vertex of the
.triangulation, is regarded as the Galerkin FEM
combined with the numerical integration. In
( Chatzipanteliols, 1993),the FVM based on the
box obtained by the inner edge of the triangula-
tion, is regarded as the nonconforming Galerkin
FEM combined with suitable numerical integra-
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tion. In (Mishev et al., 1999), FVM hased on
the inner vertex, is regarded as the Petrov-Galer-
kin FEM. For the Stokes equation, FVM can also
be used for discretization, especially for the re-
ctangular domain. In (Chou, 1998), the veloci-
ty is approximated by the nonconforming rotated
bilinear element, and the pressure by the piece-
wise constant. In (Chou, 1997), the pressure is
estimated by the nonconforming bilinear ele-
ment .

In this paper based on the idea in ( Chatzip-
anteliols, 1993), we first construct a box based
on the inner edge, and the velocity is approxi-
mated by the nonconforming linear element and
the pressure by the piecewise constant. Under
the suitable smoothness of the solution, the opti-
mal convergence O(h) is obtained, where h is
the parameter of space discretization(In this pa-
per, ¢ independent of h, denotes a general con-
stant but may be different in different places) .

DOMAIN PARTITION AND NOTATION

Denote T}, = {K! the regular partition of tri-
angulation and hg is the diameter of K. h =

max hg . Denote Ej the set of inner edges of tri-
X &

angulars. Ej, (K) is the set of edges of K. E,
=K91Eh (K). For any K& T,, we choose an
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inner point Zx in K. For any e € E, a box b,
is constructed as follows: suppose e is the com-
mon edge of two triangulars K, K, and denote
Z,,Z, the inner points of K, K;, respectively
and A, B denote the end points of e. We con-
nect the four points A, Z,, B, Z, and get a box
b,. tb}.c £ is called the dual partition of T}, .
m, is the midpoint of e. For the given domain K
c R?, L*(K) denotes the set of functions which
is square integrable in K. ( *,* )¢ denotes the
scale inner product in L*(K). |- .k > |- i 0. K
denote the seminorm and norm in Sobleve space
H(K),s&€ N. We introduce norms || « |, ,
andseminorms ||, ; depending on the mesh.
Lol =CZ o200,
| » | denotes the

domain area in R? or the length of segment. For
. we can also

The seminorm

+1, , is defined analogously.

the vector function = (vy, ;)"
define 151, g, || v |l .k (*,* )k analogously.

We introduce the finite element spaces V),
and M, . For any K& T}, we define finite ele-
ment (K, 2 x, Px) where 2 g denotes the free-
dom degree of the function value at the midpoint
in the three edges of K and Py is the set of the
linear polynomial in K. In fact the element is
Crouzeix-Raviart element which is not continuous
in (). We define the following spaces: S, is the
set of functions which are linear in every triangu-
lar and continuous at the midpoint of every inner
edge. S is the function which belongs to S, and
vanishes at the midpoint in every boundary side.
Vi, = 8% x S%. M, is the set of functions which,
are constant in every K and belong to M. where
M, which is defined in the next section, is the
pressure space .

DISCRETE FORM

Integrating (1) in b, and using Green formu-
la, we get
- nds =

Pds Ve€ EF, (3)

Integrating (2) in K and using Green formu-
la, we get

0 VKET,. (4)

Jﬁ . ﬁds =
K

The discrete form: find (u,,p,) €V, x M,,
such that

auh — 7 in
J — an + Dr nds = }‘/dS V e 6 E >
b, .
(5)
Jiih-ﬁds=0 VKE T,. (6)

K

The above problem is equivalent to the following
problem: find (iz;, py ) € V), x M, , such that

ay (4, ,%) + by (D,pp) = F(8) Vo €V,
7
cn(Bn,q) =0 Vg, €M, (8)
where
o (B,5) = Yo(m,) J g (9
e
b, (7, p) Zv(me J - nids (10)
oy
en(h,qr) = ;‘Ih(ZK)Juh . fds (11)
F,(p) = Zv(m) dx (12)
er

The standard vanatlonal form of (1), (2): find
(z,p)€ VxM, such that

a(u,5) + b(#,p) = F(3) VYo € V(13)
b(z,q) =0 Vg&e M (14)
where
V= (HNQ))?, M = |q € L3(Q) :jqu =0}
o(%,5) = fv v 5dx (15)
KET,
b(3,p) = jp (V - 5)dx (16)
KeT,
F(%) = ff (17)

Obviously, the bilinear forms a and b can
also be defined in (V + (S,)2 x (V + (S,)?)
and (V + (S;)?) x M respectively. Set 1512,

=a(5,5).
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EXISTENCE AND UNIQUENESS OF THE SOLU-
TION OF THE DISCRETE FORM

In order to prove the existence and unique-
ness of the discrete form, we need the following
lemma.

Lemma 1. For any (7,9)E V, x M,,
bh(’l),q) = - C}L(ﬁ,q).

Proof: For any (9,q)€ V, x M,

b,(v,q) = Zﬁ(me)Jq - nds =
eel:f,:l b,
> 5(m,) J q * nrds =
KE T, e€ E, (K) Nk

>q(Zx) >, Jﬁ(me) . fds =

KET, € E (K390

Da(zy) > j - 9(m,) - nds =

KET, e€ E, (K)

- SNq(Zy) J- - 7ids = - ¢,(v,9).Q.E.D.
KET,
Lemma2. a,(ii,7) = a(u,v), for any

(z,5)E 8% x 8%

The proof is similar to that of Chatzipanteli-
ols’s(1993) and is omitted.

Lemma 3. b,(9,q) = b(5,q), for any
(9,9)EVyxM,.

Proof:

! b},(’D,q) - b('l_),q) | =

Ef)(me)Jq - iids + qu (Vv - ﬁ)dx] =
eeEJ: b, KET,

>3 wm) [ qends+ e (v 0)dx| =
KET, €L, (K Nk KE T,

Eq(ZK)( f o(m,) * nds + Jﬁ . ﬁds) ,
KET, € B (K50 g X

from the proof of lemma 1,

j v(m,) - nds + J'I? - fids = 0.
€5 (R0 K
This completes the proof.

Theorem 1. The discrete form (7), (8)
has one and only one solution.

Proof: From the coecivity of a and the fact
that b satisfies the L-B-B condition and lemma
1.2.3. a; satisfies coecivity in S, X S, and b,
satisfies the discrete I-B-B condition. So, the
problem(7) — (8) has a solution. In the finite
dimensional linear system, the existence is

equivalent to the uniqueness. This proves the

theorem .

CONVERGENCE

Denote Iz and ISp the standard interpola-
nts of & and p in V, and M, respectively.

We can prove the following lemma.
Lemma 4.

| a(5@ — @,o4) l<< ch | @ by | By |1,
Vu & (H2(Q))2, v, €V,
| b(ﬁh,l{;),p —-p) l< ch | p lia l o Iy
Vp € H'(Q), 5, €V,
| 6(1E — G, q,) < ch | gy loal @ lyg
Va € (H(Q)*, ¢ € M,
| F(2,) — Fp(9,) I < ch 1 D), 1y, W2
VfE (LX), b, €V,

Proof;

0.0

la(la - 3,5,) | <

fv(lu - ) Vody| <

leu—ull,Klﬁhll,Ks

Chz lz lyx t oy ik <
K

ch iyl s bia,

b(’l_’h,l(i);P—P)|=

‘— Zj(ﬂp -p)V
K

20 Bp —pllox oy g <

¢

Chz lplig | Dy 1k =

K
Ch|p|1Q|17h|1,h,
Ib(lhu—u qh)]-.:

1— };th(v (L7 - @)dx| <

2 Il gr Nox | IhE ~ & 11 x <
K

* ﬁhdx

=

chzk) N gw lox | & logx <

chll gullonl @lyg

| F(3) - Fi(9)] =

]25},("1 )ydx — Ep' 17hdx1 =
OALS jfdx—f?-vhdw‘

5NK K
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J (9,(m,) ~ 0y) ‘J_’dx!s

‘ eEEA<K)b Nk

%
pIPY

by the standard interpolant result, above men-
tioned formula

Il (me) = o 10,50k A O,btﬂK] ,

e K)

< 2 E chy | o5 lis,nk ”]_[” 0.6 NK =

K e€E,(K) _
ch ll oy in I Fllo - Q.E.D.

Using the above lemma, we can prove the fol-
lowing main theorem.

Theorem 2. If the solution of (13), (14)
(G,p)E (H*(Q))* x H'(Q) and (&G, p;) is
the solution of (7) — (8), the following estima-
tion holds:

o - @y, + “P—Ph“o,o§
ch( Il @l 2,0 + HP l 1,0 + “f“ 0a) »

where ¢ is not dependent on h.

Proof: Denote €, = I4i — @, , A, = Ip —
pi, then (&, ,2,) €V, x M, satisfies
ay(&,,74) + by (Dy,A,) =
a, (L, o,) + by (9, Bp) ~ F (%) =
apn (L, 5,) + by (5,8p) — F,(5,) +
F(v,) — F(9), Yo € V3. (18)

Multiply both sides of (1) by %, and inte-
grate the formula in K and sum with K, to ob-
tain .

F(3,) = a(@,5,) + b (9,,p) +
ZK:(Lp(ﬁ - 9, )ds —J;g—lé » Ppds).

Substitute this formula into (18) and use lemma
1 and lemma 2,to get

ah(éh ,17},) + bh(ﬁh,/\h) =
apn (i —a,0,) + b(%,,Bp — p) + F(%,) -

F,(3,) + 2( g% - 5,ds —Jp(ﬁ . ﬁh)ds) =

R(#,), Vo, € V. (19)
by(en,qn) = by(Lim,qn) — b, (@, qn) =
b(Iim - @,q,), V¥V qn €-M,. (20)

We estimate two terms (1) = ij(ﬁ « oy )ds

K sk
and (2) = ZJ - % . Denote I%p the
K

M 17hd8
X

piecewise constant interpolant of p in dK,i.e,

Iip 1. = p(m,), Ve € E(K). (2D

(D) I < ZJ(;» — Bp) (R - 5)ds
ZJIOKp(ﬁ - o), )ds

K 3k

Zj(p - Ip) (7 - 5,)ds

+

=
X

Z | p - Isp |l Cimox N o | 1nox <
K

Zch L p Lok 1 5 I 1n0x <

K

Ech |p I,k ” Uy, ” LK =<

K
chllplvallonlliasellplialionlg,

(22)
where we use ZJIOKp(ﬁ - 9, )ds| = 0 and
K
trace theorem. )
du
1 (2) 1< ZK:LQ—; pds| <
du du
£[(2 - A2 -
du) _
S [(57) - ouds| -
K
i du
S0 8(2) na <
du au _
ZK: In " 19( éTL”—l/Z,BK H Uy, “ 12,9k =
du _
EI;Ch an 12.0K ” Up, ” LK =
P
Ech a_:b—Lll,K { vy H LE <
ZCh bz gl onll 1k <
K
chll@llzallonllin, (23)

= 0 and tace

by

2[8(39)- e

theorem .
From (22),(23) and lemma 4, set 3, = e,

in (19) to get |R(éh)| <cT |l &, |l 1,5 » where

T = h(llalaa+ Iplia+ IFlloa),
and

a, (&, ,e,) + b,(&,4,) = R(&,) (24)
From (20) and lemma 4 we get

| bh(éh”\h) | =1 b(l}LE - ﬁ,Ah) ls

ch ll A ll 0,0 Il @ |l 2,0 - (25)

From (24) and a, = a in V,, we get
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L&, tih—chllallonllzllan <

cT || €, [ 1.k s (26)

From the fact that b, satisfies the discrete LBB
condition and a; = a in V,, we get
by (545 A1)
c”/\h ||0,Q$§u ?—l_— =
5, €V, Up 11,k
R(ﬁh) - ah(éh,ﬁh)
su —
nEY, | o5 1,8
lelB(CT+ cléy, i) sc(T+lé, ),

(27)

=

By substituting (27) into (26), we get

L e, 1< cTl e, Iy +chll @l (T +

L& l1,h) <

cley 1 p(T+hl

Zll,0)+chll@ll,ol <
cley |1, T+ cT? =

-é— & 13, + cT* + cT?,

SO
| ey li,p < cT.

Substituting this formula into (26), we get
A, lo,g < T .
From the standard interpolant result,

|z - I}ﬁ‘l,h +|p - I(f)zP“o,Q =

Ch(| u |;2,Q + | P |1,Q) .
We complete the proof.
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