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Abstract:

In this paper, the specific solutions of orthotropic plane problems with body forces are derived. Then, based on the

general solution in the case of distinct eigenvalues and the specific solution for density functionally graded orthotropic media, a
series of beam problem, including the problems of cantilever beam with body forces depending only on z or on x coordinate and
expressed by z or x polynomial is solved by the principle of superposition and the trial-and-error method.
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INTRODUCTION

Functionally graded materials (FGM) possess
elastic constants and density that vary gradually with
location within the material. In one kind of FGM,
only the elastic constants vary continuously along one
or more directions, and in the other kind, only the
density varies gradually with location. We call the
later one density functionally graded materials.

Functionally graded materials have attracted
much interest. Tutuncu and Ozturk (2001) obtained
closed-form solutions for stress and displacements in
functionally graded pressure vessels subjected to
internal pressure alone by using the infinitesimal
theory of elasticity. Sankar (2001) derived an elastic-
ity solution for a functionally graded beam, in which
the Young’s modulus was assumed to vary exponen-
tially through the thickness when subjected to trans-
verse loads. Anderson (2003) presented an analytical
three-dimensional elasticity solution for the stresses
and displacements of a sandwich composite with a
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functionally graded core subjected to arbitrary
transverse pressure distribution. Wu and Tsai (2004)
obtained the three-dimensional solution for the static
analysis of functionally graded annular spherical
shells in conjunction with the methods of differential
quadrature (DQ) and asymptotic expansion.

In this paper, the specific solutions of orthotropic
plane problems with body forces are derived based on
the basic equations. First, the specific solutions for
cantilever beam with body forces depending only on z
or on x coordinate are given by two integral functions.
Then, a series of beam problems with density func-
tionally graded orthotropic media is solved by the
trial-and-error method. The problems include that of
cantilever beam with body forces depending only on z
or on x coordinate and expressed by z or x polynomial.
Analytical solutions for various problems are ob-
tained by the principle of superposition.

SPECIFIC SOLUTIONS TO
FUNCTIONALLY GRADED BEAM

DENSITY

Body forces depend only on 7 coordinate
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f.==0(2), f.=-P(2) (1)

It is easy to see that Eqs.(3) and (4) in Jiang and
Ding (2005) have the specific solution for displace-
ment as follows

u = iG(z), w = lF(z) (2)
Css Cs3
where
G(&) =] &-moupdn, F&) =] &-nPmdy
3)

Substituting Eq.(2) into Eq.(2) in Jiang and Ding
(2005) leads to the stress specific solution

0 =LF(2), 0l =F(2), 1.=G(z) @

Cs3

From Eq.(4), we find that the beam has uni-
formly distributed stresses r; and 0': on surfaces

(z=%h/2), and distributed loads T; and o along

height at the two ends (x=0, L).

Body forces depend only on x coordinate
[ ==0(x), f.=-P(x) &)

It is easy to verify that Eqs.(3) and (4) in Jiang
and Ding (2005) have displacement specific solution
as follows

u :iG(x), w = LF(x) (6)

Cll 055

where G(x) and F(x) are expressed as Eq.(3).
Substituting Eq.(6) into Eq.(2) in Jiang and Ding
(2005) leads to the stress specific solution

o.=G'(x), o, =CAG'(x), T =F'(x) (7)

G

From Eq.(7), we find that the beam has distrib-
uted loads 7 and o on surfaces (z=+//2) along

length, and uniformly distributed loads z—; and 0':

along height at the two ends (x=0, L).

ANALYTICAL SOLUTIONS FOR DENSITY
FUNCTIONALLY GRADED CANTILEVER
BEAMS

For orthotropic plane problem, the solution for
Egs.(1) and (2) in Jiang and Ding (2005) should be
expressed by the superposition principle as follows

(8a)

* * *
O-x = O-x() + o-x’ O-z = GZO + O-z > sz = z-xzo + z-xz (Sb)

* *
U=uy+u, w=w,+w

where ug, Wy, 00, 020 and 7, are the general solutions
expressed as Eq.(5) in Jiang and Ding (2005) for

. * * * * *
beams without body forces, andu ,w ,0_,0,and 7

are the specific solutions expressed as Eqs.(2) and (4)
or Egs.(6) and (7) for beams with body forces de-
pendent only on z or on x coordinate.

In the next sections, we will consider two kinds
of density functionally graded cantilever beam shown
in Fig.1 of Jiang and Ding (2005). The boundary
conditions are

z=%xh/2:0,=0,7_=0 (9a)

x=0:jh/2 c.dz=0, jm 0,.zdz =0, Im 7,.dz=0
-h/2 —h/2 -h/2 "

(9b)

(x=L,z=0)u=0, w=0, ow/ox=0 (9¢)

The solution for the first kind of cantilever beam
with body forces depending only on 7z coordinate

3
f.=0, f.=pg, p=>.d(z/h)

n=0

(10)

where p is the density, g is the acceleration of gravity,
and d, (n=0,1,2,3) are material constants.
Substituting Eq.(10) into Eq.(3) leads to

3

Fzy=-y — 8

— " G(z)=0
S m+D(n+2)h"

(11)

The corresponding specific solution can be obtained
by substituting Eq.(11) into Eqs.(2) and (4)
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Wm0 w =y g e (g
c33 = m+DhH(n+2)n"
o.* :_cl_3 2 dng Zn+l’ U: _ \ dng Zn+l
Cyy oo (m+DA" = m+DHn"
T:Z =0 (13)

It is apparent that the boundary displacement
conditions Eq.(9¢) at the fixed end (x=L) are satisfied
by Eq.(12). At the same time, we find that the specific
solution Eq.(13) may cause normal surface tractions
(z=%h/2)

3 n+l
n=0 (n+1)h” 2
:—g—h[dl+ld3j gh( —d, ——dj
8 8 2

To satisfy the surface tractions conditions
Eq.(9a), we only need to superpose the specific solu-
tion Egs.(12) and (13) on the solution Eq.(10) in Jiang
and Ding (2005) for cantilever beam without body
forces and under uniform loads on upper and bottom

(14)

surfaces (z=th/2), where p, =%h(dl +éd3),

C = g?h[do + édzj. In order to satisfy the tractions

conditions Eq.(9b), the above solution should be
superposed on the solution Eq.(19) in Jiang and Ding

(2003), where N =~ W2 o CulE [d L4 j

(o2
-hiz X ¢y \24 320
=" _ahg(dy 4 )
“hiz ¢y \24 240

The solution for the second kind of cantilever
beam with body forces depending only on x coor-
dinate

1. =0, f.=pg, p=ch(x/L)” (15)

From Eq.(3), we have

3

Fx)= Z “(n+ 1)(n Ty Y ew=0

(16)

Substituting Eq.(16) into Eqgs.(6) and (7) yields
the corresponding specific solution

3
u =0, W*:_L __ %8 @ (17)
Css o (n+D(n+2)L"
3
T=— ix"“, c.=0.=0 (18)

. n=0 (n + I)L"

It is apparent that the specific stress solution
Eq.(18) satisfy the traction boundary conditions
Eq.(9b) at the free end (x=0) automatically, and may
cause the fourth power of x tangential tractions on the
two surfaces (z=1//2)

(19)

_ 3 3 Cng n+1
=2 H, ()= Dl

n=0 n=0

To satisfy the surface tractions conditions
Eq.(9a), we should superpose the solution Eq.(18) on
the solutions Egs.(27a), (27b), (27¢), (27d), (27¢) and
(28a), (28b), (28c), (28d), (28e) in Jiang and Ding

ag 68

(2005), where T =c,g, T, = 2‘L T, _327 and
_G&
oar

To satisfy the displacement conditions Eq.(9c¢) at
the fixed end (x=L), we should superpose the specific
solution Eq.(17) on the rigid body displacements
solutions as follows

U=z, W=W, —@,X (20)
where
3 L 3 LZ
@, __1 S8y, __lsyale 1)
Css mmo n+1 Css im0 N+2
EXAMPLES

In the following analysis, the weight of the beam
pohLg is assumed to be a constant, i.e.

pOLh J- J-+h/2

hi2

(22)

where py is the average density. Substituting Eqs.(10)
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. d
and (15) into Eq.(22), we have p, =d, +é for the

first kind of beam and p, =, +%+%2+%3 for the

second kind of beam.

Based on the above equations, all the displace-
ments and stresses at any inner or boundary point of
the cantilever beam can be obtained. In the calcula-
tion, we set L=150 mm, #=6 mm and p;=7800 kg/m’.
The material constants are shown in Table 1, and the
deflections of the beam w (x=z=0) are listed in Table 2
showing that the deflection w caused by the six kinds
of functionally graded density cantilever beam de-
pend only on x coordinate and z coordinate, respec-
tively, i.e., when density depends on x coordinate:
(case 1) co=pov, (case 2) c1=2p,
co=c;=c3=0; (case 3) c;=3p0, co=c1=c3=0; (case 4)

c1=cr=c3=0;

c3=4py, co=c1=c,=0; (case 5) co=cl=cz=03=% P, and

(case 6) c, =lp0, ¢ =lp0, c, :ipo, Cy = py-
4 2 4
When density depends on z coordinate: (case 1) dy=p,
d\=d,=d;=0; (case 2) dy=d\=py, d;=d;=0; (case 3)
d2:12p0, d0:d1:d3:0; (case 4) d():dg.:p(), d1:d2:O;
12

It is obvious that the deflections of the
orthotropic cantilever beam caused by body forces are
different, whereas the results of body force depending
on z coordinate are the same as that of a homogeneous
beam as the body force of each unit length is a con-
stant value, and the deflection caused by body force
depending only on x coordinate for the fourth case is
the minimum, which is nearly twenty three percent of
the homogeneous one.

CONCLUSION

The analytical solutions for orthotropic density
functionally graded cantilever beams derived in this
paper by the superposition principle and the
trial-and-error method are very explicit and conven-
ient, and are also useful for study of other problems
with more complicated loads and boundary condi-
tions. Moreover, these analytical solutions can serve
as benchmarks for numerical methods such as the
finite element method, the boundary element method,
etc.

Table 1 Material properties

(case 5) d,=d =d, =d, =5 p, and (case 6) en (Nm?) i3 (N/mP) c33 (N/m’) css (N/m’)
1 1.66x10"! 7.8x10" 1.62x10" 4.3x10"
d, =d, =d, 251003 d,=6p,.
Table 2 Deflection w of cantilever beam with body force
Density p case (1) ) 4) (5) (6)
On x (m) 0.1253E-4 0.6663E-5 0.4148E-5 0.2830E-5 0.8618E-5 0.6544E-5
On z (m) 0.1253E-4 0.1253E-4 0.1253E-4 0.1253E-4 0.1253E-4 0.1253E-4
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