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Abstract:  This paper provides a review of recent research advances and trends in the area of stability of un-
stiffened circular cylindrical shells subjected to general non-uniform axial compressive stresses. Only the more
important and interesting aspects of the research, judged from a personal viewpoint, are discussed. They can
be crudely classified into four categories: (1) shells subjected to non-uniform loadss (2) shells on discrete sup-

ports; (3D shells with intended cutouts/holes; and (4) shells with non-uniform settlements.
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INTRODUCTION

Over the past half-century, much research
has been conducted on the buckling and post-
buckling behavior of shells with different geome-
tries and subjected to different loading condi-
tions. Comprehensive surveys of buckling and
post-buckling of thin shells were published every
5-10 years (Fung and Sechlers 1960; Budiansky
and Hutchinson, 1966; Hoff, 1966; Hutchin-
son and Koiter> 19705 Sechler, 1974; Babcocks
1983; Simitsess 19865 Noors 1990). A recent
review was carried ocut more than 5 years ago
(Teng»> 1996, and shell stability research has
advanced further since then. The present paper
aims to provide a review of the progress made in
the area of buckling of un-stiffened cylindrical
shells subjected to general non-uniform compres-
sive stresses.

The paper takes full advantage of previcus
reviews, especially the review by Teng (1996)
which summarized available research on the
buckling of shells under non-uniform loading
onditions. Emphasis is placed on the achieve-
ments that have been made and work that is on-
going. The non-uniformity of compressive stress-
es discussed here results from non-uniform axial
oads, non-uniform pressures, discrete supportss
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intended cutouts/ holes, and non-uniform settle-
ments. In view of the diverse sources of non-uni-
form stresses, a brief description of the physical
background is presented in the sections where
such descriptions are regarded to be necessary for
clarity of understanding. The scope of the paper
is confined to shells on the land,; with only a lim-
ited coverage of shells subjected to external pres-
sures.
The author attempis to provide a thoroughs
clear and concise review. With soc numerocus con-
tributions ( there have thousands of papers been
published on shells in 2001 ) alone according to
Sechler” s equation (1974, preparing a paper
without any inadvertent omissicn is very diffi-
cult. The author apologizes in advance to all
those whose work is not referred to, and to all
those who may feel that their contributions in
any aspect have not been adequately acknowl-

edged.

SHELLS SUBJECTED TG NON-UNIFORM
OADS

1. Shells subjected to bending
Pure bending seems to be the earliest and
simplest case of cylindrical shells subjected to
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non-uniform axial load. Flugge (19600 was the
first to investigate the stability problem of medi-
um-length shells under non-uniform axial loads.
Based on the developed differential equations, he
obtained the results for the pure bending case.
Seide and Weingarten (1961 studied the buck-
ling of circular cylindrical shells under pure bend-
ing by means of Batdorf’ s modified Donnell e-
quation and Galerkin’ s method. They reached
the conclusion that the ratio g (the ratio of the
maximum critical stress of a shell loaded by non-
uniform axial loads to that of the shell subjected
to uniform axial compression) was nearly equal
to unity if the maximum critical bending stress
was minimized with respect to the longitudinal
wavelength. The paper also explains why the ra-
tio ¢ is 1.3 in the references (Flugge, 1960).
Experimental investigations could be found in
the references (Suer et al.» 1958; Tho and
Spence, 1978; Emmerling> 1984; Otsuka and
Koga, 1998). The latter two references further
discussed the influence of the length of the cylin-
ders on the buckling mode. For medium-length
thin-walled shells, the buckling mode is a dia-
mond pattern similar to the one chserved in uni-
formly compressed shells. When the length of
thin-walled cylindrical shells increases, the shells
will behavior like tubes. Wave-like ripples were
observed after the tube cross-sections are flat-
tened - the Brazier effect (1926), at the center
of the compression side of bending. For long
thicker tubes, buckling occurs after yielding of
the material. Additional bending moments can be
applied until the curve of the bending moment
versus curvature reaches the limit point ( Reddy
1979). The Brazier effect (1926 is less domi-
nant, but it is still essential in the determination
of the bending moment capacity, particularlys in
the case of combined bending and external pres-
sure,» which often occurs in offshore engineering.
Reissner (1961) investigated the elastic buckling
of tubes under pure bending. IFabian (1977) ex-
tended the load condition to account for the influ-
ence of pressure loads. FElastic-plastic buckling of
tubes under pure bending or combined bending
pressure and axial loads, was studied by Popov et
al. (1974), Reddy (1979), Gellin (1980,
Fabian (1981), and Calladine (1983). More
comprehensive and recent studies were carried
out by Kyriakides and Ju (19920, Ju and Kyria-

dides (1992, Duban and Ore (1999), Yeh et
al. (1999), Bai (2001 and in the references
cited there. Bai (2001 also addressed the issue
of how to define the design bending moment ca-
pacity from moment-curvature relationship for
different design requirements.

Other recent studies include: the buckling
strength of shells subjected tc bending moment
and high temperature { Murakami et al. » 1993,
1995 ); the localization of collapse in buried
pipelines that undergo excessive curvatures due to
ground movements ( Murray, 1997 );  elastic-
plastic bending buckling strength of tubes with
cutouts (Yet et al. 1999); bending moment ca-
pacity of corroded tubes (Bai et al., 1998;
1999; Hauch and Bai> 2000); bending buckling
of tubes under combined bending, pressure and
axial loads ( Corona and Kyriakides, 2000;
Igland and Moan, 2000). Murakami et al.
(1993; 1995) suggested an empirical buckling
load reduction factor to determine the allowable
buckling stresses for design of shells against
buckling. The buckling load reduction factor
considered the influence of real geometric imper-
fection distributions with the amplitude measured
by a gauge. The gauge length in the circumfer-
ential direction is a little smaller than that speci-
fied in the Eurocode 3 (ENV1993-1-6, 1999).

2. Shells subjected to non-uniform axial loads

Libai and Durban (1973) provided a histori-
cal sketch of stability studies on shells under non-
uniform axial loads prior to early 1970s. The
load distributions discussed in the literature avail-
able then were roughly grouped intc two cate-
gories: loads described by harmoenic terms Ce. g.
Bijlaard and Gallagher, 1959) and strip loads:
uniformly distributed over a part of the circum-
ference (Hoff et al.» 1964). For the former,
the conclusion is that the buckling stress ratio u
21 for a load comprising one low harmonic
term. For the latters Hoff et al. (1964 re-
vealed that the increase of the critical stress con-
tributed by the stress non-uniformity can be ig-
nored> except when the widith of the strip is
quite narrow Cless than 2.5 v R¢).

Durban and Libai (1976), Libai and Durban
(1977 ) studied both load conditions. Closed-
form expressions were presented to evaluate the
linear buckling strength for the loads expressed in
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the form of a cosine function with one harmonic
index. Approximate interaction formulae are
suggested for strip loads and loads of more than
one harmonic term. Rigorous numerical analyses
were carried out by Ramm and Buchter (1991)
to investigate the stability of shells under strip
loads distributed on both shell ends. The influ-
ence of geometric imperfections and material
nonlinearity were taken into consideration. Com-
parison between the numerical result and the one
from design code (DIN18800-4, 1990) showed
that: the buckling
strength increases dramatically; for wide strip
loads, the increase is minor. The design code
recommendations are appropriate for the latter
case» however> when the width of the strip loads

for narrow strip loadss

decrease gradually,> the design code recommenda-
tions become more and more conservative. Teng
and Song (2002) studied the problem by assum-
ing the strip loads were located at the shell top
edge only. The study showed that the buckling
strength for wide strip loads was lower than that
under uniform axial compression. The linear
buckling mode was analogous to the shear buck-
ling mode. The studies menticned above dealt
with loads varying around the circumference.
Weingarten (1962) considered a shell under
longitudinally varying loads Ce. g. self-weight ef-
fect). His analyses showed that the ratio y« could
reach 1.9, when shells are extremely short
(with the Batdorf parameter Z not greater than
1.0). The ratio decreased with the increase of
Z. Tor practical shells of medium length Ce. g.
Z>100), the buckling loads of shells under lon-
gitudinally varying loads would not exceed the
classical buckling strength by 20% . The prob-
lem was investigated experimentally by Calladine
and Barber (1970). Their test results were re-
visited by Zhu et al. (1999) in an attempt: (1)
to provide the physical background of the empiri-
cal formulae for the prediction of the buckling
strength of shells subjected to uniform axial com-
pression, and (2) to explain the observed scatter
of experimental buckling loads of shells in the lit-
erature. The general finite element program
ABAQUS was adopted to help understand the
mechanics of the self-weight buckling phe-
nomenon. A new series of experiments were car-
ried out to achieve the above mentioned two ob-

jectives ( Mandal and Calladine> 2000). The

studies led again to the hypothesis that locked-in
stresses in statically indeterminate shells (Calla-
dines 1995) may potentially contribute to the
scatter of experimental results reported in the lit-
erature.

3. Shells subjected to wind load

Extensive experiments and theoretical analy-
ses were conducted to study the stability of cylin-
drical shells subjected to wind loads ( Resinger
and Greiner> 1982; Jones, 1983; Uematsu and
Uchiyama, 1985), because wind loads are of
practical importance to thin-walled shell struc-
turess e.g. silos, tanks, chimneys. The distri-
butions of external pressures on the shell surface
vary from code to code (AS1170. 2, 1989;
DIN18800-4, 1990: GI3J9-87, 1987 ), but
they have common characteristics: only a part of
the circumference, the so-called stagnation zones
is under circumferential compression, while the
rest is under suction. It is common knowledge
that a shell buckles due to circumferential stress-
es. The buckling pattern along the meridian de-
pends on the boundary conditions at the upper
end> and on the stiffness of edge stiffeners or sta-
bilizing girders (Schmidt et al. » 1998). A com-
prehensive review and descriptions of the buck-
ling of shells under wind loads can be found in
books ( Brown and Nielsen,s 1998; Teng and
Rotter> 20020

The common approach for calculating the
buckling strength of cylindrical shells subject to
wind loads employs the concept of ‘equivalent u-
niform external pressure’ (DIN18800-4, 1990;

ENV1993-1-6, 1999 ). Reccent research
( Greiner and Derlers 1995; Schneider and

Thiele> 20012 showed that the behavior of long»
slender cylindrical shells under wind loads is quite
different from that of shorts stocky ones. The
failure mode of long slender shells under wind
loads is due to axial compressive stresses. Large
axial compressive stresses exist near the base of
the shell and approximately near the mid-height
of the shell. Buckling is observed on these areas.
Systematic non-linear analyses were carried cut
by Greiner and Derler (1995) to investigate the
imperfection sensitivity of this buckling problem.
Design recommendations for long, slender shells
subject to wind loads are under development

(Schneider and Thiele, 2001).
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4. Shells Csilos) under eccentric discharging

Eccentric discharging is known to be a cause
of many observed failures in silos (Ross et al. »
1980; Wood, 1980: IBushnell, 1981; Ravenet,
1981, 1983; Rotter et al.» 1989; Jenkyn and
Goodwill, 1987; Allen, 1989; Clercqg, 1990;
Guggenberger: 1997; Pavilovic, 1997; Woods
1997). During the eccentric discharging, a flow
channel forms around the eccentric outlet and
propagates to the upper surface of the stored ma-
terials. The flow channel may be more or less
convergent> which depends on the properties of
the stored materials. The pressures within the
flow channel are lower than those in the sur-
rounding material. This leads to the non-uniform
normal wall pressures around the circumference.
Up to date, there have been dozens of expres-
sions and descriptions of the non-uniform normal
pressure distribution alternatively based on ana-
lytical models, numerical calculations and experi-
mental results (Jenike, 1967; Colijn and Peschi»
1981; Wood, 19835 Mclean and Bravins
1985; Rotter> 19865 oi et al. » 19905 Borcz
and Rahim, 1991; Horabik et al. » 1992; Blight
and Gohneri> 1993; Ooi and She, 1997;
Nielsen, 1998).

For a circular cylindrical shell, the non-uni-
formity of normal pressures has a deleterious ef-
fect. It produces circumferential and meridional
bending moments. The circumferential bending
moments cause the flexible shells tc deform
greatly and can also cause yielding of the shell
wall Ce. g. Jenike, 1967; Roberts and Coms,
1983), while the meridicnal bending moments
induce non-uciform axial stresses on the shells.
The size of non-uniform axial stresses on the
shells depends on the boundary conditions of the
shells, but they can easily exceed the buckling
strength of shells without considering the effects
of eccentric discharge (Bucherts 1967; Rotters
1986). The latter reference also contains a his-
torical review of the investigations on eccentric
discharging.

Qualitative explanation of the buckling fail-
ures is that they result from a combination of (1)
a decrease of internal pressures in the shell wall,
(22 a decrease of restraints from the stored gran-
ular materialss and (3) a flattening of a shell
wall near the flow channel ¢ Rotters 1985;

Kemps 1990a).

T& capture the essence of non-uniform axial
compressive stresses caused by non-uniform wall
pressures, the concept of patch loads was adopt-
ed by researchers and introduced into the silo
loading codes (e. g. AS3774-1996, 1996,
DIN1055 Part 6, 1987; ENV1991-4, 1995;
I1SO11697, 1995). Howevers the specifications
on the size, the position and the location of the
patch loads vary notoricusly from one code to an-
other, this suggests there is a long road for theo-
ry to be applied in practice.

Current research on shells under eccentric
discharging falls into two categories. One is pre-
diction of wall pressure distributions. Compre-
hensive information on numerical simulations ©
flow patterns and experimental measurements ¢
pressure distributions can be found in papers
(Rotter et al.» 1997; Chen et al.» 1998), in
the book (Brown and Nielson, 1998) and in the
special journal issue (Journal of Engineering Me-
chanicss Vol 127, No. 10, 2001). The predic-
tive capacity of two numerical methods: discrete
element method and finite element method, for
wall pressure distributions are reported in Rotter
et al. (1998) and Holst et al. (1999a; 1999b).
The second is investigation of the structural be-
havior of shells (Brown, 1996; Guggenberger,
1996; Rotter> 1996; Aguado et al. » 1999; DBri-
assoulis, 2000; Rotter, 2001a, 2001b; Song
2002). Brown (1996) studied the influence of
patch loads on rectangular shells, while Guggen-
berger (1996 ) investigated circular cylindrical
shells. Rotter (2001a) studied a full-scale shell
(R = 6 m» H = 36 m) by using a linear finite
element analysis.

Song (2002) carried out systematic investi-
gations on the influence of patch loads on the sta-
bility of shells of different sizes. The hierarchical
analyses include LA - linear elastic analysis;
GNA - geometrically nonlinear elastic analysis;
GMNA - geometrically and materially nonlinear
analysis; GMNIA - geometrically and materially
nonlinear analysis with imperfections. The stud-
ies demonstrate the importance of patch loads in
the designs of silos according to linear elastic
analysis. However, their roles gradually decrease
in the hierarchical analyses. Song (2002) also e-
valuates the buckling strength of shells subjected
to non-uniform axial compressive stresses with
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the procedures recommended in a newly pub-
lished shell design code/book (ENV1993-4-1,
1999; Rotter> 2001b).

Comprehensive  studies on  patch  loads
(Browns 1996; Guggenberger, 1996; Rotters
1996; Song, 2002) provided much information
on the eccentric discharging of silos. Howevers a
satisfactory solution of the problem, especially
the wall pressure distributions and the assessment
of the buckling strengths of shells under non-uni-
form compressive stresses need further work.

SHELLS ON DISCRETE SUPPORTS

1. Column-supported shells (silos)

Many steel shells Csilos) are supported on
columns to permit ease of access beneath the ves-
sels. The discrete column supports induce high
axial compression stresses in silos just above the
supports. The distribution of axial compression
stresses is very complex. Such stresses have a
peak value at the end of the columns, and de-
crease quickly along the silo height and around
the circumference. Research on the behavior of
column-supported shells demonstrated the com-
plexity of the problem. Rigorous theoretical
studies began in the early nineties. Linear and
nonlinear bifurcation buckling analyses of perfect
silos were taken as a starting point (Teng and
Rotter, 1990, 1991a, 1992). The following in-
tensive analyses considered the effects of material
non-linearity and the influences of geometric im-
perfections ( Guggenberger, 1991; Teng and
Rotter; 1991b; She and Rotter; 1993; Dhanens
et al. » 1993; Greiner and Guggenberger, 19963
Guggenbergers 1998 ). Guggenberger ( 1998 )
discussed the influences of high strength steels
with the yielding stresses up to 355 N/mm?.

Greiner and Guggenberger (1998 ) studied
the beneficial influences of internal pressure and
recommended a design procedure for unstiffened
silos with constant wall thickness. Guggenberger
et al. (2000 presented a similar buckling as-
sessment criterion that is suitable for daily engi-
neering work. The influences of an edge-ring
stiffener at the bottom edge and a stepped wall
thickness were addressed by Guggenberger et al.
(2002). The silo was assumed to consist of only
two regions of different wall thickness, the lower

part being fixed to be 50% thicker than the up-
per one. For other practically stiffened column-
supported silos ( Guggenbergers 1998 ), corre-
sponding research results are not yet available.

2.Saddle-supported shells

Horizontal shellss e. g. liquid storages and
transportation elements in the chemical, petro-
chemical and energy industries, are often sup-
ported on two saddles. When designing these
shells, the critical stress region is located either at
mid-span or at the saddle-shell interaction area.
Similar to column-supported silos, a stress con-
centration is inevitable and complex stress states
are expected near the vicinity of supports. The
shells may lose load carrying capacity due to one
of the following modes of failure: fatigue (Duthie
and Tooth, 1977; Krupka, 1991a); plastic
squeeze/ punching ( Tooth and Jones, 1982;
Krupka, 1994) and elastic/ elastic-plastic buck-
ling (Krupka, 1991a, 1991b, 1994; Chan et
al.» 1998).

Buckling failures dominate the design when
the ratio of shell radius to thickness (R/z) ex-
ceeds 150 (Chan et al. » 1998). Whether there
is elastic or elastic-plastic buckling depends on the
vield stress of the materials. Buckling failure
modes also have close connection with (1) the
arrangement of the saddles; welded to the shell
or the shells loosely resting on the saddles, and
(2D if the shells are stiffened or not. Buckling
failures may result from longitudinal compressive
stresses (Krupka, 1991a, 1991b, 1994; Chan
et al. 1998), circumnferential compressive stress
(Kendrick and Tooth, 1986: Kemp, 1990b;
Krupka, 1991b; Chan et al. » 1998) and shear
stresses (Krupka> 1994).

Two types of buckling modes, which are di-
rectly caused by longitudinal compressive stress-
ess identified from experimental tests were: (1)
diamond-shaped buckling ¢ Krupka, 1991a,
1991b, 1994; Chan et al.,» 1998), and (2)
crumpled shape buckling (Chan et al.» 1998).
The latter buckling mode spreads over a much
wider region and occurs more suddenly than dia-
mond-shaped buckling.

Despite the many studies as mentioned
above, only limited research is available on the
assessment of the buckling loads. Krupka

(1991a; 1991b; 1994) presented an empirical
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formula for calculating the maximum longitudinal
compressive membrane stress, which was in turm
used to compare with the allowable buckling
stress calculated according to design codes Ce. g.
ECCS 1988). Much attention has been paid to
how to calculate the stress distributions accurately
and how to reduce the maximum stresses ( Chien
and Tu, 1988; Ong, 1995; Ong and Lus
1995; Banioctopoulos, 1996; Nash et al.
1998). The problem of buckling is still open and
waiting for a deeper theoretical solution and a
clearer explanation ( Krupka, 1994 ). Chan et
al. (1998 ) compared experimental buckling
stresses with the allowable buckling stresses pre-
dicted under the recommendations of DBritish
Standard B3S5500 (1997) and Eurcpean recom-
mendaticns ECCS (1988). Underestimation and
overestimation of the buckling loads had been ob-
served among similar series of experiments.

SHELLS WITH CUTOUTS/HOLES

Cutouts commonly appear in cylindrical shells
as access ports» doors: or windows. Small-sized
cutouts are also devised to connect pipelines.
They induce stress concentrations near the
cutouts ( Van Dykes 1965; Savin, 1968). Local
stiffeners, e. g. door frames, are employed to
strengthen the weakened shell when the cutout
size is relatively large. If the shells are subjected
the buckling and post-
buckling behavior are important considerations
for the design of such shells (Tennyson > 1968;
Almroth and Holmes, 1972; Starnes, 1974;
Toda, 1980a; Eggwertz and Samuelson, 1991;
Jullien and Limam, 1998; Yeh et al.» 1999).

Tennyson (1968) was the first to investigate

to axial compression,

the effects of non-reinforced circular cutouis on
the buckling behavior of nearly " perfect” circular
cylindrical shells. The shells were made of pho-
toelasic plastic by spin-casting technology, fol-
lowed by imposing cutouts onto the shell. Alm-
roth and Holmes (1972) investigated the influ-
ence of rectangular-shaped cutouts in imperfect
shells. Toda (1980b) carried out experimental
investigations on the effect of elliptic cutouts.
Starnes (1974) carried out a series of experi-
ments to investigate the influence of the shape
and size of the cutouts. Circular; rectangular and

square cutouts were imposed ontc Mylar shells.
A non-dimensional gecmetric parameter 7( = »/
V'Rt ) was finally identified as a key parameter
to measure the effects of various cutouts. Heres
r» R and ¢ represent the cutout sizes, the radius
and the thickness of the shell respectively. Ex-
cellent descriptions of the buckling behavior ©
the shells with cutouts under axial compression
were provided. The experimental collapse loads
of shells were compared with the linear bifurca-
tion loads calculated by the NASTRAN computer
program. The comparison demonstrated that the
linear bifurcation buckling analysis had no practi-
cal use for designss as it provided upper bound
buckling loads for small # and lower bound for
large #. Similar phenomena were alsc observed
by Jullien and Limam (1998).

Jullien and Limam (1998) conducted much
more detailed studies in that they considered
more factors: the curcut shape — square, rectan-
gular, and circular; the cutout position; the
cutout dimensions — axial and/or circumferential
sizes; and the interaction of multiple cutouts in
the shell. The research also identified that the
key characteristic parameter to evaluate the effect
of the cutouts on the buckling loads was the non-
dimensional value 7 (Starnes, 1974), with the
definition of r for the rectangular cutout being
somewhat different from the one suggested by
Starnes (1974). Recommendations are provided
for the design of shells with cutouts. The reduc-
tion factor for the load carrying capacity, as in
the classical buckling analysis of imperfect shells
without cutouts ( ECCS, 1988 ),
piece-wise function of the value 7> consisting of
three segments.

Samuelson and Eggwertz (1992) suggested a
reduction factor curve for the analysis of shell
stability after they made use of the experimental
results produced by a number of researchers
(Montague and Horne, 1981; Miller, 1982,
1983). The beneficial effects of the stiffeners
around the cutouts and the deletericus effects of
vielding of the materials in the vicinity of the
cutouts were included. The curve consists of two
partss linear segment and curved segment. The
linear segment corresponds to small-sized cutout,
which has no effect on the buckling loads. The
curved segment indicates that the cutout has sig-
nificant effects on the buckling loads.

is a linear
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The recommendations provided by Samuel-
son and Eggwertz (1992), Jullien and Limam
(1998) were for isotropic: homogeneous shells
according to ECCS (1988). Transfer them into
newly edited code formats ( ENV1993-1-6;
1999) is straightforward. Recent research inter-
ests in this area are compressed composite cylin-
drical shells/ panels ( Starnes and Rose, 1997;
Hilburger et al.» 2001).

SHELLS SUBJECTED TG NON-UNIFORM
SETTLEMENT

Uniform shell base settlements do not criti-
cally affect the shell strength, although a possible
aftermath is the invalidity of the connection be-
tween the shells and the accessories. Non-uni-
form deformations will cause shell distortion, in-
duce additional non-uniform axial compressive
stresses and cause the shells to buckle ( Malik et
al.» 1977; Kamyab and Palmer> 1989; D’ O-
razic et al. » 1989; Palmer, 1992, 1994; Jcnai-
di and Ansourians 1998).

The measured settlement values have an ir-
regular shape that can be expressed as a Fourier
series in 7 harmonics (Malik et al. » 1977; Marr
et al.» 1982). The most frequently used expres-
sion for the foundation settlements during the
study of the shell strength is to assume the settle-
ments in a cosine curve with harmonic index ()
varying from 2 to high values (Palmer, 1994).
The stability of shells with non-uniform settle-
ments has close connection with the harmonic in-
boundary conditions-open-topped
closed-topped> and whether the internal pres-
sures were taken into consideration.

Jonaidi and Ansourian (1998) revealed that
the buckling loads increased almost linearly with
the harmonic index n. The buckling modes also
changed with n. For a lower n, the linear bi-

dex iR

or

furcation mode was in the form of shear buckling
and extends over the entire height, which means
that shear stresses in the shell are alsc important.
For a higher 7, the deformations are more local -
ized. The transition harmonic index 7z, which
distinguishes the failure mode from shear buck-
ling to local axial buckling, is about 5 for shells
with a constant wall thickness. For shells with a
varied thickness (tapered shells), the problem is

more complex. It varies with the tapering ratio
of maximum wall thickness to minimum wall
thickness Cz,.,../ 2., and the ratic of height to
radius ( H/ R greatly (Jonaidi and Ansourian,
2000,

REMARKS

Stability assessment of shell structures has
long been, and continues to bes a concern for re-
searchers. Not only are shell structures used in
many fields, but also their analyses bring one to
the forefront of nonlinear analyses and sophisti-
cated constitutive equations. National/ interna-
tional design codes have been available for
decades. However, they are mainly confined to
shells with simple geometry and under simple
load conditionss e. g. cylindrical shells under
uniform axial compression, conical shells under
uniform external pressure. There is little infor-
mation on shells with complex geometry and sub-
jected to non-uniform loads Cor stresses). How-
ever> there exist nearly no shell structures in
practical engineering that do not belong, more or
less, to the latter category, especially when vari-
boundary condi-
tionss loads and geometry) are taken into consid-
eration.

ous imperfections ( material,

This paper provides a review of recent re-
search advances and trends in the area of stability
of un-stiffened circular cylindrical shells subjected
to general non-uniform axial compressive stresses
The paper is not claimed to be complete. Over
one hundred cited references have demonsirated
the complexity of the problems and present valu-
able information, but the problems are far from
being solved. It can be expected that the design
of shell structures will continue to depend on em-
pirical or semi-empirical formulae in the foresee-
able future. Satisfactory solutions to the problems
need the combined use of theoretical analyses,
experimental investigations and numerical simu-
lations. The present paper does not cover this
area» as they were discussed by Knight and
Starnes (19970, Singer (1997). Knight and
Starnes (1997 ) emphasized recent advances in
structural analysis methods and computer tech-
nologies. Singer (1997) reviewed the historical
development of shell buckling tests and empha-
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sized the importance of the interaction of theo-
ries, experiments and numerical studies.

ACKNOWLEDGEMENT

Part of the work was finished when the au-
thor studied under the supervision of Prof. J.G.
Teng » in the Department of Civil and Structural
Engineering> The Hong Kong Polytechnic Uni-
versity. Prof. Teng is gratefully thanked for his
advice and for his many discussions. The author
accepts responsibility for any faults. The author
also wishes to thank the reviewers for their help-
ful comments and suggestions.

References

Aguados P., Ayuga, F., Guaita, M., Guderrez, P.,
Morans J.» Juan, A., 1999. Predicting stress fields in
agricultural  silos  during discharging. Proc, 1999
ASAE/CSAE  Annu.  Int. Meetings ASAE, St

Joseph, Mich.

Allen, M. F., 1989. Testing, evaluation and repair methods
for structural stability of coal silos. Proc. » 51th Ameri-
can Power Conferences p.788 —797.

Almroth, B.O.» Holmes: A. M., 1972. Buckling of shells
with cutouts: Experimental and analysis. Int. J.
Solids Structures, 8: 1057 — 1066.

Australian Standard (AS1170.2, 1989). SAA Loading Code
Part 2: Wind Loads.

Australian Standard ( AS3774-1996, 1996). loads on Bulk
Solids Containers.

Babeock: C.D., 1983. Shell stability. J. Appl. Mech . »

ASME, 58: 935—940.

Y., Hauch, S., 1998. Analytical collapse of corroded

pipes. Proc.» 8" Int. Offshore and Polar Engineering

Conf., Montreal, Canada, 24 — 29 May, Vol. 2, p.

182 — 188.

Y. Hauchs, S., Jensen, J.C., 1999. Iocal buckling

and plastic collapse of corroded pipes with yield

Bai»

P)al ’

anisotropy. Proc.» 9" Int. Offshore and Polar Engi-

neering Conf, Brest, Frances May3-June 4, Vol. 2,

p-74 —81.

Y., 2001. Pipelines and Risers. Elseview Science L.td,

The Boulevard, Langford Lane, Kidlington, Oxford

OX5 1GB, UK.

Banioctopoulos, C.C.» 1996. Saddle-supported pipelines: in-
fluence of unilateral support and thickness on the stress
state. Int. J. Pressure Vessels and Piping, 67: 55—
64.

Bijlaard, P.P., Gallagher, R.H., 1959. Elastic instability
of a cylindrical shell under arbitrary circumferential vari-
ation of axial stresses. J. Aero. Sci.» 27C11): 854 —
858, 866.

Blight, G.E., Gohnert; M., 1993. Effects of varying hor-
izontal pressure in cylindrical silos. Powder Handling

P)al ’

& Processing, 5(4): 337 —340.

Borcz, A.> Rahim, A., 1991. Wall pressure measurements
in eccentrically discharged cement silos. Bulk Solids
Handling, 11(2): 469 —476.

Brazier L. G., 1926. On the flexure of thin cylindrical
shells and other sections. Proc. R. Soc. A CXVI: p.
104 —-114.

Briassoulis, D. > 2000. Finite element analysis of a cylindrical
silo shell under unsymmetrical pressure distributions.
Computers & Structures, 78: 271 —281.

British Standard BS5500, 1997. Specification for Unfired
Fusion Pressure Vessels, British Standard Institution,
London.

Brown, C.]J., 1996. Effect of Patch LLoads on Rectangular
Metal Silos and Annex. Dept. Mechanical Engineering»
Brunel University, Uxbridge, UK.

Brown, C.J., Nielsen, J.,» 1998. Silos-Fundamentals of
Theory, Behavior and Design. E & FN Spon, London.

Buchertt K. P., 1967. Discussion of ‘Denting of circular
bins with eccentric drawpoints’ .
Division, ASCE 93, ST3.

Bucklin, R.A.» Thompsons S.A.> Ross: 1.]., 1990. Bin-
wall failure caused by eccentric discharge of free-flowing

ASCE»

Jowrnal of Structural

grain. Jowrnal of Structural Engineering,
116C11): 3175 —3190.

Budiansky, B., Hutchinson, J. W., 1966. A survey of
some buckling problems. AIAA J., 4(9): 1505 —
1510.

Bushnell, D., 1981. Buckling of shells-pitfall for designers.
AIAA J.5> 19(9): 1183 —1226.

Calladine; C.R., Barber, J.N., 1970. Simple experiments
on self-weight of open cylindrical shells. J. Appl.
Mech, ASME, 1150 —1151.

Calladine, C. R., 1983. Plastic Buckling of Tubes in Pure
Bending. In: Collapse, J. M. T"., Thompson and G.
W. Hunt (Eds. ), Cambridge Univ. Press.

Calladine, C. R., 1995. Understanding imperfection-sensi-
tivity in the buckling of thin-walled shells.
Walled Structures, 23: 213 —235.

Chan, G..C. M., Tooth: A. S., Spence, J., 1998., A
study of the buckling behavior of horizontal saddle sup-
ported vessels. Thin- Walled Structures, 38(1-4): 3 —
22.

Chen, J.F.> Rotters J. M. Ooir J. M., 1998. A review
of numerical prediction methods for silo wall pressures.

Thin-

Advances in Structural Engineering, 2(2): 119 —
135.

Chien, H., Tu.S., 1988. The contact stress analysis of
pad-reinforced structures. Journal of Pressure Vessel
Technology » 11¢: 182 — 187.

Clercqr H. De, 1990. Investigation into stability of a silo
with concentric and eccentric emptying. Civil Engineer
in South Africas 32(3): 103 —107.

Colijin, H.» Peschl, I.A.S.Z., 1981. Non-symmetric bin
flow problems. Bulk Solids Handling, 1(3): 377 —
384.

Corona, E., Kyriakides, S., 2000. Asymmetric collapse
modes of pipes under combined bending and external
pressure. Journal of Engineering Mechanics, ASCE»



28

SCNG Changycng

126C12): 1232 —1239.

Dhanens, F., Lagae, G., Rathe, J. Van lmpe, R., 1993.
Stress in and buckling of unstiffened cylinders subjected
o local axial loads. J. Construct. Steel Res., 27: 89
—106.

DIN 18800-4, 1990. Structural Steelwork; Analysis of Safe-
ty against Buckling of Shells.

DIN 1055, Part 6, 1987. Design Loads for Buildings: Loads
in Silo Bins.

D’ Orazios T.B. s Duncan, J. M. Bell, R.A.» 1989. Dis-
tortion of steel tanks due to settlement of their walls.
Journal of Geolechnical Engineering, ASCE, 115:
871 —890.

Durban, D., Libai» A., 1976. Influence of thickness on the
stability of circular cylindrical shells subjected to non-u-
niform axial compression. Israel J. Tech ., 14: 9 —
17.

Durban, D., Ores E., 1999. Plastic buckling of circular
cylindrical shells under non-uniform axial loads. J. Ap-
pl. Mech., ASME, 66: 374 —379.

Duthies G. Tooth, A.S., 1977. The analysis of horizontal
cylindrical vessels supported by saddles welded to the
vessel - a comparison of theory and experiment. Proc. »
3™ Int. Conf. on Pressure Vessel Technology » ASME,
Tokyo, p.25—38.

FEggwertz, S., Samuelson, .. A., 1991. Buckling of shells
with local reinforcements. In: Buckling of Shell Struc-
tures, on Lands in the Sea and in the Airs J.F. Jullien
(Ed. ), Elsevier Applied Sciences London and New
York, p.401 —408,40.

Emmerling, F.A., 1984. Flexible Shells. Springer, Berlin.

ECCS, 1988. Buckling of Steel Shells: Eurcpean Recom-
mendaticn. 4% Edition. Eurcpean Convention for Con-
structional Steel work, Brussels.

Furocode 1 (ENV1991-4), 1995. Basis of Design and Ac-
tions on Structures. Part 4: Actions in Silo and Tanks .
European Committee for Standardisation, Brussels.

Furocode 3 (ENV1993-1-6), 1999. Design of Steel Struc-
tures. Part 1-6: General Rules. European Committee
for Standardisation, Brussels.

Fabian, G., 1977. Collapse of cylindrical, elastic tubes un-
der combined bending, pressure and axial loads. Inz.
J. Solids Structures, 13: 1257 — 1270.

(., 1981. Elastic-plastic collapse of long tubes un-
der combined bending and pressure load. Ocean Engi-
neering> 8(3): 295 —330.

Flugger W., 1960. Stresses in Shells,
Berlin.

Fung> Y.C.> Sechler; E.E., 1960. Instability of thin elas-
tic shells. In: Proc., First Symp. Naval Struct.
Mech, J. N., Goodoer and N. J. Hoff (Eds. D, Perga-
mon, Elmsford,s N.Y., p.115—168.

GBJ 9-87, 1987. Chinese Standard: Icading Code for Build-
ings Cin Chinese).

Gellin, S., 1980. The plastic buckling of long cylindrical
shells under pure bending. Int. J. Solids Structures,
16: 397 —407.

Greiners R.> Derlers P., 1995. Effect of imperfections on
wind-loaded cylindrical shells. Thin-Walled Structures»

Fabian,

Springer- Verlag

23: 271 —281.

Greiner; R., Guggenberger, W., 1996. Stability of col-
umn-supported steel cylinderss Proc. s IASS Asia-Pacific
Conf. on Shell and Special Structures: Beijing.

Greiner: R. Guggenberger: W., 1998. Buckling behavior
of axially loaded steel cylinders on local supports-with
and without internal pressure. Thin-Walled Struc-
tures, 31: 159 — 167.

Guggenberger, W., 1991. Buckling of cylindrical shells un-
der local axial loads. In: Buckling of Shell Structures,
on Land, in the Sea and in the Air, J. F. Jullien
(Ed. D, Elsevier Applied Sciences london and New
York, p.323 —333.

Guggenbergers W., 1996. Paich loads and Their Use in
Metal Sile Design-Strand 3: Effect of Patch Loads on
Stiffened Circular Cylindrical Silos. Under the auspices
of WG3 of CA-Silo, Institute for Steel, Timber and
Shell Structures, lechnical University Graz, Austria.

Guggenbergers W., 1997. Collapse, failure analysis and re-
pair of a high-tensile steel digester tank. Proc., Int.
Conf. on Carrying Capacity of Steel Shell Structures,
V. Krupka and P. Schneider (Eds. D> Oct. 1-3, Brnos
Czech Republic.

Guggenberger> W., 1998. Proposal for design rules of axial-
ly loaded steel cylinders on local supports. Thin-Walled
Structures, 31: 169 —185.

Guggenbergers W., Greiner> R., Rotters J. M., 2000.
The behavior of locally-supported cylindrical shells: Un-
stiffened shells. J. Comstruct. Steel Res.,» 56: 175 —
197.

Guggenbergers, W., Greiners R., Rotter, J. M., 2002.
Cylindrical shells above local supports. In: Buckling of
Thin Metal Shells; J. G., Teng and J. M., Rotter
(Eds. ), E& FN Spon, London (in Press)

Hauch, S., Bai» Y., 2000. Bending moment capacity of
groove corroded pipes. Proc.s 10% Int. Offshore and
Polar Engineering Conf, Seattle, USA, May27-June 3,
Vol.2, p.253 —262.

Hilburger, M. W., Britt, V.., Nemeth, M. P., 2001.
Buckling behavior of compression-loaded quasi-isotropic
curved panels with a circular cutout. Int. J. Solids
Structures, 38: 1495 — 1522.

Hoff, N.J.» Chaos, C.-C., Madsen, W.A., 1964. Buck-
ling of a thin-walled circular cylindrical shell heated along
an axial strip. J. Appl., Jun., 253-258.

Hoff; N., 1966. The perplexing behavior of thin circular
cylindrical shells under axial compression. Israel Journal
of Technology » 4(1): 1—28.

Holst: J.M.F.G.> (oi» J. M., Rotter> J. M., Rong G.
H., 1999a. Numerical modeling of silo filling. 1: Con-
tinuum analysis. J. Engng. Mech., ASCE, 125(1):
94 —103.

Holst, J.M.F.G., Coir J. M., Rotter> J. M., Rong G.
H., 1999b. Numerical modeling of silc filling. 11: Dis-
crete element analysis. J. Engng. Mech., ASCE,
125C1): 104 —110.

Horabik, J.» Ross, 1. ]., Schwab, C. V., 1992. Non-
symmetrical loads in a model grain bin during eccentric

discharge. ASAE, 35(3): 987 —992.



Buckling of un-stiffened cylindrical shell under non-uniform axial compressive siress 29

Hutchinson, J. W., Koiters W. 1., 1970. Post-buckling
theory. Applied Mechanics Review, 23(12): 1353 —
1366.

R., Moan, T., 2000. Reliability analysis of
pipelines during laying> considering ultimate strength
under combined loads. J. Offshore Mechanics and
Arctic Engineering, 122(1): 40 —46.

ISC 11697, 1995: Bases for design of structures-loads due to
bulk materials.

Jenikes A.W., 1967. Denting of circular bins with eccentric
drawpoints. J. Structural Division, ASCE, S1'1, 27
—35.

Jenkyn, R. 1., Goodwill, D.J., 1987. Silo failures: lessens
to be learned. FEngineering Digest» Sept, 17 —22.
Jones, D.J., 1983. Wind-induced static instability of cylin-
drical shells. Jowrnal of Wind Engineering and Indus-

trial Aerodynamics,» 13: 261 —270.

Jonaidis, M. Ansourian, P., 1998. Harmonic settlement
effects on uniform and taped tank shells. Thin-Walled
Structures, 31: 237 —255.

Jonaidi, M., Ansourian, P., 2000. Buckling behavior of
closed and open top cylindrical shells subjected tc merid-
ional edge deformation. In: Coupled Instabilities in
Metal Structures, D., Camotim, D.> Dubina and J. »
Rondal (Eds. )> Imperial College Press.

Ju. G.T., Kyriakides, S., 1992. Rifurcation and localiza-
tion instabilities in cylindrical shells under bending - 1I:
Predictions. Int. J. Solids Structuress 29: 1143 —
1171.

Jullien, J.F., Limam, A., 1998. Effects of openings of the
buckling of cylindrical shells subjected to axial compres-
sion. Thin-Walled Structures, 31: 187 —202.

Kemp» A. R., 1990a. Resistance of steel silos to induced
load effects. The Civil Engineer in South Africa> 32
(8): 311 —315.

Kemps A.R., 1990b. Strength of pipes continucus over a

Igland,

series of saddle supports. J. Construct. Steel Res., 15
(3): 233 —248.

Kendrick, S.» Tooth, A.S., 1986. The buckling behavior
of a horizontal vessel on loose saddles: A buckling as-
sessment of the support region. J. Strain Analvysis, 21
(1): 45-50.

Knightt N. F. Jr., Starnes, J. H. Jr., 1997. Develop-
ments in cylindrical shell stability analysis. AIAA-97-
1076, p.1933 — 1948.

Krupka, V., 1991a. The background to a new design pro-
posal for saddle supported vessels. Inz. J. Pressure
Vessels and Piping> 46: 51 —65.

Krupka, V., 1991b. Buckling and plastic punching of circu-
lar cylindrical shell due to saddle or lug loads. In: Buck-
ling of Shell Structures; on Land, in the Sea and in the
Airs J. F. Jullien (Ed. ), Elsevier Applied Science,
London and New York, p. 11 —20.

Krupka, V., 1994. Saddle and lug supported tanks and ves-
sels. Proc. Insin. Mech. Engrs, 208: 17 —21.
Kamyab, H., Palmer, S.C., 1989. Analysis of displace-

ments and stresses in oil storage tanks caused by differ-

Insin. Mech. Engrs, Part

ential settlement. Proc.

C, 283: 60—70.

Kyriakidess S.» Ju. G.T., 1992. Bifurcation and localiza-
tion instabilities in cylindrical shells under bending - 1I:
Experiments. Inz. J. Solids Structures, 29: 1117 —
1142.

Libai» A.> Durban, D., 1973. A method for approximate
stability analysis and its application to circular cylindrical
shells under circumferentially varying edge loads. J.
Appl . Mech ., ASME, Dec., 971 —976.

Libai, A., Durban, 1., 1977. Buckling of cylindrical shells
subjected to non-uniform axial loads. J. Appl. Mech. »
ASME, 714 —720.

Malik, Z.s Mortons J.s Ruizs C.» 1977. Ovalization of
cylindrical tanks as a result of foundation settlement. J.
Strain Analysis, 12: 339 — 348.

Mandal, P., Calladine, C. R., 2000. Buckling of thin
cylindrical shells under axial compression. Inz. J.
Solids Structures, 37: 4509 — 4525.

Marrs W.A., Ramcs, J.A.> Lambe, T.W., 1982. Cn-
teria for settlement of tanks. Journal of Geotechnical
Engineering Division, Proc. ASCE, 18, G18: 1017
—1039.

Mclean, A.G., Bravin, B., 1985. Wall loads in eccentric
discharge silos. Int. J. Bulk Solids Storage in Silos, 1
(1): 1224,

Miller, C.DD., 1982. Experimental study of the buckling of
cylindrical shells with reinforced openings. ASMIE/ANS
Nuclear Engineering Conf. » Portland, Oregon, July. »
p.7—18.

Miller; C.D. > Groves R.B., Vojtas J.F., 1983. Design
of stiffened cylinders of offshore structures (CBI Indus-
tries Inc. ). AWS Welded Offshore Structures Conf. »
New Orleans, Louisianas Dec. > p.19 —64.

Montague; P., Home, M.R., 1981. The behavior of cir-
cular tubes with large openings subjected to axial com-
pression. Jowrnal of Mechanical Engineering Science s
23(5): 225 —242.

Murakami> I".» Yoguchi> H., Hirayama, H., Nakamura,
H., Mutsuura, S., 1993. Effects of geometrical im-
perfection on buckling strength of cylinders in bending.
124 SMGERT> Vol. E, p.257 —268.

Murakami, T., Yoguchi, H. Hirayama, H., Nakamura.
H., Matsuura, S. 1995. Effects of imperfection on
buckling strength of cylinders in shear and in bending
under transverse shearing loads. PVP-Vo!. 306, Fatg-
ure and Crack Growth: Environmental Effects, Mod-
elling Studiess and Design Considerations;, ASME, p.
259 —266.

Murray, D. W., 1997. ILocal buckling, strain localization,
wrinkling and postbuckling response of line pipe. Engi-
neering Structures, 19(5): 360 —371.

Nash, D.H., Banks, W. M. ; Bernaudon, F., 1998. Finite
element modelling of sling-supported pressure vessels.
Thin-Walled Structures, 38(1-4>: 95-110.

Nielsen> J.» 1998. Pressures from flowing granular solids in
silos. Phil. R. Soc. London. A, 356:2667
—2684.

Noor; A. K., 1990. Bibliography of monographs and sur-
veys on shells. Applied Mechanics Review, 43(9):
223 —-234.

Trans .



30 SCONG Changycng

Ong> L.S., 1995. Peak stress and fatigue assessment at the
saddle support of a cylindrical vessel. J. Pressure Vessel
Technology » 117: 305 —311.

Ong, 1..S., Lu, G.s 1995, Stress reduction factor associat-
ed with saddle support with extended top plate. Inz. J.
Pressure Vessels and Piping, 62: 205 —208.

Cois J. Y. Pham, L., Rotter, J. M., 1990. Systematic
and random features of measured pressures on full-scale
silo walls. Engineering Structures, 12: 74 —87.

Cois J. M. She, K. M., 1997. Finite element analysis of
wall pressure in imperfect silos. Int. J. Solids Struc-
lures, 34C16): 2061 —2072.

Otsuka H. » Koga, 1., 1998. Buckling of circular cylindri-
cal shell under beam-like bending (1*' Report) experi-
ment. Transactions of the Japan Society for Neronauti-
cal and Space Sciences, 41(131): 38 —45.

Palmer, S.C., 1992. Structural effects of foundation tilt on

storage tanks. Proc. Instn Mech. Engrs., Part E,
$6: 83 —92.
Palmer, S.C.,1994. Stresses in storage tanks caused by dif-

ferential settlement. Proc. Insin. Mech.
Part E, 2068: 5—16.

Paviovice, P., 1997. The testing and repair of steel silo.
Construction and Building Materials, 34:101 — 109.

Pham, L., D. S,
needs for metal structures. Proceedings of Metal Struc-
tures Conference, I. E. Aust.» Melbourne, p. 172 —
177.

Popov, E.P., Sharift; P., Nagarajan, S., 1974. Inelastic
buckling analysis of pipes subjected to internal pressure,
flexure and axial loading. In: Pressure Vessels and Pip-

Engrs.»

Maunsell» 1985. Survey of research

ing: analysis and computers, 1.S. Tuba, R.A. Solby,
W.B. Wright, Wallace, B. (EDs), ASME.

Ramm> E., Buchter, N., 1991. Buckling of cylindrical and
conical shells under concentrated loading. Irn: Buckling
of Shell Structuress on Land, in the Sea and in the Air,
J. F. Jullien (Ed. ), Elsevier Applied Sciences> London
and New York, p.313—322.

Ravenet, J., 1981. Silo problems. Bulk Solid Handling . 1
(4): 667 —679.

Ravenet, J.,» 1983. The development of industrial silos
throughout the world during the last 100 years. Bulk
Solid Handling, 3C1J: 127 —140.

Reddy: B.D., 1979. An experimental study of the plastic
buckling of circular cylinders in pure bending. Inr. J.
Solids Structures, 15: 669 —683.

Reissners E., 1961. On finite pure bending of cylindrical
tabes. Osterr. Ing. Arch. 15: 165 —172.

Resinger> F., Greiner, R., 1982. Buckling of wind lcaded
cylindrical shells--Application to unstiffened and ring-
stiffened tanks. Proc. State of the Art Colloquium, U-
niversity of Struttgart, Germany, May 6 — 7.

Roberts; A.W., Coms: M., 1983. Wall loads in large steel
and concrete bins and silos due to eccentric draw-down
and other factors. Proc.,» 2™ Int. Conf. on Design of
Silos for Strength and Flow, Strstford-Upon-Avon
Hilton, 7-9, Nov., p. 151 —170.

Rosss 1.J.s Moores D. W. s Lower, O.]. Whits G. M.
1980. Model studies of grain bin failure. Paper No. 80-

2-264. Winter Meeting: ASAE, Chicago, Dec.

Rotter; J. M., 1985. Buckling under axial compression.
In: J. M. Rotter, ed., Design of Steel Bins for the
Storage of Bulk Solids. School of Civil and Mining En-
gineering> The University of Sydney, Sydney, Australi-
ar p.122—-137.

Rotter, J. M., 1986. The analysis of steel bins subject to ec-
centric discharge. Proc.» 2™ Int. Conf. on Bulk Mate-
rial Storage; Handling, and Transportation» TEAust, p.
264 —271.

Rotter> J. M. Jumikis: P.I"., Fleming, S.P. Porter; S.
H., 1989. Experiments on the buckling of thin-walled
model silo structure. J. Comstruct. Steel Res.,» 13:
271 —299.

Rotters J. M. 1996. Patch load effects in unstiffened steel
siloss Proc.» CA-Silo Project on the effect of Patch
[oads on Metal Silos, CA-Silo, Edinburgh, p.5 — 195.

Rotters M., oi> J.» Holst, M., Zhang, Z., 1997.
Comparative Evaluation of Numerical Methods for Pre-
dicting Flow and Stress Fields in Silos. EPSRC DEM-
FEM International Collaboration, CA-SIILO Collabora-
tive Action: WGS.

Rotters J.M., Holsts, J.M.F.G., Cois J. Y. Sanad, A.
M., 1998. Silo pressure predictions using discrete-ele-
ment and finite-element analyses. Phil. Trans. R.
Soc. London. A, 356: 2685 —2712.

Rotter> J. M. 2001a. Guide for Economic Design of Circu-
lar Metal Silos. Spons [ondon and New York.

Rotters J. M., 2001b. Pressures, stresses and buckling in
metal silos containing eccentrically discharging solids,
60" Birthday Celebration for Univ. -Prof. Dipl. -Ing.
Dr. Techn . Richard Greiner, Institute for Steel, Timber
and Shell Structures, Technical University Graz, Aus-

tria.

Savin: G. N., 1970. Stress Distribution around Holes.
NASA TT F-607.

Samuelsons A. L., Eggwertz, S., 1992. Shell Stability

Handbook. FElsevier Applied Sciences [ondon.

Schmidt, H., Binder, B., Lange, H., 1998. Postbuckling
strength design of open thin-walled cylindrical tanks un-
der wind load. Thin-Walled Structures, 31: 203 —
220.

Schneiders W., Thiele; R., 1995. Tragfihigkeit schlanker
wind-belasteter Kreizylinderschalen. Der Stahlbau, 67
(6): 434 —441 (In German).

Schneiders W., Thieles, R. 2001. Biegebeanspruchung
schlanker zylinderschalen unter einzelner querlast und
windlast - Zwei signifikant unterschiedliche instabilitats-
falle. Stahibau, 78C10): 792 — 799 (In German).

Sechlers E. E., 1974. The hiswrical development of shell
research and design. In: Thin-Shell Structures- Theory
Experiment> and Design, Y.C., Fungand E. E. Sech-
ler (Eds. )5 Prentice-Hall, Inc., Englewood Cliffs,
NJ, p.3—-25.

Seide; P., Weigarten, V. 1., 1961. On the buckling of cir-
cular cylindrical shells under pure bending. J. Appl.
Mech ., ASMIE, Mar., 112 —116.

She; K. M. Rotters J. M.> 1993. Nonlinear and Stability
Behavior of Discretely Supported Cylinders. Research



Buckling of un-stiffened cylindrical shell under non-uniform axial compressive siress 31

Report 93-01, Dept. of Civil Engineering: University
of Edinburgh, March.

Simitses: (5.J.» 1986. Buckling and postbuckling of imper-
fect cylindrical shells: A review. Applied Mechanics
Review, 39(10): 1517 —1524.

Singer; J.» 1997. Experimental studies in shell buckling.
AINA-97-1075, p. 1922 —1932.

Song: C. Y., 2002. Buckling of Cylindrical Shells under
Non-uniform Stress States. Ph. D. Thesiss The Hong
Kong Polytechnic University, Hong Kong.

Starness J. H.» 1974. The effects of cutouts on the buckling
of thin shells. In: Thin-Shell Structures—Theory, Ex-
periment, and Design, Y. C. Fung and E. E. Sechler
(Eds. )5 PrenticeHall, Inc., Englewood Cliffs, NJ,
p.289 —304.

Starnes J. H.» Jr., Rose, C. A., 1997. Nonlinear re-
sponse of thin cylindrical shells with longitudinal cracks
and subjected to internal pressure and axial compression
loads, AIAA-97-1144, p.2213 —2223.

Suer, H.S., Harris, L. A., Skene; W.T., Benjamin, R.
J.» 1958. The bending stability of thin-walled unstiff-
ened circular cylinders including the effects of internal
pressure. J. Aero. Sci., 25: 281 —287.

Teng, J.G. s Rotters J. M., 1990. A Study of Buckling in
Column-supported Cylinderss In: Contact Loading and
Local Effects in Thin-Walled Plated and Shell Struc-
turess V. Krupka and M. Drdacky (Eds. )> Academia
Press, Prague, p.52—61.

lengs J. G.» Rotters J. M., 1991a. Linear Bifurcation of
Perfect Cylinders on Column Supports. Res. Report.
No. 91.01, Dept. Civ. Engng and Bldg Sci.» Univ.
of Edinbergh.

Tlengs J. GG.» Rotter; J. M., 1991b. Linear Bifurcation of
Column-supported  Imperfect Cylinders. Res. Report
No. 91.03, Dept. Civ. Engng and Bldg Sci.» Univ.
of Edinbergh.

leng, J. G.» Rotters J. M., 1992. Linear bifurcation of
column-supported perfect cylinders: support modeling
and boundary conditions. Thin-Walled Structures> 14
(3): 241 —263.

Tleng s> J.G. > 1996. Buckling of thin shells: Recent advances
and trends. Applied Mechanics Review, 17(1): 73 —
83.

Tengs J.G., Rotter; J. M., 2002. Buckling of Thin Metal
Structures. E & FN Spons, London (in Press).

Teng, J.G.» Song, C.
analysis of shells subject to partial axial compression

Y., 2002. TImperfection-sensitivity

(Submitted) .

Tennyson, R.C., 1968. The effects of unreinforced circular
cutouts on the buckling of circular cylindrical shells under
axial compression. Journal of Engineering for Indus-
trys Nov., 541 —546.

Tho, S. L., Spences J., 1978. Stability Problems in Engi-
neering Structures and Composites. Applied Science
Publishers, [ondon.

Toda, S.> 1980a. Some considerations on the buckling of
the thin cylindrical shells with cutouts. Transaction of
Japan Society Aerospace Sciences, 23(600: 104 —112.

Toda, S., 1980b. Experimental investigation on the effects
of elliptic cutouts on the buckling of cylindrical shells
loaded by axial compression. Transaction of Japan So-
ciety Aerospace Sciences, 23(59): 57 — 63.

Tooths, A.S., Jones,; N., 1982. Plastic collapse loads of
cylindrical pressure vessels supported by rigid saddles.
J. Strain Analysiss 17(3): 187 —198.

Uematsu, Y. > Uchiyama, K., 1985. Deflection and buck-
ling behavior of thin, circular cylindrical shells under
wind loads. Jowrnal of Wind Engineering and Indus-
trial Aerodynamics, 18: 245 —261.

Van Dyke, P., 1965. Stresses about a circular hole in a
cylindrical shell. AIAA J., 3: 1733 —1742.

Vodenitcharova, 1. > Ansourian, P., 1996. Buckling of cir-
cular cylindrical shells subjected to uniform lateral pres-
sure. Engineering Structures, 18(8): 604 —614.

Weingarten, V. 1., 1962. The buckling of cylindrical shells
under longitudinally varying loads. J. Appl. Mech . »
ASME; March, 81 —85.

Woods J.G. M. 1980. Thin-walled silo structures, failure,
testing and design. In: Thin-Walled Structures: Recent
“Technical Advances and Jrends in Design, Researchs,
and Constructions J. Rhodes and A. C. Walker
(Eds. )> Wileys New Yorks p.339 —350.

Wood, J.G. M., 1983. The analysis of silo structures sub-
jected to eccentric discharge. Proc.» 2™ Int. Conf. on
Design of Silos for Strength and Flow,s Strstford-Up-
on-Avon Hilton, 7-9, Nov, p. 132 —144.

Wood, J.G. M., 1997. Silos: evaluation by failure. Struc-
tural Engineering International » 7(2): 116 —117.
Yeh, M.-K., Lin, M.-C., Wu, W.-T., 1999. Bending
buckling of an elasticplastic cylindrical shell with a

cutout. FEngineering Structures, 21: 996 — 1005.

Zhu, E.> Mandal, P., Calladines; C. R., 1999. Buckling
of Thin Cylindrical Shells: an Attempt t© Resolve a
Paradox. Personal communication.





